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1 Introduction

Let X be a discrete metric space with bounded geometry. Associated to X, there is a C*-
algebra C*(X) called Roe algebra. The coarse Baum-Connes conjecture states that the coarse
assembly map p: K X.(X) — K.(C*(X)) is an isomorphism. It plays a very important role in
topology and geometry. In [11], Yu showed that the coarse Baum-Connes conjecture holds in
the case that X is uniformly embedded into a Hilbert space. Inspired by Gromov’s expander
graph structure, Higson [6] gave a counterexample to the coarse Baum-Connes conjecture.
The relevant construction is the box space X (I') of an infinite group I' with property T, the
residually finite and linear type, that is, the coarse disjoint union of the quotient groups I'/T,,.
In Higson’s original construction (see [7]), there is an algebraic lifting principle, that is, an
operator T' € C, (X (I')) will be restricted to an operator on Cp,(I'/I'y) for all but finitely
many n, and such an operator can then be lifted to a I';-invariant element of the Roe algebra of
I'. In general, such lifting can be extended to the maximal norm closure. Using a certain type of
localization estimation of the operator norm in the case of asymptotic finite dimension, Higson
proved that the lifting can also be extended to the reduced norm closure. This was important
in his original construction of counterexamples to the coarse Baum-Connes conjecture. In fact,
such lifting can be extended to the maximal norm closure for every discrete metric space (see
[5]). The natural question is what kinds of conditions can guarantee the algebraic level lifting
to be extended to the reduced norm level. Generalizing the local estimation method in the case
of finite asymptotic dimension, Yu [5] introduced the concept of the operator norm localization
property. It is easy to prove that if the metric space has the operator norm localization property,
then the algebraic level lifting can be extended to the reduced norm level. In this paper, we study
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its basic properties and get some results on preserving properties of operator norm localization
property.

2 Preliminaries

In this section, we introduce the definition and basic properties of the operator norm local-
ization property for a discrete metric space.

Definition 2.1 (see [8]) Let X be a discrete metric space, and H be a separable and infinite
dimensional Hilbert space. A bounded operator T : (*(X)®@H — (*(X)®H, is said to have prop-
agation at most r (abbr. Prop(T) < r) if for all o, € (*(X)®H with d(Supp(¢), Supp(¥)) > r
such that (T, ) = 0.

Note that X is a discrete metric space. Then we can write

reX

where d, is the Dirac function at x. Every bounded operator acting on ¢?(X) ® H has a
corresponding matrix representation T' = (T )z yex, where Ty, @ 0y, @ H — 0, ® H is a
bounded operator. The support of T' (abbr. Supp(7')) is the complement (in X x Y") of the set
of all points (z,y) € X x Y such that T, , = 0. We call that T is locally compact if T, , is a
compact operator for all z,y in X. For T' to have propagation r, it is equivalent to saying that
the matrix coefficient T}, , of T' vanishes when d(x,y) > r. The space of operators acting on
(?(X) ® H with propagation at most r will be denoted by A, (X).
Let || T|| denote the operator norm of a bounded linear operator T.

Definition 2.2 The collection of all locally compact, finite propagation operators on (> @ H
is a *-subalgebra of B({*(X)® H). Its norm-completion, denoted by C*(X), is the Roe algebra
of X.

Definition 2.3 Let X be a discrete metric space. Let f : N — N be a (non-decreasing)
function. We say that X has the operator norm localization property relative to f with constant
c>1, if for any k > 0 and every T € Ar(X), the following inequality holds:

T < esup{[|Tv] : v € (X, H), |Jv]| < 1,diam(Supp(v)) < f(k)}.

The infimum over all possible c is called the operator localization number of X .

Recall that a discrete metric space X has the bounded geometry, if for every R > 0, there
is a uniform bound on the number of elements in the ball of radius R in X. It is not necessary
to assume the metric space to be with the bounded geometry in the above definition. But our
interest is in the bounded geometric case.

Definition 2.4 A Borel map [ from a metric space X to another metric space Y is called
coarse if

(1) f is metrically proper, i.e., the inverse image of any bounded set is bounded,

(2) for every R > 0, there exists an R' > 0 such that d(f(z), f(y)) < R for all z,y € X
satisfying d(x,y) < R.



Remarks on the Operator Norm Localization Property 595

Definition 2.5 We say that the metric spaces X and Y are coarsely equivalent if there
exists an v > 0 and coarse maps ¢ : X — Y, ¥ :Y — X such that dy (p o ¥(y),y) < r and
dx(pop(x),x) <r forallze X andy €Y.

Definition 2.6 LetI' be a countable discrete group. A length function on T is a non-negative
real-valued function | satisfying that for all x and y in T,

(1) Uay) < 1) + Uy),

2) ) = U(a),

(3) I(x) =0 if and only if x = 1.

This defines a metric on T by dr(f,g) = I(f'g). A length function [ is proper, if for all
C > 0, the subset [71(]0,C]) is finite which induces a proper metric on I'. If T' is a finitely
generated group and its generating set S is symmetric, i.e., S = S~!, then the length I(g) of
an element g € I' is defined to be the length of the shortest word in S representing g. In this
case, dr is the left invariant in the sense that dr(hf, hg) = dr(f,g).

From the definition, we immediately have the following two propositions.

Proposition 2.1 Let d and d' be equivalent metrics on I'. Then I' has the operator norm
localization property with respect to d if and only if it has the operator norm localization property
with respect to d’.

Proof There are my, ma > 0 such that mid' (z,y) < d(z,y) < mad'(z,y), since d and d’
are equivalent metrics on I'. Then the proposition holds from the definition.

Proposition 2.2 Let Y C X. If X has the operator norm localization property, then Y
has the operator norm localization property.

Proof It is obvious.

Proposition 2.3 Let ' be a countable finitely generated group and I'y be a finitely generated
subgroup of T'. If T' has the operator norm localization property with a constant ¢, then I'y also
has the operator norm localization property with a constant c.

Proof Choose finite generating sets S and S; for I and I'1, such that S; € S, S and 57 are
closed under the inverse operation. Then the induced metrics dg and dg, satisfy dg,(x,y) >
ds(z,y) for all z,y € T';. Note that I'y is a subset of I'. Then I'y has the operator norm
localization property with respect to metric dg. Therefore, for each operator T' € B(¢*(T'y)® H)
with Prop(T") < r, there are a constant ¢ and a non-decreasing function f : N — N, such that

ITI < esup{||T] : v € ¢*(Ty, H), [|v]| < 1, Diamr(Supp(v)) < f(r)}.

Hence, for each v and for any « € Supp(v), we can write x = gy - - g for k < f(r), where
g€ Sforall 0 <1<k, and g is a fixed element in Supp(v). Let Byy(e) = {g €T :g=
g1---9j, 9 €S, j < f(r)}. Tt is not difficult to see that Byy(e) is a finite set. Therefore,
there exists an R(r) > 0 such that sup{ds,(g,¢) : g € By((e)} < R(r). Note that Supp(v) C
xoBj(ry(e). Then the diameter of Supp(v) is at most 2R(r) with respect to dg, for all v. Let
fr,(r) = 2R(r) for each r. Hence,

|7 < esup{||Tv]| : v € £(Ty, H), ||v]| < 1, Diamr, (Supp(v)) < fr, (r)}.

This completes the proof.
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Definition 2.7 Let X be a metric space. For every d >0, x,y € X, we say that x ~q y if
and only if there is a chain of points xg,x1,- -+ , ) with xo = x, xp =y such that d(z;, z;41) < d
for all i < k. We call that the subset M of X is d-connected if and only if any two elements
of M are equivalent. A d-component of X is a d-connected subset, that is not contained in any
larger d-connected subset.

Proposition 2.4 Let Y be a discrete metric space with the bounded geometry which has
the operator norm localization property with a constant c. If there exists an injective map f
from X to'Y satisfying that, for every R > 0, there exists R’ > 0 such that d(f(x), f(y)) < R’
whenever d(x,y) < R, then X has the operator norm localization property with a constant c.

Proof For every operator T € A,.(X), we let

' = sup{d(f(x), f(y)) : (x,y) € Supp(T)},

and set

g AT i), iy y2 € Im(f),
Y1y 0, otherwise,

which defines an operator S = (S, 4,) € B({*(Y) ® H). Then Prop(S) < ' and [|S|| = ||T].
Since Y has the operator norm localization property, we have

IS]| < esup{|[Sv]| : v € (Y, H), ||v]| < 1, Diamy (Supp(v)) < fy (')}.

For each v, we set A, = Supp(v). We now define the operators S” = (S )€ B({?(Y)® H)

Y1,Y2
by
v — Syiyzr Ly € Ay,
Y1,92 0, otherwise,
and TV € B((*(X)® H) by T}, ,, = St ) flas) V(@1,72) € X x X. Note that || T[] = [|5"],

[I1Sv|| = ||S¥v| and Prop(T?) < r, whence

|71l = 18] < esup{||S*v] : v € (Y, H), ||v]| < 1, Diamy (Supp(v)) < fy(r')}
< esup{[|S”]| - v € (Y, H), |[v]| < 1, Diamy (Supp(v)) < fy ('
(

Let B, be the r’-neighborhood of 4,. Then Supp(S”) C B, x B, and Diamy (B,) < fy (r')+27".
Therefore, there exists a constant M (r) > 0, such that #B,, < M(r), where #B,, is the number
of elements in B,. Let D, = f~1(B,). Since f is injective, we have #D, < #B, < M(r). We
now present the set D, as the union of 3r-components, and note that each component has a
diameter at most 3rM (r) and every two 3r-components are 3r-separated. So

77| = sup{||T¢|| : € € £2(X, H), ||€]| < 1, Diamx (Supp(€)) < 3rM(r)}.

Note that | T7¢|| < ||T¢||. Then the proposition follows if we set fx(r) = 3rM(r).

Let T' be a group acting on a metric space X. For every k > 0, the k-stabilizer Wy (zo) of
a point zp € X is defined to be the set of all g € T with gzg € B(xo, k), where B(zg, k) is the
closed ball with the center g and the radius k. The concept of k-stabilizer is introduced by
Bell and Dranishnikov in their work on permanence properties of asymptotic dimension (see

[1)-
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Proposition 2.5 Let I' be a finitely generated group acting freely and isometrically on a
metric space X (without assuming X to have the bounded geometry). If X has the operator norm
localization property with a constant cx and there exists an xo € X, such that for every k > 0,
Wi (zo) has the operator norm localization property with a constant cr, where cp is independent
of k. Then T’ has the operator norm localization property with the constant ¢ = cxcr.

Proof We define a map 7 : I' — X by the formula 7(g) = gxo. Then we have Wy (xo) =
7 Y B(z0,k)). Let A = max{d(sxg,70) : s € S}, where S is a generating set of I'. Now we
show that 7 is A-Lipschitz. In fact, for all g1, g2 € T', we have d(7(g1), 7(92)) = d(g1%0, g220) =
d(g;lglmo, xo). Let g = g;lgl =81-+Spn, $i €5 (1 <i<n) be the shortest word to represent
g. Then

d(m(g1),m(g2)) = d(s1-- - Snxo, xo) < Z d(s1---8;x0,81 - 8j—1%0) < nA = Ad(g1,92).

Let Y = 7(I") C X. For each operator T in A (T), we define an operator S € B(¢*(Y)® H)
by

g ATog 7 y1) = 91,7 (y2) = g2.
y1.y2 0, otherwise.

Then S € Axi(Y) and || S]| = ||T]|. Since X has the operator norm localization property with
the constant cx, we have

IS]] < ex sup{||Svl| : v € 2(Y, H), |[o]| < 1, Diamx (Supp(v)) < fx (Ak)}-
For each v, let A, be the Ak-neighborhood of Supp(v) in Y, and define S* € B({*(Y) ® H) by
v _ {Syhyza if Y1 € Avv

vz )0, otherwise.
Then || Sv|| = ||S?v||. Similarly, we define an operator TV € B(¢*(T') ® H) by

v _ S;)y’ if Tr(gl) =, 77(92) =Y,
9192 — 0, otherwise.

Let B, be the Ak-neighborhood of 4,, and let R := fx(Ak) + 2Ak + 2Ak. Then Prop(T?) < k,
Supp(T?) C 7 Y(B,) x 7 1(B,) and Diamy(B,) < R. Note that ' acts on Y transitively.
Then there are z € Y and g € I, such that B, C BY (z, R) = gBY (20, R), where BY (x9, R)
is a ball in Y with the center zo and the radius R. Hence, T% € B(¢{*(9.Wg(z0)) ® H). By
the assumption that Wgr(z¢) has the operator norm localization property with the constant cp,
there exists a non-decreasing function gr : N — N, such that

17| < ersup{||T¢]| - € € (T, H), ||€]| < 1, Diamr(Supp(€)) < gr(r)}-
Note that ||S|| = ||T"||. Then

7] = IS]| < ex sup{[[Sv|| : v € €3(X, H), ||v]| < 1, Diamx (Supp(v)) < fx (Ar)}
< ex sup{[|S°v| : v € FA(X, H),||v|| < 1, Diamx (Supp(v)) < fx (M)}
< ex sup{[|S°|| : v € £2(X, H), [Jv]| < 1, Diamx (Supp(v)) < fx (Ar)}
< ex sup{[|T]| s v € £3(X, H), [Jo[| < 1, Diamx (Supp(v)) < fx ()}
< crex sup{||TV¢| - v € £2(X, H),||v|| < 1, Diamx (Supp(v)) < fx(\r),
¢ € (T, H), [[¢]| < 1, Diamr (Supp(€)) < gr(r)}-

valive

) <
) <
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Let fr(r) = gr(r). Since ||T¢|| < ||T¢|| for each v and £, we obtain
IT|| < crex sup{||T¢|| : & € ¢*(I, H), [|¢]| < 1, Diamr (Supp(€)) < fr(r)}.

Then T" has the operator norm localization property with the constant ¢ = crex.

Remark 2.1 From the proof of Proposition 2.5, it is easy to see that when I' has the
bounded geometry, the assumption that I' is finitely generated in Proposition 2.5 can be replaced
by the condition that if the map 7 : I' — X satisfies for every R > 0 and all g1, g2 € I with
d(g1,92) < R, then there exists an R’ > 0 such that d(7(g1),7(g2)) < R'.

3 Coarse Invariance of the Operator Norm Localization Property

Coarse invariance is a basic property in the coarse geometry. Therefore, it is important to
know whether the operator norm localization property is coarsely invariant. Indeed we have
the following result.

Theorem 3.1 Let X and Y be metric spaces with the bounded geometry. If X is coarse
equivalent to Y, then X has the operator norm localization property with a constant ¢ if and
only if 'Y has the operator norm localization property with a constant c.

We need some preparations to prove the above theorem. Recall that the metric space X is
proper if every close ball in the metric space is compact.

Lemma 3.1 (see [10]) Assume that [ is a coarse map from a proper metric space X to
another metric space Y. Let Hy = (*(X)® H, Hy = (*(Y)® H. Then for any € > 0, there
exists an isometry Vy : Hx — Hy, such that Supp(Vy) C {(y,z) € Y x X : d(f(z),y) < €}.

Lemma 3.2 Let X be a metric space with bounded geometry and I' C X be an e-net of
X. If T has the operator norm localization property with a constant ¢, then X has the operator
norm localization property with the constant c.

Remark 3.1 If we choose I' and X as in Lemma 3.2, then the isometry can be chosen to
be unitary. The observation is due to [3].

Proof of Lemma 3.2 Let Hr = (*>(I')® H and Hx = *>(X)® H. Let f : T — X be the
inclusion. Then f is a coarse map and Vy can be chosen to be unitary. Then V; gives a rise to a
homomorphism Ad(V}) from B(/*(X)® H) to B({*(T') ® H) defined by Ad(ViNT) = VTV,
For each T € B((*(X) ® H) with Prop(T) < r, we let S = Ad(Vy)(T). Note that

/ ! . /
Supp(ViTV;) C {(y,a:) T xT: o' € X, vy € X : (¢/,x) € Supp(Vy), }7

(y',2") € Supp(T), (y,y') € Supp(V})
which implies that
Prop(S) < sup{d(y, ) : (y,z) € Supp(S5)}
<sup{d(y,y') +d(y', ') + d(z',2) : (2',2) € Supp(Vy),

(y',2") € Supp(T), (y,y) € Supp(Vy)}
<2e+r.
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Let 7 = 2¢ + r. Since T' has the operator norm localization property with a constant ¢, there
is a non-decreasing function fr : N — N, such that

S]] < esup{||SE|| : € € £2(T, H), Diamp (Supp(§)) < fr(r')}.
Note that

ISI = IVFTVyI|* = sup VFTViE|® = sup (TVyE, TViE) = [T
leli<1 leli<1

Therefore,
|71 = [IS]| < esup{||TV¢&| : € € ¢(T.H), Diam(Supp(V(€)) < fr(r') + 2}
Let fx(r) = fr(r + 2¢) + 2e. Then
|7 < esup{||T¢|| : € € £2(X, H), Diam(Supp(€)) < fx(r)}.

Hence, X has the operator norm localization property with a constant c.

Remark 3.2 From the proof of Proposition 3.2, we have that if I" is an e-net of X with
the operator norm localization property, then for all » > 0, fx(r) = fr(r 4+ 2¢) + 2¢ depends
only on € and fr.

Proof of Theorem 3.1 Assume that X has the operator norm localization property with
a constant c¢. Since X and Y are coarsely equivalent, there are a constant g > 0 and coarse
maps ¢ : X — Y, ¢ : Y — X such that d(¢ o ¢(y),y) < ro and d(¢ o ¢(z),z) < 9. Let
Y’ = ¢(X). Note that d(¢ o (y),y) <rg, y €Y. Then Y’ is an rg-net of Y. By Lemma 3.2,
it is sufficient to show that Y’ has the operator norm localization property with a constant c.

We claim that Diamx (¢~ (B(y,7))), y € Y’, is uniformly bounded, where B(y,r) is a ball
in Y with the center y and the radius r. In fact, since ¢ is a coarse map, there is an R(r) > 0,
such that Diamx (¢(B(y,r))) < R(r). Furthermore, for all 21, x5 in ¢~ (B(y,r)), we have

dx (r1,72) < dx (21,9 0 ¢(21)) +dx (o ¢p(21),9 0 p(x2)) + dx (¥ o p(x2), x2)
S R(’I") + 27“0.

So Diamy (¢~ 1(B(y,7))) < R(r) + 21 for all y € Y.

Let X’ be the maximal subset of X, such that ¢|x is injective. Then ¢ : X’ — Y is a one
to one map. Hence, for any operator T' in B(¢?(Y') ® H) with Prop(T’) < r, one can define an
operator S € B({*(X') @ H) by Sz, .25 = Tp(a1),6(22) V21,32 € X'. Let 1y = R(r) 4 2ry. Note
that ||S]| = ||T]|, Prop(S) < r1, and X’ is a subset of X with the operator norm localization
property. Then we obtain

T = [ISI] < esup{[|Svl| : |v]] < 1,v € (X', H), Diamx (Supp(v)) < fx(r1)}-

For each v, we define £ = (&) € 2(Y', H) with £ = vg-1(,, y € Y. Note that [|Sv| = ||T¢"||
and ¢ is a coarse map. Then there exists a x(fx(r1)) > 0, such that Diamy-(Supp(£¥)) <
k(fx(r1)). Let fy(r) = k(fx(R(r) + 2r¢)). Hence, we have

|7 < esup{||T€]| - |||l < 1,€ € £2(Y", H), Diamy (Supp(€)) < fy(r)}.

Therefore, Y’ has the operator norm localization property.
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4 Some Examples

In this section, we will give some examples to show that there are many metric spaces with
the operator norm localization property.

Definition 4.1 (see [4, Definition 2.1]) A discrete, bounded geometry metric space X is
called a simple core, if for any R > 0, there is a compact subset K C X such that d(z,y) > R
whenever (z,y) € X x X\K x K.

Proposition 4.1 Simple cores have the operator norm localization property with a constant
at most 2.

Proof It is easy to check by the definitions of the simple core and the operator norm
localization property.

Recall that two sets Uy, Us in a metric space are called d-disjoint if they are at least d-apart,
ie., inf{d(ﬂ?l,l‘g) cxp €U, a0 € UQ} > d.

Definition 4.2 (see [2]) We call that the metric space X has an asymptotic dimension less
than n, if for any number d > 0, one can find n+ 1 uniformly bounded families U°,UY, - U™
of d-disjoint sets in X, such that UU? is a cover of X. We denote it asymdim X < n.

Note that simple cores have finite asymptotic dimension. In general, the metric spaces with
finite asymptotic dimensions also have the operator norm localization property.

Proposition 4.2 (see [9]) If T has finite asymptotic dimension, asymdim I’ < n, then T’
has the operator norm localization property with constant n + 1.

For the readers convenience, we provide the following proof.

Proof For every r > 0, let d = 10r. Since asymdimI' < n, there are R-bounded families
U, UL, - U™ of d-disjoint sets in T, such that (JU? is a cover of I'. For each operator T in

B(¢*(T) ® H) with Prop(T) < r, we define operators T* € B(¢*(X) ® H) by

T Tiy, x€AEV
0, otherwise,

where Vi = {A - B;: A€ U}, By =0and B; = U{B: B U’,0<j<i} (i <n). Then
T = > T Since d(U,V) > d for all V,U € U*, we have

i=0
17"l = sup{||T"¢] : [l€]| < 1, Diam(Supp()) < R + 2r}.
Let f(r) = R+ 2r. Then we get

n
ITN < Y NI < (n+ 1) max{||T°|]}

=0

< (n+1)sup{||T"¢|| : ||¢]| < 1, Diam(Supp(§)) < f(r)}
< (n+ 1) sup{[[T¢| - [|¢]| < 1, Diam(Supp(§)) < f(r)}.

So T has the operator norm localization property with the constant n + 1.
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Proposition 4.3 Let X and Y be discrete metric spaces with the bounded geometry. If
X has a finite asymptotic dimension and Y has the operator norm localization property, then
X XY has the operator norm localization property.

Proof Let dx and dy be metrics on X and Y, respectively. Since any two metrics d and
d"on X xY with d((z1,y), (x2,9)) = d'((x1,9), (x2,¥)) = dx (21, 22) and d((z, 1), (2,92)) =
d'((xz,11), (x,y2)) = dy (y1,y2) for all z,z1,22 € X and y,y1,y2 € Y are equivalent, we equip
X x Y with the ¢! metric, ie., d(z,y) = dx(z1,72) + dy (y1,2), where z = (x1,71) and
y = (z2,y2) bothin X x Y.

Assume asymdim(X) < n. For every r > 0, we let d = 10r. Then there are R-bounded

n
families U, - - , U™ of d-disjoint sets in X, such that |J U’ is a cover of X. Let 7 be the
j=1
projection from X x Y to the first coordinate. For each operator T in B(£?(X x Y) ® H) with
Prop(T) < r, we define operators T% € B({*(X x Y)® H) by

i JTey n(x) € A€V,
©Yy 0, otherwise,

WhereVi—{A Bi:AeU'}, By=0and B, =U{B: BelU,0<j<i} (i <n). Then
IT| = <(n+1) max{||TZH} For all 0 <i < n and every A € U', let

Ti’A _ Té,y, if 7T(£L') S A,
Y 0, otherwise,

which defines an operator T4 = (T24)) € B({*(X xY)®H). Then we have ||T%|| = sup{||T"*| :
A € U'}. Note that Y has the operator norm localization property and Y is the R-net of A x Y’
for all A € Y. If we regard Y as a subset of A x Y, by Remark 3.2, there are a ¢ > 0 and a
non-decreasing function f : N — N, such that

1T < esup{||T¢]| « [|€]] < 1,€ € £2(A x Y, H), Diam(supp(¢)) < f(r)}
< esup{||T¢]| - [|¢]] < 1.€ € 2(X x Y, H), Diam(supp(§)) < f(r)}

for all A € U* (1 <i < n). Therefore,

ITII < (n+ 1) sup{| T : A €U’}
< (n+Desup{||T€| : € € (X x Y, H),||¢]| <1, Diam(supp(€)) < f(r)}-

Let cxxy = (n+ 1)c. The proof is completed.

The class of finitely generated groups with finite asymptotic dimension contains hyperbolic
groups, Z", free groups with finite generators F,, and so on. So the category of the metric
spaces with the operator norm localization property is very large.

5 Union Property

Let I'y and I'y be metric spaces. If both I'y and I's have the operator norm localization
property, a natural question is whether I';y U I's has the operator norm localization property.
In this section, we show that the operator norm localization property is preserved by any finite
union, certain infinite union and direct limit of the group.
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Definition 5.1 A family of metric spaces {T'o}tacs is said to have the operator norm
localization property uniformly, if there exist a common constant ¢ > 1 and a common (non-
decreasing) function f: N — N, such that for each o € J, Ty, has the operator norm localization
property relative to f with a constant c.

Theorem 5.1 Let {Tn}tacs be a family of metric spaces which has the operator norm

localization property uniformly with a constant c. Let X = |J T'n. If X has the bounded
acJ
geometry, and for all t > 0, there exists a Y; C X, such that {T,\Y:} is t-disjoint and Y;

has the operator norm localization property with a constant c, then X has the operator norm
localization property with a constant 2c.

Proof For every r > 0, we let ¢ = 10r, such that {I',\Y;} is 10r-disjoint. For all operators
T € A.(X) and each « € J, we define an operator T* = (T}¢",) € B((*(X) ® H) by

po _ Toys iz €DV,
Y 0, otherwise,
where V,.(Y%) is an r-neighborhood of Y;. Then Supp(T%) C (I'n\Yz) x (I \Y2).

Now let
T Tpy, ifzeV.(Y),
Yy 0, otherwise,

which defines an operator 7" = (T} ) € B({*(X) ® H). Moreover, Supp(T”) C Va,(Y3) x

Vor(Y:). Let S = 5" T<. Tt is clear that Prop(S) < r. Since {T', }aecs have the operator norm
acJ
localization property uniformly, we have

IS1 < SgllT“H =< ng{HT“EII €]l < 1,€ € (T, H), Diam(Supp(€)) < f(r)}.

By Theorem 3.1, V5, (Y;) has the operator norm localization property with a constant ¢. Then
there exists a nondecreasing function f; : N — N, such that

IT'|| < esup{||T°¢]| - [I€]l < 1,€ € £2(Var(Yz), H), Diam(Supp(€)) < fe(r)}.

Let fx(r) = max{f(r), fe(r)}. Note that [|[T*¢|| < [|T¢|| and [ T¢|| < |T¢]|, € € (X, H).
Then
1T =S +T' < IS+ IT"]|
< 2max{||S|, 77|}
< 2csup{||T¢| : € € (*(X, H), ||¢]| < 1, Diamx (Supp(§)) < fx(r)}.

Hence, X has the operator norm localization property with constant 2c.

Corollary 5.1 LetT' =T1UTl's be a discrete metric space with the bounded geometry. If T'y
and I's have the operator norm localization property, then I' has the operator norm localization
property.

Proof Take the family {T',,} consisting of the sets I'1 and I's. For each ¢t > 0, put Y; = T';.
Then it satisfies all the conditions of Theorem 5.1.

Lemma 5.1 Let T be a discrete metric space with the bounded geometry. For all ¢ > 0 and
every operator T in B({*(T)® H) with Prop(T) < r, there exists an operator T' € B({*(T)®@ H),
such that
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(1) Prop(T”) <r;
(2) Supp(T”) is a bounded subset of T' x T';
GB) T <7< A+ IT'|| and | T7€]| < |TE|| for all § € ¢3(T, H).

Proof For all 0 < §g < ”T”2, we choose a vector vg € £2(T', H) with |lvg]| < 1, such that
I7]1* < HTU0||2+50- Let Tvo = £ = (§;°)wer- Then, [Tl = 3 1§21 < || T|]*. Therefore,

zell
forall 0 < 61 < ‘ , there exists a finite subset £, of I, such that
SolERIP< > el + b
zel TE€Fy,

Let A,, be the r-neighborhood of F,,, and define T = (T79,) € B((*(X) ® H) by

v _ Ty, ifxe Ay,
v 0, otherwise.

Then Prop(T%) < r, > [|€2||? < ||[T"v||?> and Supp(7™°) is a bounded subset of I' x T

TEFy,

Let d,, = do + 01 and choose dp, 61 small enough, such that

Ou
1 7> < (1462
(1 Epes;) <0 +9
Let T = T . Then we obtain

171> < ITI? < [ Twoll® + 60 < D 1162217 + 60 + 6

TEFy,

é
Tl by < TN + by = (14 i IT™2

5 Vo 2 /112
< (1 s ) IT I < @+ P

Hence | T'|| < ||IT|| < (1 +¢€)||T"]|, as desired. The proof is now completed.

Theorem 5.2 Let I' be the limit of a direct system of countable discrete groups
Gy 2L Gy 22 Gy 2

in which the maps Gy, n, G4 are injective. If {G, }nen has the operator norm localization
property uniformly with a constant ¢, then ' has the operator norm localization property with
a constant c.

Proof Let I' be a direct limit as in the statement of the theorem. Without loss of generality,
we assume that G; is a subgroup of I' for ¢ € N. Then T' = |J G;. Equip I" with a proper length
function Ir and the associated metric dp. Metrize each ozfe ilhe subgroups G, as subspaces of
I'. The metric and length function on G,, are simply the restrictions of dr and Ip. By Lemma
5.1, for any € > 0 and for any operator T € B(¢*(T') ® H) with Prop(T) < r, there exists an
operator T in B(¢*(T') ® H) with Prop(T’) < r such that Supp(7”) is a bounded subset of
I' x I'. So there exists a j € N such that Supp(7”) C G; x G;. Since {G;} have the operator
norm localization property uniformly with a constant ¢, we have

TN < (L +lT']| < e(1+ ) sup{||T€|| : € € 2(G, H), ||€]| < 1, Diam(Supp(§)) < fr)}.
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Note that || T7¢|| < ||T€|| for all £ € ¢2(T', H). Therefore,
ITI < e(1 + e)sup{||T¢] - €]l < 1, € € €T, H), Diam(Supp(§)) < f(r)}.

So I' has the operator norm localization property.

Theorem 5.3 Let I' be a discrete metric space with bounded geometry. Then the following
are equivalent:

(1) T has the operator norm localization property;

(2) A={F:F CT,#F < oo} has the operator norm localization property uniformly.

Proof It is obvious that (1) implies (2).

Now let us prove that (2) implies (1). For each operator T' € B(¢*(T')® H) with Prop(T') < r,
by Lemma 5.1, for all € > 0, there is an operator 7" € B(¢*(I')® H) with Prop(7”) < r, such that
Supp(7T”) is a bounded subset of I' x T'. By the bounded geometry of T', there exists an F € A
such that Supp(7’) C F' x F. By the assumption that .4 has the operator norm localization
property uniformly, there are a constant ¢ and a non-decreasing function f : N — N, such that

ITI < @+ T < e(1 + e)sup{[|T¢]| : € € (T, H), ||€]| < 1, Diam(Supp(§)) < f(r)}-
Note that || T¢|| > ||T7¢| for all £ € ¢3(T', H). Therefore,
T < e(1 + e) sup{||T€] - € € ¢2(T, H), [[¢]| < 1, Diam(Supp(€)) < f(r)}.

So I' has the operator norm localization property. This completes the proof.
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