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Abstract This paper is devoted to the analysis of the Cauchy problem for a system of
PDEs arising in radiative hydrodynamics. This system, which comes from the so-called
equilibrium diffusion regime, is a variant of the usual Euler equations, where the energy
and pressure functionals are modified to take into account the effect of radiation and the
energy balance containing a nonlinear diffusion term acting on the temperature. The
problem is studied in the multi-dimensional framework. The authors identify the existence
of a strictly convex entropy and a stability property of the system, and check that the
Kawashima-Shizuta condition holds. Then, based on these structure properties, the well-
posedness close to a constant state can be proved by using fine energy estimates. The
asymptotic decay of the solutions are also investigated.
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1 Introduction and Main Results

We are interested in the following system of nonlinear PDEs:
Op+ V- (pu) =0,
O¢(pu) + Divy(pu @ u) + Vyp* =0,
Oi(pE™) + Vo - (pE u+p'u) = Y 0, (k 0r,0%

1<j,k<n

(1.1)

with £ > 0. The unknowns p > 0, v € R™ and 6 > 0, which depend on the time and space
variablest > 0, x € R", are the density, velocity and temperature of a radiating gas, respectively.
In the so-called equilibrium diffusion model, the specific total energy E*, the internal energy
e* and the pressure p* are defined by the relations

1 |u|? Po*
f=p+-PH, E*=e"4+-—, e =c+—, 1.2
p=ptg e+ ef=e+ 5 (1.2)
completed with the perfect gas law as an equation of state for the material pressure
po 0
p=L" = , (1.3)
gl yv—1)
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where v > 1 is the adiabatic constant. The dimensionless constant P > 0 is the ratio of
the radiative energy to the fluid energy. As P = 0, we recover the standard equations of
gas dynamics with a nonlinear thermal diffusion. Hence, P modifies the pressure law and
the definition of the total energy, and characterizes the influence of radiation on the fluid
dynamics. The system (1.1)—(1.3) can be obtained by considering the small optical depth
regime from a more complete system coupling gas dynamics to a kinetic equation describing
the evolution of the radiative intensity. Here we neglect viscous and heat conduction effects as
well as any relativistic effect. The diffusion term in the energy equation still comes from the
asymptotics and the coefficient x depending on scattering and emission/absorption properties
of the material. For further details on the physical background, we refer to [19]. Many details
on the derivation of the equations can be found in [1, 14, 5, 12]. We also refer to [6] for a review
of mathematical topics issued from the radiative transfer theory.

Clearly, the constant state 7 > 0, v = 0 and 6 > 0 is a particular and physically relevant
solution to (1.1)—(1.3). We wish to prove the global well-posedness of the problem at the price
of considering the initial data close to such a constant state. More precisely, our main result
states as follows.

Theorem 1.1 Let v = (p,0,0)T be a constant state with p >0 and 6 > 0. Let d > 2 + 2
be an integer. There exists a positive constant € such that for any initial data vo = (po,uo,8)*
satisfying ||vo — || garny < €, there exists a unique global solution to (1.1)—~(1.3), such that
v = (p,u,0)T satisfies v —v € C([0,+00); HY(R™)). Furthermore, the solution v satisfies the
following inequality:

t 2
196 = TlBrsqay + | (1900 Brocs oy + | 3 0,000

)dr < Cllvo = Tl3acen)
1<5<n He®)

for some constant C which may depend on € but is uniform with respect to the time variable t.

The analysis is completed with the following result, where the asymptotic trend to the
constant state is established.

Theorem 1.2 Let the assumptions of Theorem 1.1 be fulfilled. Assume that the initial data
vo satisfies vo — v € HY(R™) N LY(R™). There exists positive constants € and C, such that if
lvo — | gra (rrny + l|vo =Dl L1 (&ny < €, then the global solution v obtained in Theorem 1.1 satisfies
the following decay estimate:

Jo(t) = -1 amy < Clllvo = Tl sragamy + o — Tl gagany) (1 +1)7 .

For the usual gas dynamics system with viscosity and/or heat conduction, the analysis of
the well-posedness close to a constant state and convergence to the equilibrium dates back
to [17, 18]. Then, general structure properties which imply stability estimates were exhibited
in [21]. In particular, these properties are at the basis of the analysis of the non-equilibrium
model of radiative hydrodynamics performed for the one-dimensional framework in [9, 10]. For
this model, the temperature of radiation does not equilibrate to the material temperature and
radiation is coupled with hydrodynamics through an additional elliptic equation. Similarly, the
structure properties of the non-equilibrium model can be used to deal with perturbations of
smooth shock profiles (see [12, 13]). Recently, the method has been extended for the general
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hyperbolic system of balance laws in [7] for the one-dimensional setting and in [22, 11] for
multi-dimensional problems. We refer to [2, 3] for applications to asymptotic problems. In
this work, our purpose is to prove the analogue of the results in [10] for the multi-dimensional
equilibrium model (1.1)—(1.3). According to the above mentioned references, the main argument
of the analysis is two-fold. First, we need to identify a strictly convex entropy for the system.
Second, we shall check that the Kawashima-Shizuta stability condition holds. The paper is then
organized as follows. In Section 2, we show that the system (1.1)—(1.3) admits a strictly convex
entropy, and establish the structure property. Section 3 is devoted to the energy estimates,
which prove that the system is globally well-posed for small enough perturbations of a constant
state, i.e. Theorem 1.1. Finally, in Section 4, we show the convergence of the solution to the
equilibrium state with an algebraic rate, i.e. Theorem 1.2 (which is compared to [9, Theorem
8.1] for the one-dimension non-equilibrium model).

Remark 1.1 In the one-dimensional case (n = 1), we can slightly relax the regularity re-
quirements in Theorem 1.1 by assuming d > 2 only. We refer to Remark 3.1 for the modification
of the proof, which relies on the Gagliardo-Nirenberg inequality.

2 Entropy Function and the Structure of System (1.1)

It is convenient to introduce the vector of conserved quantities w = (p, pu, pE*)T, which
takes values in R x R™ x RT. The system (1.1) can be recast as

0
drw+> 0y {Fj(w)} = 0 (2.1)
' jzz:l ! Z a§7xkg('UJ)
1<j,k<n °
with
pu;
Fij(w) = puju+p*ly |, gw)= k6,

(E* +p*)u;
where [; denotes the jth unit vector in R"™.

Of course, we can work equivalently with the density p > 0, the velocity u € R™ and the
temperature # > 0, and regard them as independent thermodynamical variables. Denoting
v = (p,u,0)T and using (1.2)-(1.3), we can consider w as a function of v: The mapping
v — w(v) is a diffeomorphism from D, = RT x R” x RT onto D,, = Rt x R" x RT, and the
Jacobian of this mapping reads

1 0 0

Dyw(v) = | v ply 0
t p 3
E pu o= T 4Po

where I,, stands for the n x n unit matrix. Therefore, as long as the solution is smooth, the
system (1.1) can be written equivalently as

w0 (0)yw - w5 (w(v))0y v = y ' .
Dyw(o) +;D Fj(w(v))0a, Z< 92 4 9(w) Y
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Equation (2.2) is completed by imposing the initial data
v(0,2) = vo(x) == (po, uo, b0) " (x),

and wg(z) = w(ve(x)) is the initial data for the system (2.1).
In the pure hydrodynamic case, P = 0, the Euler equations admit an entropy w — n(w) € R,
which is a strictly convex function of the conserved quantities w, such that there exists an

n
entropy-flux @ verifying 0y + > 0,,Q; = 0. Since here the definitions of the pressure p*, the
j=1
total energy E* and the internal energy e* account for the influence of radiation, the definition

of the entropy functional is modified too. We set n = —ps™ and impose the following modified
equation of state:
1
fds* = de* + p*d-.
p

We define the entropy variable

0

|l 4Pe? I u 1)T
20 3p v—=1" 0’ '

U= Dyn(w)" = ( — 5"

We can check that the Hessian matrix D2, n(w) is indeed positive definite.
The remarkable fact is that the entropy provides a natural symmetrization for the system
(2.2). Indeed, let us now consider U as a function of the state variable v: the mapping v — U(v)

is a diffeomorphism, the Jacobian matrix of which reads

u! Juf?
% T Tameme oo
D,Uw)= |0 31, —
0 0 7
Multiply (2.2) from the left by (D,U(v))™. We obtain
A'()0w + > Aj(0)dp0—BO) > 92, v=b (2.3)
j=1 1<j,k<n
with
1
L0 0
A(v) = (DU ) ' Dyw(v) = | 0 §ln 0 :
P
0 0 =Ly +4P0
uj 17t
o 5 0
A5 () = (DU ()" Dy Fy(w(v)) = | 3 pu;l, (L + 3P0 |,
0 (5 +35POY Gltiey + 2P0y,
00 0 8
BO)=(0 0 o0 |, b= 2
0 0 4rf 126( ¥ 0,,0)
1<j<n

We summarize the manipulations as follows.
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Proposition 2.1 We can rewrite the system (2.1) in the form (2.3), where, for any v € D,,
we have

(i) A°(v) is symmetric and positive definite;

(il) Aj(v) is symmetric for any j =1,2,--- ,n.

The entropy function n(w) is a strictly convex function of w in the sense that the Hessian
D2 n(w) is positive definite.

Referring to [4, 15, 16], Proposition 2.1 tells us that (2.3) is a symmetrizable system in the
sense of Friedrichs. Furthermore, (2.3) has another important structure property which can be
seen as a stability condition: It satisfies the so-called Kawashima-Shizuta condition (see [21]),
that we discuss now.

We start by considering the linearized version of the system (2.3): Given a constant state
v = (p,0,0) € D,, we are concerned with

A @ow+ Y Aj@)de,v—BO) > 92, v=0. (2.4)
1<j<n 1<j,k<n
For w = (wy, -+ ,wy,) € S" 1, we set

Alw) = ZAj(i)wj, B(w) = Z B(0)w;wy. (2.5)

1<j,k

Proposition 2.2 The linear system (2.4) satisfies the following stability condition: For
any it €R and w € S*1, we have

(nA°(@) + Aw))p =0, B(w)y =0
iff Y =0 in R**2,
Proof We recall that & = (p,0,0). Let
W= ((Ul,'-- 7wn)T ES"71 and w: (y05y17"' 7yn7yn+1)T ERn+2.

The equality B(w)y = 0 yields y,+1 = 0. Then we have

Yo
1 1,7
(A°(@) + AW = | 3 oln (G +3P0)e ||« |,
72 4 apph) T 2 7]
0 (75 + 37)0 )W ’7(7—1)52 +4P6 Yn
0
which yields ¢, = 0 = yp_1 = --- = y1 = %o. Thus we have ¢» = 0 in R"*2. The proof is

completed.

Note that the stability condition in Proposition 2.2 can be rephrased by saying that for any
w € S"71, the kernel of B(w) does not contain eigenvectors of the matrix {A°(v)}*A(w). This
stability condition was first introduced in [21] and further developed in [7, 22]. We propose to
use the stability condition to investigate the global existence and the asymptotic decay of the
smooth solutions to the symmetric hyperbolic-parabolic coupled system. It was shown in [21,
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Theorem 1.1] that the system (2.4) satisfies the stability condition stated in Proposition 2.2 iff
it admits a compensating matrix in the following sense.

Proposition 2.3 There exists a matriz-valued function
w e S o K(w) € Mny2)x(n+2):

such that

(i) w+— K(w) is a C* function on S" ', and it satisfies K(—w) = —K(w) for any
wes

(ii) K(w)Ao(v) is a skew-symmetric matriz for any w € S*~1;

(iii) Denoting [ X]= X+TXT the symmetric part of the matriz X, the matriz [K(w)A(w)] +
B(w) is symmetric and positive definite for any w € S*71.

The matrix K (w) is called the compensating matrix. The proof of the equivalence between
Proposition 2.2 and Proposition 2.3 in the one-dimensional case can be found in [9, Definitions
4.1 and 4.2, Theorem 4.1] in connection to the study of the non-equilibrium model of radiative
hydrodynamics. Here we omit the proof and only mention that the existence of a compensating
matrix is a crucial ingredient in the proofs of Theorems 1.1 and 1.2. More precisely, as we will
see below, the compensating matrix will be used to obtain the necessary L2([0,]; H4~1(R"™))
estimate on the space derivatives of v. We will write the problem as a perturbation of the
linearized system (2.4) (see (3.10) below). Then, the compensating matrix is the structure
ingredient, which will allow us to derive nonlinear estimates on Sobolev norms of the unknown
(see Theorem 3.1, that eventually justifies the global existence statement). Moreover, K (w)
will also be used to derive the point-wise estimates of the solution to the homogeneous system
(2.4), with which we can get the asymptotic decay of the solutions to the equilibrium diffusion
model (2.3).

3 Global Well-Posedness

This section is devoted to the global existence result in Theorem 1.1. The local in time
existence of smooth solutions may be proved by the standard iterative scheme and a fixed point
argument, according to the general method devised in [8, 16, 15]. We skip the proof of such
a local existence result, and refer to [9, 10] for details on the non-equilibrium model. To show
that the solutions to (2.3) are globally defined, we need further energy estimates.

We fix an integer d > 4 + 2. Then for any positive time T > 0, we define the functional
space
v—7 € C(0, T); H(R™)),

Vv € L2([0,T]; HI-Y(R™)),

FOD=N TG | Son0 e o e mrien)

0

The solution is expected to be in the space X (0,7). We introduce the following energy func-
tional:

t 2
N2 = sup o) =Tl + [ (1900 s+ 3 0000, o

Osrst 1<j<n
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Remark that, since d > 5 + 2, the Sobolev imbedding theorem yields
[v(1) = Dl|w2.ee@ny < CN(t), V7T €0,1]

for some numerical constant C'. The key estimate can be formulated as follows.

Theorem 3.1 Assume that the hypotheses of Theorem 1.1 are fulfilled. Let T > 0, and let
v € X(0,T) be a solution to (2.3). Then there exists a non-decreasing function C : Rt — R,
such that the following nonlinear inequality

N2(t) < C(N())(N?(0) + N(t)°)
holds for any 0 <t <T.

Let us assume temporarily that Theorem 3.1 holds, and let us explain how the statement
can be used to justify that the solution is defined for any non-negative time. To this end, we
follow the arguments in [20]. Indeed, let us suppose N(T') < 1, so that the estimate in Theorem
3.1 can be recast as

N(t)* < Co(N(0)* + N(t)*)
for some positive constant Cy. If we assume furthermore that N(T') < ﬁ holds, then we
obtain

N(T)? < 2CoN(0)?* = 2C[[0(0) = ¥l|37a(ny- (3.1)

Disposing of these preliminary remarks, we consider an initial data satisfying

1

1
=112
||’U(O) — v”Hd(]Rn) é 18 g)

We suppose that the solution is not globally defined, which means that lim N () = oo for some

t—T,

finite time 7T,. In particular, there exists a Tg, such that

1
N(t) > N(Ty) = — forany Top <t < T..
4Cy
But N(Ty) < ﬁ implies that we can find Ty, < T < 7T, verifying 4—é0 < N(Ty) <
Therefore, applying (3.1) to T'= T1, we have

1
2ChH*

_ 1
N(T1)? < 2Co|[v(0) = 7| Fragny < Tk
0

which contradicts the definition of T7.

The proof of Theorem 3.1 consists of two steps. First, we show the L>°(H?) estimates. Sec-
ond, the L?(H% 1) estimates are obtained by using the Kawashima-Shizuta stability condition.

3.1 L>°(H%) estimates

The first step consists of establishing the following claim.
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Proposition 3.1 Let the assumptions of Theorem 3.1 be fulfilled. Then there exists a
non-decreasing function C': RY — R™, such that for any 0 <t < T, we have

2

|v(t)—w|i[d(Rn)+/otH S o) o dr

1<j<n HAR")
< CN() (N (0)? + N (1) /0 920 30+ gy i7)- (3.2)

We start by proving the L? estimate by using the entropy function 1. Then we derive the
higher order estimates.

Lemma 3.1 Let the assumptions of Theorem 3.1 be fulfilled. We have

Jo(6) = Tl aqeey + | | 3 o000

1<j<n

ey I7 < CVON O (33)

Proof It is convenient to define from the entropy 7 the following relative entropy:
n(w) =n(w) —n(W) — Dwn(W)(w — ).
It is a non-negative quantity, which vanishes iff w = w. More precisely, we have

i(w) >0, 7(W) =0, Dyuiw) =0.

Since 7 is a strictly convex function of w = (p, pu, pE*)T, we have that 7j(w) is equivalent to the

quadratic function |w — w|?, and then to |[v — ©|?, provided that |v — T| remains in a bounded
set. Hence we have

clv — 3 < f(w) < Clv — 5 (3.4)

for some numerical constants ¢ and C' depending on |[v — 0| ([0,7]xr") (and thus on N(t)).
Accordingly, the entropy flux ¢;(w) = —pu;s* is modified as follows:

qj(w) = ¢j(w) = ¢;(@) = Dyn(w)(Fj(w) — F;(w)),

and we have

ammwiaxj{aj(w)}:— 3 &ck((%—%) S 0., (sh) —4m0] S 0,0

1<k<n 1<j<n 1<j<n

2

Integrating this relation over [0, ¢] x R™ yields
t t 2
/ ii(w)dal +// 450] Y 0.,0| dadr =o.
o JoJgn .
1<j<n
We complete the proof of (3.3) by using (3.4).

In order to estimate the space derivatives of the unknown, we shall use the following lemma,
the proof of which will be detailed later.
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Lemma 3.2 Let v € X(0,T) be the unique solution to (2.3). Then for any 0 <t < T, we
have

10l 101y < C(IVav(®)ll s ey + | D2 0,608 (3.5)

1<j<n

o)

for some C possibly depending on N(t).
As a matter of fact, note that the Sobolev embedding theorem can be used to deduce from

(3.5) the following estimate of the L>° norm of d;v:

J0w(®) @y < C(IV0@llams oy + || 0 02,00

1<j<n

Hd(Rn)). (3.6)

The space derivatives of v are then estimated as follows.

Lemma 3.3 Let o € N" satisfy 1 < |af < d, where we still assume d > 5 + 2. Let
v € X(0,T) be the unique solution to (2.3). Then for any 0 <t < T, we have

2

dr
L2(R")

8 ( 0r, 9) (7) ‘

1<j<n

t
1020(t) 2 em + /

SC(N(0)2+N(t)/Ot (Va0 ) sy + | 2 agcje(r)H2 ))dr). (3.7)

- Hd (Rn
1<j<n

Proof Apply 95 to the system (2.3), then take the scalar product with the vector 9%v, and
integrate the resulting equality over [0, ¢] x R™. We obtain

1 t t 2
L[ 400000 ngdx‘ n / / 40|02 3 axje‘ dadr
2 Jpe o JoJre 1<j<n
t I +1
:// ( 1;— 2 —(13+I4)+I5—16+I7>d$d7' (38)
O n
with
I = 3,{A%)}0% - 8w, Iy =) 0, {A;(v)}00v - 920,
j=1
I = [0, A°(v))0s0 - v, L= [07,4(v))0s,0 - 9o,
j=1
I= Y [02,BO)0; 005, Ts= Y 0:,{B(0)}3{du,v} v,
1<j,k<n 1<j,k<n

I, = /@{a;;[ 3 axje] }28;39.

1<j<n
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We first estimate the integrals with I; and Iy. By using (2.3), we are led to

t t
// |Il|da:d7'§0// |0%v|?|0yv|dadr
0JRn 0 JRn

t ) 5 2
gc/O/Rn 1% <|va|+‘ S 2,0 +\ 3 axje‘ )dxdT

1<j,k<n 1<j<n

t
< CN (1) / 1020722

t t
/0/ |Iz|dzdr < CN(t)/O ||a§U(T)||%z(Rn).

In these estimates we used the Sobolev embedding theorem. Note that the assumption d > §+2
is needed to dominate the term involving 6, ., by N(f) in the integral of I. In the one-
dimensional case n = 1, this assumption can be slightly relaxed (d > 2 instead) by using the
Gagliardo-Nirenberg inequality (see Remark 3.1 below). To estimate the integral of I3, we use
the Cauchy-Schwarz inequality as follows:

t t
[ ldedr < [ 1020l o 102, 420 (7) 2oy
0 n 0

Then, we use classical tame estimates for commutators and composition of functions (see for
example [15, Proposition 2.1]). We get

1105, A° (v)]ve (T) | L2rn) = 1[05, A°(v) — A%(@)]ve (7)]| L2y
< C([|0pv(T) || o @y | V2 A% (0(7))]] a1 )
+ 1000 (T) || a1 &y | V2 A2 (0(7)) || Loe (R

which is combined with
V2 A (7)) 1701 @y < ClIo(T) = Tl pragey < ON(2)

and
1924 |y < CIV a0l g1y < CN (D)
Coming back to (3.5) and (3.6), we conclude with the following estimate for the integral of Is:
t t , 9
/0/ L |dadr < CN(t)/O (1920 3o ey + | 1@2”@19(7)“[{%&1))&.

Similar manipulations lead to the following estimate for I4:

t t
/O/ T4|dzdr < CN(t)/O V20 (7) |31 gy A7

Estimations of the integrals of Is and Ig rely on the specific form of the matrix B(6), which
has only one non-zero component, depending linearly on the temperature. Thus, similar to the
estimate of the integral of Is, we first apply the Cauchy-Schwarz inequality, and then use the
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tame estimate for commutators. We obtain

t 2
/0 [ msldzdr < e / (196 as oy + || 3 220, 0. )

1<j<n

// |16|d$d7'<0// Z 8’CJ6 80{ Z 8%9|8av|dxd7-
’ " 1gi<n 1<j<n
<on(t) [ (| 3 000, + 1T i
1<ji<n

Finally, we have

// |I7|dxdT<C/ 1020(7) | 2y

éCN(t)/ > axje(T)H;(MdT.

0 T1<i<n

dr
L2(R")

(Y 0,00) ]

1<j<n

With the estimates above, we go back to (3.8). Using the fact that the matrix A°(v) is symmetric
positive definite for any v € D,, we arrive at (3.7).

Proof of Proposition 3.1 Let us sum up the estimates (3.7) over all the multi-indices «
with 1 < |a] < d. Combining this information with (3.3) yields (3.2) and completes the proof
of Proposition 3.1, which is up to the justification of Lemma 3.2.

Proof of Lemma 3.2 Equation (2.2) can be rewritten as

== 3 [A;(0) = &@)0r0 ~ > @00

1<j<n 1<j<n

0 0

+[B(v) — B(v)] 0 + B(v) 0
0? 0% 0
13%;§n o 3223 L

0 0

~ ~ ~ 0
+[F(v) — F(v)] ‘ = oo + F(v) ‘ -

1<j<n 1<j<n

with A(v) = {A°(v)} 1 A;(v), B(v) = {A°(v)}'B(#) and F(v) = k{A%(v)} L. Since d — 1 >
5 + 1, the Sobolev space HY=1(R") is an algebra. Therefore, we have for any t € [0, T},

IWWGWkuwgéCNW(%—Mmﬂqu+1NWVU(Wkuwg

+H Z aﬁj’”" HHd 1(Rn) H Z 0a, 0 HHd I(Rn))'

1<j5,k<n 1<j<n

Remark 3.1 In the one-dimensional case (n = 1), we can combine the Gagliardo-Nirenberg
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and Hélder inequalities to estimate the term involving 6, in the integral of I. Indeed, we have

t t
] 10kl Busldadr < [ 1050(r) aqoy[61n (Dl
0JR 0
t i 1
< ON ) [ 10800l 2e) War (Dl () oy
t 4 2
< CN(t)/O (Hexxx(ﬂH%Z(R) + HaalcU(T)H;(R)|‘9:E:E(T)||z2(u§))d7'

t
< N (1) / 6120 gy + 1007 s ),

where in the last inequality we used d > 2.

3.2 L?(H% ') estimates

The next step consists in deriving an estimate of the right-hand side of (3.2). To this
end, we follow the method introduced in [21] and further developed in [7, 22] (see also [2, 3]
for further applications). We work on the Fourier transform of the equation and the properties
listed in Proposition 2.3, and of the compensating matrix K to show the estimate on the space
derivative of v.

Proposition 3.2 Let the assumptions of Theorem 3.1 be fulfilled. Then there exists a non-
decreasing function C : R™ — R, such that for any 0 <t < T, we have

t
190 s ey < COVO) (106) = Ty + oo = Ty

] o]l ) 59

Proof We obtain the linearized system by writing (2.3) as follows:

A@)oy (v =)+ > A;(® —7) =H, (3.10)

1<j<n

where we set

H=-A@) Y [{A%)} " 4(0) — {A°@)} 1 4;@)]0s,

1<j<n
0
_ 17 0
+4rA°(@)[{A°(v)} 10 — {A%(D)} 10
@)[{A"(v)} {A%(0)} 6 s .0
1<j5,k<n
0
+ 4k60 0
1<jk<n
0 0
0
+12/<;A0( )[{AO( )}‘1 —{AO(E)}‘l] 2 | +12k 9
\ S 9,0 \ S 0,0
1<j<n 1<j<n
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Since d > 5 + 2, the Sobolev space HAY=1(R") is an algebra. Hence, we have for any 7 € [0, ],

V@) a2y < C(NOIToo @y + || Y2 00,000

1<j<n

Hd(m). (3.11)

We apply the Fourier transform to (3.10), and then multiply it from the left by
—iv—7T K(‘—E‘), where z* denotes the transposed conjugate of z and K is the compensating
matrix defined in Proposition 2.3. The real part of the resulting equation reads

Im(v (é')AO( )(v/—\ﬁ)t) +|§|f—\v*K(|’§—|)A(é—|)f_\v
Im(v—v K(|€|)A) (3.12)

where the matrix A( \E\) is defined by (2.5). However, by property (ii) in Proposition 2.3, K A°
is skew-symmetric, which allows us to write

Ny = 1 d —— % f L
Im(v -7 K(|£|)A0(v)(v - v)t> = Ealm(v -7 K(E)Ao(v)v - v), (3.13)
while we also have (with IB%(L) defined by (2.5))

'glv_“K(m) (%)“‘” 'g'm*([f((éﬁ)&(ém+B(|§|>)/\i

_ mv/—\ﬁ*B(?) Z £ — T

>a1|§||v—v| —a2|£|‘ Z &0 — 9‘ (3.14)
1<j<n
for some positive constants aj,as > 0. To obtain (3.14), we used the specific form of the
matrix B(f) and property (iii) in Proposition 2.3. Eventually, the Cauchy-Schwarz and Young
inequalities yield

‘Im(v—vK( ) )‘<e|§||v—v|2+c —|H]? (3.15)

i <l
for any € > 0. Choose € to be sufficiently small, insert (3.13)—(3.15) in (3.12), and then multiply
the resulting equality by [£]?'~! (1 <1 < d). Proceeding that way, we are led to

€T < Ol 2 XD 60| + iR AP

1<j<n

e (7 K ()00

Integrate this inequality over [0,¢] x R™, and use the Plancherel Theorem to obtain

// > 108 Veu(r, )P dadr

jal=1-1

<c//” Z a“ > 0. 973:‘ + > |agH(T,x)|2)dxdr

|a]=1—1 1<j<n |a]=1—1

+Cmm [ |g|2l*1(va K( )AO(E)U/—\@)dg‘;.

£
€]
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The matrix K(é—l) is uniformly bounded for £ € R™, |£] # 0, so that

]
Im/ €)%= 1 v— K(|€|)A0(v)v—v>d§‘o
<o [ avleriola+ [+ lePin—okdc)
< C([lo(t) - ”HH!(Rn) + o — ”“Hl(]Rn))-

Then summing over 1 <[ < d leads to
‘ 2 2 2
190 sy < € (1000) = Tl + o = ey

/(H Z 0w, 0( HHd 1 (Rn) |\H||%1d—1(ﬂw))d7'>.

1<j<n

We complete the proof of (3.9) by using the H9~! estimate of the perturbation H, i.e. (3.11).

4 Decay Estimate

In this section, we show that the solutions obtained in the previous section tend to reach
the equilibrium state T as time becomes large, and we are also able to identify an (algebraic)
rate of convergence. As in [10], it is convenient to introduce a new unknown z(¢,x) by setting

w—w = Dyw(7)z.

Since D,w(7) is not singular, |z| is equivalent to |w — W] or |v — T|. We now write (2.1) as
follows:

A@oiz+ Y Aj@)0a,z—BO) Y 02,z = Y (0nHj+0,,G),  (41)

1<j<n 1<] k<n 1<j<n

where in the left-hand side we make the linearized operators appear, with the matrices A%(v),
A;j(®) (1 <j <n)and B(#) defined in Section 2 and evaluated at the constant state D. In the
right-hand side, the functions H; and G are defined by

H; = —DyU @)" (Fj(w) — F}(®@) — Do F; (@) (w — ),
G = DU (0,0, 3 (Duglw) - wg(@))ka)T

1<k<n
with g(w) = k6%,
Let us set

o) =A@} Y igam+ Y BOGG].

1<j<n 1<j,k<n
We define the following family of operators, parametrized by the time variable,

1,, / @R (£)eEde.

e ol — lfat®(©), _
h ePh=F e h(&)} )3
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Actually, by using the Fourier transform, we realize that e!®h is nothing but the solution to
the following homogeneous linear equation:

A°@)0z+ Y Aj@)0a,2—BO) > 0%,.2=0,
1<j<n 1<j, k<n (4.2)
z(0,2) = h(z).
Then, we obtain the solution to (4.1) as the fixed point of the Duhamel formula
t
St x) = s + / A E S (9, H, + 0y, G)dr, (4.3)
0

1<j<n

where zg(7) is the initial data zo = {D,w(v)}~!(wo(x) — w). The analysis of the asymptotic

trend to equilibrium then relies on the following properties of the operator e*®.

Lemma 4.1 The following assertions hold:
(i) For any h € C(R™), t > 0 and any multi-index o € N™, we have

2%(e'h) = '* (0%h), (4.4)

(ii) There exist two positive constants C,c > 0, such that for any h € C*(R™), t > 0 and
any multi-inder o € N, we have

e —c o _n_lof
105 (" k)| L2@ny < Cle™ (|05 Pl L2@ny + (1 + )71 2 ||hl| L1 gan))- (4.5)

We shall also need the following quite elementary estimates.

Lemma 4.2 Letn € N, n# 0 and ¢ > 0. There exists a positive constant L which depends
on n and ¢, such that for any t > 0, we have

t
/ e=<t=T)(1 4 1)~3dr < L1 + )~ 3, (4.6)
0

t
/(1+t_7)*%*%(1+7)*%d7§L(1+t)’%. (4.7)
0

We postpone the proof of Lemmas 4.1 and 4.2 to the Appendix. For the time being, let us
show how they can be used to derive the decay estimate in Theorem 1.2.

Proof of Theorem 1.2 Let us set

M(t) = sup (1+7)%[|2(7)] ga-s@n)-
T€[0,t]

We wish to show that M (t) remains bounded for all ¢ € RT, provided that the quantity
Es = ||’U() — iHHd(Rn) + H’UQ — 5||L1(]Rn)
is sufficiently small. Theorem 1.1 and the definition of the variable z have already told us that

l2(t)| grany < cllw(t) — @ ga@ny < CE;
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holds. Next, let @ € N® with |a| =1 < d — 1. We apply 9% to (4.3), and then evaluate the
L2-norm:

102 2(t) || L2(rmy < 1105 ("% 20) | L2

[

where we used (4.4). Then we use (4.5) to estimate the terms in the right-hand side of (4.8).

oA @Y Y 0, (H; +G)]

1<j<n

d 4.8
N

The first term is dominated by

_al

Cle 19520l amn) + (L4875~ % 20l parn)) < C(L+ 1) E,

while the second term can be estimated by

C( /Ot o—c(t=T)

where (4.4) is used again. Insert this information in (4.8) and sum over |a| =land 0 < < d—1.
We obtain

t
d 1 t— _%_% H G nd )
L2(Rn) T_%JC (A+t=7) > IH;+ Gl gndr),

1<j<n

08 > 0., (H;+G)|

1<j<n

t
||z(t)|\Hd71(Rn)§C<(1+t)*ZES—|—/O )| 3 8xj(Hj—|—G)HHd_l(Rn)dT
1<j<n
t _n_ 1
+/0(1+t—7) e Z Hj+G’L1(Rn)d7)'
1<j<n

Coming back to the definitions of H; and G, we have

| 3 00ty ) < Ol = Pl

Vow| ga-1@ny < CEs||2(7)|| -1 @),

1<j<n
H > 9, HHd vy S €0 Ollzamr ey (H Z 0z,8 ‘Hd 1<R">+H Z 89‘]'9‘1{%11«"))
1<j<n 1sjsn

< CEsHZ(T)Hdel(Rn),
1H; 21 (gny < Cllw = Bl|72@ny < Cla(m)l[3a-1gnys
Gl rny < ClIO = Ol|L2(an) V2Bl L2@ny < Cll2(T) 1 Fa-1.(gny-

Thus we arrive at

t
|2(8)|| a1y < C(1+ )T E, + CES/ e 2(7) || gra—r gy dr
0

t
+ c/ (L4t = 1) 5 2(0)] 2 gy I
0

However, for any 0 < 7 < t, we have ||z(7)| gra-1 gy < M (¢)(1 + 7). Hence, we make use of
Lemma 4.2 to establish that
I2(t)]| gra—s mny < C(L+ )5 (B + B M(t) + M(t)?)
holds. It implies
M(t) < CE, + CE,M(t) + CM(t)>.
If E; is sufficiently small, the discriminant of the polynomial P(M) = CM?*+(CE;—1)M +CE;

is positive, and P admits two positive roots. Therefore, M (t) remains bounded by the smallest
root. This completes the proof of Theorem 1.2.
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Appendix Proofs of Lemmas 4.1 and 4.2

We start with a point-wise estimate for the Fourier transform of the solution to the homo-
geneous system (4.2).

Lemma A.1 Let the hypothesis stated in Lemma 4.1 be satisfied. There exist C,c > 0 such
that

|et<1>(£)| < Qe MOt (A.1)
2
for € € R™, t > 0, with A(§) = %
Proof The Fourier transform of the solution z to (4.2) is

2(t,€) = e ©Oh(e).

Thus (A.1) means
[2(t,€)] < Cem N h(g)]

Therefore, we apply the energy method in the Fourier space to the homogeneous system (4.2).
Let us apply the Fourier transform to (4.2). We have

)z + 1 Z A;(0)¢;zZ + B(0) Z &érz = 0. (A.2)

1<j<n 1<j5,k<n

Multiply (A.2) from the left by z*, the transposed conjugate of z, and then take the real part
of each term. We are led to

1 0~ — - 2
5(2 Ao(v)z)t+4/€9‘ Z szn+2‘ =0, (A.3)

1<j<n

where z,to denotes the last component of the vector variable z. For the derivation of the last
equality, we used the fact that the matrices A° and A; (j = 1,---,n) are real symmetric. The
next step uses the compensating matrix K(Iil) (€] # 0). We multlply (A.2) from the left by

—iz*K (IEI) Since K (4 B )A®(D) is skew-symmetric, the matrix iK(‘—g‘)AO (v) is hermitian. Thus,
by taking the real part of each term, we have

1(2 1K<|§|)AO( )Z) e <|£|) (|£|)z+1mz/z\*K<|£|) @62 =0.  (A4)

The properties of the compensating matrix allow us to derive the following inequality:

o () (17 = 16 ([ () ()] + B(sp) ) - B ()2

> 205 €[5 — cgm‘ 3 g]an’ .

1<j<n

Then using the Cauchy-Schwarz inequality yields

Imzl;?K(é—l)B@msk»—e|s||2|2—ce|s|\ > &l
Js

1<j<n
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where the small positive constant € can be chosen so that e < C5. Using the above two inequal-
ities in (A.4), we obtain

_E(A*K(K')Ao(ﬁ)z) + Col¢[21? - <|§| +|§|)‘ > gjan‘ <0. (A.5)

1<j<n
Finally, we choose a small constant ¢ > 0, which is determined by
cCy < 4K0,
coll® < Ecle] < Colel?,
where E¢[p] is defined by
Eulel = ¢ 0o — s iK () 4.

Recall that A°(®) is symmetric and positive definite, and thus the condition (A.6) can be
fulfilled.

With these preparations, let us multiply (A.5) by
o (A.3). We get

<lél
1+H[E??

and add the resulting inequality

LB+ NOE [ <0,

where ¢ = % and \(&) = Solving this differential inequality yields

1+|£|2
E[7] < E([h)e 2O,

We conclude by using (A.6).
We are now ready to complete the proof of Lemma 4.1.

Proof of Lemma 4.1 Inequality (4.4) follows directly by applying 05 to (4.2). Next we
show (4.5). The Plancherel Theorem yields

05 () ey = [ e OR(@)Pdg < € [ firen et MO (g P,
R R

where we used (A.1). Next we split the last integral into two parts Iy and Iz according to || < 1
2
and [¢] > 1. When [¢] < 1, we have (&) > % Hence we obtain

L<c / €[l [R(e)2eelel g
[¢1<1

- .
< CIRI ) /|§| 2l eelePege
< Clf3 s @ny (L + 1) 1175,

If |¢] > 1, we use A(§) > 4, which leads to
bxoe [ e PiROrdE < Co IRl
§l=1

We finish the proof of Lemma 4.1 by combining the estimates of I; and I5.
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Proof of Lemma 4.2 Let us write

t

t n 5 n t n
/ e_c(t_T)(l +7) 4dr = / e_c(t_T)(l +7) 2dr + / e_c(t_T)(l + 1) adr
0 0 t

n

—ct % cT AN —ct ‘ cT
<e e dT—l—(l—l—E) e e“Tdr
0 %
1/ e t\ %
ey
c 2
which leads readily to (4.6).

Let us prove (4.7) in the case n > 3. We introduce the change of variable o = ,/124% SO
that the integral to be investigated reads

S

g woo [VEE glon
J(t) = / (Itt—7) 331 tr) Bdr=2@2+0) %4} / 7"
0 2 (1—o02)it2
Vors
Without loss of generality, we can restrict ourselves to the situation where ¢ > 2. Accordingly,

we have \/21? < % < ,/%—ﬁ and split

J(t)=2(2+t)*7+é/ ---da+/ ---da)

1 1+
é)Z é/Q ! da+2"‘1/\/2+t7dan 1>
3 1 onl 1 (1-02)%+s

1+t>—%+%)
2+t

—~

ol

: SN~—
(SE
+
ol
—
[\
_|_
~
S~—
w3
|
—
[\]
3
~

ol
SN—
3
+ o
W=
[N}
3

(2+t)%’%)

3
|
[N}
3
|

The estimates in the cases of n =1 or n = 2 can be obtained by direct computations. We skip
the details.



