Chin. Ann. Math. .
32B(5), 2011, 643-668 Chinese Annals of

DOI: 10.1007/s11401-011-0673-0 Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2011
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Abstract When a plane shock hits a wedge head on, it experiences a reflection-diffraction
process and then a self-similar reflected shock moves outward as the original shock moves
forward in time. In this paper, shock reflection by large-angle wedges for compressible
flow modeled by the nonlinear wave equation is studied and a global theory of existence,
stability and regularity is established. Moreover, C%! is the optimal regularity for the
solutions across the degenerate sonic boundary.
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1 Introduction

We are concerned with the problems of shock reflection by wedges, which are modeled by the
nonlinear wave equation. When a plane shock hits a wedge head on, it experiences a reflection-
diffraction process and then a self-similar reflected shock moves outward as the original shock
moves forward in time. In [5], G.-Q. Chen and Feldman analyzed these phenomena of shock
reflection by large-angle wedges for potential flow, which is the first global theory for this
problem.

The compressible isentropic gas dynamics, neglecting the inertial terms, become

pt +mg +mny =0,
me + pg = 0, (1.1)
ng +py = 0,

for (t,x,y) € [0,00) x R%, where p, p and (m,n) stand for density, pressure and momenta in
x and y directions respectively. We denote ¢*(p) := p/(p) = p?, with v > 0, and remark that
c2(p) is a positive and increasing function for all p > 0.

For smooth solutions or in regions where a solution U = (p, m,n) is smooth, eliminating m
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Figure 1 Initial-boundary value problem and boundary value problem

and n in (1.1), we obtain a second order equation for p,

ptt = —Miy — Nty = Pzz + Pyy = diV(C2 (P)Vp). (1.2)

For more details for the derivation of (1.2), please refer to [3], in which the equation was first
studied systematically. When a plane shock with the lower state U; = (p1, m1,0) and the upper
state Uy = (po, 0,0), where m1 = /(p(p1) — p(po))(p1 — po) > 0 and py < p1, hits a symmetric
wedge W := {y > |z|cot6,} head on, it experiences a reflection-diffraction process, and the

reflection problem can be formulated as follows.

Problem 1.1 (Initial-Boundary Value Problem) (see Figure 1(a)) Seek a solution to (1.1),
with the initial condition at ¢ =0

Uy, for |z|>ytanb,, y >0,
Ulieo = 0 2| >y Y (1.3)
Uy, fory<0,
and the momenta (m,n) parallel to the wall (see Figure 1(a))
m = ntané,. (1.4)

Notice that the initial-boundary value problem (1.1) with (1.3)—(1.4) is invariant under the
self-similar scaling: (z,y,t) = (az,ay,at) for a # 0. Thus we seek self-similar solutions with
the form (p, m,n)(z,y,t) = (p,m,n)(&,n) for (§,n) = (%, ). Write system (1.1) in self-similar

coordinates,

—&pe — npy +me +ny =0,
—&me —nmy + ¢ (p)pe = 0, (1.5)
—&ne — gy + E(p)py = 0.

If the solutions are smooth, p satisfies

(2 = &)pe — Enpn)e + (P —07)py — Enpe)n + Epe + npy = 0. (1.6)

The eigenvalues of the coefficient matrix of the second order terms of (1.6) are c?(p) and
A(p) — & —n*.
The plane incident shock in the (€, n)-coordinates satisfies U = (po, 0,0) for n > 10, and

p(p1)—=p(po)

= is the location of the incident shock,

U = (p1,0,n1) for n < m19, where 119 =
uniquely determined by pg and p;.
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Since the problem is symmetric with respect to the axis & = 0, it suffices to consider the
problem in the half-plane £ > 0 outside the half-wedge

A:={£>0, n <0}U{€>ntanb,, n > 0}.

Then the initial-boundary value problem (1.1) and (1.3)—(1.4) in the (z,y, t)-coordinates can
be formulated as the following boundary value problem in the (£, n)-coordinates.

Problem 1.2 (Boundary Value Problem) (see Figure 1(b)) Seek a solution to (1.6) in the
self-domain A with the slip boundary condition on the wedge boundary dA

Dp-v=0 (1.7)

and the asymptotic boundary condition at infinity

_ fi > Mg, € > ntanb,,
p—>p:{p0 or 7 > 1o, & > ntan when &2 4+ 7% = oo, (1.8)

p1 forn <mo, £>0,

in the sense that Rlim llp — pllc(a\Br)©) = 0, where v denotes the exterior unit normal to € on
—00

the wedge.

Remark 1.1 On the wedge, the boundary condition m = ntan#,, becomes 9, p = 0. The
last two equations in (1.5) are used for determining (m,n) once p is obtained. Thus Problem
1.1 is equivalent to Problem 1.2.

Since the momenta (0,7n1) does not parallel the wall, the solution must differ from p; in
{n < mo} N A. Thus a shock diffraction by the wedge occurs. In this paper, we first follow
the von Neumann criterion to establish a local existence of regular shock reflection near the
reflection point and show that the structure of the solutions is as in Figure 2, when the wedge
angle is large and close to 7, in which the horizontal line is the incident shock S = {n = ni0}
that hits the wedge at the point Py = (n10tanf,,n10), and the state (0) and the state (1)
ahead of and behind S are given by py and p; respectively. The solution p differs from p; in
the domain PyP; P,O because of the shock diffraction by the wedge vertex, where the curve

Py P, P, is the reflected shock with the straight segment PyP;. State (2) is behind Py P;.
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Figure 2 Regular reflection

Theorem 1.1 There exists a 0y = 0o(po, p1) € (0, 5) such that, for any 0,, € [0, 5 ), there

exists a global self-similar solution to Problem 1.2 (equivalently, Problem 1.1), which satisfies
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that, for (§,n) = (%, %), p € C™ in the open domain OP, P, P3, with

po  forn>mnio and £ > ntanb,,
p=21 p1 formn <my below the reflection shock PyP) Ps, (1.9)
p2 in PyPy P,

and p is COt, which is the optimal reqularity across the degenerate sonic boundary P, Ps, and
the reflected shock PoPy Py is CY' at Pi and C™ except Py. Moreover, the solutions tend to the
normal reflection when 0y, — 3.

There are two main difficulties to get the global existence. First, the ellipticity degenerates
at the sonic circle P; P3 (the boundary of the subsonic flow). Second, the oblique boundary
degenerates at P». The techniques used here to prove the global existence of the solutions rely
on the Perron method developed in [10], which is to show the global existence of the solutions
to the linearized fixed boundary value problem; and on the application of the Schauder fixed
point theorem for the nonlinear free boundary value problem, which is based on [5] and [3]. In
this paper, we cannot get the estimates of pa — p directly in the process of proving the existence
of the solutions, when 6, tends to 7, since it is not easy to find a global supersolution to the
boundary value problem about ¢ = ¢2(p2) —c?(p), because of the nonlinearity of the coefficients
of the governing equation and the equation for the oblique boundary condition. In addition,
we use the self-similar coordinates and polar coordinates simultaneously. The reason is that
it is hard to show 777 (€) + & > 0 for £ > 0, and is then hard to get the obliqueness condition
on the shock (£,7(€)) during the iteration, which is an obstacle to proving the existence of the
solutions to the fixed boundary problem. But, it is easy to prove the obliqueness condition in
the polar coordinates, thus to get the global existence of the solutions for the regularized free
boundary value problem. However, the position of the reflected shock can be described more
precisely in self-similar coordinates (£,7) than in polar coordinates (r,6), namely convexity.
Moreover, if there exists a solution to the regularized nonlinear free boundary problem in polar
coordinates, we can show that it is also a solution in self-similar coordinates.

In order to show the regularity near the sonic boundary, we write (1.6) in terms of the
function ¥ = ¢?(p2) — ¢*(p) in the new (z,y)-coordinates, which will be specified in Section 5,
defined near P; P3 such that P; P3 becomes a segment on {x = 0}, of the form

1
(2022 — )Py + cothy — (i) + by — Pw; =0, inz >0 and near z =0, (1.10)
2

plus “small” terms, since p and ¥ have the same regularity in . For the solution ¢, (1.10) is
elliptic in {z > 0}; also ¢ > 0 in {& > 0} and ¥ = 0 on {& = 0}. The proof of the regularity
is exactly the same as that in [4], so we just list the results about the optimal regularity in
Section 5.

As we know, much effort has been devoted to the study of the phenomena of shock reflection.
Cani¢, Keyfitz and Kim [2] got the existence of regular transonic shock reflection for the UTSD.
And Canié¢, Keyfitz and Kim [3] established the existence results of Mach stem for the nonlinear
wave system. Zheng [15] studied the existence of the global solutions of two dimensional regular
shock reflection for the pressure system.

The organization of this paper is as the following. In Section 2, we derive the second-order
operator and the boundary conditions for the nonlinear wave system (1.1) in self-similar coor-
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dinates and in the polar coordinates, as in [3] and in [9]; and give the mathematical statement
of our results, Theorem 2.1. In Section 3, by using a regularized differential operator, with e/Ap
added, we prove the existence of the solutions for the uniformly elliptic free boundary problem
in polar coordinates, as well as in self-similar coordinates. In Section 4, we proceed to the limit
as € — 0 to get the global existence of the solutions to the original problem. In Section 5, we
establish the optimal regularity C°! of the solutions p across the degenerate sonic boundary.

2 The von Neumann Criterion and Local Theory for Shock Reflection

In this section, we first discuss the normal reflection solution, then follow the von Neumann
criterion to derive the necessary condition for the existence of the regular reflection and show
that the shock reflection is regular locally when the wedge angle is large, that is, when 6,, is
close to § or, equivalently, the angle between the incident shock and the wedge

o= g — 04 (2.1)
tends to zero.

To find the reflected shock and the state between the wedge and it, denoted by state (2),
we need the Rankine-Hugoniot relation. Rewrite system (1.5) in the conservation form

m—&p n—np p
Oe|lp—Em | +0, | —mm | =-2(m|
—n p—nn n

Let n = n(§) with slope o/ = n/(£) being a shock. Then
(n —o’§)m] + o’[p] = 0,

(n—a'8)[n] —[p) =0, (2.2)
(n—a'§)lpl + o’[m] — [n] = 0,
where [f] = f — f1 denotes the jump of f across the shock wave. For [p] # 0, we can solve them
to obtain
dy _ , _ &nxey/e+np? -7
@t Te—E )5
[p) = &[] + nln), (23)
[pl[p] = [m]* + [n]?,
where
2, p1) = plp) = ppr)
’ p—p

A useful and equivalent form for the Rankine-Hugoniot relation is

dy  , &nEey/&+n?-¢
S/

de &2z ’

m) = CEEONVE A (2.0

(2 +n?)
n] = ¥ 65\/%772—62@].

(&2 +1?)
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Figure 3 Normal reflection

Use the plus branch for the reflected shock, which gives the shock evolution equation

Wy ):@7%'52%27&2: Uil (2.5)
d¢ P £ - -/ 12— .

The second expression is equivalent to the first one, and both are well defined if ¢%(p) < £2 41?2,
Denote P, = (0,7(0)), the point at the foot of the shock, and observe that we need 7'(0) =

02 —g2
2

to be zero by symmetry. Thus

_ p\p) —Pp\p

7(0) = —2(p, p1) = —y | 2L =R, (2:6)
pP—pP

This can be interpreted as a condition which determines p(P») in the subsonic region at the

foot of the shock.

2.1 Normal shock reflection

In this case, the wedge angle is 7, i.e., ¢ = 0, and the incident shock normally reflects (see
Figure 3). The reflected shock is also a plane at 7 =7 < 0, which will be defined below. Then
My =Ty = 0, and it follows from the Rankine-Hugoniot relation (2.2) that

me— p(p2) — plp1) (2.7)
P2 — P1
At the reflected shock n =77 < 0, the Rankine-Hugoniot relation (2.2) implies

—n1 =7(py — p1)- (2.8)
Thus

(p(p1) = p(po))(p1 — po) = (p(P2) — p(p1)) (P2 — p1)- (2.9)

It can be shown that there is a unique solution py to (2.9) such that py > p1. Indeed, for
fixed p1 and pg, and denoting by F(p,) the right-hand side of (2.9), we have
F(p1) =0, F(o0) =00,

1

F'(s) = (p’(s) +/0 p(p1 +0(s — pl))de) (s—p1) >0 for s> p;.

Thus there exists a unique py, € (p1,00) satisfying F(p,) = n?, i.e., (2.9) holds. Then the
position of the reflected shock n =7 < 0 is uniquely determined by (2.7).
Moreover, for the sonic speed ¢(py) = /p'(py) of state (2), we have

1l < c(py)- (2.10)
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2.2 The von Neumann criterion and local theory for regular reflection

In this subsection, we first follow the von Neumann criterion to derive the necessary condition
for the existence of regular reflection and show that, when the wedge angle is large, there exists
a unique state (2) with a two-shock structure at the reflected point, which is close to the solution
(g, Ma,Tiz) = (P, 0,0) of the normal reflection.

For a possible two-shock configuration satisfying the corresponding boundary condition on
the wedge n = £ cot 8, we set the reflected point Py = (710 tan6,,,n10) and assume that the
line that coincides with the reflected shock in state (2) will intersect with the axis n = 0 at the
point (77,0) with the angle 6, between the line and £ = 0. It is easy to check that

1 = 110 tan by, — 110 tan bs. (2.11)
In addition, the momenta (ms, ng) should be parallel to the wall, i.e.,
Mo = No tan f,,. (2.12)

This requirement and the Rankine-Hugoniot relation determine the state (2).

Proposition 2.1 (Regular Reflection of the Algebraic Portion) There exists a 6. € (0, %),
depending only on py and p1, such that if 0, > 0., there exists a constant state (pa,ma,ng)
with pa > p1, satisfying (2.12) and the Rankine-Hugoniot condition.

Proof It follows from the second equation of (2.3) that,
p2 = p1 = Mo(1 + tan® 6y, )na — nion1. (2.13)

Denoting 75 := (1 + tan? 6,,)ns, we have

i — 1 = ((9) — plpy))s | —PL—PO__ .

Manipulating the third equation of (2.3), we obtain
(p(p2) = p(p1))(p2 — p1) — sin® i = cos® Oy, (g — n1)*. (2.15)

It follows from (2.14) and (2.15) that

(p(p2) — p(p1))? == = 1+ tan® 0u) (o) = p(p0) 2 = 1)

p(p1) — p(po
— tan® 0., (p(p1) — (o)) (p1 — po)- (2.16)

Consider

£(p) = (1 + tan®0.,) (p(p) — p(p1))(p(p1) — p(p0))(p — p1)
— (p(p) — p(p1))*(p(p1) — P(po)) — tan® B (p(p1) — p(po))(p1 — po)- (2.17)

We need to show that there exists a pa > p1, such that f(p2) = 0. In fact,

p(p) — p(p1)

7/(p) = (1 + tan 0) (p(p1) = plpo)) (o = p1) [P/ (p) + 2 =2

—2(p(p) — p(p1))(p1 — po)p (p).
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By the convexity of p(p), it is easy to show that f’(p) > 0 for o sufficiently small. Moreover,
f(p1) = —tan? 0, (p(p1) — p(po))(p1 — po) < 0, f(p) — o< if p — oo, and by the continuity of
f(p), there exists a po > p1, such that f(p2) = 0. Define . = inf{0,, | f'(p) > 0and §—6,, > 0}.
We obtain (p2, ma, n2) satisfying Rankine-Hugoniot relation for 6,, > 6., where (mg, ns) could
be obtained from (2.4).

This finishes the proof of the proposition.

Moreover, for o = 5 — 0, € (0,01), where o is sufficiently small, depending only on pg, p1
and v, we have

+ 7 =7+ lez = ¢(ps)] < Cho, (2.18)

. T
o2 =7l + |5 — 6,

where ¢y = ng is the sonic speed of state (2). It follows from (2.10) and (2.18) that, if o4 > 0
is small, then

7l < ca. (2.19)

Thus we have established the local existence of the two-shock configuration near the reflected
point, so that behind the straight reflected shock emanating from the reflection point, state (2)
is pseudo-supersonic up to the sonic circle of state (2). Furthermore, this local structure is
stable in the limit 6, — 7, i.e., 0 — 0.

2.3 The oblique derivative boundary conditions

Following [3] and [9], since vorticity is confined to the lines of discontinuity of the Riemann
data, and these lines lie above the shock, that means m, — ng = 0. Using this equation and
(1.5),

Ng =My = ﬁ(ﬁ(c2 - 52)/)5 +&( - 772)[’77)7
me = g3 (6 + s = 1l = 1)) (220)
Ny = ﬁ(f(—g +&%)pe +(c® +€)py).

Differentiating the third equation of (2.3) along I'shock = {£,1(€)}, we get

((P)p] + D) (pe +1'py) = 2] (=1 (me + (1 = () *)my) +1'ny), (2.21)
where [m] = —n/[n] are used. Replacing derivatives Dm and Dn by Dp, and using (2.21) and
[n] = 77][,’2 ;o we get

B - Vp =B pe + 85" py = 0, (2:22)

where () is given by

B (p) = (€ + ) (—0'€ + 1) (E(p) +(p))
— 22 () {0 E(E +1?) + (1= () )n(c® — €2) +/e(~c + €2)} (2.23)
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and
857 (o) = 0/ (€ +0*) (=€ +0)((p) +T(p))
=22 (p){n'n(c® = n*) + (L= ())&(c® = n*) +n'n(c* + €%)}. (2:24)
Thus the obliqueness becomes
B v =28 (o) + O{(® =€) (n')? + 26 + & =}, (2.25)
where v = (', —1) is the outward normal to Q at Tgphock. It is easy to check that
(= &)(')* +26m) + 2 —n* £ 0,

if £2+n? < ¢ In fact, let g(y) = (c® — £%)?y? + 2&ny + ¢ — n?, which is a quadratic polynomial
with coefficients depending smoothly on (£,7) and p. Notice A = —4c?(p)(c?(p) — €2 —n?) and
A(p) — €2 >0, 50 g(y) > 0.

Thus the obliqueness depends only on whether nn’ 4+ £ equals zero.

Hereafter, we let n = I(£) denote the location of the reflected shock of state (2), the straight
part, that is,

(&) =Ccotbs +77 withn=

p(p1) — ppo) tan 6,
1— 2.2
P1 — Po ( tan@s ) < 07 ( 6)

where 05 is the angle between [(£) and the axis £ = 0.

Another condition on the free boundary 7(§) comes from the fact that the curved part and
the straight part of the reflected shock should match at least up to the first order. Denote
by P = (&1,m) with & > 0 and n; < 0, the intersection point of the line n = I(§) and
the sonic circle £2 4+ n? = ¢3, i.e., (&1,71) is the unique point for a small o > 0 satisfying
1(&)?+ € =3, m = (&), & > 0. The existence and uniqueness of such a point (£1,7;)
follow from —cp < 77 < 0. Then at Py, n(€) satisfies

ne) = &), (&) = (&) = 21 +c(p§2)_§j2;);;% —¢lpa), (2.27)

2.4 The free boundary problem in polar coordinates

We discuss the problem in polar coordinates first for the technical reason. Let (£,1) =
(rcos@,rsinf), and rewrite (1.6) as

C2 C2
(¢ =12)pr)r + Sy + <ﬁp9>0 ~ 0. (2.28)

As in self-similar coordinates, using the Rankine-Hugoniot relation in polar coordinates
correspondingly, we have

B Dip = B pr+ B po = 0, (2:29)
along {(r(0),0)} in (r,d)-coordinates, and

P =P~ ) =33 —1?)), B =3E(r? — ) — (P ).
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Thus the obliqueness becomes
BA (1, —r") = =2¢'(? —)r? = p,

where (1, —77(0)) is the outward normal to Q at T'spocx. Note that u becomes zero when r/(6)
0, that is, = ¢(p). When the obliqueness fails, we have 6%2) =0 and 652) =2 —-1r?) <
in a subsonic region.

0

Next define @ to be the governing second-order quasi-linear operator in the subsonic domain

c? c?
Qo= (@ =1)p)s + Spr+ (), =0, (2:30)
and M to be the derivative boundary operator
Mp=8%p, +8%ps =0, onTsnoe = {(r(6),0)}. (2.31)

Here ) = (ﬁ{z), 52)) is a vector field. The second condition on I'ghock is the shock evolution
equation
d 2 _ =2
d—g = rrc(p)c(p) =g(r,0,p(r,0)) with r(61) =1, (2.32)
where (r1,6;) is the polar coordinates of (£1,71).
The boundary conditions on the other parts of 92 are

p=p2, on L =900NIB,(0), (2.33)
pr =0, on Iyedge =0QN{0=0,}, (2.34)
0
py =0, on 20_8Qﬂ{9_—§}. (2.35)

At the Dirichlet boundary I'sopic, the ellipticity of the operator @ degenerates. At the point P,
r'(=%) =0, M fails to be oblique. We may alternatively express this as a one-point Dirichlet
condition by solving r(—%) = ¢(p(—=5,7(—=%)),p1). In order to deal with this equation, we

introduce the notation
a=¢, '(r), whenc(a,b)=r (2.36)
for a fixed b. Thus,

0
p=p(P) =5, (r( - 5)) (2.37)
In this paper, we will establish the following theorem.

Theorem 2.1 There exists a 0y € [0, T) such that if 0, € [0o, 5), there exists a solution
p € C?T(Q) N CY»L(Q) for the initial data (1.8), to the free boundary value problem (2.30)—
(2.35) and (2.37). Lipschitz continuity is the optimal regularity for p across Usonic. Moreover,
p tends to py as 0y, — 5.

The existence part of Theorem 2.1 is proved in two stages. First, we solve the regularized
free boundary value problem for Q¢ = Q+€eA (A is the Laplace operator) in Section 3. Second,
we consider the limit € — 0 and show that this limit yields a solution to (2.30)—(2.35) and (2.37)
in Section 4.
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3 The Regularized Problem

For a fixed € € (0,1), we solve the free boundary value problem defined in Subsection 2.4.
But with @ replaced by the regularized operator ¢, the equation for p in the subsonic region

is now

. A +e A +e
Qp=((E =2+ o)+ —p+ (S5 p0) =0, (3.1)
r r 0
The shock evolution equation remains the same
= g(?“, 0, p)a 7n<91) =T, (32)
and the boundary conditions are as before

Mp=p8?.Vp, on I’ShOCk:{(7“79):—g<9<91}7 (3.3)

p=p2, O 11soniC7 Pv = 0, on 11wedge ) ZO; (34)

where v is the outward normal to § at I'yedge U 20, and

o 0
p(Py) :p:cml (r<f 5)) (3.5)
We will focus on the proof of the existence theorem in this section as follows.

Theorem 3.1 There exists a 0y € [0, 5) such that if 0, € [0o, ), then for each € € (0,¢€o)
with some €y > 0, there exists a solution (p°, 7€) € Cy 12 (Q€) x C1H([—F,041]) to the regularized
free boundary problem (3.1)—~(3.5) such that

pL <P <pt<pas and A(p°) >7r%  in O \Denock (3.6)

for some a,y € (0,1) depending on ¢, pg, p1 and 6,,. The function r<(0), defining the position
of the free boundary I'S, .., 15 in K¢, which will be defined later. Here Q¢ is bounded by I'§ .
Z0; Fwedge and 1_‘sonic-

We prove Theorem 3.1 in the following steps (which take up four subsections of this section).

Step 1 Since the governing equation (3.1) is nonlinear, and the ellipticity is not known a
priori, we introduce a cut-off function into the equation Q¢p = 0, which is a smooth increasing
function f € C*°, such that

s, if s >0,

fls)=4 1 (3.7)

—56 if s < —e¢

and |f’(s)| < 1. Consider the following modified equation:

2
Q=17 ~ 1)+ Iprlr + L =)+ k] e+ (o),

(aj;(r,0,p)Dip) + b(r, p)Drp =0, in Q. (3.8)

Step 2 We show the existence of the solutions to the linear problem with fixed boundary
Cihock defined by r(9) € K9 and establish the Schauder estimates at I'spock, particularly near



654 X. M. Deng and W. Xiang

the point where obliqueness loses, and the Schauder estimates are near the corners and are
locally in the rest of the domain. For these elliptic estimates, we introduce some notations first.

Let V = {P;, P,,0, P3} denote the corners of Q, V' = V\{P}. Set Q' = Q\(V U gpock)-
For = € V, define the corner region

O=(8) = {z € Q: dist(z,E) < 0}
and
I"(0) = {Z € Dypoak | dist(E, P1) > o,
() = {:c can J BU(E)},

Eelv (o)

where Bs(Z) is a ball of radius § centered at Z. So we define a region that is close to Iypock
but does not contain the corner P;. We then define the weighted space

ct = {u )b = sup 5 Plul, o @yt 3)) < oo}. (3.9)

In this paper, we cannot use the results in [11]-[14] directly to show the existence of the
solutions to the fixed boundary value problem. Instead, by using the Holder gradient bounds to
the linear problem, we establish the existence result to the nonlinear fixed boundary problem
via the Perron method developed in [10].

Step 3 We apply the Schauder fixed point theorem to prove the existence of the solutions
to the nonlinear fixed boundary problem and then to the free boundary problem. Here we will
remove the cut-off function and prove that the shock evolution equation can always be well-
defined. In order to use the Schauder fixed point theorem, we now define K = K, a closed,
convex subset of a Holder space C'T1 ([, 6,])nC*t*1([~%, 1)) (71 may depend on 7, which
will be specified later), where a; depends on e and will be specified later, and the mapping
on it is 7(f#) = Jr, where Jr will be defined in Subsection 3.4. The functions in K satisfy the
following properties:

(Kl) 7’(91) =T and 7/ 91) = 7‘1%;

(Kz) r(=%)=0and r"(=5) =0;

(Ks) c(pr) +6 <r(=%);

(Ks) 0<(8) < i for % <6< 0.

Note that (K3) guarantees that r(6) does not touch the sonic circle r = py.

3.1 The regularized linear fixed boundary problem

Replace p in the coefficients a;;, b of (3.1) and /6,1_(2) of (3.3) by a function w in a set W
defined in a bounded domain ¢, depending on given values ps and p; as follows.

Definition 3.1 The elements in W € Cy " satisfy

(W1) p1 <P <w < pa, w(P) =p% w=p2 on Tsonic, Wy =0 on Xg U Tyedge;

(W2) [wlly™ < K;

(W3) |wlag.; < Ko and w14, 1) < Ko.

The weighted Sobolev space is defined by (3.9). The values of v1,a9 € (0,1), and K, K
will be specified latter. Obviously, W is closed, bounded and convex.
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The quasilinear equation (3.8) and boundary condition (3.3) are now replaced by the linear
problem (repeated indices are summed up)

Lo"u = D;(a$;(Z,w)Dsu) + b (Z,w)Dyu =0, in £,

Mu = 82 (2, w)Dyu + B2 (2, w0)Dgu = 0, on Ty = {(r(e), 0) ‘ _Tey< 91}, (3.10)

0
2
with the remaining boundary conditions

u=ps onTlgok, up=0 ondy, u,=0 onTlyege, u(P)=70" (3.11)

where r(f) € K% C C'*1([0,,01]) N C?((—%,6,)) are given and w € W. Because of the
cut-off function f, LT is uniformly elliptic in Q€. In this subsection, we demonstrate that the
solutions u to the linear problems (3.10) and (3.11) satisfy Holder and Schauder estimates in ',
especially a uniform C'T#(T'(dy)) estimate near I'yoq for any g < min{~y;,a;}. This bound
gives the good enough compactness to establish the existence of a solution to the nonlinear
problem by applying the Schauder fixed point theorem.

First, we state the Schauder estimates including the Dirichlet and fixed Neumann bound-
aries, I'sonic and Yo U I'yedge, and the Holder estimates at the corners V.

Lemma 3.1 Assume that Dgwoc, is given by {(r(6),0)} with r(0) € K% for some oy and
that w € W for given K, Ky, ag and . Then there exist vy, aq € (0,1) such that the solution
u € CEH*(Q) N O (v (dy)) to the linear problems (3.10) and (3.11) satisfies

|u

~,Qyv7 (do) S C1|’UJ‘0 (3.12)
for any v < vy and

[ul2ta,0;, < Calulo (3.13)

loc

for any a < agq. The exponent vy depends on the Riemann data pg, p1, 0w, and both ag and
vy depend on € but are independent of aq and 1. The constant Cy is independent of K but
depends on K.

Proof We refer to [14, Theorem 1] for the corner estimates at P; and P;. Near the origin,
since the governing equation can be written in self-similar coordinates in the form of (1.6), we
refer to [13] to get the corner estimate at O. Here 7y is a fixed value that depends on the
Riemann data pg, p1 and 6,,, as well as the ellipticity ratio €, but not on v;, oy, K or K. Next
we can use standard interior and boundary Schauder estimates to get the local estimate (3.13).
The constant C'; depends on €, the C“-norm of the coefficients a;; and the domain.

Because the interior Schauder estimates can be applied once more, a solution in CZ*(€)
().
We next state the Holder gradient estimates at I'spock, especially at the point P, where the

is actually in C}

boundary operator M is not oblique.

Lemma 3.2 Assume that Usnock is given by {(r(8),0)} with r(0) € K° for some a1 and
that w € W for given K, Ky, ag and 1. Then there exists a positive constant dy such that
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for any d < dy, the solution u € CL_(QU Lspock) U CE (Q) to the linear problem (3.10)-(3.11)
satisfies

U1 4,0 @)\Ba(Py) < C€, 6, 1,71, K, do)|ulo (3.14)

for any p < min{vyy, a1 }.

We omit the long proof here since it is the same as the one for Theorem 3.5 in [3].
The next lemma will be used in the proof of the local existence of the solutions to the fixed
boundary value problem near Ps.

Lemma 3.3 There exists a neighborhood of Py on Ughock, such that n'(€) > 0.

Proof By the Implicit Theorem, the shock wave can be described by n = (&) locally. Thus,
rr’ = 5(% + r’(&)%) + 7777’(% + r'(@)%) =rcosf(—rsinf +1r'(0) cos ) + 2r sin fn/ (—rsin 6 +
r’cosf), so ' = %. We claim that there exists a dy > 0, such that 7'(£) > 0 for
(&,n()) € Bay(P2). In fact, let f(6) = rcosf +r'sin6, then f(—7) = 0. By using the fact
r""(=%) = 0 in Property (Ks), we have f'(=%) = r(—=%) > 0. So f(#) > 0, and thus n'(£) > 0

for (r(0),0) € Bg,(Ps) with some dg > 0 and £ > 0.

Now, we will focus on the proof of the existence of the solutions.

Before giving the existence of the solutions, we introduce two definitions with some modifi-
cation compared to [10]. We call (3.10)—(3.11) is locally solvable, if for each y € €, there is a
neighborhood O(y) and let N = O(y) N {Q\({P2} UTsonic)} such that for any h € C(N), there
is a solution v € C?(N) N C(N) to the problem

LTv=0 inNNQ, Mv=0 onNNIQ, wv=h ondN,
when Py ¢ N(y); or
LoTv=0 inNNQ, Mv=0 onNNJQ, v=h ondN, v|p,=p,

when P> € N(y). Here N = ON NQ. We denote this function v by (h), to emphasize its
dependence on h and y.

A subsolution (supersolution) to (3.10)—(3.11) is a function w € C(Q), v(r(0y),0,) = P
such that for any y € Q, if h > w (h < w) on &N, then (h), > w ((h), < w) in N. The set of
all subsolutions (supersolutions) is denoted by S~ (ST).

We now establish the existence of the solutions to (3.10) and (3.11).

Lemma 3.4 Assume that TUgnock is given by {(r(0),0)} with r(8) € K for some a1 and
that w € W for given K, Ky, ag and v1. Then there exist vy, aq € (0,1) and dy > 0, where
v, aq and dy are independent of v1 and aq, such that the solution in C*T+(T'(do)\Bg, (P1)) N
CH Q) N CY(Qy(do)) to the linear problems (3.10) and (3.11) exists for any a < aq, p <

loc

min{yy, a1}, v <yv and d < dy and satisfies (3.12), (3.13) and (3.14).
Proof For fixed € > 0 and 6 > 0, without confusion, let u“ = w.
We use the Perron method to show the existence of a solution to (3.10) and (3.11).

Compared to [10], the local existence at P is the only new case we need to show. In fact, let
By be a neighborhood of P, with smooth boundary. Bs is sufficiently small such that O ¢ By,
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ﬂf) < 0 and ﬂg) < 0. Thus, we can study the local existence in (£, n)-coordinates in Bs.

Introduce the coordinate transformation near Ps

o
£=20), 15
n=n(r0)

such that £(¢(p),—5) = 0, §(@(p,— %)) = —¢(p), 3 =0, &5 = — 5t > 0, gt = —1 and

(2) ~

o7 — —% > 0. Moreover, 7(r, ) = 7(€(r(6), 0)) along Tspoek N B2. Thus,

911(6) + %Z

N E 2 2
7€) = Z 20 = (5"~ 5,7r'(6)) > 0.
W'f’/(e) —+ 30
So ﬁ({) is an increasing function on I'gpoex N By. From g—g = —ﬁ > 0 and g—é =0, we know
2

~

that 7(§) > —¢(p). Reflect the region By across € = 0 to obtain a new region, still denoted
by Bs. Furthermore, we replace 2 by €, which is o-distance from the point P, upward (see
Figure 4). On the bottom straight boundary of €2, impose

u =p, on bottom of Q.

Figure 4 Domain with tip P> removed

Now, we study the following boundary value problem:

ff"su = @iju +31Dzu =0, inQ,,

Mu =9 =0, 0 N Tshock,
G o hock (3.16)
u = h, on 0By N,
u = p, on 2]0'7
where
~€ ail ~€ ~e B\l ~e ~e € /61 2.
a1y = =, Q13 = Gg] = —= U3y, U9y =07y + (T) a22,
B33 533 Bo
7 _ 0af;  as, 06 . Bias, 0Bs  Prasy 0B2  Biasy 0P n (51)25552 7
1 —_— ~ - = T =< — T~ — - =< = A~ < = - 3
on  p3oc  py O B oec gy 00\ O

T _@852 65251 iaagz ﬁ@&;Q

B oc B B oc pon
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b¢ and J3; (1 = 1,2) are the coefficients of (3.10) and (3.11) in ({A, 7)-coordinate, and h
is a continuous function satisfying p < h < pa.

€
Here @,

From now on, the proceeder is the same as [4]. Roughly speaking, we get the solutions u,
to this problem, and then let ¢ — 0 with the barrier function v = p+c¢(1—e~!T+7w)) to deduce
that the limiting function solves the problem locally. Please refer to [4] for more details.

3.2 The regularized nonlinear fixed boundary problem

This subsection is devoted to proving the existence of the solutions to the nonlinear problem
(3.1) with a fixed boundary.
We have the following existence lemma for the fixed boundary.

Lemma 3.5 For e € (0,¢) and § € (0,00), given r(f) € K9 C C'T*1, there erists a
solution p% € C5 % (Q°) to (3.1) and (3.3)~(3.5) such that
p1 <P < p™ < po (3.17)

for some (e, 8),v(e,0) € (0,1). Moreover, for some dy > 0, the solution p®° satisfies

|P€’5|%F(d0)u3d0(p1) < Ko, (3.18)

where v and K1 depend on 9§, €, vy and K, but both are independent of ;.

The proof based on Schauder fixed point theorem is the same as in [4] or in [3], so we omit
the details.

3.3 Three important properties for nonlinear problems
In this subsection, we will show three properties of the solutions to the nonlinear problems
. . =60 . o e .
(3.1) and (3.3)—(3.5). First, we show c?(p?) —r2 > 01in Q ", which guarantees the ellipticity
of the nonlinear equations. Thus the cut-off function can be removed.

Lemma 3.6 There exist positive constants ey and &g, such that for 0 < € < ¢y and
0 < 6 < 8o, the solution p©° € C(Q) N C?(Q) N CH A\ Tsonic) to (3.1), (3.3)-(3.5) satisfies

A0 =12, in Q’. (3.19)

Proof For the notational simplicity, throughout the proof, we write p = p°.

We show the lemma by contradiction arguments. More precisely, assume that there exists a
nonempty set D = {(&,n) € Q: c2(p) —r? < 0} and let X, € D be the minimum point. First,
it is easy to check that Py ¢ D. Also O ¢ D, thus D C Qg, where O, = {X € Q\V : 72 > &2(p)}
and V is the set of all the corner points of 2. Hence there are three possible locations of X in.

First, if Xy, is the inner point of Q. For notational simplicity, denote ¢?(p) = p? = u from
now on. Then multiplying vp"~! over the equation Q%% p = 0, we have

Lu=7p"""-Q%p
€ v 11 1 €
=ay; (Diiu — Tp—7|Dzu|2) + (=) (= 1) u, + r—gug + bu,

=0. (3.20)
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Note that § < af; < e due to the cut-off function f in D. We evaluate Lr? in D

—-11
Lr? > 726}1 — 27—77“2‘ + £( = r?) (e = r?)u, + 262
v P

—1] 1
> 2¢%(p) —26‘1 —2” |—762(ﬁ)) >0 (3.21)
Yo P1
with any small ¢ < ¢ where ¢ = (ij(_”zl‘)fi(ﬁ%z(ﬁ)l. Then using the fact that (¢ —

72)(Xmmin) = 0, we obtain

0> Lu— Lr?
v—1 2 2
=a$;Di;(u—1?) — ai;Di(u+7r")D;i(u—r
(0=r%) = 2 aiDyfut ) Difu = )
1
+ (=) (P =) (u—1?), + — (u+ ) g(u —12)g + b(u — r?),. (3.22)
r
Since Xpin is an interior minimum point, we have D;(u — 72)(Xmin) = 0, and a$;D;;(u —

72)(Xmin) > 0, which contradicts the inequality Lu — Lr? < 0 in D N Q.
Second, if X, is located on I'gpoex N D, multiplying 'yp7’1 over the equation Mp = 0, we
have 0 = vp""'Mp = Mu = B;D;u. On the one hand,

Mr? = 27~5£2) =2 (*(r? =) = 36%(c* —1?)) > 0 (3.23)

in Tghock N D, where we use the fact 72 > ¢ > @ in Q,. On the other hand, at Xyn, the
outward normal derivative of u — r? becomes non-positive (that is, V(u — r2)(1, —r’) < 0) and
the tangential derivative becomes zero (that is, V(u — r?)(r’, 1) = 0), so (1 + (r")?)(u — r?), <
0 at Xyin, which implies (v — 72), < 0. Thus we have

0> M(u—12) = (8 =85 (u — 1), = u(u—12), >0,

which is a contradiction.
Finally, if Xmin is located on {£ U I'yedge } N D, then

Op Or?
122 T A, =
ryp an an 7p pV )
A(u—r?)
> On(Xmin)
point and thus the set D = (), which completes the proof.

which is a contradiction due to Hopf Lemma, i.e. < 0. Therefore, there is no minimum

Based on Lemma 3.6, as Lemma 3.2 in [9], we can show that the solutions to the fixed
boundary value problems (3.1) and (3.3)—(3.5) satisfy r — ¢(p) > 0 on T'spock-

Lemma 3.7 Let 0 < e < ey and 0 < § < g, and p° € C(Q) N C?*(Q) N CH N\ Tsonic) is a
solution, to the boundary value problems (3.1) and (3.3)~(3.5). Then ¢(p=°) —r <0 on I’

shock*

We omit the long proof here. One could refer to [4] or [9] for details. With this lemma, the
integration in (3.24) in the next section is always well defined on I'shock. Next, as in [3] and
[15], we have the monotonicity of p along I'spock, which will be used to describe the convexity
of the shock wave in (§,n)-coordinate.

Lemma 3.8 Suppose that p° € C(Q U Tgpoek U Fyedge U Xo) NC? () is a solution to the
boundary value problems (3.1) and (3.3)~(3.5). Then p©° is monotonic on ['spock-
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3.4 The regularized nonlinear free boundary problem

We will show the existence of the solutions to the regularized free boundary problems.

Lemma 3.9 For each € € (0,e0) and § € (0,00) with some &y > 0, there exists a solution
(p=°, 1) € C3 1 (Q90) x C1F([—Z,601)) to the regularized free boundary problems (3.1), (3.3)-
(3.5) and (3.2) at the points of I‘Zfock where 1% > ¢(py) + 26.

Proof For notational simplicity, we suppress the € and § dependence.

For each r(0) € K*° C C***([-%,6,]) N C*([-%,6)), using the solution p to the nonlinear
fixed boundary problems (3.1) and (3.3)—(3.5) given by Lemma 3.4, we first define the map .J

on KC, 7= Jr, as

0

7(0) = ro +/ g(r(s), s, p(r(s), s))ds. (3.24)
01

There are two cases for the approximate shock position 7(9).

Case 1 7(—%5) > c(p1) +6 (see Figure 5(a)). We check that J maps K into itself. It is easy
to check that 7(0) € C*%([0,,61]) N C?([0w,0)). Property (K;) follows from (3.24). By the
definition of g and p(P2) = p, 7 (0) = 0 holds. From the oblique boundary condition, we have

po0) —po(=5) _ Bp: 1'(0) = 7(=3)

— = - . — —0
0+ 3 By 0+ 3

as 0 tends to —%, since p € C'T#(Dy \Bqg,(P1)) and ”"(—%) = 0 for the older one. Thus,
0

p(0) — p(—=5) = 0(1)|6 + Z|? for 6 close to —%. This implies that ¢(p) = r(—%) + o(1)|0 + |?

for 9 close to —%. Moreover, since r’/(—%) = 0, we have r — r(—%) = 0(1)|6 + 5 |* for 6 close

3
to —%. Thus 7" = 4/ %{ﬁ) = o(1)|0 + % for 0 close to —7F, which implies that 7/(—=%) = 0,
and we get Property (K2). The only thing left is to show that Property (K4) holds. In fact,
it comes from the expression of g(r(0),0, p(r(0),0)), the upper and lower bounds of p, Lemma

3.5 and the bound of r in Lemma 3.6.

n
Ry TP,
¢ 0 VI
.’f",','r'P;\ n=n(&)
Pyl S
P/ '}v sonic circle
o= (E)

(a) (b)

Figure 5 Approximate shock position

Case 2 7(—7F) < c(p1) + 0. Since 77(6) > 0 for 6 € (—F,01) and ro = c(p2) > c(p1) + 9,
there exists a unique 6, € (0, 61) such that 7(6,) = c¢(p1) + 0 (see Figure 5(b)) . Now choosing
7 which will be determined later such that 7(6, + 7) < ¢(p1) + 20 and letting z1 = 0, + 7 + 7,
we modify the approximate shock position on —3 < 0 < 6, + 7 by defining

7(0) = clpr) + 5+ A0+ g)g +B(0+3)"
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with a =70, +7) —c(p1) =0, b=7 (0, +7), A= (’Zla_*gb)i{;, and B = (l;f_lg)?;a?. Let 7 be small

enough such that bxy; —3a > 0. Then choose n sufficiently large such that na —bx; > 0, where n

2( )02(pz)—02(ﬂ1)
PO 00

so there exists a constant C(p1, p2), such that |[bx1]| < C(p1, p2). If 36 < bz, we choose T such

depends on ¢ but not on the iteration. In fact, it is easy to see that |b| < \/E

that a = 6 and n; = M7 which depend only on py and p;. If 30 > bz, we can let T
be small enough, such that we can get new a and b such that 3a = bx; since bx; > 0 and
7(60,) = c(po) + 6. Thus, choosing ny = 4, we have A > 0 and B = 0. Let n = max(ny,n2),
which is independent of the iterative process, and thus %(0) is a strictly increasing function on
[=%,0a + 7]. Furthermore, 0 = %I(—%) < %I(H) < %/(GG +7) =7(0, + 7). We define

) 7(0) for 0 € [0, + T,04],
o) = {%(9) for 0 € [-%,00 + 7).

From the definition, it is easy to show that 7(0), 6 € [—7, 01] satisfies properties (K;)—(K4). We
only need to show that 7(0) € C**([-Z,6,])NC?([—3,4)). In fact, 7(0) € C*T*1([0, +T,61]),
7(0) € C*t=([~%,64]), and 7(0) € C([—5,61]), so we have 7(0) € C'T*([-%,61]). Thus
[Fllo+a(—z.6,1) < Cp1,p2,€,0), and then (Ki)-(Ka4) hold.

As in [4], we could easily prove that the map is continuous and compact since n is uniquely
determined. Thus, we get the existence of the solution (p©%,r¢?%) to the free boundary problem
by Schauder fixed point argument, and r° € C'*#([-Z,6:]) N C*([—%,6,)) for pn < ovy. This
completes the proof of the lemma.

Remark 3.1 There may be two cases for the solution pair (p©?,r¢?%) as follows:

Case I If r% > ¢(p;) + 26 for all 0 € (—%,6,), then r° € C*T*((—%,6,)) and dgzd =

.8 V()22 (pe?)
e(p?)
Case IT If 7 < ¢(p;y) + 26 for some point, then there exists a §* € (—Z,6,), such that

(1) for cach 0 € (—,0%), r(0) = () + 3+ A@+ 5P+ BO+ 5

(2) for any 0 € (0*, 01) dr”s :Te,zs%.

In the following, we consider Case I first and give the precise description of the shock wave

in (&, n)-coordinates.

Lemma 3.10 For the solutions to (3.1)—(3.5), the free boundary can be described as Tspock =

{(&n(&) [0 <& <&} withn(§) € CF.((0,61)), 7'(€) > 0 and i > 0. In addition, n(§) > 1(£)
for 0 < &< &.

Proof We define

F(¢n) = 52 + 772 - T2(9(§»7l)) =0, on Ishock- (3.25)

It is easy to check that F; = (2n — 2r1’0,)|c=0 = 2n(0) # 0. By the Implicit Theorem, there
exists an n = n(§) such that (3.25) holds locally on I'ghock near &€ = 0, and 2 =0, that is,

there exists a £ > 0, such that (&,7(€)) € Tghock for 0 < &€ < €.

Recall that 7' = £(£,n(€), p(&,1(€))), and we caleulate 7" = fe + fyn' + f,p' for € € (0,).
Observing that if p is a constant the shock would be a straight line, we get fe + f,n’ = 0.

|50

Therefore, the sign of n” is determined entirely by the sign of f, and p’. Since p’ > 0 by p
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. . =2
increasing, % > (0 and

of _ (e —nV/E+i2 )

9 oo /E P - RPVE TP
this finishes the proof of the convexity. Then 0 < n'(§) <'(§1) < Co for 0 < £ < &;. Thus, we

have n(¢) = n + fé n'(s)ds > & + fé I'(&1)ds = 1(€), for € < &, which finishes the proof of
the lemma.

- Y

Next, we will demonstrate that Case IT will not happen if the angle of the wedge is large
and g is small only depending on p1, pg in the following remark.

Remark 3.2 Let 0 be close to 8* from the right-hand side. We have

are0(0) _ /T =P )

SO c(p=?) '
As the proof of Lemma 3.10, the shock reflection boundary can be expressed locally in (&, 7n)-
coordinates, which satisfies

() — (n~°)? .
Ap0)V/E + (n0)2 — 2 (pe%) — €m0

As § — 0, we divide it into two cases. First, if [0* 4+ §| < C' < 1, where C' is independent of 0
and will be specified later, as in Lemma 3.3, n/ = L£®Okrsinb, - Lot (r92(6%),6%) = (¢*,7%).
We have that if &€ < £*, because A = 24=021 < __na__ < (p; py)d, then

(n—3)x3 (n—3)z3

(€)' =

o - c(p1) +6 + (0()€")r x [OQ)[(0* + §)* + 5*0(1)(0" + §)?

—(c(p1) + 0)sin @ + O(1)6* > 0,

when 6, |0* + | are small enough depending only on p;. Then from the C L_regularity, we obtain
that ' > 0 for 0 < £ — &* < 1. We can show that Lemma 3.10 holds for £ € (£*,&;). Thus,
from the fact that 0 < n'(§) < 7/(&1) < Co, there exists a 0y € [0, 5) and 7° > 0, such that
E 4+ m°(£)* > c(p1) + 7 for 0 € (0%,61), if 6, € [0, Z), where 6, is independent of §, which
contradicts the continuity of 7<% at 6*.

For another case, i.e., * + 7 > C' > 0 only depending on p1, let (r(6*),0%) = (£*,n*). Then
n* > —c(p1) + O(1)€* and p=°(£*,n*) = p1 + O(1)8. Thus ¢(p°) > ()% for 0 < £ — &* < 1,
if § is small enough, which implies that (7°°(£))’ > 0. Thus as in the first case, we could obtain
the contradiction to deduce that Case I does not happen for our regular shock reflection if the
angle of wedge is large.

Now, we focus on the proof of Theorem 3.1. Here 7/(§) > 0 for £ € (0,&;).

Proof of Theorem 3.1 We note that Remark 3.2 and Lemma 3.10 imply that there exists
a constant §* > 0 independent of €, such that r° > p; + 26*. By choosing dy < 6*, the
solution pair (p©?,7%%) is independent of &, and then we discard the note of §. Thus, we have
c2(Py) > r?(P,), which implies that 552) < —0 < 0 for some § > 0. So the estimates obtained
in Lemma 3.2 and Lemma 3.3 do not depend on §, and p¢ satisfies all the estimates in Theorem
3.1.
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Remark 3.3 Now, it is easy to show that the free boundary value problem (3.1)—(3.5) is
equivalent to the following problem in self-similar coordinates:

Lp = Di(ai;(E, p)Djp) + eAp+bi(E,p)Dip =0, in Q, (3.26)
where a11(&,n) = ¢*(p) — & + ¢, an(én) = A(p) —n° + ¢ aa(&n) = an(§n) = —&n,
b1(&,m) = & and ba(€,m) = n, and the shock evolution equation

d .
£ = f(ﬁﬂ%/’) with 77(51) =M,

and with the boundary condition on I'gpock,

Nu = piDip = B(E,p)Dip =0, on Tghoek = {n=n(£) |0 <& <&}, (3.27)

where 3; is a function of (£,7), p and ' are defined in (2.23) and (2.24), with the remaining
boundary conditions

u=p2 onDlymic, ue=0 onXy, u, =0 onTlyedge;, u(Pa)=7, (3.28)

where v is the outward normal to  at n = £ cot 6,,. We remark that from the expression of 7/,
it is easy to show that (2.25) implies that (3.27) is oblique on Tspock.

4 The Limiting Solution

In this section, we study the limiting solutions, as the elliptic regularization parameter e
tends to zero. We start with the regularized solutions (3.26)—(3.28) in (&, n)-coordinates, whose
existence is guaranteed by Theorem 3.1. Denote by p¢ a sequence of regularized solutions of
the free boundary value problem.

Following [3], we could find a uniform lower barrier to obtain the uniform ellipticity in any
compact domain contained by Q\Fsonic for the solutions to the regularized problems.

Lemma 4.1 There exists a positive function o, which is independent of €, such that ¢*(p¢)—
(€2 + 1) > ¢ in W\sonic, and ¢ tends to zero, as dist((£,1), Tsonic) — 0.

Lemma 4.1 implies that we can get the uniform ellipticity of (3.1) which is independent of
€ in B3Rxo/4(X0) NnQ..

The existence of a uniform lower bound of ¢ — ¢? — n? independent of € implies that the
governing equation (3.1) is locally uniform elliptic independent of €, which allows us to use
standard local compactness arguments to get a limit p locally in the interior of the domain. We
next show that the sequence of domain Q¢ converges to a domain 2, as € tends to zero.

Lemma 4.2 The sequence n° has a convergent subsequence, whose limit n belongs to
C7([0,&1]) for all v € (0,1). The limiting curve 1 is convet.

Proof Theorem 3.1 gives the existence of a sequence (p¢, 1) of the solutions to the
regularized free boundary problems for which n¢ belongs to the set K¢ for each . Now p; < p <
p¢ < pa, and the definition of K¢ immediately gives a C'! bound for n¢, uniformly in e. Thus by
the Arzela-Ascoli theorem, 7¢ has a convergent subsequence, and the limit n € C7(]0,&;]) for
all v € (0,1). In addition, as we know, 7€ is convex for each € > 0, so is the limiting function.
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We remark that away from point Pj, from Lemma 3.2 and Lemma 4.1, ||¢||14q is uni-
formly bounded. By using Arzela-Ascoli Theorem again, the limit function n(£) is in fact
in C1*2([0,£1)). The limit value n(0) = gg% n°(0) is also established, and the corresponding
subsequence of domains ¢ also has a limit, Q.

In the remaining lemmas, without further comments, we carry out the limiting arguments

using the convergent subsequence of n¢, which is still written as ne.

C2+a'

e for some o > 0. The limit p satisfies

Lemma 4.3 The sequence p¢ has a limit p €
the quasi-linear degenerate elliptic equation (3.26). Moreover, p1 + 0* < p° < p¢ < pg in .

Proof The proof is based on local compactness arguments and on uniform L bounds
for p¢: p1 + 0" < P < p® < pa. The main ideas follow those used in Lemma 4.2 of [3]. Fix
Q1 € Q. There exists an ¢ (which depends on €4), such that Q; G Q€ for € < ¢, and then for
Q2 & Q1 |p°|oa(my) < €, where @ € (0,1) and C' is independent of e. With these estimates
of the coefficients of ¢, and the boundness of p¢, we get from the standard estimates in [7]
(Theorem 8.32 and Theorem 6.2 for the interior, and Theorem 8.33 and Lemma 6.5 for the
boundary €s) that |p¢| c2a(my) < €. By the Arzela-Ascoli theorem, there exists a C’IQO’C“/(@)-
convergent subsequence for o/ < @. Now let 1 vary in  and use a diagonalization argument
to obtain a subsequence of p¢ which converges in C’IQO? /(Q) to a limit CQ’O‘/(Q) which satisfies

loc

Qp =0in Q. From the uniform L*> bounds for p¢, we get p1 < p < p < p2 in .

In the next lemma, we prove the Lipschitz continuity of the solutions near the degenerate
sonic boundary.

Lemma 4.4 The solution p to the free boundary value problem (3.26)—(3.28) is Lipschitz
continuous up to the boundary Isonic.

Proof On the one hand, since p < py in Q, c(p) — €2 —n? < 2(pa2) — €2 — 2.
On the other hand, it follows from Lemma 3.1 that ¢?(p) — €2 — 7% > €2 +n? — ¢*(p2) in Q.
Letting 73 = ¢?(p2), we have

12 (p) = A(p2)| <[P (p) = € = 0P| + | (p2) — € = 7|
<2/ (p2) — & — 1|
< Adra|re — /&2 + 02|,
which implies that p is Lipschitz continuous up to the degenerate boundary I'sonic-

The next task is to show that p and 7 satisfy both the shock evolution equation (2.5) and
the oblique derivative boundary condition (3.27) on T'ghock-

Lemma 4.5 The limits n and p satisfy

n = f(&n,p) and Np=p(EnE)-Vp=0, onLock-

Furthermore, n € C*+*([0,£1)) N C'([0,£1]) and p € Cfotal (QU T shoek U 2o U T'yedge \Bs (V) N
C(Q U Lghock U o U Dyedge) for some o > 0. In addition, p = p at P» = (0,7(0)), where
7 =72, (-n(0)).

Proof As in [3], we just focus on dealing with the behavior of the solutions near P,.
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Since n¢ — n(€) in o2+’ for £ #0,and p¢ — pin Co" | we have n°) = f(&n%p°) =

loc loc

f(&m,p), V€ #0, and thus ' = f(&,n, p) for & # 0. Furthermore,

0=Np=BnE),r) Vo (&n (&) = Bn(&),p) - Vp(&,n(§)), VE#O,

where we use the continuity of 8 and p. Then 3(n, p) - Vp = 0 on Tshoer \{(0,7(0))}.

We now focus on the behavior of the solutions at P,. By Lemma 4.2, ¢ — n in C7([0,&])
for any 0 < v < 1. Furthermore ¢*(p°, p1) = (n°(0))2, where p¢ = p(0,7°(0)) for fixed € > 0.
Therefore, as € — 0, the right-hand side converges to n?(0). Hence ¢*(p¢, p1) — n?(0). By the
continuity and monotonicity of ¢, the sequence p¢ has a limit p. Moreover, ¢(p, p1) = —n(0),
which defines p, therefore p = p, and the sequence of traces of the functions p¢ at (0,7°(0))
converges to p. We still have to show that p is continuous at P, i.e., gh_rf(l) p(&,n(&)) =p. In fact,

nt has a limit ' = f(&,1(£), p(&,n)) in C1T< for € # 0, and 7.(0) = 0 for each € > 0, then for
any ¢ > 0, there exists an hy # 0 such that |n/(h)] < |9/ (h) —nL(h)|+ |nL(h)] < 6 for 0 < h < ho,
which implies the continuity of 7’ at £ = 0 and 1’(0) = 0. Thus

f(hn(h), p(hyn(h))) = n'(h) = 7'(0) = 0= f(0,1(0), ), ash —0.

This implies that p(h,n(h)) — p and so p is continuous at Py. Moreover p(P;) = p with
p =2, (=n(0)).
This finishes the proof of the lemma.

Proof of the Existence Part of Theorem 2.1 The above four lemmas, i.e., Lemmas
4.2-4.5 show that there exists a solution pair (p,7) € C?T*(Q)NC(Q\sonic) NCPH(QUTgonic) X
C2+'(0,£,) satisfying (3.26)(3.28). This finishes the proof of the existence part of Theorem
2.1.

Finally, we show that the solution p obtained in Theorem 2.1 tends to the normal reflection
solution py, as 0y — 5.

Lemma 4.6 Assume that p is the solution to the free boundary value problem (3.26)—(3.28).
Then p tends to py, as 0y — 5.

Proof It is easy to see that n. < n(&) < 1, where n. = n; — 1’ (&1)&. Moreover, it follows
from the definition of (&) that #'(&) — 0, as 6, — 5. Thus [n(§) —m| < |m —ne| <
Jo 1 (s)|ds = |n(&1)|€1. This implies that 7(£) — 7, since 7y — 7, as 6, — 5. It is easy to see
that 7. < ¢(p) < 1. By the Squeeze Theorem, ¢(p) tends to ¢(py) as 0, — 5. Thus p — py, as
0w — 3.

This finishes the proof of the lemma.

5 Optimal Regularity near the Sonic Boundary

In this section, we will prove that Lipschitz continuity is the optimal regularity for p across
the sonic boundary I'sonic, since we have proven that the solution p to the free boundary value
problem (3.26)—(3.28) is Lipschitz continuous in Q up to the degenerate boundary Tsopic. We
will study the behaviors of p near r = ry := c(p2), where (r,0) = (\/£* +n?, arctan(¢)) are
polar coordinates with respect to self-similar coordinates (§,7). The proof of Theorem 1.1 is

long and exactly the same as that in Section 5 of [4]. So we just sketch them in this section.
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For € € (0,%), denote Q. := QN {(r,0) : 0 < cg — r < €}, the e-neighborhood of the sonic
circle I'soniec within Q. In €., introduce the coordinates

r=co—1, y==0,—0. (5.1)

It is convenient to study the regularity in terms of the difference between c?(pz) and ¢2(p), since
1 and p have the same regularity in €2.. Thus we introduce

¥ = c(p2) — (p)- (5.2)
It follows from (2.28) that 1) satisfies

L19) := (227 — ¥ + O1)Pus + (ca + O2)thy — (1 + O3)2

+ (14 Ou)ipyy — (7165 +05)U2 =0, in Qg (5.3)
in the (z,y)-coordinates, where
O1(z,9) = —a?,
Os(z, ) = —3x + %,
Os(x,9) = —77_1(26296 - —a?), (5.4)
R
0ne) = (o ~

Moreover, v satisfies the following conditions:

¥ >0, inQly, (5.5)

¢ =0, ondQ},N{x=0} (5.6)
where Q:CR = {(z,y) : © € (0,¢),|y| < R} C R?, with R = 0, — arctan(¢;), since we can
extend ¢ (x,y) from Q. by defining ¥ (x,y) = ¥(z, —y) for (z,y) € Qe, and also the domain 2,
with respect to y. Thus, without further comments, we study the behaviors of ¥ in Qj r Ltis

easy to see that the terms O;(z,y), i =1,---,5, are continuously differentiable and
\01(271/)\7 9@ N for k=95, (5.7)
x X
DO
WCM, IDOk(2,y)| < N fork=2,---,5 (5.8)

in {z > 0} for some constant N depending only on cs and ~. Inequalities (5.7) and (5.8) imply
that the terms O;(z,y), ¢ = 1,---,5, are “small”. Thus, the main terms of (5.3) form the
following equation:

1
(202 - w)www + cothy — 7%20 + Py — Tcgwj =0, in Q::R (59)
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It follows from Lemma 4.1 and Lemma 4.5 that
0 < <2(cg —V)z, (5.10)

where ¢ depends only on p2 and 7. Then (5.9) is uniformly elliptic in every subdomain {z > ¢}
with § > 0. It is the same to (5.3) in Q::R if r is sufficiently small. Then we have the following
two theorems, the proofs of which are quite long and similar to [1]. One can refer to [4] for
details.

Theorem 5.1 Let p € C2(Q) N C(Q) be the solution to the free boundary value problem
(3.26)—(3.28) obtained in Section 4. Then p cannot be C' across the degenerate sonic boundary
Csonic-

In the following theorem, we study more detailed regularity of p near the sonic circle in the
case of C%! interacting transonic shock solutions.

We use a localized version of .: For a given neighborhood N (T'senic) of Tsonic and & > 0,
define Q. := QNN (Tsonic) N {z < e}. Since N (Tsonic) will be fixed in the following theorem,
we do not specify the dependence of Q. on N (Tsonic)-

Theorem 5.2 Let 1) = c2—c?(p), where p is the solution to the free boundary value problem
(3.26)—(3.28) obtained in Section 4, and satisfies the following properties:

There exists a neighborhood N (Usonic) 0f Usonic such that

(a) ¥ is CO across the part Tsonic of the degenerate sonic boundary;

(b) there exists a U9 > 0 so that, in the coordinates introduced by (5.1),

[1] < (2¢ca — o)z, in QNN (Tsonic)- (5.11)

Then we have

(i) there exists an g9 > 0, such that ¢ is CY* in Q up to Usonic away from the point Py
for any a € (0,1), that is, for any o € (0,1) and any given (£9,70) € Dsonic\P1, there exists a
K < oo depending only on po, p1, 7, €0, @, ||¥]lcor and d = dist((£0,70), shock) S0 that

1;11;@(507770)09570 < K;

K8

(11) fOT' any (607770) S I1sonic\‘P17

lim D = co;
(&:m)— (€0,m0)
(&meQ

(iii) the limit lim  D,1) does not exist.
(&m—P1
(&m)eq

6 Conclusions

A solution p has been constructed by Theorem 2.1 to the differential equation (3.26) in €,
and combining this function with p = p; in state (i), i.e., we have obtained a solution which is
piecewise constant in the supersonic region, which is Lipschitz continuous across the degenerate
sonic boundary Dyonic from Q to state (2). To recover the momentum components, m and n,
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we could in principle integrate the second and the third equation in (1.5), which can be written
as transport equations in the radial variable r,

om 1 on 1

Dl 2 Db 2
5, = ¢ (P, 5= —c(p)pn, (6.1)

and integrated from the boundary of the subsonic region toward the origin. We note that the
sonic boundary can be written as r = ry for 6 € [arctan(-),6,], and the boundary conditions
for m and n are of the form m(ra,0) = ms and n(re, §) = ny respectively, since (m,n) have the
same regularity as p in PyP; P,O. Note that we have proven that Dp does not converge in {2
as (§,n) tends to (&,m1), thus (6.1) may not be meaningful. In addition, the behavior ¢?(p)22
in (6.1) at the origin causes a logarithmic singularity in n (but not in m, since ¢®(p)£¢ remains

bounded since p¢(0,0) = 0).
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