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1 Introduction and Main Results

It is well-known that the Harnack estimate for nonnegative solutions to the heat equation
is an important behavior of solution. The first devotion to this problem is due to Hadamard
[1] and Pini [2]. After their pioneering work, one considered the following quasilinear parabolic
equation:

ut − diva(x, t, u, Du) = b(x, t, u, Du), (1.1)

where p > 1, u ∈ V 1,p(ΩT ) ≡ L∞(0, T ; L2(Ω)) ∩ Lp(0, T ; W 1.p(Ω)), and there are nonnegative
functions ϕi(x, t) and positive constants Ci (i = 1, 2, 3) such that

a(x, t, u, Du) · Du ≥ C0|Du|p − ϕ0(x, t), (1.2)

|a(x, t, u, Du)| ≤ C1|Du|p−1 + ϕ1(x, t), (1.3)

|b(x, t, u, Du)| ≤ C2|Du|p + ϕ2(x, t). (1.4)

A typical example of (1.1) which satisfies (1.2)–(1.4) is the well-known evolutionary p-Laplacian
equation

ut = div(|Du|p−2Du). (1.5)

For this equation, Moser [3] showed that when p = 2 the same conclusion as [1] is true. But
when p �= 2, the same conclusion fails to hold (see [4–6]). An intrinsic version takes place. The
intrinsic Harnack type inequalities were shown for the degenerate case (p > 2) by DiBenedetto
[7]. The similar estimates were obtained in the singular case (1 < p < 2) by DiBenedetto and
Kwong [8]. One can refer to [9] for more details.
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In this paper, we suppose that

a(x, t, u, Du) · Du ≥ C0u
(m−1)(p−1)|Du|p − ϕ0(x, t), (1.6)

|a(x, t, u, Du)| ≤ C1u
(m−1)(p−1)|Du|p−1 + ϕ1(x, t), (1.7)

|b(x, t, u, Du)| ≤ u(m−1)(p−1)C2|Du|p−1 + ϕ2(x, t). (1.8)

A typical example of (1.1) which satisfies (1.6)–(1.8) is the following quasilinear parabolic
equation:

ut = div(|Dum|p−2Dum), (1.9)

which includes the evolutionary p-Laplacian equation (1.5). Zhao and Xu [10] generalized the
result in [6] to (1.9) (m(p − 1) > 1). Yang [11] generalized Dibenedetto and the result in [7] to
(1.9)

(m(N−1)
mN+1 < m(p − 1) < 1

)
.

When m = 1, comparing (1.6)–(1.9) with (1.2)–(1.4), we find that there is a difference
between (1.4) and (1.8). But this difference is not essential, and we are only for simplification
of the calculus to assume the form of (1.8).

In this paper, we will synthesize the methods used in [7–11], and try to get the same kinds
of intrinsic Harnack inequalities for the most general cases, such as the equation (1.1) with
(1.6)–(1.8). In comparison with [7–11], the greatest difficulty comes from the situation in which
how the functions ϕ0, ϕ1 and ϕ2 affect the main gradient terms a(x, t, u, Du) and b(x, t, u, Du).
Now, we introduce the following definition.

Definition 1.1 A nonnegative function u(x, t) is called the locally weak solution (sub-
solution, super-solution) to (1.1) in ΩT if u ∈ Cloc(0, T ; L2

loc(Ω)), um ∈ Lp(0, T ; W 1,p
loc (Ω)),

and for every compact subset E of Ω, ∀[t1, t2] ⊂ (0, T ],∫
E

uϕdx
∣∣∣t2
t1

+
∫ t2

t1

∫
E

(−uϕt + a(x, t, u, Du) · Dϕ − b(x, t, u, Du)ϕ)dxdt = (≤,≥) 0, (1.10)

where ϕ ∈ W 1,2
loc (0, T ; L2(E)) ∩ (0, T ; W 1,p

0 (E)) ∩ L∞
loc(Ω), ϕ ≥ 0.

In what follows, let u be a locally bounded and nonnegative local weak solution to (1.1) in
ΩT , b = 1 − m(p − 1) > 0 and λr = rp − Nb, λ = λ1. The main results are as follows.

Theorem 1.1 (L∞
loc-Estimate) Let λr > 0, r ≥ 1 and q > 2 + 2N

p . Suppose that

‖ϕ0‖L
q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq < ∞ (1.11)

and

(2N + p)C0 > p(p − 1)C1 + (p − 1)C2. (1.12)

Then there exists a constant γ = γ(N, m, p, r), such that ∀ (x0, t0) ∈ ΩT and ∀ ρ > 0 such that
B4ρ(x0) ⊂ Ω, ∀ t > t0, we have

sup
x∈Bρ(x0)

u(x) ≤ γ(t − t0)−
N
λr

(
sup

t0≤τ≤t

∫
B2ρ(x0)

ur(x, τ)dx
) p

λr

+ γ
( t − t0

ρp

) 1
b

+ γ(‖ϕ0‖L
q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq). (1.13)
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Theorem 1.2 (Integral Harnack Inequality) Suppose that

C0b

p
− (p − 1)C1 − (p − 1)C2

p
> 0, (1.14)

and that when m ≥ 1,
ϕ0 ≤ t

1
b ϕ01, ϕ01 ∈ L

q
2 ;

when 0 < m < 1,
ϕ0(x, t) ≡ 0.

There exists a constant γ = γ(N, m, p, r), such that ∀ (x0, t0) ∈ ΩT and ∀ ρ > 0, such that
B4ρ(x0) ⊂ Ω, ∀ t > t0, we have

sup
t0≤τ≤t

∫
Bρ(x0)

u(x, τ)dx ≤ γ inf
t0≤τ≤t

∫
B2ρ(x0)

u(x, τ)dx + γ
[
‖ϕ01‖ q

2
(t − t0)

q−2
q ρ

p
b +N q−2

q

+ (t − t0)
q−1

q ρN q−2
q (‖ϕ1‖Lq + ‖ϕ2‖Lq) +

( t − t0
ρλ

) 1
b
]
. (1.15)

Theorem 1.3 (Integral Harnack Inequality) If the constant r > 1 satisfies

(p − 1)C1 +
(p − 1)C2

p
< (r − 1)C0 (1.16)

and

‖ϕ0‖ r
2

+ ‖ϕ1‖r + ‖ϕ2‖r < ∞, (1.17)

then

sup
t0≤τ≤t

∫
Bρ(x0)

ur(x, τ)dx ≤ γ(N, m, p, r, δ)(‖ϕ0‖ r
2

+ ‖ϕ1‖r + ‖ϕ2‖r)
r
b

+ γ
{∫

B2ρ(x0)

ur(x, t0)dx + γ
((t − t0)r

ρλr

) 1
b
}
, ∀ r > 1, (1.18)

where ‖f‖r = ‖f‖Lr .

Comparing Theorem 1.2 with Theorem 1.3, we easily find that there is a gap of the results
between 1 and r0 = (p − 1)C1 + (p−1)C2

p + C0. In other words, if r ∈ (1, r0], the corresponding
integral Harnack inequality of sup

t0≤τ≤t

∫
Bρ(x0)

ur(x, τ)dx is still unknown. However, combining

Theorems 1.1 and 1.2 yields the following results.

Corollary 1.1 (L∞-Estimate at the Same Time Level) Let λ > 0, ϕ0 ≡ 0 and (1.14) be
true. There exists a constant γ = γ(N, m, p, r), such that

(1) ∀ 0 < t < ∞, ∀ ρ > 0 such that B4ρ ≡ {|x| < 4ρ} ∈ Ω, and we have

sup
x∈Bρ(x0)

u(x) ≤ γt−
N
λ

(
sup

t0≤τ≤t

∫
B2ρ(x0)

u(x, τ)dx
) p

λ

+ γ
( t

ρp

) 1
b

+ γ[(‖ϕ1‖Lq + ‖ϕ2‖Lq)tρN ]
p(q−1)

qλ + γ‖ϕ0‖L
q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq . (1.19)

(2) ∀ t0 + 2 ≤ τ ≤ t0 + 4,

‖u( · , τ)‖∞,Bρ ≤
(

sup
t0≤τ≤t0+4

∫
B2ρ(x0)

u(x, τ)dx
) p

λ

+ γ
( 1

ρp

) 1
b

+ γ[(‖ϕ1‖Lq + ‖ϕ2‖Lq)ρN ]
p(q−1)

qλ + γ‖ϕ0‖L
q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq . (1.20)
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Theorem 1.4 (Intrinsic Harnack Inequality) Let λ > 0, (x0, t0) ∈ ΩT and u(x0, t0) > 0.
Suppose that

a(x, t, u, Du) = |Dum|p−2Dum, 0 ≤ b(x, t, u, Du). (1.21)

Moreover, suppose that ut is a regular measure on ΩT of the locally bounded variation. Then
there exist constants γ > 1, c ∈ (0, 1), depending only on N, m, p, such that

u(x0, t0) ≤ γ inf
Bρ(x0)

u( · , t0 + θ), (1.22)

where θ = cub(x0, t0)ρp, provided the cylinder

Q4ρ(θ) ≡ {|x − x0| < 4ρ} × {t0 − 4θ, t0 + 4θ} ∈ ΩT . (1.23)

2 Proof of Theorem 1.1

Lemma 2.1 (see [9]) Let {Yn}, n = 1, 2, · · · , be a sequence of equibounded positive numbers
satisfying the recursive inequalities

Yn ≤ CbnY 1−α
n+1 ,

where C, b > 1 and α ∈ (0, 1) are given constants. Then

Y0 ≤
( 2C

b1− 1
α

) 1
α

.

Without loss of the generality, we can assume that (x0, t0) coincides with the origin. Let
σ ∈ (0, 1] be fixed. Set ρn = ρ(1 + σ2−n), tn = t 1−σ2−n

2 , ρn = ρn+ρn+1
2 , tn = tn+tn+1

2 , Bn =
Bρn , Bn = Bρn

, Qn = Bn× (tn, t), Qn = Bn× (tn, t), kn = k(1− 1
zn+1 ), kn = (kn +kn+1), n =

0, 1, 2, · · · , and k > 0 is a constant to be chosen later. Let ζn(x, t) (ζn(x, t)) be a nonnegative
piecewise smooth cutoff function in Qn (Qn), which equals 1 in Qn+1, vanishes on the parabolic
boundary of Qn respectively, and satisfies |Dζn|, |Dζn| ≤ 2n+2

σρ , 0 ≤ ζn,t, ζn,t ≤ 2n+3

σt .

If m ≥ 1, we choose the test function ϕ(x, t) = (u − kn)q−1
+ ζ

p

n,∫∫
Qn

∂u

∂t
(u − kn)q−1

+ ζ
p

ndxdt +
∫∫

Qn

a(x, t, u, Du)D[(u − kn)q−1
+ ζ

p

n]dxdt

−
∫∫

Qn

b(x, t, u, Du)(u − kn)q−1
+ ζ

p

ndxdt = 0. (2.1)

By the constructive conditions (1.6)–(1.8), integrating by parts, and using the Hölder inequality,
we find that there exists a constant γ = γ(N, m, p, r), such that

sup
tn≤τ≤t

∫
Bn(r)

(u − kn)q
+ζ

p

ndx +
∫∫

Qn

u(m−1)(p−1)(u − kn)q−2
+ |Du|pζp

ndxdτ

≤ γ
2n+3

σt

∫∫
Qn

(u − kn)q
+dxdτ + γ

(2p(n+1)

(σρ)p
+ 1

)∫∫
Qn

u(m−1)(p−1)(u − kn)p+q−2
+ dxdτ

+ γ
[(∫∫

Qn

ϕ
q
2
0 dxdτ

) 2
q
(∫∫

Qn

(u − kn)q
+dxdτ

) q−2
q
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+
2n+2

ρσ

(∫∫
Qn

ϕq
1dxdτ

) 1
q
(∫∫

Qn

(u − kn)q
+dxdτ

) q−1
q

+
(∫∫

Qn

ϕq
2dxdτ

) 1
q
( ∫∫

Qn

(u − kn)q
+dxdτ

) q−1
q

]
. (2.2)

Let wn = (u − kn)
q−b

p

+ and An ≡ {(x, t) ∈ Qn | u(x, t) > kn}. Clearly,∫∫
Qn

wp
ndxdτ ≥ 2−(n+2)(q−b)kq−b|An|. (2.3)

At the same time, we have∫
Bn(r)

(u − kn)q
+ζ

p

ndx

≥
∫

Bn(τ)∩{u>kn+1}
(u − kn+1)

q−b
+ (u − kn)b

+ζ
p

ndx

≥
( k

2n+3

)b
∫

Bn(τ)

(wn+1ζn)pdx,

∫∫
Qn

u(m−1)(p−1)(u − kn)q−2
+ |Du|pζp

ndxdτ

≥ 2p−1(q − b)
p

[ ∫∫
Qn

|D(wn+1ζn)|pdxdτ − 2(n+2)p

(σρ)p

∫∫
Qn

wp
ndxdτ

]
,

∫∫
Qn

u(m−1)(p−1)(u − kn)p+q−2
+ dxdτ

≤
∫∫

Qn

wp
ndxdτ + k(m−1)(p−1)

( ∫∫
Qn

wp
ndxdτ

) p+q−2
q−b

A
(m−1)(p−1)

q−b

n

≤ γ2(m−1)(p−1)n

∫∫
Qn

wp
ndxdτ,

∫∫
Qn

(u − kn)q
+dxdτ

≤
∫∫

Qn

(u − kn)q−b
+ (u − kn)b

+dxdτ

≤ ‖u‖b
∞,Q0

∫∫
Qn

u(m−1)(p−1)(u − kn)p+q−2
+ dxdτ

≤ γ‖u‖b
∞,Q0

2(m−1)(p−1)n

∫∫
Qn

wp
ndxdτ.

Hence from (2.2) and (2.3), we have( k

2n

)b

sup
tn≤τ≤t

∫
Bn(r)

(wn+1ζn)pdx +
∫∫

Qn

|D(wn+1ζn)|pdxdτ

≤ γ2αn

σpt

(
‖u‖b

∞,Q0
+

t

ρp

) ∫∫
Qn

wp
ndxdτ + γ2αn

[
‖u‖b(1− 2

q )

∞,Q0
‖ϕ0‖L

q
2

(∫∫
Qn

wp
ndxdτ

)1− 2
q

+ ‖u‖b(1− 1
q )

∞,Q0

(1
ρ
‖ϕ1‖Lq + ‖ϕ2‖Lq

)(∫∫
Qn

wp
ndxdτ

)1− 1
q
]
, (2.4)
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where α = α(m, p, b, q).
If ‖u‖b

∞,Q0
≤ t

ρp or ‖u‖b
∞,Q0

≤ 1, there is nothing to prove. Otherwise, ‖u‖∞,Q0 > 1,
‖u‖b

∞,Q0
> t

ρp = t
ρρ−(p−1), so

t

ρ
≤ ρ(p−1)‖u‖b

∞,Q0
≤ (diamΩ)(p−1)‖u‖b

∞,Q0
,

t ≤ (diamΩ)p‖u‖b
∞,Q0

.

We can rewrite (2.4) as( k

2n

)b

sup
tn≤τ≤t

∫
Bn(r)

(wn+1ζn)pdx +
∫∫

Qn

|D(wn+1ζn)|pdxdτ

≤ γ2αn
[ 1
σpt

‖u‖b
∞,Q0

∫∫
Qn

wp
ndxdτ + ‖ϕ0‖L

q
2

(∫∫
Qn

wp
ndxdτ

)1− 2
q

+
(1

ρ
‖ϕ1‖Lq + ‖ϕ2‖Lq

)( ∫∫
Qn

wp
ndxdxdτ

)1− 1
q
]
. (2.5)

By the Hölder inequality and the space-time version of the Nirenberg-Gagliardo multiplicative
inequality (see [11, p. 74]) and denoting h = p(1 + p

N ), we get∫∫
Qn

(wn+1ζn)pdxdτ

≤
(∫∫

Qn

(wn+1ζn)hdxdτ
) p

h |An|1−
p
h

≤ γ
{∫∫

Qn

|D(wn+1ζn)|pdxdτ
(

sup
tn≤τ≤t

∫
Bn(r)

(wn+1ζn)pdx
) p

N
} p

h |An|1−
p
h

≤ γ
{( k

2n

)b

sup
tn≤τ≤t

∫
Bn(r)

(wn+1ζn)pdx +
∫∫

Qn

|D(wn+1ζn)|pdxdτ
}(2n

k

) pb
N+p |An|1−

p
h

≤ γ2αn‖u‖b
∞,Q0

[ 1
σpt

∫∫
Qn

wp
ndxdτ + ‖ϕ0‖L

q
2

(∫∫
Qn

wp
ndxdτ

)1− 2
q

+
(1

ρ
‖ϕ1‖Lq + ‖ϕ2‖Lq

)(∫∫
Qn

wp
ndxdτ

)1− 1
q
](2n

k

) pb
N+p |An|1−

p
h

≤ γ2αn‖u‖b
∞,Q0

[ 1
σpt

∫∫
Qn

wp
ndxdτ + ‖ϕ0‖L

q
2

(∫∫
Qn

wp
ndxdτ

)1− 2
q

+
(1

ρ
‖ϕ1‖Lq + ‖ϕ2‖Lq

)(∫∫
Qn

wp
ndxdτ

)1− 1
q
]

·
(2n

k

) pb
N+p

2(n+2)(q−b) p
N+p k−(q−b) p

N+p

( ∫∫
Qn

wp
ndxdτ

) p
N+p

, (2.6)

where h = p
(
1 + p

N

)
.

Because of the assumption 1 − 2
q + p

N+p > 1, by choosing a subsequence, we see that there
is an ε = ε(q, p, N) > 0, such that∫∫

Qn+1

wp
n+1dxdτ ≤ γdnMk− pq

N+p

( ∫∫
Qn

wp
ndxdτ

)1+ε

,

where
M = (‖u‖b

∞,Q0
+ ‖ϕ0‖L

q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq)
1

σpt
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and d = 2α+ pq
N+p . Choosing q = b + r and applying [11, p. 96, Lemma 5.6], we deduce that

lim
n→∞

∫∫
Qn

wp
ndxdτ = 0, (2.7)

provided that k is chosen to satisfy
∫∫

Q0

urdxdτ = CσN+pt
N+p

p kb+r(‖u‖b
∞,Q0

+ ‖ϕ0‖L
q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq)
−(N+p)

p ,

C = γ
−N−p

p d−(−N−p
p )2 .

It follows that

‖u‖∞,Q∞ ≤ k ≤
(
γσ−N−pt−

N+p
p

∫ t

0

∫
B(1+σ)ρ

urdxdτ
) 1

b+r

× (‖u‖b
∞,Q0

+ ‖ϕ0‖L
q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq)
(N+p)
p(b+r) .

If

‖u‖b
∞,Q0

≤ ‖ϕ0‖L
q
2

+ ‖ϕ1‖Lq + ‖ϕ2‖Lq ,

then Theorem 1.1 is true. Otherwise, we have

‖u‖∞,Q∞ ≤
(
γσ−N−pt−

N+p
p

∫ t

0

∫
B(1+σ)ρ

urdxdτ
) 1

b+r ‖u‖
b(N+p)
p(b+r)
∞,Q0

. (2.8)

Consider the increasing family of radii ρn = ρ
n∑

i=0

2−i and a family of cylinder Qs = Bρs ×
(ts, t), s = 0, 1, 2, · · · . Applying (2.8) to the boxes Qs ⊂ Qs+1 and by Lemma 2.1, we can easily
get the conclusion of Theorem 1.1.

If 0 < m < 1, let v = um. The original equation (1.1) becomes

(v
1
m )t − diva(x, t, v

1
m , Dv

1
m ) = b(x, t, v

1
m , Dv

1
m ), (1.1)′

and the constructive conditions (1.6)–(1.8) become

a(x, t, v
1
m , Dv

1
m ) · Dv ≥ C0

mp−1
|Dv|p − mϕ0v

m−1
m , (1.6)′

|a(x, t, v
1
m , Dv

1
m )| ≤ C1

mp−1
|Dv|p−1 + ϕ1, (1.7)′

|b(x, t, v
1
m , Dv

1
m )| ≤ C2

mp−1
|Dv|p−1 + ϕ2. (1.8)′

Now we choose the test function of the weak solutions to (1.1)′ as ϕ = (v − kn)q−1
+ ζ

p

n, q > 0 to
be chosen later. If we denote

G(s) =
∫ s

0

Φ′(τ)(τ − kn)q−1
+ dτ, Φ(s) = s

1
m (s ≥ 0), wn = (v − kn)

p+q−2
p

+ ,

and by the constructive conditions (1.6)′–(1.8)′, integrating by parts, and using the Hölder
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inequality, we have

0 ≥
∫

Bn

G(v)ζ
p

ndx
∣∣∣t
tn

− p2n+3

σt

∫ t

tn

∫
Bn

G(v)ζ
p−1

n dxdτ

+
[p(q − 1)C0 − p(p − 1)C1 − (p − 1)C2

pmp−1

] ∫∫
Qn

(v − kn)q−2
+ ζ

p

n|Dv|pdxdτ

−
[ 2p(n+2)C1

(σρ)pmp−1
+

C2

pmp−1

] ∫∫
Qn

(v − kn)p+q−2
+ dxdτ

− m(q − 1)‖v‖
(q−1− 1

m
)

(q−1+ 1
m

)

∞,Q0

(∫∫
Qn

wp
ndxdτ

) b(q−1− 1
m

)

m(q−1+ 1
m

)
( ∫∫

Qn

ϕ
m(q−1)+1

2
0 dxdτ

) 2
m(q−1)+1

−
(2n+2

σρ
+ 1

)[
‖v‖ b

m

∞,Q0

∫∫
Qn

wp
ndxdτ

] q−1
q−1+ 1

m

[ 2∑
i=1

∫∫
Qn

ϕ
m(q−)+1
i dxdτ

] 1
m(q−)+1

. (2.9)

At the same time, we have

∫∫
Qn

(v − kn)q−2
+ ζ

p

n|Dv|pdxdτ

=
p

p + q − 2

∫∫
Qn

|Dwn|pζp

ndxdτ

≥ p

2p−2(p + q − 2)

[ ∫∫
Qn

|D(wnζn)|pdxdτ −
∫∫

Qn

wp
n|Dζn|pdxdτ

]
. (2.10)

From (2.9) and (2.10), we get

∫
Bn

G(v)ζ
p

ndx
∣∣∣t
tn

+ β1

∫∫
Qn

|D(wnζn)|pdxdτ

≤ p2n+3

σt

∫∫
Qn

G(v)ζ
p−1

n dxdτ + β2

∫∫
Qn

wp
ndxdτ

+ m(q − 1)‖v‖
(q−1− 1

m
)

(q−1+ 1
m

)

∞,Q0

( ∫∫
Qn

wp
ndxdt

) b(q−1− 1
m

)

m(q−1+ 1
m

)
(∫∫

Qn

ϕ
m(q−1)+1

2
0 dxdτ

) 2
m(q−1)+1

+
(2n+2

σρ
+ 1

)[
‖v‖ b

m

∞,Q0

∫∫
Qn

wp
ndxdτ

] q−1
q−1+ 1

m

[ 2∑
i=1

∫∫
Qn

ϕ
m(q−1)+1
i dxdτ

] 1
m(q−1)+1

, (2.11)

where

β1 =
p(q − 1)C0 − p(p − 1)C1 − (p − 1)C2

2p−2(p + q − 2)mp−1
, β2 =

β12(n+2)p

(σρ)p
+

2p(n+2)C1

(σρ)pmp−1
+

C2

pmp−1
.

Now, since

(1 + mq − m)−1(v − kn)q−1+ 1
m

+ ≤ G(v) ≤ v
1
m (v − kn)q−1

+ ,∫∫
Qn

(v − kn)q−1+ 1
m

+ dxdτ ≥ (k2−(n+2))q−1+ 1
m |An|,
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by the Hölder inequality, we have∫∫
Qn

G(v)ζ
p−1

n dxdτ ≤
∫∫

Qn

(v − kn)q−1+ 1
m

+ dxdτ + k
1
m

n

∫∫
Qn

(v − kn)q−1dxdτ

≤ γ2
n
m

∫∫
Qn

(v − kn)q−1+ 1
m

+ dxdτ

≤ γ2
n
m ‖v‖ b

m

∞,Q0

∫∫
Qn

wp
ndxdτ, (2.12)

∫
Bn

G(v)ζ
p

ndx ≥ (1 + mq − m)−1(k2−(n+3))
m
b

∫
Bn

(wn+1ζn)pdx. (2.13)

From (2.11)–(2.13), we have
( k

2n

) b
m

sup
tn≤τ≤t

∫
Bn(τ)

(wn+1ζn)pdx +
∫∫

Qn

|D(wn+1ζn)|pdxdτ

≤ γ
(2(1+ 1

m )n

σpt
‖v‖ b

m

∞,Q0
+

2np

(σpρ)p

) ∫∫
Qn

wp
ndxdτ

+ m(q − 1)‖v‖
b(q−1− 1

m
)

m(q−1+ 1
m

)

∞,Q0

(∫∫
Qn

wp
ndxdt

) q−1− 1
m

q−1+ 1
m

(∫∫
Qn

ϕ
m(q−1)+1

2
0 dxdτ

) 2
m(q−1)+1

+
(2n+2

σρ
+ 1

)[
‖v‖ b

m

∞,Q0

∫∫
Qn

wp
ndxdτ

] q−1
q−1+ 1

m

[ 2∑
i=1

∫∫
Qn

ϕ
m(q−1)+1
i dxdτ

] 1
m(q−1)+1

. (2.14)

Noticing m < 1, we have

‖ϕ0‖
L

m(q−1)+1
2

≤ γ‖ϕ‖
L

q
2
,

‖ϕi‖Lm(q−1)+1 ≤ γ‖ϕ‖Lq , i = 1, 2.

So, (2.14) is similar to (2.8), as in the case of m > 1, and we can get the conclusion in Theorem
1.1.

3 Proof of Theorem 1.2

Lemma 3.1 Let u be a nonnegative local weak solution to (1.1) in ΩT . Suppose that when
m ≥ 1,

ϕ0 ≤ t
1
b ϕ01, ϕ01 ∈ L

q
2 ;

when 0 < m < 1,
ϕ0(x, t) ≡ 0.

There exists a constat γ = γ(N, m, p), such that ∀ (x0, t0) ∈ ΩT , ∀ ρ > 0, B4ρ(x0) ⊂ Ω,
∀ t > t0, ∀σ ∈ (0, 1), we have∫ t

t0

∫
Bσρ(x0)

|Dum|p−1dxdt ≤ γK +
γρ

(1 − σ)p−1

{( t − t0
ρλ

) 1
p
[

sup
t0≤τ≤t

∫
Bρ(x0)

u(x, τ)dx
]1− p

b

+
( t − t0

ρλ

) 1
b
}
, (3.1)∫ t

t0

∫
Bσρ(x0)

|Dum|p−1dxdt ≤ γK + γ sup
t0≤τ≤t

∫
Bρ(x0)

u(x, τ)dx + γ(σ)
( t − t0

ρλ

) 1
b

, (3.2)
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where

K = γ‖ϕ01‖ q
2
t

q−2
q ρ

p
b +1+N q−2

q +
γ

1 − σ
t

q−1
q ρN q−1

q +1‖ϕ1‖q + γt
q−1

q ρN q−1
q +1‖ϕ2‖q.

Clearly, (3.2) is a simple corollary of (3.1).

Proof of (3.1) After a translation, one may assume that (x0, t0) = (0, 0). Fix σ ∈ (0, 1)
and let ζ(x) be a nonnegative piecewise smooth cutoff function in Bρ that equals 1 on Bσρ, and
satisfies | Dζ |≤ ((1 − σ)ρ)−1.

We also separately discuss the two cases m ≥ 1 and 0 < m < 1.
(1) Suppose m ≥ 1.
In (1.10), take ϕ = t

1
p (u + ε)−

b
p ζp, ε > 0 to be chosen later. By calculation, we have

1
mp

(C0b

p
− C1(p − 1) − (p − 1)C2

p

) ∫ t

0

∫
Bρ

t
1
p (u + ε)−

b
p−1ζpu1−m|Dum|pdxdt

≤
(C2

p
+

C1

(ρ(1 − σ))p

)∫ t

0

∫
Bρ

t
1
p (u + ε)p− b

p−1u(m−1)(p−1)dxdt

+
b

p

∫ t

0

∫
Bρ

t
1
p (u + ε)−

b
p−1ϕ0dxdt +

p

(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p (u + ε)−

b
p ϕ1dxdt

+
∫ t

0

∫
Bρ

t
1
p (u + ε)−

b
p ϕ2dxdt +

p

p − b
t

1
p

∫
Bρ

(u + ε)1−
b
p ζpdx (3.3)

and

b

p

∫ t

0

∫
Bρ

t
1
p (u + ε)−

b
p−1ϕ0dxdt ≤ bε−1− b

p

p

∫ t

0

∫
Bρ

t
1
p ϕ0dxdt, (3.4)

p

(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p (u + ε)−

b
p ϕ1dxdt ≤ bε−

b
p

(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p ϕ1dxdt. (3.5)

Let S = sup
0≤τ≤t

∫
Bρ

u(x, τ)dx. Then

J =
∫ t

0

∫
Bρ

t
1
p (u + ε)−

b
p−1ζpu1−m|Dum|pdxdt

≤ γ
(1

p
+

1
(ρ(1 − σ))p

)
I2 + γε−1− b

p

∫ t

0

∫
Bρ

t
1
p ϕ0dxdt

+
γε−

b
p

ρ(1 − σ)

∫ t

0

∫
Bρ

t
1
p ϕ1dxdt + γI1 + γ

∫ t

0

∫
Bρ

t
1
p ϕ2dxdt,

where

I1 = t
1
p

∫
Bρ

(u + ε)1−
b
p ζpdx ≤ γ(tρNb)

1
p (S + ερN)1−

b
p = γ

( t

ρλ

) 1
p

ρ(S + ερN )1−
b
p ,

I2 =
∫ t

0

∫
Bρ

τ
1
p u(m−1)(p−1)(u + ε)p− b

p−1dxdτ

≤
∫ t

0

∫
Bρ

τ
1
p (u + ε)1−b− b

p dxdτ ≤ ε−b

∫ t

0

∫
Bρ

τ
1
p (u + ε)1−

b
p dxdτ

≤ γε−b(tρNb)
1
p t(S + ερN )1−

b
p .
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At the same time, by the Hölder inequality,

∫ t

0

∫
Bρ

t
1
p ϕ0dxdt ≤ γ‖ϕ01‖ q

2
t

1
b + 1

p ρN q−2
q ,

∫ t

0

∫
Bρ

t
1
p ϕidxdt ≤ γ‖ϕi‖qt

1
p + q−1

q ρN q−1
q ,

where i = 1, 2. So,

J ≤ γ
(1

p
+

1
(ρ(1 − σ))p

ε−b(tρNb)
1
p t(S + ερN)1−

b
p

)
+ γ(tρNb)

1
p (S + ερN )1−

b
p

+ γε−1− b
p ‖ϕ01‖ q

2
t

1
b + 1

p ρN q−2
q + γ

[ ε−
b
p

ρ(1 − σ)
‖ϕ1‖q + ‖ϕ2‖q

]
t

1
p + q−1

q ρN q−1
q .

Set εb = t
ρp . By

(S + t
1
b ρN− p

b )1−
b
p =

S + t
1
b ρN−p

b

(S + t
1
b ρN− p

b )
b
p

≤ γS1− b
p + γt

1
b (1− b

p )ρ(N− p
b )(1− b

p ),

we have

J ≤ γ‖ϕ01‖ q
2
t

q−2
q ρ

p
b +1+N q−2

q +
γ

1 − σ
t

q−1
q ρN q−1

q +1‖ϕ1‖q + γt
q−1

q ρN q−1
q +1‖ϕ2‖q

+
γ

(1 − σ)p
(tρNb)

1
p [S1− p

b + t
1
b (1− p

b )ρ(N− p
b )(1− p

b )]

= K +
γ

(1 − σ)p
(tρNb)

1
p [S1− p

b + t
1
b (1− p

b )ρ(N− p
b )(1− p

b )].

By the Hölder inequality, we get

I ≡
∫ t

0

∫
Bσρ

| Dum |p−1 dxdτ

=
∫ t

0

∫
Bσρ

(τ
1
p u1−m(u + ε)−1− b

p ζp | Dum |p) p−1
p

× (τ
−p−1

p2 u
(m−1)(p−1)

p (u + ε)(1+
b
p ) p−1

p )dxdτ

≤ J
p−1

p I3
1
p ,

where

I3 =
∫ t

0

∫
Bσρ

τ
−p−1

p u(m−1)(p−1)(u + ε)(1+
b
p )(p−1)dxdτ.

Similar to the estimate of I2, the estimate of I3 is obtained as follows,

I3 ≤ γρ
( t

ρλ

) 1
p

(S + ερN )1−
b
p = γρ

( t

ρλ

) 1
p

(S + t
1
b ρN− p

b )1−
b
p

≤ γρ
( t

ρλ

) 1
p

[S1− p
b + t

1
b (1− b

p )ρ(N−p
b )(1− b

p )].



408 H. S. Zhan

Thus

I ≤ J
p−1

p I3
1
p

≤ γ
{
K +

1
(1 − σ)p

(tρNb)
1
p [S1− p

b + t
1
b (1− b

p )ρ(N−p
b )(1− b

p )]
} p−1

p

×
{

ρ
( t

ρλ

) 1
p
(
S + t

1
b ρN− p

b

)1− b
p
} 1

p

≤ γK +
γρ

(1 − σ)p−1

( t

ρλ

) 1
p

(S1− b
p + t

1
b (1− b

p )ρ(N−p
b )(1− b

p )).

We get the conclusion easily.
(2) Suppose 0 < m < 1.
Let v = um. Then equation (1.1) becomes

(v
1
m )t − diva(x, t, v

1
m , Dv

1
m ) = b(x, t, v

1
m , Dv

1
m ), (1.1)′

and satisfies the constructive conditions (1.6)′–(1.8)′ with ϕ0 = 0. Set Φ(s) = s
1
m , s ≥ 0 and

G(s) =
∫ s

0
Φ′(τ)(τ + ε)−

b
mp dτ . Clearly, we have

∂G(v)
∂t

=
∂Φ(v)

∂t
(v + ε)−

b
mp .

Now, we take ϕ = t
1
p (v + ε)−

b
mp ζp(x), where ζ(x) is the cut function as in the case of m ≥ 1.

Integrating by parts, we can get

0 ≤ − C0b

mpp

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp−1ζp|Dv|pdxdt

+
pC1

mp−1(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp ζp−1|Dv|p−1dxdt

+
p

(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp ζp−1ϕ1dxdt

+
C2

mp−1

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp ζp|Dv|p−1dxdt +

∫ t

0

∫
Bρ

ϕ2t
1
p (v + ε)−

b
mp ζp(x)dxdt

−
∫ t

0

∫
Bρ

( C2

mp−1
|Dv|p−1 + ϕ2

)
ζp(x)(v + ε)−

b
mp dxdt. (3.6)

By the Young’s inequality, we have

pC1

mp−1(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp ζp−1|Dv|p−1dxdt

≤ (p − 1)C1

mp−1

∫
Bρ

t
1
p (v + ε)−

b
mp−1ζp|Dv|pdxdt

+
C1

mp−1(1 − σ)pρp

∫
Bρ

t
1
p (v + ε)−

b
mp−1+pdxdt, (3.7)

C2

mp−1

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp ζp|Dv|p−1dxdt
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≤ C2(p − 1)
mp−1p

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp−1ζp|Dv|pdxdt

+
C2

mp−1p

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp−1+pζpdxdt. (3.8)

By (3.6)–(3.8), we have

( C0b

mpp
− C1

mp−1
− C2(p − 1)

mp−1p

)∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp−1ζp|Dv|pdxdt

≤ C1

mp−1(1 − σ)pρp

∫
Bρ

t
1
p (v + ε)−

b
mp−1+pdxdt

+
p

(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp ϕ1dxdt +

C2

mp−1p

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp−1+pdxdt

+
∫ t

0

∫
Bρ

ϕ2t
1
p (v + ε)−

b
mp ζp(x)dxdt + t

1
p

∫
Bρ

G(v(x, t))ζp(x)dx. (3.9)

Set S = sup
0≤τ≤t

∫
Bρ

u(x, τ)dx. Because

0 ≤ G(v) ≤ p(p − b)−1(v + ε)(1−
b
p ) 1

m ,

by Jesen’s inequality, we get

t
1
p

∫
Bρ

G(v(x, t))ζp(x)dx ≤ p(p − b)−1t
1
p

∫
Bρ

(v + ε)(1−
b
p ) 1

m dx ≤ γt
1
p

∫
Bρ

(u + ε)1−
b
p dx

≤ γt
1
p ρ

Nb
p (S + ε

1
m ρN )1−

b
p = γρ

( t

ρλ

) 1
p

(S + ε
1
m ρN )1−

b
p . (3.10)

Let ε = (tρ−p)
b
m . Then

C1

mp−1(1 − σ)pρp

∫
Bρ

t
1
p (v + ε)−

b
mp−1+pdxdt ≤ γ

(1 − σ)p
ρ
( t

ρλ

) 1
p

(S + ε
1
m ρN )1−

b
p . (3.11)

From (3.9), we have
∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp−1ζp|Dv|pdxdt

≤ γ

(1 − σ)p
ρ
( t

ρλ

) 1
p

(S + ε
1
m ρN )1−

b
p +

p

(1 − σ)ρ

∫ t

0

∫
Bρ

t
1
p (v + ε)−

b
mp ϕ1dxdt

+
∫ t

0

∫
Bρ

ϕ2t
1
p (v + ε)−

b
mp dxdt. (3.12)

A procedure analogous to that in the case of m > 1 leads to (3.1) and Lemma 3.1 follows.

Proof of Theorem 1.2 Let us first prove (1.12). Assuming that (x0, t0) coincides with
the origin and considering the family of expanding concentric balls

Bn = {|x| < ρn}, ρn = ρ

n∑
i=0

2−i, n = 0, 1, 2, · · · ,
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we have
B0 = Bρ, B∞ = B2ρ.

Introduce also the “intermediate” spheres

B̃n ≡
{
|x| <

1
2
(ρn + ρn+1)

}
.

Let ζn(x) be a piecewise smooth nonnegative cutoff function in B̃n that equals one on Bn such
that |Dζn| ≤ 2n+2

ρ . In the weak formulation of (1.10), take ζn as a test function. Then for any
two times levels τ1, τ2 in [0, t],∫ τ2

τ1

∫
B̃n

a(x, t, u, Du) · Dζndxdτ

≤ C12n+2

ρ

∫ τ2

τ1

∫
B̃n

u(m−1)(p−1)|Du|p−1dxdτ +
∫ τ2

τ1

∫
B̃n

ϕ1dxdτ,∫ τ2

τ1

∫
B̃n

b(x, t, u, Du)ζn(x)dxdτ

≤ C2

∫ τ2

τ1

∫
B̃n

u(m−1)(p−1)|Du|p−1dxdτ +
∫ τ2

τ1

∫
B̃n

ϕ2dxdτ,

so, ∫
B̃n

u(x, τ1)ζndx ≤
∫

B̃n

u(x, τ2)ζndx +
(C12n+2

mp−1ρ
+

c2

mp−1

) ∫ τ2

τ1

∫
B̃n

|Dum|p−1dxdτ

+
∫ τ2

τ1

∫
B̃n

(ϕ1 + ϕ2)dxdτ. (3.13)

Now, we take τ2, a time level in [0, t], such that

inf
0≤τ≤t

∫
B2ρ

u(x, τ)dx =
∫

B2ρ

u(x, τ2)dx ≡ I.

We also set
Sn ≡ sup

0≤τ≤t

∫
Bn

u(x, τ)dx.

Since τ1 ∈ [0, t] is arbitrary, (3.16) implies

Sn ≤ I +
(C12n+2

mp−1ρ
+

c2

mp−1

)∫ t

0

∫
B̃n

|Dum|p−1dxdτ +
∫ t

0

∫
B̃n

(ϕ1 + ϕ2)dxdτ. (3.14)

Next, we apply (3.1) over the pair of balls B̃n and Bn+1 for which (1 − σ) ≥ 2−(n+2), and
n is large enough such that ρ ≤ C12n+2C2. Then(C12n+2

mp−1ρ
+

C2

mp−1

)∫ τ2

τ1

∫
B̃n

|Dum|p−1dxdτ

≤ γ
C12n+2

mp−1ρ
K + γ

C12n+2

mp−1

1
(1 − σ)p−1

( t

ρλ

) 1
p

[S
1− b

p

n+1 + t
1
b (1− b

p )ρ(N− p
b )(1− b

p )].

Thus

Sn ≤ εSn+1 + γ
[
I + ‖ϕ01‖ q

2
t

q−2
q ρ

p
b +N q−2

q + t
q−1

q ρN q−2
q (‖ϕ1‖q + ‖ϕ2‖q) +

( t

ρλ

) 1
b
]
ln,

where l = 4 ∧ 2
p2

b . By Lemma 2.1, one gets (1.15) in Theorem 1.2.
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4 Proof of Theorem 1.3

Without loss of generality, we also assume (x0, t0) = (0, 0). Fix σ ∈ (0, 1) and ρ > 0. Divide
this problem into two cases.

(1) Suppose m ≥ 1.
Let ζ(x) be a standard cutoff function in B(1+σ)ρ that equals one in Bρ and satisfies |Dζ| ≤

(σρ)−1. For ε > 0, taking ϕ = (u + ε)r−1ζp(x) in (1.10), we have

∫
B2ρ

∫ t

0

∂(u + ε)
∂t

(u + ε)r−1ζp(x)dtdx

=
1
r

∫
B2ρ

(u(x, t) + ε)rζp(x)dx −
∫

B2ρ

(u(x, 0) + ε)rζp(x)dx. (4.1)

By calculation, we get

1
r

sup
0≤τ≤t

∫
Bρ

ur(x, τ)dx

≤ 1
r

∫
B2ρ

(u(x, 0) + ε)rdx +
[C2

p
+

C1

(σρ)p

] ∫ t

0

∫
B(1+σ)ρ

(u + ε)r−bdx

+ (r − 1)
∫ t

0

∫
B2ρ

(u + ε)r−2ζpϕ0dxdt +
p

σρ

∫ t

0

∫
B2ρ

(u + ε)r−1ζp−1ϕ1dxdt

+
∫ t

0

∫
B2ρ

(u + ε)r−1ζpϕ2dxdt. (4.2)

In the last inequality of (4.2), we use the condition

(p − 1)C2

p
+ C1(p − 1) − (r − 1)C0 < 0.

Letting ε → 0 and by the Hölder inquality, we have

1
r

sup
0≤τ≤t

∫
B2ρ

ur(x, τ)dx

≤ 1
r

sup
0≤τ≤t

∫
Bρ

ur(x, 0)dx +
[C2

p
+

C1

(σρ)p

]
t[(1 + σ)ρ]

bN
r

(
sup

0≤τ≤t

∫
B(1+σ)ρ

ur(x, τ)dx
) r−b

r

+ (r − 1)‖ϕ0‖ r
2

(
sup

0≤τ≤t

∫
B(1+σ)ρ

ur(x, τ)dx
) r−2

r

+
( p

σρ
‖ϕ1‖r + ‖ϕ2‖r

)(
sup

0≤τ≤t

∫
B(1+σ)ρ

ur(x, τ)dx
) r−1

r

,

1
r

sup
0≤τ≤t

∫
Bρ

ur(x, τ)dx

≤ γ
[ 1
σp

( tr

ρλr

) 1
r

+ ‖ϕ0‖ r
2

+ ‖ϕ1‖r + ‖ϕ2‖r

](
sup

0≤τ≤t

∫
B(1+σ)ρ

ur(x, τ)dx
) r−b

r

.

(4.3)

Let ρn = ρ
n∑

i=0

2−i, Bn = Bρn , Sn = sup
0≤τ≤t

∫
Bρn

ur(x, τ)dx, I =
∫

B2ρ
ur(x, τ)dx. Applying
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(3.5) to the pair of ball Bn ⊂ Bn+1 for which σ > 2−(n+2), we obtain

Sn ≤ I + γ
[
2pn

( tr

ρλr

) 1
r

+ ‖ϕ0‖ r
2

+ ‖ϕ1‖r + ‖ϕ2‖r

]
S

r−b
r

n+1

≤ δSn+1 + γ(N, m, p, r, δ)2
prn

b

(
I +

( tr

ρλr

) 1
b
)

+ γ(N, m, p, r, δ)(‖ϕ0‖ r
2

+ ‖ϕ1‖r + ‖ϕ2‖r)
r
b

for any given δ ∈ (0, 1). If for any n,

δSn+1 + γ(N, m, p, r, δ)2
prn

b

(
I +

( tr

ρλr

) 1
b
)
≤ γ(N, m, p, r, δ)(‖ϕ0‖ r

2
+ ‖ϕ1‖r + ‖ϕ2‖r)

r
b ,

so

sup
0≤τ≤t

∫
Bρ

u(x, τ)dx ≤ γ(N, m, p, r, δ)(‖ϕ0‖ r
2

+ ‖ϕ1‖r + ‖ϕ2‖r)
r
b . (4.4)

Then the conclusion is clearly true. Otherwise, by choosing a subsequence, we may assume that

Sn ≤ 2δSn+1 + γ(N, m, p, r, δ)2
prn

b

(
I +

( tr

ρλr

) 1
b
)
.

Then, iteration of these inequalities yields

S0 = sup
0≤τ≤t

∫
Bρ

u(x, τ)dx ≤ (2σ)nS∞ + γ(N, m, p, r, δ)
(
I +

( tr

ρλr

) 1
b
) n∑

i=0

(σ2
pr
b )i.

Choose σ = 2−(1+ pr
b ), so that

n∑
i=0

(σ2
pr
b )i ≤ 2. Let n → ∞. We have

sup
0≤τ≤t

∫
Bρ

u(x, τ)dx ≤ γ
(
I +

( tr

ρλr

) 1
b
)
. (4.5)

Combining (4.4) with (4.5), we get (1.18).
(2) Suppose 0 < m < 1. Let v = um. Then the equation (1.1) becomes

(v
1
m )t − diva(x, t, v

1
m , Dv

1
m ) = b(x, t, v

1
m , Dv

1
m ), (1.1)′

and satisfies the constructive conditions (1.6)′–(1.8)′. Set Φ(s) = s
1
m , s ≥ 0 and G(s) =∫ s

0 Φ′(τ)(τ + ε)
r−1
m dτ . Let ζ(x) be the same cutoff function as above and take the test function

ϕ = (v + ε)
r−1
m ζp(x). Also, we have∫

B2ρ

G(v(x, t))ζp(x)dx

≤
∫

B2ρ

G(v(x, 0))ζp(x)dx −
(C0(r − 1)

mp
− (p − 1)C1

mp−1

) ∫ t

0

∫
B(1+σ)ρ

t
1
p (v + ε)

r−1
m ζp|Dv|pdxdt

+ γ
( C1

mp−1(σρ)p
+

C2

mp−1

) ∫ t

0

∫
B(1+σ)ρ

(v + ε)p+ r−1−m
m dxdt

+
p

σρ

∫ t

0

∫
B(1+σ)ρ

(v + ε)
r−1
m ϕ1dxdt +

∫ t

0

∫
B(1+σ)ρ

(v + ε)
r−1
m ϕ2dxdt

≤
∫

B2ρ

G(v(x, 0))dx + γ
( C1

mp−1(σρ)p
+

C2

mp−1

)∫ t

0

∫
B(1+σ)ρ

(v + ε)p+ r−1−m
m dxdt

+
p

σρ

∫ t

0

∫
B(1+σ)ρ

(v + ε)
r−1
m ϕ1dxdt +

∫ t

0

∫
B(1+σ)ρ

(v + ε)
r−1
m ϕ2dxdt. (4.6)
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Since 1
r s

1
m ≤ G(s) ≤ 1

m (s + ε)
r
m , from (4.5), we have

sup
0≤τ≤t

∫
Bρ

ur(x, τ)dx ≤
∫

B2ρ

(v(x, 0) + ε)
r
m dx + γ

C1

(σρ)p

∫ t

0

∫
B(1+σ)ρ

(v + ε)p+ r−1−m
m dxdt

+ (r − 1)
∫ t

0

∫
B(1+σ)ρ

(v + ε)
r−1
m −1ϕ

m−1
m

0 dxdt

+
p

σρ

∫ t

0

∫
B(1+σ)ρ

(v + ε)
r−1
m ϕ1dxdt

+
∫ t

0

∫
B(1+σ)ρ

(v + ε)
r−1
m ϕ2dxdt. (4.7)

Letting ε → 0, we have

sup
0≤τ≤t

∫
Bρ

ur(x, τ)dx ≤
∫

B2ρ

ur(x, 0)dx + γ
C1

(σρ)p

∫ t

0

∫
B(1+σ)ρ

ur−b(x, τ)dxdτ

+ (r − 1)
∫ t

0

∫
B(1+σ)ρ

ur−2(x, τ)ϕ0dxdτ

+
p

σρ

∫ t

0

∫
B(1+σ)ρ

ur−1(x, τ)ϕ1dxdτ

+
∫ t

0

∫
B(1+σ)ρ

ur−1(x, τ)ϕ2dxdτ. (4.8)

Hence, similar to the case of m ≥ 1, (1.15) follows.

5 Proof of Theorem 1.4

Let h, k, μ, α > 0 and

Ψ(x, t) =
k(1 − |x|α)

p
m(p−1)
+

(1 + hk
b

p−1 ( |x|
p

t )
1

p−1 )
p−1

b

. (5.1)

Lemma 5.1 Assume that λ = p − Nb > 0. Then the positive constants h and α can be
chosen a priori and are only dependent on N, m and p, so that ∀ k > 0, ∀μ > 0 satisfying
μh−(p−1)k−b < 1, θ = min{μ(( λ

2p )p−1, kb)},

Ψt − div(|DΨm|p−2DΨm) ≤ 0, a.e. in Q(θ),

where

Q(θ) = {μh−(p−1)k−b < |x|p < 1} × {0, θ}. (5.2)

Let k, ρ, ξ > 0. Consider the function

Φ(x, t) =
kρpξ

Rξ

(
1 −

( |x|p
R(t)

) 1
p−1

)1+ 1
m

+
, (5.3)

where R(t) = k−bt + ρp.
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Lemma 5.2 The number ξ = ξ(N, m, p) can be determined a priori only in terms of N, m

and p, so that
LΦ ≡ Φt − div(|DΦm|p−2DΦm) ≤ 0, in D{k,ξ},

where D{k,ξ} ≡ {|x|p < R(t)} × {0 < t < kbρpξ−1}.
The proof of the above two lemmas is similar to that of the singular evolution p-Laplacian

equation, and only a little modification is needed. For details, we refer to [9].
By virtue of the comparison principle (see [5]), and rescaling of variables, we can easily

prove the following two lemmas.

Lemma 5.3 Let u(x, t) be a nonnegative local weak solution to (1.1) in a domain Q con-
taining

Q∗(θ) ≡ {μh(p−1)kp−2 < |x − x|pl−p < 1} × {t, t + lpθ}. (5.4)

Suppose that ut is a regular measure on Q of locally bounded variation, and u(x, t) ≥ k for
|x − x|p = μlph(p−1)kp−2, t < t < t + lpθ. Then

u(x, t) ≥ Ψ
(x − x

l
,
t − t

lp

)
, in Q∗(θ).

Lemma 5.4 Let u(x, t) be a nonnegative local weak solution to (1.1) in a domain Q con-
taining

D∗
{k,ξ} ≡ {|x − x|p < k−b(t − t) + ρp} × {t, t + kbρpξ−1}. (5.5)

Suppose that ut is a regular measure on Q of locally bounded variation, and u(x, t) ≥ k for
|x − x|p < ρ. Then

u(x, t) ≥ Φ(x − x, t − t), in D∗
{k,ξ}.

Proof of Theorem 1.4 Let (x0, t0) ∈ ΩT , u(x0, t0) > 0 and assume that ρ > 0 is so small
that the cylinder

Q4ρ(x0, t0) ≡ {|x − x0| < 4ρ} × {t0 − ub(x0, t0)(4ρ)p, t0 + ub(x0, t0)(4ρ)p} ⊂ ΩT .

Without loss of generality, we may assume (x0, t0) = (0, 0). From (1.21), we easily know that
the rescaled function v(x, t) = 1

u(0,0)u(ρx, u
1
b (0, 0)tρp) satisfies v(0, 0) = 1 and

vt − div(|Dvm|p−2Dvm) = b(x, t, v, Dv), in Q, (5.6)

where Q = Q+ ∪ Q−, Q+ ≡ B4 × (−4p, 0].
To prove Theorem 1.4, it suffices to determine that constants c and γ0 in (0, 1) depend only

on N, m and p, such that
inf

x∈B1
v(x, c) ≥ γ0.

For τ ∈ (0, 1), consider a family of cylinders Qτ ≡ Br × [−δτ, 0], δ ∈ (0, 1) to be chosen
later. Let Mτ ≡ sup

Qτ

v, Nr ≡ (1 − τ)−
p
b . Since v ∈ L∞

loc(ΩT ), M0 = N0 and Nr → ∞ as τ → 1,

the equation Mτ = Nτ has the largest root, say τ0. Thus

Mτ0 = (1 − τ0)−
p
b , M 1+r0

2
≤ N 1+r0

2
= 2

p
b (1 − τ0)−

p
b .
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Since v is Hölder continuous in Q (see [10–12]), there exists a point (x, t) ∈ Qτ0
such that

v(x, t) = Mτ0 , sup
|x−x|

v(x, t) <
1 − r0

2
v(x, t) 1+r0

2
≤ 2

p
b (1 − τ0)−

p
b .

From this and (1.20), we easily obtain

sup
|x−x|< 1−r0

8

v(x, t) < γ1(1 − τ0)−
p
b ≡ W0, ∀ t ∈ [t − 1, t]. (5.7)

Constructing the box

QR0 ≡ {|x − x| < R0} × {t − W b
0Rp

0}, R0 = (8γ
b
p

1 )−1(1 − τ0),

we have
sup
QR0

v(x, t) ≤ W0.

From [10–11], we know that v(x, t) is Hölder continuous and

oscBρ(x)v(x, t) ≤ γW0(ρR−1
0 )α, ∀ 0 < ρ < R0, (5.8)

where α ∈ (0, 1), γ > 1 is a priori determined in terms of N, m and 4‖v‖∞. Combining (5.7)
and (5.8), and taking ρ = ηR0, we have ∀|x − x| ≤ ηR0,

v(x, t) ≥ v(x, t) − oscBρ(x)v(x, t).

Choose η so small that 1 − γγ1η
α = 1

2 . Let ε = η(8γ
b
p )−1. We have

v(x, t) ≥ 1
2(1 − τ0)

p
b

, ∀|x − x| ≤ ε(1 − τ0). (5.9)

Next we will employ the local subsolutions to expand the positivity set of v both in the
direction of increasing t and sidewise in the space variables.

Consider the comparison function Φ(x − x, t − t) defined (5.5) with the choice

k =
1

2(1 − τ0)
p
b

, ρ = ε(1 − τ0) and kbρpξ−1 = ε2−bξ−1 ≡ 3δ. (5.10)

From (5.9), we have v(x, t) ≥ k for |x − x| < ρ. By virtue of Lemma 5.4,

v(x, t) ≥ Φ(x − x, t − t), in D∗
k,ξ.

In particular, for δ < t − t < 3δ and |x − x| ≤ ρ, we have

v(x, t) ≥ 1
2(1 − τ0)

p
b

(
1 +

1
ξ

)−ξ(
1 −

( 3ξ

1 + 3ξ

) 1
p−1

)1+ 1
m

+
≡ C0

1
(1 − τ0)

p
b

.

Since [δ, 2δ] ⊂ [t + δ, t + δ], we have

v(x, t) ≥ C0
1

(1 − τ0)
p
b

, ∀x ∈ Bρ(x), ∀ t ∈ [δ, 2δ]. (5.11)
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Consider the comparison function Ψ(x−x
3 , t−δ

3p ) defined in (5.1) in domain Q0 ≡ {ε(1 − τ) <

|x − x| < 3} × [δ, 2δ] with the choice k = C0
1

(1−τ0)
p
b

and μ = δ(2p
λ )p−1. From (5.10), we know

that δ can be restricted so small that

μ ≤ min
{1

4
,

1
kb

,
hp−1εp

Cb
03p

}
.

Thus Q0 ⊂ Q∗(θ) is defined in (5.4).
From (5.11), we obtain by Lemma 5.3 that

v(x, t) ≥ Ψ
(x − x

3
,
t − δ

3p

)
.

In particular, for t = 2δ and |x − x| < 2, we have

v(x, 2δ) ≥ (C0(1 − τ)−
p
b (1 − 2

3 )α)
p

m(p−1)

(1 + hC0(1 − τ)−
p
b )

b
p−1 δ−

1
p−1 2

p
p−1 )

p−1
b

≥ inf
0≤τ≤1

(C0(1 − τ)−
p
b (1 − 2

3 )α)
p

m(p−1)

(1 + hC0(1 − τ)−
p
b )

b
p−1 δ−

1
p−1 2

p
p−1 )

p−1
b

≡ inf
0≤τ≤1

f(τ) ≡ γ0(N, m, p).

Since f(τ) is a positive continuous function in τ ∈ (0, 1) and

lim
τ→1

f(τ) =
(
C0δ

(
1 − 2

3

)α) p
m(p−1)

h−p−1
b 2−

p
b > 0,

we have γ0(N, m, p) > 0 and Theorem 1.4 follows.
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