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1 Introduction and Main Results

It is well-known that the Harnack estimate for nonnegative solutions to the heat equation
is an important behavior of solution. The first devotion to this problem is due to Hadamard
[1] and Pini [2]. After their pioneering work, one considered the following quasilinear parabolic
equation:

uy — diva(z, t,u, Du) = b(z,t,u, Du), (1.1)

where p > 1, u € VIP(Qp) = L*(0,T; L?(2)) N LP(0, T; W1P(2)), and there are nonnegative
functions ¢;(z, ) and positive constants C; (i = 1,2, 3) such that

a(xz,t,u, Du) - Du > Co|Dul? — o (z,t), (1.2)
la(x,t,u, Du)| < C1|DulP~* + 1 (z, 1),
|b(x, t,u, Du)| < Co|Du|P + @a(x, t). (1.4)

A typical example of (1.1) which satisfies (1.2)—(1.4) is the well-known evolutionary p-Laplacian
equation

uy = div(|DulP~>Du). (1.5)

For this equation, Moser [3] showed that when p = 2 the same conclusion as [1] is true. But
when p # 2, the same conclusion fails to hold (see [4-6]). An intrinsic version takes place. The
intrinsic Harnack type inequalities were shown for the degenerate case (p > 2) by DiBenedetto
[7]. The similar estimates were obtained in the singular case (1 < p < 2) by DiBenedetto and
Kwong [8]. One can refer to [9] for more details.
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In this paper, we suppose that

a(x,t,u, Du) - Du > Cou'™ DE=D | DyP — oy (z,t), (1.6)
la(z, t,u, Du)| < Cru™ VPV DulP~ + @1 (2, 1), (1.7)
[b(z, t,u, Du)| < um™DEDC, DulP~ + @y (z, t). (1.8)

A typical example of (1.1) which satisfies (1.6)—(1.8) is the following quasilinear parabolic
equation:

uy = div(|Du™ P2 Du™), (1.9)

which includes the evolutionary p-Laplacian equation (1.5). Zhao and Xu [10] generalized the
result in [6] to (1.9) (m(p — 1) > 1). Yang [11] generalized Dibenedetto and the result in [7] to
(1.9) (222 <m(p—1) <1).

When m = 1, comparing (1.6)—(1.9) with (1.2)-(1.4), we find that there is a difference

between (1.4) and (1.8). But this difference is not essential, and we are only for simplification

of the calculus to assume the form of (1.8).

In this paper, we will synthesize the methods used in [7—11], and try to get the same kinds
of intrinsic Harnack inequalities for the most general cases, such as the equation (1.1) with
(1.6)—(1.8). In comparison with [7-11], the greatest difficulty comes from the situation in which
how the functions ¢g, ¢1 and @9 affect the main gradient terms a(x, ¢, u, Du) and b(z, t, u, Du).
Now, we introduce the following definition.

Definition 1.1 A nonnegative function u(x,t) is called the locally weak solution (sub-
solution, super-solution) to (1.1) in Qp if u € Ciee(0,T; L3, (), u™ € LP(0,T; WLP(Q)),
and for every compact subset E of Q, V[t1,t2] C (0,7,

/ updz
E

where o € W,22(0,T; L2(E)) N (0, T; Wy P(E)) N LS

loc loc

to t2
+ / / (—ups + a(z,t,u, Du) - Dp — b(x,t,u, Du)p)dzdt = (<,>)0, (1.10)
t t1 JE

(Q), ¢ > 0.

In what follows, let u be a locally bounded and nonnegative local weak solution to (1.1) in
Qr,b=1—m(p—1) >0and A\, =rp — Nb, A = \;. The main results are as follows.

Theorem 1.1 (LiS -Estimate) Let A, >0, 7 >1 and ¢ > 2+ %, Suppose that

leoll ¢ + llerllze + [le2l[e < oo (1.11)

and
(2N +p)Cy > p(p—1)C1 + (p— 1)Cs. (1.12)

Then there exists a constant v = y(N,m,p,r), such that ¥ (xo,t0) € Qr and ¥ p > 0 such that
Byy(zo) C Q, Vt > ty, we have

D

sup  wu(z) <(t— to)f%v ( sup / u” (z, T)dx) AT
z€B,(x0) to<7<t.J By, (x0)

t—to
pp

5
+9(=2)" +(lgoll 5 + lerllz + lgllzo). (1.13)
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Theorem 1.2 (Integral Harnack Inequality) Suppose that

Cob —1C
0 (p )2>

e (p—1)C — 0, (1.14)

and that when m > 1,
wo <tpo1, o € LE;
when 0 <m < 1,
wo(z,t) =0.
There exists a constant v = v(N,m,p,r), such that ¥ (zo,to) € Qr and Vp > 0, such that
Byy(z0) CQ, Vit > ty, we have

sup / u(z,7)dr <~ inf / u(z, 7)dx +'y[||3001||%(t B to)%p%ﬂ\,q;_z
Bp(JCO) BQp(JCO)

to<t<t to<7<t
a-1 ya-2 t—to\3
= t0)'T 0T (el + ealn) + (—52) ] (119)
Theorem 1.3 (Integral Harnack Inequality) If the constant r > 1 satisfies
- 1)C
-0+ L% gy (1.16)
and
leolls + [lellr + [lp2llr < oo, (1.17)
then
swp [l mde <9 Nmpr 8ol + el + lleal )}
to<t<tJ B, (z0)

+'7{ /32,,(%)ur(x’t0)dx+7(@;%y)i}, el (118

where || fll- = || fllzr-

Comparing Theorem 1.2 with Theorem 1.3, we easily find that there is a gap of the results
between 1 and ro = (p — 1)C + w + Co. In other words, if r € (1,r¢], the corresponding
integral Harnack inequality of sup [ B, (x0) u”(x, 7)dx is still unknown. However, combining

to<r<t *

Theorems 1.1 and 1.2 yields the f_olﬂ)wing results.

Corollary 1.1 (L*°-Estimate at the Same Time Level) Let A > 0, ¢o = 0 and (1.14) be
true. There exists a constant v = ~y(N,m,p,r), such that
(1) YO <t <oo,Vp>0 such that By, = {|z|] < 4p} € Q, and we have

1

P t 1
sup  u(x) < Y ( sup / u(z, T)dx> "+ ’y(—) ’
@€ B, (z0) to<r<t J By (o) PP

p(g—1

)
>+l g + llerlloe + le2l[za.  (1.19)

+(le1llze + llo2llLa)tp™]
(2) Vio+2<7<ty+4,

X 1
fu Do, < (s [ u@rde) (o)
to<t<to+4J By, (x0) pr

plg—1)

+[(lerllza + llpallia)p™ " +allpoll g + lerllza + llpallza.  (1.20)

1
b
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Theorem 1.4 (Intrinsic Harnack Inequality) Let A > 0, (zo,%0) € Qr and u(zo,to) > 0.
Suppose that

a(z,t,u, Du) = |[Du™|P"2Du™, 0 < b(z,t,u, Du). (1.21)

Moreover, suppose that u; is a reqular measure on Qr of the locally bounded variation. Then
there exist constants v > 1, ¢ € (0,1), depending only on N, m,p, such that

u(zg,to) <~ inf )u(-,to—i—Q), (1.22)

0(370
where § = cu®(xg,to)pP, provided the cylinder

Q4p(9) = {|£L' - £L'0| < 4p} X {to — 40ty + 49} € Qr. (123)

2 Proof of Theorem 1.1

Lemma 2.1 (see [9]) Let{Y,}, n=1,2,---, be a sequence of equibounded positive numbers
satisfying the recursive inequalities

Y, <Cb"Y, 7,

where C,b > 1 and « € (0,1) are given constants. Then

Yo < (bfci)i

Without loss of the generality, we can assume that (zg,%p) coincides with the origin. Let
o € (0,1] be fixed. Set p, = p(1 + 027 "), t, = t1=22", 5, = Lotlnst (7 = Inthn ‘g —
By, By =Bj , Qn = BnX(tn,t), Q, = By X (In,t), kn = k(1= =51), kn = (kn+kns1), n =
0,1,2,---, and k > 0 is a constant to be chosen later. Let (,(z,t) ({,,(x,t)) be a nonnegative
piecewise smooth cutoff function in Q,, (Q,,), which equals 1 in Q,,+1, vanishes on the parabolic
boundary of @,, respectively, and satisfies |D(,|, | D¢, | < 2ﬂ+ , 0 <G, tant <27

If m > 1, we choose the test function ¢(x,t) = (u — _n)+ Cn,

// u—kn)§ 1§ dz dt—l—// a(z,t,u, Du)D[(u — k) _1_Z]dxdt

- //_ b(x,t,u, Du)(u — En)‘_f P dadt = 0. (2.1)
Qn

By the constructive conditions (1.6)—(1.8), integrating by parts, and using the Holder inequality,
we find that there exists a constant v = (N, m, p,r), such that

sup / o (u—kn)$C, dx—|—// (m=1)(p=1) (4 _n)172|Du|pidedT
B, (r

tn, <7<t

2n+3 _ 2p(n+1 _
// (u—Fk qud7+7 // wm= Ve (y — F, )2 dwd

2 a=2
+7 // gog dxdT q // (u— En)‘idxdT) !
Q. Q.
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2n+2 // ‘{dxdT)%(//_ (u—%n)z_dxdT)%
// gogdxdT // (u — k) qudT) ;1].

a=b

Let w, = (u—ky),” and A, = {(z,t) € Q, | u(z,t) > ky}. Clearly,

/ / wPdzdr > 2~ (F2)a=b) pa=big |
Qn

(2.2)

(2.3)

At the same time, we have

[ w-E)iga
En(r)

>

[ (u—Fns1)? (u — Fn)4 Coda
B (m)n{u>kny1}
k \? -
> p
= (2n+3) /Bn(T)(wn—i_l(:n) dl‘,

// um=DE=Y (y — &,)9 % DulPCh dadr
Q.
2(n+2)p
// D(wp1C,)|[Pdadr — // wpda:dT}
// u(m_l)(”_l)(u — En)frq*dedT
Qn
praz?  (m-1(-1)
< // wf’ldde—l—k(m_l)(p_l)(// wf’ldmd7'> A, "
Qn Qn
< a(m=D(p-1)n / / w?dwdr,
Q.
// (u — ky)d dzdr
Qn
< //_ (u— En)?;b(u — k)b dadr
Q.

< JJul%.q0 // m=DE=(y — &, )2t 2dzdr
§7||u||’;O,Q02<’”’—1><P—1>” //Q wbdadr.

Hence from (2.2) and (2.3), we have

2p1

k\?b
&) e [ e

(H ull% g0 +

2 1-2
/] wﬁdxdf+v2a”{|\u|\w,c@§ lioll s ( [ whaoar)
Qn Qn
b(1—

1 -1
+ lullso, 00 (;”%Hm + H<P2||Lq> (//Q wﬁdmd7‘> },

(2.4)
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where a = a(m,p, b, q).

If ||uHOOQO < pi or ||u||go7Q0 < 1, there is nothing to prove. Otherwise, ||u|lcc,0, > 1,

P

ull g > & = £~ 50
t
-<p (p— 1)Hqu Qo <(dlamQ)(p 1)HuHoo ,Qo>
p
t < (diam2)? HuHoo ,Qo”

We can rewrite (2.4) as
ko )P )P
(2—n> sup (wny1C,,)Pda + D(wy11C,)|Pdzdr
tn <7<t JB, (r)

1—2
< 4g0m —H HOOQO// wtdzdr + g0 3 // whdedr)
= p -3
+(p||¢1|\m+||¢2|\m //annda:dxdr) | (2.5)

By the Holder inequality and the space-time version of the Nirenberg-Gagliardo multiplicative
inequality (see [11, p. 74]) and denoting h = p(1 + &), we get

//_ (wn1C,,)Pdzdr
// (wnt1C,) d(Ed’T) |4, %
<7 // D(wn 1€, |pdxd7( sup / (wn41C,)Pd )N}h|zn|1f%
tn<T<tJB,(r)
<7{( ) o / (wn+1 pdx+// (Wnt1Cp) |pdxdr}(2n>ﬁp|z iz
2n) 4 er<t B (r) n n n n - ;
1—2
<92l [ [ whdnar el ([ whdnar)
! P _% N+p 177
+ (;leHL“ + H<P2||Lq wndxdT }( ) 4,
1-2
<72 [ullt 0 pt// wpdzdr + [eoll ¢ // wpdxdT !

1

1 -3
+ (_||801HL4 + H<P2||Lq // wﬁdmdr }
P Qn

pb P
. (ﬁ) NP o(n+2)(0-b) 745 1.~ (a-0) w55 (// w”da:d7'> NP (2.6)
k " ’

where h = p(l + %)
Because of the assumption 1 — % + NLer > 1, by choosing a subsequence, we see that there
is an € = (q,p, N) > 0, such that

pq 1+e
//Q wy g1 dadr < yd"ME™ N+ ( // wﬁdxdr) ’
n+1 n

1
M = ([[ullt.q, + ol g + llerllze + llalle) —=

where
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and d = 20715, Choosing ¢ = b+ r and applying [11, p. 96, Lemma 5.6], we deduce that

lim // whdzdr =0, (2.7)

provided that k is chosen to satisfy

(N+p)

N+p -
//Q rdxdT_CO_N'HUt kb+r(||u||oo Q0+H<)00||L% +H<101||Lq+||302HL’1) P ’
0

N p)2

C p—
It follows that

1
Julloc. <k < (70 wazar)

Bito)p
(N+4p)
X ([ull,qo + ol g + llerllze + 2]l a) 7@
If
[ull%e.qo < lleoll g + llerllza + llg2llLa,
then Theorem 1.1 is true. Otherwise, we have

b(N+p)

1
urdxdT) ) 25T (2.8)

lullo. < (o0t

Baiyoyp

Consider the increasing family of radii p, = p Z 27" and a family of cylinder Q5 = B, x

(ts,t), s=0,1,2,---. Applying (2.8) to the boxes Qs C Qs+1 and by Lemma 2.1, we can easily
get the conclusion of Theorem 1.1.

If 0 < m < 1, let v =u™. The original equation (1.1) becomes
(v#)t — diva(z, t, ’uﬁ,Dvﬁ) = b(x,t,vﬁ,Dv#), (1.1)

and the constructive conditions (1.6)—(1.8) become

1 C m—
a(a, t, 07, Do) - Do > — 2 |DulP —mipou (1.6)’
la(z, t,07, D )| < 1+, (1.7)
e 1 02 p—1 !
b(z,t,v7, Dum)| < — =7 [ D[P~ + 2. (1.8)

Now we choose the test function of the weak solutions to (1.1)" as ¢ = (v — kn)ﬂ_lzi, g>0to
be chosen later. If we denote

G(s) = /0 ' (1)(1 — k)T dr, B(s)=sm (s>0), wy=(v—Fn)," ,

and by the constructive conditions (1.6)'—(1.8)’, integrating by parts, and using the Holder
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inequality, we have

_ ¢ n+3 t oy
0> [ et -2 / GW)C, dadr
En tn ot tn B
+[p(q—1)Co—p(p—1301 —102 // v~ Fa)172C0 | DofPdadr
pmP—

op(n+2) o Cy R
- [(Up)f’mp—l * pmp—l //_ (v —kn)Y dadr
,17 T — "1L m(g—=1)+1 1)+1 #
mig =Dl ([ / whear) ) (/ / L ) T
2n+2 ﬁ
_( +1){HU;Q // wpdxqu“_ Z// ded} @+ (2.9)
Qn

ap
At the same time, we have

// (v —ky) §|Dv|pdmd7'
=— Duw, [PCY dzdr
p+q_2[éJ 7
p — —
> P D(wnC,)Pdadr — ?|DC,[Pdzdr]. 2.10
> gy IPwdpaser — [[ ot pasar]. @0

From (2.9) and (2.10), we get

/ G)Chda +ﬂ1// D(w,C,,)[Pdzdr
2;;3 / /7 G)C 'dadr + By / [ wPdzdr

_m b(g—1— m ,
m(g—1)+1 A
+m(q—1)|lv Hoo Qo ) // wpda:dt mg—1+ L // 2 da?dT) (-1

2"+2 o 1_+ T m(g—1)+1 DT
+( ” ||v 7o // wl’dxdr Z// dadr } . (2.11)

where

plg—1)Co —p(p—1)C1 — (p — 1)y Bi2(n+2p - op(n+2)Cy Cs

ﬁl == QP*Q(p_Fq—Q)mP*l ) o =

(op)P (op)pmp=t ~ pmp=1l°

Now, since

(1+mq—m) 1(1) - En)iipr’% <Gw) < v%(v - En)(jr_l,

// v — - +idmd7’ > (k27(”+2))q*1+% Ayl
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by the Holder inequality, we have

//_ G(v)zi_ldxdr < //_ (v— En)flJridde —l—E,’l_; //_ (v —kyp)9 tdadr
Qn Qn Qn
<y2m //_ (v — En)‘_’[”ﬁdxoh
OOQO //7 wb dadr, (2.12)
Qn

/_ G0)T e > (1+mg—m)~ (k2~ (") % /_ (wn11C, Pda. (2.13)
By

From (2.11)—(2.13), we have

k=
8 ot f oo

o1 +m
<o HOOQO Ea /[ whdadr
rE— » LICERIESN DT
0.Qo wh da:dt ( [ 300 dxdr)

2n+2 2
+ ( n 1) [||v
op

5 g-1 _ TCE=VERY
;QO// wﬁdxdT} o E:// o 1>+1dxd7} CUT (2.14)
) 6 )

n =1 n

< 727}1

|v

+m(g—1)|v

Noticing m < 1, we have

lpoll | muner < 7llell g,

leill Lm@-n+1r < vllellpe, i=1,2.

So, (2.14) is similar to (2.8), as in the case of m > 1, and we can get the conclusion in Theorem
1.1.

3 Proof of Theorem 1.2

Lemma 3.1 Let u be a nonnegative local weak solution to (1.1) in Qrp. Suppose that when
m>1,
0o <tpo1, o € LE;
when 0 <m < 1,
wo(z,t) =0.
There exists a constat v = (N, m,p), such that ¥ (xo,to) € Qr, Yp > 0, Byy(zo) C Q,
Vt>tg, Vo€ (0,1), we have

t 1 P
t—1to\ v 1-3
/ / |Du™ P~ dadt < yK + P _1{< /\0) [ sup / u(xm)dx} ’
to J Bop(wo) (I—o)p p to<7<t.JB,(x0)
t—to\s
+( > )} (3.1)

t 1
t—1o\ v
/ / |Du™ P~ dzdt < yK 4+ sup / u(z, 7)dxr + ’y(g)( . 0) " (3.2)
to op(T0) By (z0) P

to<7T<t
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where
_5 —9 —1 —1 —1 —1
K =llporll g5 pF N 4 AT oV o 49t 0N
Clearly, (3.2) is a simple corollary of (3.1).

Proof of (3.1) After a translation, one may assume that (zo,t9) = (0,0). Fix o € (0,1)
and let {(x) be a nonnegative piecewise smooth cutoff function in B, that equals 1 on B,,, and
satisfies | D¢ |< (1 —o)p)~ .

We also separately discuss the two cases m > 1 and 0 < m < 1.

(1) Suppose m > 1.
b
In (1.10), take ¢ = tr (u+¢€)"»¢P, e > 0 to be chosen later. By calculation, we have

1 —1 ' L
_(%—C( - )02 // £ (u+e)"r~ CPul " Du Pdadt

mP

§(02+ 1 // t7 (u+ )P~ r tum=DE-Dqzdy
—O'

p

1 b 1 t 1 b
+—// tr(u+e) »" goodxdt—ki// tr(u+¢e) Poidadt
pJo JB, (L—=0a)p Jo B,

¢
+// tr(ut+e) v t%/ (u+e) " rPda (3.3)
0o JB, - B,
and
b t b 717% t
—// t%(u—l—s)*%*lgaodxdtg c // t7 podadt, (3.4)
bJo JB, p 0o JB,
t -t t
p // tl(u _b be 1
_— P(u+e) rordedt < ——— tv pdadt. (3.5)
(L—0a)p Jo B, (L—=a)p Jo B,
Let S = sup fB u(x, 7)dz. Then
0<r<t
! 1 -t 1-m m
J = tr(u+¢e) » " (Pu "™ DuPdadt
0o JB,
1 1
G+ amap)e // o podads
_b t
veT P 1 1
+7// tr prdadt + v +’y// t? podadt,
p(l—0) Jo B, o /B,
where

t\» b
Ilzt%/B(u+s)1—%¢pdxgv(tpN”)%(SﬂpN)l‘% v(pA) p(S +ep™) e,
P

t
12:// T%u(m_l)(”_l)(u+5)p7%71dmd7

// %u—l—a ded7<5 // %u—l—a Zdl‘dT

< e b (V) r (S +ep™) .
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At the same time, by the Holder inequality,

t
// 7 podadt < yllporlgt?+7 pN T
B, 2
¢ 1 1,49-1 pa—1
trpidadt <vllpql|gtr T T pt T,
0o JB,

where i = 1,2. So,

1 1 1 b 1 b
JS’Y(—‘FiE—b tpN0) (S +ep™ 1_5) +y(tpN) e (S +ep™N)r
S ST S + ™)) 2™ (5 + o)
_b
— g r 1,4-1 pa—1
+e o1 gt o KN +7{7 O1llqg + |2 }thr ap
“F ool =l + el

Set e = pip. By

(S+topNE)E = w < ASITE 4y V=P D)
(S+tvpN=8)»
we have
T <Allgollgt T pEHENT 4 Tt T YT H o 41T YT el
g IS 4 HOmD D)
=K+ i ja)p (tpVD) B [S1F 4 43 0—B) (N =D (=),

By the Hoélder inequality, we get

t
IE/ / | Du™ |P~! dodr
// rrul My 4e)t p(p|Du P55

—p=1 (m—1)(p—1)

X (T (w4 o) M) Y dadr

where

(u+ 5)(1+§)(p71)dxd7.

t —
13 = / / T
0 JBs,

Similar to the estimate of I, the estimate of I3 is obtained as follows,

3 o

t\® b t\® 1oN_pis
s <9p(ox) (5 +e0™) 8 =ap(o5) (5 +ehp V)

ENF =2 L ba-b) (N-B)a-t
SW(/,—A) [S1-F 4 ¢H1-3) (N =B 1=,
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Thus

p—1

We get the conclusion easily.
(2) Suppose 0 <m < 1.
Let v = u™. Then equation (1.1) becomes

(v#)t — diva(z, t,v™, Dvw) = b(x, t,v™, Dvw ), (L.1)

and satisfies the constructive conditions (1.6)'—(1.8)" with pg = 0. Set ®(s) = si, s> 0 and
G(s) = [, @' (7)( + 6)_%(17. Clearly, we have

aG(v) 0% (v) .
o~ o e

Now, we take ¢ = tr (v+ 6)_%Cp(x), where ((z) is the cut function as in the case of m > 1.
Integrating by parts, we can get

Cob [* 1 —b g
0< ——— tf’(’l)-i-{-?) mp <p|Dv|pd{Edt
o JB,

C
—l—pill/ / tp v—l—&)*'ﬂpgp YDoP~tdadt
—0)

mp—1

+7// tr (v + &) mr Pl dadt
T=ohp o Jo, 0T 1

' t
// t%(v+e)‘%<p|Dv|p*1dxdt+// oot (v + £) "7 (P (w)dwdt
0 JB,

mp—1

/ / — |Dv|p 1y SOQ)CP( )(v+ 6)_%dxdt. (3.6)

By the Young’s inequality, we have

C
pill/ / t5 (v + )75 PV DolP dadt
—O'

mp—1

c=1G

/ tv (v+ 5)_m_v_1gp|Dv|pdxdt
B

Ch

mp_l(l — g)ppp

mp—1

/ t (0 +e) mr TPdadt, (3.7)
BP

mp1

// tp (v+e 7’"T’CP|DU|I) Ydzdt
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// tv v—l—&*'"z’ L¢P | Do|Pdadt
mp 1

// tv (v + )" mr PP dadt. (3.8)
0 JB,

mpflp

By (3.6)—(3.8), we have

Cob Ch -
(mpp_mpfl_ mp—1p // tpv_|_5 " '¢P|DolPdadt

%! 5 —1+p
S 1(1—J)Ppp/ tr (v+e) mr dadt

1 // tp v+57"bp<p1da:dt—|— — // t7 v—l—&*'"z’ P qpdt
—0)

+/0 /BP ot 7 (v + )" 75 (P (x)dadt + 7 /Bp G(v(z,t))CP (2)da. (3.9)

Set S = sup fB u(z, 7)dz. Because
0<r<t

0<G) <plp—b)tv+e) I w)m,

by Jesen’s inequality, we get

& [ G )@@is <pp-470 [ @t DR [ wae
B, B, B,

1N 1 _b t\7 1 _b
< ytrp (S +empN)! :=7p<p_A) (S+emp™) =5 (3.10)

Let & = (tp~?)#. Then

Gy

1
G et rdaa s — L) (54 eh o
mpl(l—a)PpP/pt (v+e) dzdt < T o (S+e )y e (3.11)

From (3.9), we have
t N T
/0 /Bpt”(U*‘ﬁ) mr (Pl Dv|Pdadt
g t\» N1t » t s L,
Smp(pA) (S +empM) erm/o /IBPtp(U+E) w5 oy dadt
+/Ot /Bp <P2t%(v+6)_m%dxdt. (3.12)

A procedure analogous to that in the case of m > 1 leads to (3.1) and Lemma 3.1 follows.

Proof of Theorem 1.2 Let us first prove (1.12). Assuming that (xg,%o) coincides with
the origin and considering the family of expanding concentric balls

n
B, = {|z| < pn}, pn:pZQ—i, n=01,2---,
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we have

By = B,, B = Bs,.

Introduce also the “intermediate” spheres
~ 1
B, {|x| < (pn + pn+1)}

Let ¢, (x) be a piecewise smooth nonnegative cutoff function in En that equals one on B,, such
that [D¢,| < 225
two times 1evels 71,72 in [0,¢],

/ / a(z,t,u, Du) - D¢, dxdr
02n+2 2
e / / u(m—l)(P—1)|Du|p_1dxdT+/ / prdadr,
p T1 én L En
T2
//b(m,t,u,Du)Cn(x)dxdT
mn JB,
T2 T2
n JB, /B

Cy2"*
/énu(x,ﬁ)gndx</ u(z, Tg)Cndx—i—( o mp T / / |Du™ P~ dadr

/ / ©1 + p2)dadr. (3.13)

Now, we take 72, a time level in [0, ¢], such that

inf / u(x,T)dx:/ u(x, mo)de = 1.
o<r<t /p, B

2p

. In the weak formulation of (1.10), take (, as a test function. Then for any

S0,

We also set

S, = sup/ u(z, 7)dz.
B

0<7r<t

Since 7 € [0,¢] is arbitrary, (3.16) implies

C12n
Sn§I+(mlp1 mpl // | Du™ [P~ 1dxd7+// (o1 + o)dadr.  (3.14)

Next, we apply (3.1) over the pair of balls B, and B, 11 for which (1 —¢) > 2-(*2) and
n is large enough such that p < Cl2n+2C2. Then

2n+2
(Cl |Du P~ tdzdr
mP~1p mp 1 -

2 2 1
012"+ Ci2"" t>p[5i+1 LD (=D

<
=T - 1pK+7 mp—1 (1—0)1’*1 (pA

Thus

w2 p a2 tNT] .,
Sn < eSur1 + |+ lpollat'T pE YT 48T pNUT (ol + llpzlly) + (p—A) }l :

2
where | = 4 A 2% . By Lemma 2.1, one gets (1.15) in Theorem 1.2.
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4 Proof of Theorem 1.3

Without loss of generality, we also assume (zg,to) = (0,0). Fix o € (0,1) and p > 0. Divide
this problem into two cases.

(1) Suppose m > 1.
Let ((x) be a standard cutoff function in B(;,), that equals one in B, and satisfies [ D({| <

(op)~L. For e > 0, taking ¢ = (u+ )" 1(P(z) in (1.10), we have

/sz / w(u + &) ¢P (e)dtde

= % /B (u(z,t) +&)"¢P(z)dz — / (u(z,0) +£)"¢P(x)da. (4.1)

2p B2p

By calculation, we get

1
- sup/ u' (z, 7)dx
T o<r<tJB,

1
s—/ ((xo>+e>’“dx+[02+ 2! // (u+e)bda
B p Bato)p

2p

(r—1) // (u+e)™ QCpapodxdt—i——// (u+e)" 1P Lo dadt
B, Ba,

—1—/0 /B%(u—f—z-:)”"_lgpg@dxdt. (4.2)

In the last inequality of (4.2), we use the condition

=% | 1) = (= 1)y < 0.

Letting € — 0 and by the Hélder inquality, we have

1
- sup/ u' (z,7)dx
T o<r<t Ba,
! e et
<posw [ wodss [Za el (sw [ )
"o<r<t/B p (op) 0<r<t JB 0,
s
+ - Dllaalls (s [ wands) T
0<r<t B(14o)p
P - (4.3)
+ (Ll +lieall ) (swp [ weras) T
7P 07t JBatoyp
1 T
— sup u' (z, 7)dx
T o<r<t B,
]. tr l 7‘fb
<55 (2) +lolls +lealh + leale| (s [ wr)a)
7 0S7<tJBito),

n .
Let pp =p>. 27", B, =B,,, S, = sup [, u'(z,7)dz, I= fB (x,7)dz. Applying

i=0 o<r<t " oen
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(3.5) to the pair of ball B,, C By,4+1 for which o > 2~ ("+2) e obtain

T 1

t"\ T b
Su< T[22 ()" +leolls +lenll +lealle [ 5,52

< 0Spi1 + (N m,p,7,6)2°7 (I‘L(;T)l)

+ (N, m,p,r,6)(lleo
for any given ¢ € (0,1). If for any n,

prn t
v (1 + (
( oA

Oiugt/ (@, 7)dz < y(Nym,p,7, ) ([[@olls + llerllr + [le2ll) F- (4.4)
<r<tJB

s+l + llozllr)®

881+ (N, m,p,7,6)2 -)") AN, mepr8) oy + il + ez ),

SO

Then the conclusion is clearly true. Otherwise, by choosing a subsequence, we may assume that

Sy < 268,11 + (N, m,p,r,6)2°% (I—|— (pt”" )l)

Then, iteration of these inequalities yields

T

t
So = sup / u(z, 7)de < (20)"Seo + y(N,m, p,7,0) (I + (T
0<r<tJB P

i=0
n .
Choose o = 2~(1F%) 50 that > (02% )" < 2. Let n — co. We have
i=0
tr 1
su z,7)de <~y(I+ . 4.5
), e {1+ (55)) (45)

Combining (4.4) with (4.5), we get (1.18).
(2) Suppose 0 < m < 1. Let v = u™. Then the equation (1.1) becomes
(v%)t — diva(z,t,v™, Do) = b(z, t,v™, Dv ), (1.1)
and satisfies the constructive conditions (1.6)'~(1.8)". Set ®(s) = sw, s > 0 and G(s) =

f(f Q' (7)(T + 6)%(317'. Let ¢(z) be the same cutoff function as above and take the test function
o=@+ 6)%Cp($). Also, we have

G(v(z,t))CP (z)dx

Ba,
Co(?“ - 1) ( —1 Cl
P _ P P
< szG(v(x,O))C (z)da ( — — / /B(HW (v + )5 CP|DvlPdadt
) L
+ + (v+e = dadt
(mp 1(0;)) mpP— 1 Biisoyy )
/ / v—l—e T goldxdt—i—/ / v—l—e E <p2dxdt
Bato)p B(ito)p

o ) | "
< | G 0)ds+ (o ey dade
_/B (v( ) ’y( P 1(0,0 mp ! Bito)p

2p
/ / (v+e)T goldxdt—i—/ / (v+e)T <p2dxdt (4.6)
Baitoyp B

(140o)p
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Since %si < G(s) < =(s+¢e)m, from (4.5), we have

r C ¢ rel-m
sup / u"(x, 7)dx S/ (v(z,0) +e)mde + v ! / / (v+e)Pt—m dadt
0=7<tJB, B2, (O'p)p 0 JBa+to)
t m—1
+(r—1)/ / (v+6)%_1¢0m dadt
B(ito)p
/ / v+5 <p1dxdt
B

(1+o)p

+// (v+e)%¢2dxdt. (4.7)
0 YBata)p

Letting € — 0, we have

sup / u"(x, 7)dx S/ u"(x,0) da:—l—fy / / (x,7)dadr
0<r<tJB, Bs, B(H—d)p

(r—1) / / u" " (x, T)podadr
B

(140)p

// u" Yz, ) dzdT

Bato)p

// u" Yz, T)podadr. (4.8)
B

(140o)p

Hence, similar to the case of m > 1, (1.15) follows.

5 Proof of Theorem 1.4
Let h,k, p, 0 > 0 and

(1 _ |.13| )rrL(p 1)

\I/(J),t): 1 _\p—1"
(1 + hk7T (Z2) 7 ) e

(5.1)

Lemma 5.1 Assume that A = p — Nb > 0. Then the positive constants h and « can be
chosen a priori and are only dependent on N, m and p, so that Vk > 0, Vu > 0 satisfying
ph= =Dk < 1,6 = min{u((2)7~1, k),

U, — div(|[DE™|P2DU™) <0, a.e. in Q(6),
where
QO) = {ph~ P VE™0 < |z|P < 1} x {0,6}. (5.2)

Let k, p,& > 0. Consider the function

o0 = e (1= () ). 53

where R(t) = k= + pP.
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Lemma 5.2 The number £ = £(N, m,p) can be determined a priori only in terms of N, m
and p, so that
L® = &, — div(|DO™[P72D®™) < 0, in Dy,

where Dy ey = {|z|P < R(t)} x {0 <t < kPpPE~1Y.

The proof of the above two lemmas is similar to that of the singular evolution p-Laplacian
equation, and only a little modification is needed. For details, we refer to [9].

By virtue of the comparison principle (see [5]), and rescaling of variables, we can easily
prove the following two lemmas.

Lemma 5.3 Let u(x,t) be a nonnegative local weak solution to (1.1) in a domain Q con-
taining

Q*(0) = {uh P VEP=2 < o —F|PI7P < 1} x {I,1+176}. (5.4)

Suppose that ug is a regular measure on Q of locally bounded variation, and u(x,t) > k for

|v — TP = plPh®P=DEP=2 T <t <T+170. Then

r—T t—1

—. =), nQ .

u(x,t) > \I/(

Lemma 5.4 Let u(x,t) be a nonnegative local weak solution to (1.1) in a domain @ con-
taining

Dipg ={lz—7" < Eb(t —1) + pP} x {T, T+ kbpPe 1} (5.5)

Suppose that uy is a regular measure on Q of locally bounded variation, and u(x,t) > k for
|z —Z|P < p. Then
u(z,t) > @(x =7, t —1), in D

Proof of Theorem 1.4 Let (zg,to) € Qr, u(xo,tp) > 0 and assume that p > 0 is so small
that the cylinder

Q4p(l‘0, to) = {|.1? — J)Q| < 4p} X {to — ub(xo,to)(4p)p, to + ’U,b(l‘o, to)(4p)p} C Qrp.

Without loss of generality, we may assume (xq, o) = (0,0). From (1.21), we easily know that

the rescaled function v(x,t) = u(pz,us (0,0)tpP) satisfies v(0,0) = 1 and

_1
%(0,0)
vy — div(|Dv™[P72Dv™) = b(,t,v, Dv), in Q, (5.6)

where Q = QT UQ™, QT = By x (—4P,0].
To prove Theorem 1.4, it suffices to determine that constants ¢ and ~yo in (0, 1) depend only
on N, m and p, such that

inf > .
nf o(w,6) 2 70

For 7 € (0,1), consider a family of cylinders Q, = B, x [~67,0], 6 € (0,1) to be chosen
later. Let M, =supv, N, = (1 — 7')*%. Since v € L (Qr), My = No and N, — co as 7 — 1,
Q

loc

the equation M, = N, has the largest root, say 7. Thus

My, = (1=70)"%, Mty < Nitwg =25 (1 — 7).
2 2
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3]l
~+I

Since v is Hélder continuous in @ (see [10-12]), there exists a point (Z,) € Q,, such that

)

_ — 1-— —
v(Z,t) = My, ‘suglv(x,t) < 2T0 Lirg S

From this and (1.20), we easily obtain

sup  v(z,t) <n(l—7) 2 =Wy, Viel[t—1,1. (5.7)

— 1—7g
|z —Z|<—52

Constructing the box
- b
Qro = {lz — | < Ro} x {T = WgRg}, Ro=(87)"'(1—),

we have

sup v(z,t) < Wy.
QR

From [10-11], we know that v(z,t) is Holder continuous and
oscp, (7 v(z, ) < YWo(pRy '), V0 < p < Ry, (5.8)

where o € (0,1), v > 1 is a priori determined in terms of N, m and 4[|v|lec. Combining (5.7)
and (5.8), and taking p = nRy, we have V|z — Z| < nRy,

v(z,t) > v(T,t) — oscp, @ (T, t).

Choose 7 so small that 1 — yyn® = 1. Let € = n(8'y%)_1. We have

o(@, ) > ﬁ Wiz — 7| < e(1— 7). (5.9)

Next we will employ the local subsolutions to expand the positivity set of v both in the
direction of increasing ¢t and sidewise in the space variables.
Consider the comparison function ®(x — Z, ¢ — ) defined (5.5) with the choice

1
k=——— p=c(l—7) and kPppe ! =e2"%¢"1=30. (5.10)
2(1 —T())?

From (5.9), we have v(z,t) > k for |z — Z| < p. By virtue of Lemma 5.4,
v(z,t) > ®(x —7,t —1t), in Dj,.

In particular, for § < t — < 3§ and |z — Z| < p, we have

etz gt (14 g) (- ()T ), T =G

Since [8,28] C [t + 6,¢ + d], we have

1

at Zcipv
vt = G

Yz € B,(%), Vt € [4,26]. (5.11)
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Consider the comparison function W(%5E, =0 7) defined in (5.1) in domain Qp = {e(1 —7) <
|z — 7| < 3} x [d, 28] with the choice k = Co )2 and p = 5(2p)p L. From (5.10), we know

that ¢ can be restricted so small that

1 1 hplep }

u < mm{ Vb Cb3p

Thus Qo C Q*(0) is defined in (5.4).

From (5.11), we obtain by Lemma 5.3 that

rT—T t_(S).

o) 2 ¥ (55—

In particular, for ¢t = 26 and |z — Z| < 2, we have

(Co(t =)~ F(1 ~ §)*) 7@
(14 hCo(1 — )~ 8)rr6 712557 ) 55
(Cot =) 7F (1 = §)) 7D

inf -
0<r<1 (1+hco(1_7—)73)p 19 p— 12p 1)

0<mf< f(1) = (N, m,p).

v(x,20)

Y

v

—1

Since f(7) is a positive continuous function in 7 € (0,1) and

lim f(7) = (005(1 - %)a) O rlg-F L

we have 7o (N, m,p) > 0 and Theorem 1.4 follows.
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