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Abstract In this paper, the Laplacian on the holomorphic tangent bundle T 1,0M of
a complex manifold M endowed with a strongly pseudoconvex complex Finsler metric
is defined and its explicit expression is obtained by using the Chern Finsler connection
associated with (M, F ). Utilizing the initiated “Bochner technique”, a vanishing theorem
for vector fields on the holomorphic tangent bundle T 1,0M is obtained.
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1 Introduction

It is well-known that the Laplacian plays an important role in the theory of harmonic integral
and Bochner technique in both Riemannian and Kähler manifolds (see [1–6]). The Laplacian
also makes sense in Finsler cases (see [7–14]). Let M be a complex manifold endowed with
a strongly pseudoconvex Finsler metric in the sense of [15]. In [16–17], by using the complex
Rund connection, Zhong defined the horizontal and vertical Laplacians in an invariant way on a
strongly pseudoconvex Finsler manifold and used the horizontal Laplacian to obtain a vanishing
theorem of p-forms on the base manifold M under the assumption that F is a Kähelr Finsler
metric on M .

As an application of the horizontal Laplacian associated with a complex Finsler manifold
(M,F ), the Bochner technique (see [1–3]) or Bochner Kodaira technique (see [18–20]) has
also been studied (see [21–22]). In this paper, the authors derive the Laplacian on the holo-
morphic tangent bundle T 1,0M for a strongly pseudoconvex Finsler manifold in terms of the
Chern-Finsler connection associated with (M,F ). Furthermore, by using the Chern-Finsler
connection, the authors obtain the so-called Weitzenböck formula for the Laplacian. Finally,
as an application, the authors obtain a Bochner type vanishing theorem for vector fields on the
holomorphic tangent bundle T 1,0M .

2 Preliminaries

Let M be a complex manifold of complex dimension m. Denote π : T 1,0M −→ M the
holomorphic tangent bundle of M . Note that T 1,0M is a non-compact complex manifold, even
if M is compact. For a local complex coordinate system z = (z1, · · · , zm) on M , a holomorphic
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tangent vector v of M is written as

v = vμ∂μ, ∂μ =
∂

∂zμ
, ∂̇α =

∂

∂vα
,

and we take (z, v) = (z1, · · · , zm, v1, · · · , vm) as local holomorphic coordinate neighborhood of
T 1,0M . Let M̃ = T 1,0M\{0} denote T 1,0M without the zero section. {∂μ, ∂̇α} gives a local
holomorphic frame field of the holomorphic tangent bundle T 1,0M̃ of M̃ . A complex Finsler
metric on a complex manifold M is a continuous function F : T 1,0M −→ R+ with the following
properties (see [15]):

( i ) G = F 2 is smooth on M̃ ;
( ii ) F (v) > 0 for all v ∈ M̃ and F (v) = 0 for all v = 0;
(iii) F (ζv) = |ζ|F (v) for all v ∈ T 1,0M and ζ ∈ C.

The pair (M,F ) is called a complex Finsler manifold. A complex Finsler metric F is
said to be strongly pseudoconvex if the Levi matrix (Gαβ) is positive definite on M̃ , where
Gαβ = ∂̇α∂̇βG, and the pair (M,F ) is called a strongly pseudoconvex Finsler manifold.

Let π̃ : T 1,0M̃ −→ M̃ denote the natural projection. The differential dπ : TCM̃ −→ TCM

of π : M̃ −→M defines the vertical bundle V over M̃ by

V = Ker dπ ∩ T 1,0M̃, (2.1)

which is the holomorphic vector bundle of rank m over M̃ , and {∂̇α} gives a local frame for V .
As is defined in [15], there is a horizontal bundle H over M̃ such that T 1,0M̃ = V ⊕H, and the
local frame for H is given by

δμ = ∂μ − Γα
μ ∂̇α, Γα

μ = GταGτ ;μ, (2.2)

where (Gτα) = (Gατ )−1, Gτ ;μ = ∂̇τ∂μG. Thus {δμ, ∂̇α} gives a local frame for T 1,0M̃ . Let
{dzμ, δvα} be the dual frame for T 1,0∗M̃ , where δvα = dvα + Γα

μdzμ. The frames {δμ, ∂̇α} and
{dzμ, δvα} are called the adapted frames for T 1,0M̃ and T 1,0∗M̃ respectively, and the following
Lie brackets hold (see [15]):

[δμ, δν ] = 0, [δμ, ∂̇α] = Γσ
α;μ∂̇σ, [∂̇α, ∂̇β ] = 0,

[δμ, δν ] = δν(Γα
μ)∂̇α − δμ(Γτ

ν)∂̇τ , [δμ, ∂̇α] = Γσ
α;μ∂̇σ, [∂̇α, ∂̇β ] = 0.

(2.3)

For a strongly pseudoconvex Finsler metric, there is a unique Chern-Finsler connection D on
T 1,0M̃ . Its connection form ωα

β is given by

ωα
β = Gτα∂Gβτ = Γα

β;μdzμ + Γα
βγδv

γ ,

where Γα
β;μ = GταδμGβτ , Γα

βγ = Gτα∂̇γGβτ .
By defining D(X) = DX and complex linearity, the Chern-Finsler connection D can

be extended to the whole complex vector bundle TCM̃ and its dual complex vector bundle
TC∗M̃ by requiring Dϕ(X) + ϕ(DX) = dϕ(X) for every ϕ ∈ χ(TC∗M̃) and X ∈ χ(TCM̃).
Thus the Chern-Finsler connection can also be extended to the complex linear connection
D : χ(T r,s

C
M̃) −→ χ(T r,s

C
M̃ ⊗ T r,s

C
M̃) in the usual way. All the extended connections are still

called the Chern-Finsler connection with the conjugation preserving the type. Let � be the co-
variant differentiation defined byD. Then, according to the adapted local frame {δα, ∂̇α, δα, ∂̇α}
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of TC(M̃) and the local dual frame {dzα, δvα, dzα, δvα} for TC∗M̃ , we have

�δαdzβ = −Γβ
γ;αdzγ , �δαdzβ = 0, �δαδv

β = −Γβ
γ;αδv

γ , �δαδv
β = 0,

�∂̇α
dzβ = −Γβ

γαdzγ , �∂̇α
dzβ = 0, �∂̇α

δvβ = −Γβ
γαδv

γ , �∂̇α
δvβ = 0. (2.4)

Locally, the (2, 0)-torsion θ of the connection is given by

θ = θσ ⊗ δσ, (2.5)

where θσ = 1
2 [Γσ

μ;ν − Γσ
ν;μ]dzμ ∧ dzν + Γσ

γνδv
γ ∧ dzν. The (1, 1)-torsion τ for the connection is

given by

τ = τα ⊗ ∂̇α, (2.6)

where τα = −δν(Γα
μ)dzμ ∧ dzν − Γα

β;μ
dzμ ∧ δvβ . The curvature operator Ω = Ωα

β ⊗ [dzβ ⊗ δα +

δvβ ⊗ ∂̇α], where Ωα
β = ∂ωα

β . Then for any X,Y ∈ X (T 1,0M̃), we have

∇X∇Y −∇Y ∇X = ∇[X,Y ], (2.7)

∇X∇Y −∇Y ∇X = ∇[X,Y ] + Ω(X,Y ). (2.8)

3 Decomposition of the Exterior Derivative on M̃

Now we consider the space
A =

⊕
p,q,r,s

Ap,q;r,s

of C∞ complex-valued forms with compact support on M̃ , which is defined by [17, 23, 24],
where Ap,q;r,s is the non-zero set of (p, q; r, s)-forms only when they act on p vector fields of
h-type, on q-vector fields of h-type, on r vector fields of v-type, and on s vector fields of v-type.
Let {dzα, δvα, dzα, δvα} be the adapted local frame of TC∗M̃ . For any ϕ ∈ Ap,q;r,s, it can be
represented by

ϕ =
1

p!q!r!s!
ϕApBqCrDs

dzAp ∧ dzBq ∧ δvCr ∧ δvDs ,

where Ap = (μ1, · · · , μp), Bq = (ν1, · · · , νq), Cr = (α1, · · · , αr), Ds = (β1, · · · , βs), and
dzAp = dzμ1 ∧ · · · ∧ dzμp , dzBq = dzν1 ∧ · · · ∧ dzνq , δvCr = δvα1 ∧ · · · ∧ δvαr , δvDs =
δvβ1 ∧ · · · ∧ δvβs .

For the adapted local frame {δvα, δvα}, we have

∂(δvα) = Γα
β;μδv

β ∧ dzμ,

∂(δvα) = δβ(Γα
μ)dzβ ∧ dzμ + ∂̇β(Γα

μ)δvβ ∧ dzμ,

∂(δvα) = δβ(Γα
μ)dzβ ∧ dzμ + ∂̇β(Γα

μ)δvβ ∧ dzμ,

∂(δvα) = Γα
β;μδv

β ∧ dzμ,

(3.1)

where in the first equation we have used the identities (see [15])

δβ(Γα
μ) − δμ(Γα

β) = 0, ∂̇β(Γα
μ) = Γα

β;μ.

Consequently for ϕ ∈ Ap,q;r,s, we get

∂ϕ ∈ Ap+1,q;r,s ⊕Ap,q;r+1,s ⊕Ap+1,q+1;r,s−1 ⊕Ap,q+1;r+1,s−1,

∂ϕ ∈ Ap,q+1;r,s ⊕Ap,q;r,s+1 ⊕Ap+1,q+1;r−1,s ⊕Ap+1,q;r−1,s+1.
(3.2)
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In the following, we shall rewrite the exterior derivative operators on M̃ by using the Chern
Finsler connection �. For simplicity, we need to introduce some notations: denote i(X) the
usual interior product induced by X ∈ X (TC(T 1,0M)); and denote e(ϕ) the exterior product
induced by ϕ, for ψ ∈ Ap,q;r,s, e(ϕ)ψ = ϕ ∧ ψ. Then for any X,Y ∈ X (TC(T 1,0M)), and
ϕ ∈ Ap,q;r,s, we have

i(X)i(Y )ϕ = −i(Y )i(X)ϕ, i(X)ϕ = i(X)ϕ, (3.3)

and for any ϕ, ψ, φ ∈ Ap,q;r,s, we have

e(ϕ)e(ψ)φ = (−1)p+q+r+se(ψ)e(ϕ)φ,

i(X)e(ψ)φ = [i(X)ψ] ∧ φ+ (−1)p+q+r+se(ψ)i(X)φ.
(3.4)

Under the adapted local frame,

i(δα)dzβ = δβ
α, i(δα)dzβ = 0, i(δα)δvβ = 0, i(δα)δvβ = 0,

i(∂̇α)dzβ = 0, i(∂̇α)dzβ = 0, i(∂̇α)δvβ = δβ
α, i(∂̇α)δvβ = 0

(3.5)

and

i(δν)e(δvσ) = −e(δvσ)i(δν), i(∂̇γ)e(δvα) = δα
γ − e(δvα)i(∂̇γ),

i(δμ)e(dzν) = δν
μ − e(dzν)i(δμ).

(3.6)

It is easy to check the following lemma.

Lemma 3.1 Let ϕ ∈ Ap,q;r,s. Then we have

�δαi(δβ)ϕ = i(δβ) �δα ϕ+ Γγ
β;αi(δγ)ϕ,

�δαi(δβ)ϕ = i(δβ) �δα ϕ,

�δαi(∂̇β)ϕ = i(∂̇β) �δα ϕ+ Γγ
β;αi(∂̇γ)ϕ,

�δαi(∂̇β)ϕ = i(∂̇β) �δα ϕ,

�∂̇α
i(∂̇β)ϕ = i(∂̇β) �∂̇α

ϕ+ Γγ
βαi(∂̇γ)ϕ,

�∂̇α
i(∂̇β)ϕ = i(∂̇β) �∂̇α

ϕ,

�∂̇α
i(δβ)ϕ = i(δβ) �∂̇α

ϕ+ Γγ
βαi(δγ)ϕ,

�∂̇α
i(δβ)ϕ = i(δβ) �∂̇α

ϕ,

�δαe(dz
β)ϕ = −e(dzβ) �δα ϕ− Γβ

μ;αe(dz
μ)ϕ,

�δαe(dz
β)ϕ = −e(dzβ) �δα ϕ,

�δαe(δv
β)ϕ = −e(δvβ) �δα ϕ− Γβ

γ;αe(δv
γ)ϕ,

�δαe(δv
β)ϕ = −e(δvβ) �δα ϕ,

�∂̇α
e(δvβ)ϕ = −e(δvβ) �∂̇α

ϕ− Γβ
γαe(δv

γ)ϕ,

�∂̇α
e(δvβ)ϕ = −e(δvβ) �∂̇α

ϕ,

�∂̇α
e(dzβ)ϕ = −e(dzβ) �∂̇α

ϕ− Γβ
γαe(dz

γ)ϕ,

�∂̇α
e(dzβ)ϕ = −e(dzβ) �∂̇α

ϕ.

Combined with (2.4), the exterior derivative operator d = ∂+∂ can be represented by using
the Chern Finsler connection

∂ = e(dzα) �δα +Γγ
β;αe(dz

α)e(dzβ)i(δγ) + e(δvα) �∂̇α
+Γγ

αβe(δv
α)e(dzβ)i(δγ)
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+ δβ(Γα
μ)e(dzβ)e(dzμ)i(∂̇α) + ∂̇β(Γα

μ)e(δvβ)e(dzμ)i(∂̇α), (3.7)

∂ = e(dzα) �δα +Γγ
β;αe(dz

α)e(dzβ)i(δγ) + e(δvα) �∂̇α
+Γγ

αβe(δv
α)e(dzβ)i(δγ)

+ δβ(Γα
μ)e(dzβ)e(dzμ)i(∂̇α) + ∂̇β(Γα

μ)e(δvβ)e(dzμ)i(∂̇α). (3.8)

In accordance with the classification, denote the operators (see [17])

DH = e(dzα) �δα + Γγ
β;αe(dz

α)e(dzβ)i(δγ) : Ap,q;r,s −→ Ap+1,q;r,s, (3.9)

DH = e(dzα) �δα
+ Γγ

β;αe(dz
α)e(dzβ)i(δγ) : Ap,q;r,s −→ Ap,q+1;r,s, (3.10)

DV = e(δvα) �∂̇α
+ Γγ

αβe(δv
α)e(dzβ)i(δγ) : Ap,q;r,s −→ Ap,q;r+1,s, (3.11)

DV = e(δvα) �∂̇α
+ Γγ

αβe(δv
α)e(dzβ)i(δγ) : Ap,q;r,s −→ Ap,q;r,s+1, (3.12)

D3 = δβ(Γα
μ)e(dzβ)e(dzμ)i(∂̇α) : Ap,q;r,s −→ Ap+1,q+1;r,s−1, (3.13)

D3 = δβ(Γα
μ)e(dzβ)e(dzμ)i(∂̇α) : Ap,q;r,s −→ Ap+1,q+1;r−1,s, (3.14)

D4 = ∂̇β(Γα
μ)e(δvβ)e(dzμ)i(∂̇α) : Ap,q;r,s −→ Ap,q+1;r+1,s−1, (3.15)

D4 = ∂̇β(Γα
μ)e(δvβ)e(dzμ)i(∂̇α) : Ap,q;r,s −→ Ap+1,q;r−1,s+1. (3.16)

Then the exterior derivative operator d = ∂ + ∂ can be rewritten as

d = DH +DV +D3 +D4 +DH +DV +D3 +D4. (3.17)

4 The Hodge-Laplace Operator and Weitzenböck Formulas on M̃

Let (M,F ) be an m-dimensional strongly pseudoconvex complex Finsler manifold, where F
is the strongly pseudoconvex complex Finsler metric. Then, F induces a Hermitian metric

G̃ = Gαβdzα ⊗ dzβ +Gαβδv
α ⊗ δvβ , (4.1)

on TCM̃ , denoted by 〈 , 〉. Associated to this metric, we have the Kaehler form ω = iGαβdzα ∧
dzβ + iGαβδv

α ∧ δvβ and ω2m = (−1)m(2m)!G2dz1 ∧ · · · ∧ dzm ∧ dz1 ∧ · · · ∧ dzm ∧ δv1 ∧ · · · ∧
δvm ∧ δv1 ∧ · · · ∧ δvm, where G = det(Gαβ). It is easy to check that dV

M̃
= ω2m

(2m)! defines a

global invariant volume form of M̃ . Associated with the decomposition T 1,0M̃ = H ⊕ V , and
according to the adapted local frame {δα, ∂̇α, δα, ∂̇α} of TC(M̃) and {dzα, δvα, dzα, δvα} for
TC∗M̃ , we have

〈δα, δβ〉= Gαβ , 〈δα, ∂̇β〉= 0, 〈∂̇α, ∂̇β〉= Gαβ ,

〈dzα, dzβ〉= Gβα, 〈dzα, δvβ〉= 0, 〈δvα, δvβ〉= Gβα.
(4.2)

Now, if we denote GApBp = Gα1β1 · · ·Gα2β2 · · ·Gαpβp on M̃ , then for any ϕ, ψ ∈ Ap,q;r,s, at
each point v ∈ T 1,0M , the inner product can be defined by

〈ϕ, ψ〉 =
1

p!q!r!s!
ϕApBqCrDs

ψApBqCrDs , (4.3)

where ψApBqCrDs = ψEpF qHrLs
GApEpGF qBqGCrHrGLsDs .

Definition 4.1 Let (M,F ) be an m-dimensional strongly pseudoconvex compact complex
Finsler manifold. The global inner product of two forms ϕ, ψ ∈ Ap,q;r,s is defined by

(ϕ, ψ) =
∫

M̃

〈ϕ, ψ〉 ω
2m

(2m)!
. (4.4)



512 J. X. Xiao, T. D. Zhong and C. H. Qiu

It is easy to check that ( , ) satisfies the following properties:
(1) (ϕ,ϕ) ≥ 0 and (ϕ,ϕ) = 0 if and only if ϕ = 0;
(2) (aϕ+ bφ, ψ) = a(ϕ, ψ) + b(φ, ψ) for any φ, ϕ, ψ ∈ Ap,q;r,s and a, b ∈ C;
(3) (ϕ, ψ) = (ψ, ϕ).

We define ‖ϕ‖ =
√

(ϕ,ϕ) as usual.
As in Hermitian geometry (see [6]), we define the Hodge star operator

∗ : Ap,q;r,s −→ Am−q,m−p;m−s,m−r,

such that for any ψ ∈ Ap,q;r,s,

∗ψ = (−1)m(p+r+1)+(r+s)(p+q)GAqAm−qBpBm−p
GCsCm−sDrDm−r

· ψBpAqDrCsdzAm−q ∧ dzBm−p ∧ δvCm−s ∧ δvDm−r . (4.5)

Then we have the result as follows.

Theorem 4.1 Let (M,F ) be an m-dimensional strongly pseudoconvex compact complex
Finsler manifold. Then the complex linear map ∗ : Ap,q;r,s −→ Am−q,m−p;m−s,m−r satisfies

( i ) 〈ϕ, ψ〉 ω2m

(2m)! = ϕ ∧ ∗ψ;
( ii ) ∗ψ = ∗ψ (i.e., ∗ is a real operator);
(iii) ∗ ∗ ψ = (−1)p+q+r+sψ.

Now we define the adjoint operators of the operators (3.9)–(3.16) as follows.

Definition 4.2 D∗
H = − ∗ DH∗, D∗

V = − ∗ DV∗, D∗
3 = − ∗ D3∗, D∗

4 = − ∗ D4∗. By
conjugation, we have

D
∗
H = − ∗DH∗, D

∗
V = − ∗DV∗, D

∗
3 = − ∗D3∗, D

∗
4 = − ∗D4 ∗ .

Then we can define the adjoint of d as d∗ = − ∗ d∗. It follows from (3.17) that

d∗ = D∗
H +D∗

V +D∗
3 +D∗

4 +D
∗
H +D

∗
V +D

∗
3 +D

∗
4. (4.6)

It is easy to see that

D∗
H : Ap,q;r,s −→ Ap,q−1;r,s,

D
∗
H : Ap,q;r,s −→ Ap−1,q;r,s,

D∗
V : Ap,q;r,s −→ Ap,q;r,s−1,

D
∗
V : Ap,q;r,s −→ Ap,q;r−1,s,

D∗
3 : Ap,q;r,s −→ Ap−1,q−1;r+1,s,

D
∗
3 : Ap,q;r,s −→ Ap−1,q−1;r,s+1,

D∗
4 : Ap,q;r,s −→ Ap−1,q;r+1,s−1,

D
∗
4 : Ap,q;r,s −→ Ap,q−1;r−1,s+1.

Taking ϕ ∈ Ap−1,q;r,s, ψ ∈ Ap,q;r,s, then by type reason we have

(DHϕ, ψ) = (dϕ, ψ) =
∫

M̃

dϕ ∧ ∗ψ

= (−1)p+q+r+s+1

∫
M̃

ϕ ∧ d ∗ ψ +
∫

M̃

d(ϕ ∧ ∗ψ)
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= (−1)p+q+r+s+1

∫
M̃

ϕ ∧ d ∗ ψ

= −
∫

M̃

ϕ ∧ ∗(∗d∗)ψ = −
∫

M̃

ϕ ∧ ∗(∗DH∗)ψ

= (ϕ,D
∗
Hψ).

Similarly,

(DVϕ, ψ) = (ϕ,D
∗
Vψ), (D3ϕ, ψ) = (ϕ,D

∗
3ψ), (D4ϕ, ψ) = (ϕ,D

∗
4ψ).

By conjugation, we have

(DHϕ, ψ) = (ϕ,D∗
Hψ), (DVϕ, ψ) = (ϕ,D∗

Vψ),
(D3ϕ, ψ) = (ϕ,D∗

3ψ), (D4ϕ, ψ) = (ϕ,D∗
4ψ).

According to (3.9)–(3.16), we get the explicit expressions of the adjoint operators by solving
the above formulas.

Theorem 4.2 Let (M,F ) be an m-dimensional strongly pseudoconvex compact complex
Finsler manifold. Then we have

D∗
H = −Gβα �δα i(δβ) +Gβα[Γγ

α;γ − 2Γγ
γ;α]i(δβ)

+ Γγ
β;αG

ταGσβGγεe(dzε)i(δσ)i(δτ ), (4.7)

D
∗
H = −Gβα �δβ

i(δα) +Gβα[Γγ
β;γ − 2Γγ

γ;β]i(δα)

+ Γγ
β;αG

βσGατGεγe(dzε)i(δσ)i(δτ ), (4.8)

D∗
V = −Gβα �∂̇α

i(∂̇β) −GβαΓγ
γαi(∂̇β)

+ Γγ
αβG

σαGτβGγεe(dzε)i(δτ )i(∂̇σ), (4.9)

D
∗
V = −Gβα �∂̇β

i(∂̇α) −GβαΓγ
γβi(∂̇α)

+ Γγ
αβG

ασGβτGεγe(dzε)i(δτ )i(∂̇σ), (4.10)

D∗
3 = δβ(Γα

μ)GγβGμνGταe(δvτ )i(δν)i(δγ), (4.11)

D
∗
3 = −δβ(Γα

μ)GβγGνμGασe(δvσ)i(δγ)i(δν), (4.12)

D∗
4 = ∂̇β(Γα

μ)GγβGμνGταe(δvτ )i(δν)i(∂̇γ), (4.13)

D
∗
4 = −∂̇β(Γα

μ)GλμGβεGασe(δvσ)i(∂̇ε)i(δλ). (4.14)

Proof We only need to prove (4.7), and the others are similar to obtain. For any ϕ, ψ ∈
Ap,q;r,s, according to (3.10), we have

(ϕ,D∗
Hψ) = (DHϕ, ψ) = (e(dzα) �δα

ϕ+ Γγ
β;αe(dz

α)e(dzβ)i(δγ)ϕ, ψ)

=
∫

M̃

〈e(dzα) �δα
ϕ, ψ〉dV +

∫
M̃

〈Γγ
β;αe(dz

α)e(dzβ)i(δγ)ϕ, ψ〉dV,

while ∫
M̃

〈e(dzα) �δα ϕ, ψ〉dV

=
∫

M̃

Gαβ〈�δαϕ, i(δβ)ψ〉dV
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=
∫

M̃

Gαβδα(〈ϕ, i(δβ)ψ〉)G2(−1)mdz ∧ dz ∧ δv ∧ δv −
∫

M̃

Gαβ〈ϕ,�δα i(δβ)ψ〉dV

=
∫

M̃

{δα[Gαβ〈ϕ, i(δβ)ψ〉G2] − δα(Gαβ)〈ϕ, i(δβ)ψ〉G2 −Gαβ〈ϕ, i(δβ)ψ〉δα(G2)}

· (−1)mdz ∧ dz ∧ δv ∧ δv −
∫

M̃

Gαβ〈ϕ,�δα i(δβ)ψ〉dV

=
∫

M̃

{〈ϕ,GβγΓα
γ;αi(δβ)ψ〉 − 〈ϕ, 2GβαΓγ

γ;αi(δβ)ψ〉 − 〈ϕ,Gβα �δα i(δβ)ψ〉}dV

=
∫

M̃

〈ϕ, {Gβα[Γγ
α;γ − 2Γγ

γ;α]i(δβ) −Gβα �δα i(δβ)}ψ〉dV

and ∫
M̃

〈Γγ
β;αe(dz

α)e(dzβ)i(δγ)ϕ, ψ〉dV

=
∫

M̃

Γγ
β;αG

ατ 〈e(dzβ)i(δγ)ϕ, i(δτ )ψ〉dV

=
∫

M̃

Γγ
β;αG

ατGβσ〈i(δγ)ϕ, i(δσ)i(δτ )ψ〉dV

=
∫

M̃

Γγ
β;αG

ατGβσGεγ〈ϕ, e(dzε)i(δσ)i(δτ )ψ〉dV

=
∫

M̃

〈ϕ,Γγ
β;αG

ταGσβGγεe(dzε)i(δσ)i(δτ )ψ〉dV.

Then

(ϕ,D∗
Hψ) =

∫
M̃

〈ϕ, { −Gβα �δα i(δβ) +Gβα[Γγ
α;γ − 2Γγ

γ;α]i(δβ)

+ Γγ
β;αG

ταGσβGγεe(dzε)i(δσ)i(δτ )}ψ〉dV,

that is

D∗
H = −Gβα �δα i(δβ) +Gβα[Γγ

α;γ − 2Γγ
γ;α]i(δβ) + Γγ

β;αG
ταGσβGγεe(dzε)i(δσ)i(δτ ).

Furthermore, we have

Theorem 4.3 Let (M,F ) be an m-dimensional strongly pseudoconvex compact complex
Finsler manifold. Then for any ϕ ∈ Ap,q;r,s, we have

D∗
Hϕ = − 1

p!q!r!s!
δα(ϕApBqCrDs

)Gβαi(δβ)(dzAp ∧ dzBq ∧ δvCr ∧ δvDs)

−GβαΓμ
σ;αe(dz

σ)i(δβ)i(δμ)ϕ−GβαΓμ
σ;αe(δv

σ)i(δβ)i(∂̇μ)ϕ

+Gβα[Γγ
α;γ − 2Γγ

γ;α]i(δβ)ϕ+ Γγ
β;αG

ταGσβGγεe(dzε)i(δσ)i(δτ )ϕ,

D
∗
Hϕ = − 1

p!q!r!s!
δβ(ϕApBqCrDs

)Gβαi(δα)(dzAp ∧ dzBq ∧ δvCr ∧ δvDs)

−GβαΓμ
σ;βe(dz

σ)i(δα)i(δμ)ϕ−GβαΓμ
σ;βe(δv

σ)i(δα)i(∂̇μ)ϕ

+Gβα[Γγ
β;γ − 2Γγ

γ;β]i(δα)ϕ+ Γγ
β;αG

βσGατGεγe(dzε)i(δσ)i(δτ )ϕ,

D∗
Vϕ = − 1

p!q!r!s!
∂̇α(ϕApBqCrDs

)Gβαi(∂̇β)(dzAp ∧ dzBq ∧ δvCr ∧ δvDs)
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−GβαΓμ
γαe(dz

σ)i(∂̇β)i(δμ)ϕ−GβαΓμ
γαe(δv

σ)i(∂̇β)i(∂̇μ)ϕ

−GβαΓγ
γαi(∂̇β)ϕ+ Γγ

αβG
σαGτβGγεe(dzε)i(δτ )i(∂̇σ)ϕ,

D
∗
Vϕ = − 1

p!q!r!s!
∂̇β(ϕApBqCrDs

)Gβαi(∂̇α)(dzAp ∧ dzBq ∧ δvCr ∧ δvDs)

−GβαΓμ
γβe(dz

σ)i(∂̇α)i(δμ)ϕ−GβαΓμ
γβe(δv

σ)i(∂̇α)i(∂̇μ)ϕ

−GβαΓγ
γβi(∂̇α)ϕ+ Γγ

αβG
ασGβτGεγe(dzε)i(δτ )i(∂̇σ)ϕ.

Definition 4.3 We define the following differential operators:

�H = DHD∗
H +D∗

HDH, �V = DVD∗
V +D∗

VDV ,

�3 = D3D
∗
3 +D∗

3D3, �4 = D4D
∗
4 +D∗

4D4.

Associated to the Hermitian metric 〈 , 〉 of holomorphic tangent bundle M̃ induced by the strongly
pseudoconvex Finsler metric on M , �H and �V are called the horizontal and vertical complex
Laplacians respectively, while �3 and �4 are called the mixed complex Laplacians, and they are
all type preserving operators from Ap,q;r,s to Ap,q;r,s.

Theorem 4.4 Let M be a strongly pseudoconvex compact complex Finsler manifold. Then
for any f ∈ C∞(M̃), by using the Chern Finsler connection, we have

�f = d∗df = (�H + �H + �V + �V)f.

Proof Since for any f ∈ C∞(M̃), we have �f = d∗df . Thus by (4.7)–(4.14), we get

D∗
Hdf = {−Gβαi(δβ) �δα +Gβα[Γγ

α;γ − 2Γγ
γ;α]i(δβ) + Γγ

β;αG
ταGσβGγεe(dzε)i(δσ)i(δτ )}(df)

= −Gβαδαδβf +Gβα[Γγ
α;γ − 2Γγ

γ;α]δβf = D∗
HDHf = �Hf,

D
∗
Hdf = −Gβαδβδαf +Gβα[Γγ

β;γ − 2Γγ
γ;β]δαf = D

∗
HDHf = �Hf,

D∗
Vdf = {−Gβαi(∂̇β) �∂̇α

−GβαΓγ
γαi(∂̇β)}(df) = −Gβα∂̇α∂̇βf −GβαΓγ

γα∂̇βf

= D∗
VDVf = �Vf,

D
∗
Vdf = −Gβα∂̇β ∂̇αf −GβαΓγ

γβ∂̇αf = D
∗
VDVf = �Vf,

D∗
3df = D∗

3D3f = 0, D
∗
3df = D

∗
3D3f = 0,

D∗
4df = D∗

4D4f = 0, D
∗
4df = D

∗
4D4f = 0.

Then, by (4.6) we have

�f = d∗df = (�H + �H + �V + �V)f.

Remark 4.1 [17, Theorem 5.7] also gives the same formula for a strongly pseudoconvex
compact complex Finsler manifold with the associated complex Rund connection D.

Obviously, the type preserving component of Hodge-Laplace operator � = d∗d + dd∗ is

�H + �H + �V + �V + �3 + �3 + �4 + �4. (4.15)

Then, for any ϕ, ψ ∈ Ap,q;r,s, we have

(�ϕ, ψ) = (�Hϕ, ψ) + (�Hϕ, ψ) + (�Vϕ, ψ) + (�Vϕ, ψ)
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+ (�3ϕ, ψ) + (�3ϕ, ψ) + (�4ϕ, ψ) + (�4ϕ, ψ). (4.16)

Thus, a form ϕ ∈ Ap,q;r,s is �-harmonic if and only if

�Hϕ = 0, �Hϕ = 0, �Vϕ = 0, �Vϕ = 0,
�3ϕ = 0, �3ϕ = 0, �4ϕ = 0, �4ϕ = 0.

(4.17)

Theorem 4.5 Let M be a strongly pseudoconvex compact complex Finsler manifold. Then
by using the Chern Finsler connection, we obtain

�H = −Gβα �δα �δβ
+Gβαe(dzμ)i(δβ)(�δα �δμ

−�δμ
�δα)

+Gβα(Γγ
α;γ − 2Γγ

γ;α) �δβ
+Gβα(Γγ

β;μ − Γγ
μ;β)e(dzμ)i(δγ)�δα

+ (Γγ
β;α − Γγ

α;β)GταGσβGγεe(dzε)i(δσ)�δτ

+Gβα(Γγ
α;γ − 2Γγ

γ;α)(Γω
μ;β − Γω

β;μ)e(dzμ)i(δω)

+ Γγ
β;α(Γω

σ;τ − Γω
τ ;σ)GταGσβGγεe(dzε)i(δω) +Gβαδμ(Γγ

α;γ − 2Γγ
γ;α)e(dzμ)i(δβ)

+ (Γγ
β;α − Γγ

α;β)(Γω
μ;τ − Γω

τ ;μ)GταGσβGγεe(dzε)e(dzμ)i(δσ)i(δω)

+ δμ(Γγ
β;α)GταGσβGγεe(dzμ)e(dzε)i(δσ)i(δτ )

+ Γγ
β;αΓε

ν;μG
ταGσβGγεe(dzμ)e(dzν)i(δσ)i(δτ ), (4.18)

�V = −Gβα �∂̇α
�∂̇β

−GβαΓγ
γα �∂̇β

+Gβαe(δvμ)i(∂̇β)(�∂̇α
�∂̇μ

−�∂̇μ
�∂̇α

)

−Gβα∂̇α(Γω
βν)e(dzν)i(δω) −Gβα∂̇ε(Γγ

γα)e(δvε)i(∂̇β) −GβαΓω
βνe(dz

ν)i(δω)�∂̇α

−Gβα∂̇α(Γω
μν)e(δvμ)e(dzν)i(∂̇β)i(δω) + ∂̇μ(Γγ

αβ)GσαGτβGγεe(δvμ)e(dzε)i(δτ )i(∂̇σ)

−GβαΓγ
γαΓω

βνe(dz
ν)i(δω) + Γγ

αβG
σαGτβGγεe(dzε)i(δτ )�∂̇σ

+ Γγ
αβΓω

στG
σαGτβGγεe(dzε)i(δω) − Γγ

αβΓω
σνG

σαGτβGγεe(dzε)e(dzν)i(δτ )i(δω)

− Γγ
αβΓω

μτG
σαGτβGγεe(dzε)e(δvμ)i(∂̇σ)i(δω)

+ Γγ
αβΓε

μνG
σαGτβGγεe(δvμ)e(dzν)i(δτ )i(∂̇σ), (4.19)

�3 = δσ(Γω
ε )δβ(Γα

μ)GβσGεμGτωe(δvτ )i(∂̇α)

− δσ(Γω
ε )δβ(Γα

μ)GγσGενGαωe(dzμ)e(dzβ)i(δν)i(δγ)

− δσ(Γω
ε )δβ(Γα

μ)GβσGενGτωe(dzμ)e(δvτ )i(δν)i(∂̇α)

+ δσ(Γω
ε )δβ(Γα

μ)GγσGεμGτωe(dzβ)e(δvτ )i(δγ)i(∂̇α), (4.20)

�4 = ∂̇β(Γα
μ)∂̇σ(Γε

ν)GσβGμνGταe(δvτ )i(∂̇ε)

+ ∂̇β(Γμ
α)∂̇σ(Γε

ω)GσβGμνGταe(dzω)e(δvτ )i(δν)i(∂̇ε)

+ ∂̇β(Γα
μ)∂̇σ(Γε

ν)GγβGμνGταe(δvτ )e(δvσ)i(∂̇γ)i(∂̇ε)

− ∂̇β(Γα
μ)∂̇σ(Γτ

ω)GγβGμνGταe(dzω)e(δvσ)i(δν)i(∂̇γ). (4.21)

Proof We only calculate �V , and the others are similar to obtain.
From (3.12) and (4.9), by a direct computation, we have

D∗
VDV = −Gβα �∂̇α

�∂̇β
+Gβαe(δvμ)i(∂̇β) �∂̇α

�∂̇μ
−Gβα∂̇α(Γω

βν)e(dzν)i(δω)

−GβαΓω
βνe(dz

ν)i(δω) �∂̇α
−Gβα∂̇α(Γω

μν)e(δvμ)e(dzν)i(∂̇β)i(δω)
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−GβαΓω
μνe(δv

μ)e(dzν)i(∂̇β)i(δω) �∂̇α
−GβαΓγ

γα �∂̇β
+GβαΓγ

γαe(δv
μ)i(∂̇β)�∂̇μ

−GβαΓγ
γαΓω

βνe(dz
ν)i(δω) −GβαΓγ

γαΓω
μνe(δv

μ)e(dzν)i(∂̇β)i(δω)

+ Γγ
αβG

σαGτβGγεe(dzε)i(δτ ) �∂̇σ
+Γγ

αβG
σαGτβGγεe(dzε)e(δvμ)i(δτ )i(∂̇σ)�∂̇μ

+ Γγ
αβΓω

στG
σαGτβGγεe(dzε)i(δω) − Γγ

αβΓω
μνG

σαGτβGγεe(dzε)e(dzν)i(δτ )i(δω)

− Γγ
αβΓω

μτG
σαGτβGγεe(dzε)e(δvμ)i(∂̇σ)i(δω)

− Γγ
αβΓω

μνG
σαGτβGγεe(dzε)e(δvμ)e(dzμ)i(∂̇σ)i(δτ )i(δω),

DVD∗
V = −Gβαe(δvμ)i(∂̇β) �∂̇μ

�∂̇α
−Gβα∂̇ε(Γγ

γα)e(δvε)i(∂̇β)

−GβαΓγ
γαe(δv

μ)i(∂̇β) �∂̇μ
+∂̇μ(Γγ

αβ)GσαGτβGγεe(δvμ)e(dzε)i(δτ )i(∂̇σ)

+ Γγ
αβG

σαGτβGγεe(δvμ)e(dzε)i(δτ )i(∂̇σ) �∂̇μ
−GβαΓω

μνe(δv
μ)e(dzν)i(δω)i(∂̇β)�∂̇α

−GβαΓγ
γαΓω

μνe(δv
μ)e(dzν)i(δω)i(∂̇β) + Γγ

αβΓε
σνG

σαGτβGγεe(δvμ)e(dzν)i(δτ )i(∂̇σ)

− Γγ
αβΓω

μνG
σαGτβGγεe(δvμ)e(dzμ)e(dzε)i(δω)i(δτ )i(∂̇σ),

and �V can be obtained by plusing the above two formulas.

Remark 4.2 If M is a compact Kähler Finsler manifold, then Γα
μ;ν = Γα

ν;μ. Therefore (see
[17])

�H = −Gβα �δα �δβ
+Gβα(�[δα,δμ] + Ω(δα, δμ))e(dzμ)i(δβ) −GβαΓγ

α;γ�δβ

−Gβαδμ(Γγ
α;γ)e(dzμ)i(δβ) + δμ(Γγ

β;α)GταGσβGγεe(dzμ)e(dzε)i(δσ)i(δτ )i(δσ)i(δτ )

+ Γγ
β;αΓε

ν;μG
ταGσβGγεe(dzμ)e(dzν)i(δσ)i(δτ ).

Since the Kähler Finsler condition shows no influence on �V ,�3,�4 and their conjugations,
the expressions of �V ,�3,�4 are valid for a Kähler Finsler manifold.

Remark 4.3 By conjugations, we can also obtain the complex Laplacians �H,�V , �3

and �4.

5 A Vanishing Theorem

Let dV = (−1)mG2dz ∧ dz ∧ δv ∧ δv be the volume form associated to the Hermitian metric
G̃ of M̃ , where G = det(Gαβ). Denote LX by the Lie derivative with respect to X ∈ X (TM̃).
Then the divergence of X is defined by the equation

LXdV = (divX)dV. (5.1)

Lemma 5.1 Let (M,F ) be a strongly pseudoconvex compact complex Finsler manifold

with dimC M = m. Then for X = Xμδμ +X
ν
δν + Ẋβ∂̇β + Ẋ

β

∂̇β ∈ X (TM̃), we have

div(X) = δα(Xα) + δα(X
α
) + ∂̇α(Ẋα) + ∂̇α(Ẋ

α
) +XμΓα

α;μ +X
ν
Γ

α

α;ν

+ 2ẊαΓγ
γα + 2Ẋ

α

Γ
γ

γα. (5.2)

Proof By (2.3), we have

[X, δα] = −δα(Xμ)δμ −X
ν
δν(Γσ

α)∂̇σ +X
ν
δα(Γ

τ

ν)∂̇τ − δα(X
ν
)δν − ẊβΓσ

β;α∂̇σ
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− δα(Ẋβ)∂̇β − Ẋ
β

Γσ
β;α
∂̇σ − δα(Ẋ

β

)∂̇β ,

[X, δα] = Xνδα(Γσ
ν )∂̇σ − δα(Xμ)δμ −Xνδν(Γ

τ

α)∂̇τ − δα(X
ν
)δν − ẊβΓσ

β;α∂̇σ

− δα(Ẋβ)∂̇β − Ẋ
β

Γ
σ

β;α∂̇σ − δα(Ẋ
β

)∂̇β ,

[X, ∂̇α] = XμΓσ
α;μ∂̇σ − ∂̇α(Xμ)δμ +X

ν
Γσ

α;ν ∂̇σ − ∂̇α(X
ν
)δν − ∂̇α(Ẋβ)∂̇β

− ∂̇α(Ẋ
β

)∂̇β ,

[X, ∂̇α] = XμΓσ
α;μ∂̇σ − ∂̇α(Xμ)δμ +X

ν
Γ

σ

α;ν ∂̇σ − ∂̇α(X
ν
)δν − ∂̇α(Ẋβ)∂̇β

− ∂̇α(Ẋ
β

)∂̇β ,

and then

div(X)(−1)mG2 = div(X)dV (δ1, · · · , δm, δ1, · · · , δm, ∂̇1, · · · , ∂̇m, ∂̇1, · · · , ∂̇m)

= LXdV (δ1, · · · , δm, δ1, · · · , δm, ∂̇1, · · · , ∂̇m, ∂̇1, · · · , ∂̇m)

= X(dV (δ1, · · · , δm, δ1, · · · , δm, ∂̇1, · · · , ∂̇m, ∂̇1, · · · , ∂̇m))

−
m∑

α=1

dV (δ1, · · · , δα−1, [X, δα], δα+1, · · · , δm, · · · , · · · , · · · )

−
m∑

α=1

dV (· · · , δ1, · · · , δα−1, [X, δα], δα+1, · · · , δm, · · · , · · · )

−
m∑

α=1

dV (· · · , · · · , ∂̇1, · · · , ∂̇α−1, [X, ∂̇α], ∂̇α+1, · · · , ∂̇m, · · · )

−
m∑

α=1

dV (· · · , · · · , · · · , ∂̇1, · · · , ∂̇α−1, [X, ∂̇α], ∂̇α+1, · · · , ∂̇m)

= (−1)mG2{δα(Xα) + δα(X
α
) + ∂̇α(Ẋα) + ∂̇α(Ẋ

α

)

+XμΓα
α;μ +X

ν
Γ

α

α;ν + 2ẊαΓγ
γα + 2Ẋ

α
Γ

γ

γα},

that is,

div(X) = δα(Xα) + δα(X
α
) + ∂̇α(Ẋα) + ∂̇α(Ẋ

α
) +XμΓα

α;μ +X
ν
Γ

α

α;ν

+ 2ẊαΓγ
γα + 2Ẋ

α

Γ
γ

γα.

Theorem 5.1 Let (M,F ) be a strongly pseudoconvex compact complex Finsler manifold
with dimC M = m. Then for any function f ∈ C∞(M̃), we have∫

M̃

{�f + Bβδβf + Bαδαf}dV = 0, (5.3)

where Bα = GβαΓ
γ

γ;β.

Proof Let X = Gβαδβfδα +Gβαδαfδβ +Gβα∂̇βf∂̇α +Gβα∂̇αf∂̇β . By (5.2), we have

div(X) = δα(Gβαδβf) + δβ(Gβαδαf) + ∂̇α(Gβα∂̇βf) + ∂̇β(Gβα∂̇αf)

+GβαδβfΓγ
γ;α +GβαδαfΓ

γ

γ;β + 2Gβα∂̇βfΓγ
γα + 2Gβα∂̇αfΓ

γ

γβ
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= Gβα(δαδβ + δβδα)f +Gβα(∂̇α∂̇β + ∂̇β ∂̇α)f +Gβα(Γγ
γ;α − Γγ

α;γ)δβf

+Gβα(Γ
γ

γ;β − Γ
γ

β;γ)δαf +GβαΓγ
γα∂̇βf +GβαΓ

γ

γβ∂̇αf,

and by Theorem 4.4, we have

(�H + �H)f = −Gβα(δαδβ + δβδα)f +Gβα(Γγ
α;γ − 2Γγ

γ;α)δβf +Gβα(Γ
γ

β;γ − 2Γ
γ

γ;β)δαf,

(�V + �V)f = Gβα(∂̇α∂̇β + ∂̇β ∂̇α)f +GβαΓγ
γα∂̇βf +GβαΓ

γ

γβ∂̇αf,

therefore,
�f +GβαΓγ

γ;αδβf +GβαΓ
γ

γ;βδαf = −div(X),

that is, ∫
M̃

{�f +GβαΓγ
γ;αδβf +GβαΓ

γ

γ;βδαf}dV = 0.

Theorem 5.2 Let (M,F ) be a strongly pseudoconvex compact complex Finsler manifold
with dimC M = m. For any ϕ ∈ Ap,0,r,0, if

Re(〈ϕ,Mϕ〉) > 0, (5.4)

where M = Bβ�∂̇β
, then there exists no non-zero ϕ ∈ Ap,0,r,0 such that ∂ϕ = 0.

Proof For all ϕ ∈ Ap,0,r,0 such that ∂ϕ = 0, we have �δα
ϕ = 0, �∂̇α

ϕ = 0.
If there exists a non-zero ϕ ∈ Ap,0,r,0 such that ∂ϕ = 0, then

�Hϕ = −Gβα �δα �δβ
ϕ−GβαΓγ

α;γ �δβ
ϕ = 0,

�Vϕ = −Gβα �∂̇α
�∂̇β

ϕ−GβαΓγ
γα �∂̇β

ϕ = 0.

Let f = |ϕ|2 = 〈ϕ,ϕ〉. We have

Gβα(δαδβ + δβδα)|ϕ|2 = 2|DHϕ|2 + 2|DHϕ|2,
Gβα∂̇α∂̇β = |DVϕ|2 + |DVϕ|2,

where |DHϕ|2 = Gβα〈�δαϕ,�δβ
ϕ〉, |DHϕ|2 = Gβα〈�δα

ϕ,�δβ
ϕ〉 = 0, |DVϕ|2 = Gβα〈�∂̇α

ϕ,

�∂̇β
ϕ〉, |DVϕ|2 = Gβα〈�∂̇α

ϕ,�∂̇β
ϕ〉 = 0, and therefore, by (5.3)∫

M̃

{�f +GβαΓγ
γ;αδβf +GβαΓ

γ

γ;βδαf}dV

=
∫

M̃

{2|DHϕ|2 + 2|DHϕ|2 + 2|DVϕ|2 + 2|DVϕ|2 +GβαΓγ
γα ∂̇β |ϕ|2 +GβαΓ

γ

γβ∂̇α|ϕ|2}dV

=
∫

M̃

2{|DHϕ|2 + |DVϕ|2 + Re(GβαΓγ
γα ∂̇β |ϕ|2)}dV

=
∫

M̃

2{|DHϕ|2 + |DVϕ|2 + Re(GβαΓγ
γα 〈ϕ,�∂̇β

ϕ〉)}dV
= 0.

Thus, if
Re(GβαΓγ

γα〈ϕ,�∂̇β
ϕ〉) > 0,

then there is no non-zero ϕ ∈ Ap,0,r,0 such that ∂ϕ = 0.
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