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A Criterion of Normality Concerning Holomorphic
Functions Whose Derivative Omits a Function*®
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Abstract The authors discuss the normality concerning holomorphic functions and get
the following result. Let F be a family of holomorphic functions on a domain D C C, all
of whose zeros have multiplicity at least k, where k > 2 is an integer. And let h(z) Z 0
be a holomorphic function on D. Assume also that the following two conditions hold for
every f € F: (a) f(z) =0 = |f™(2)| < |h(2)|; (b) f*)(2) # h(z). Then F is normal on
D.
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1 Introduction

In [5], X. C. Pang, D. G. Yang and L. Zalcman proved the following theorem.

Theorem 1.1 (see [5]) Let F be a family of meromorphic functions on a domain D C C,
all of whose zeros have multiplicity at least k + 3, where k > 1 is an integer, and let h(z) (# 0)
be a holomorphic function on D. Suppose that for every f € F, f*)(2) # h(z), z € D, then F
18 a normal family on D.

Also in [5], they considered reducing the multiplicity for the zeros of f and proved the
following result.

Theorem 1.2 (see [5]) Let F be a family of meromorphic functions on a domain D C C,
all of whose zeros have multiplicity at least k + 2, where k > 1 is an integer. Let h(z) (£ 0) be
a holomorphic function on D, all of whose zeros have multiplicity at least 2. Suppose that for
every f € F, f®)(2) # h(z), z € D, then F is a normal family on D.

The question is that can the restriction for the zeros of f(z) with multiplicity at least k + 2
be reduced to k7 In this paper, we continue to study the above problem and get the confirmed
result.

Theorem 1.3 Let F be a family of functions holomorphic on a domain D C C, all of whose
zeros have multiplicity at least k, where k > 2 is an integer. And let h(z) Z 0 be a holomorphic
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function on D. Assume also that the following two conditions hold for every f € F:
(a) f(z)=0=[f®(2)] < |n(2)l;
(b) fM(2) # h(z).

Then F is normal on D.

The following counterexample shows that Theorem 1.3 does not hold for meromorphic func-

tions when k = 2.

Example 1.1 Let D = A ={z:|z| <1} be a unit disc,

(z+3)(+2)

n = d h = <.
Pae) = g and ) =
It is easy to check that f, are meromorphic on A and have only two zeros z%n) = —% and
zén) = —% with multiplicity 2. By calculation, we have
400
i) =24 ———Fm3.
3nt(z+9)
So
n 1 n 2
fom0ms =L w2
n n
— 2 AD = 12011+ —— s | < |23] = A=)
3ntz) g (21’2 + 8)
" " 400
— < Ihl and fU(2) = 24— £ 2= h(2),
3nt(z+ 2)

But, F = {fn} is not normal on A.
So, the question is what about the case k > 37

Question 1.1 Let F be a family of functions meromorphic on a domain D C C, all
of whose zeros have multiplicity at least k, where k > 3 is an integer. And let h(z) £ 0 be
a holomorphic function on D. Assume also that the following two conditions hold for every
ferF:

(a) f(z) = 0= [f®(2)] < [n(2)];

(b) f®(2) # h(z).

Then is F normal on D?

Let us set some notations. Throughout this paper, D is a domain in C. For zy € C and
r >0, Azo,7) = {2z : |z — 20| < r}and A'(20,7) = {2 : 0 < |z — 20| < r}. The unit disc is
denoted by A and C* = C\ {0}. We write f,(z) = f(z) on D to indicate that the sequence
{fn} converges to f in the spherical metric, uniformly on compact subsets of D, and f,, = f
on D if the convergence is in the Euclidean metric. The spherical derivative of the meromorphic
function f at the point z is denoted by f#(2).

Frequently, given a sequence {f,}5° of functions, we need to extract an appropriate subse-
quence. This necessity may recur within a single proof. To avoid the awkwardness of multiple

indices, we again denote the extracted subsequence by {f,} (rather than, say, {f,, }) and signal
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this operation by writing “taking a subsequence and renumbering” or simply “renumbering”.
The same convention applies to the sequences of constants.
The plan of this paper is as follows. In Section 2, we state a number of preliminary results.

Then, in Section 3, we prove Theorem 1.3.

2 Preliminary Results

The following lemma is taken from [2, p. 145], [5, p. 259] and [10, pp. 216-217].

Lemma 2.1 Let F be a family of functions meromorphic on a domain D, all of whose zeros
have multiplicity at least k, and suppose that there exists an A > 1, such that |f*)(2)] < A
whenever f(z) = 0. Then if F is not normal at zg € D, for each 0 < « < k, there exist

(a) points z, — zp;

(b) functions f, € F;

(c) positive numbers p, — 0T,
such that g, (C) = pr®fulzn + ful) == g(¢) on C, where g is a nonconstant meromorphic
function on C, such that for every ¢ € C, g#(¢) < g7 (0) = kA + 1.

Lemma 2.2 (see [1, pp. 118-119, 122-123)) Let f be a meromorphic function on C. If f#
1s uniformly bounded on C, then the order of f is at most 2. If f is an entire function, then
the order of f is at most 1.

Lemma 2.3 Let [ be an entire function of finite order p(f) on C, all of whose zeros have
multiplicity at least k, where k > 2 is an integer and a # 0 is a constant. Suppose that p(f) <1
and f(z) satisfies the following two conditions:

(a) f() = 0= |f®()] < Jal;

(b) f®(2) # a.

Then

where b # a and zy are constants.

Proof We separate it into two cases.

Case 1 f is a transcendental entire function on C.
By p(f®) = p(f) <1 and f*) # a, we have f*)(2) = a + Bexp(A(), where A, B € C* are
two constants.

By calculation,

k

az
f(z) = i +ag_12""1 4+ +ag + BA F exp(AQ),
where ai_1, - -+, ap are constants.
So there exist zp,, zm — 00, such that f(z,) =0, m = 1,2,--.. By the condition that all

zeros of f have multiplicity at least k (> 2), we have f'(z,,) = 0. Set

P(z) = A7 f'(2) = f(2).
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It is obvious to see that P is a polynomial and P(z;,) = 0, m = 1,2,---. Then we have
P(z) =0, f(z) = Cexp(Az), where C # 0 is a constant, a contradiction.

Case 2 f is a polynomial.
Then by f*) +# a, we have f*)(z) = b, where b # a is a constant. Since all zeros of f have

multiplicity at least k (> 2),
B b(z — 2zo)k

where zq is a constant.

Lemma 2.4 Let {f,} be a sequence of functions holomorphic on a domain D C C, all of
whose zeros have multiplicity at least k and {h,} be a sequence of functions analytic on D such
that hy(z) = h(z) on D, where h(z) #0 for z € D and k > 2 is an integer. Suppose that, for
each n, fn(z) =0 = \f,gk)(z)\ < |hn(2)| and f,gk)(z) # hn(2). Then {fn} is normal on D.

Proof Suppose to the contrary that there exists a zp € D such that {f,} is not normal at
zo. The convergence of {h,} to h implies that, in some neighborhood of zy, we have f,(z) =
0= |f,(1k)(z)| < |h(z0)| + 1 (for large enough n). Thus we can apply Lemma 2.1 with a = k
and A = |h(z0)| + 1. So we can take an appropriate subsequence of {f,} (denoted also by {f.}

after renumbering), together with points z, — 29 and positive numbers p, — 07 such that

) = fn(zn + pnC)

p = 9(¢), onC,

gn(C

where ¢ is a nonconstant entire function, all of whose zeros have multiplicity at least k and
9*(Q) < ¢*(0) = k(lh(z0)| + 1) + L.

We claim that g = 0 = |¢g®)| < |h(20)| and ¢ # h(z).

In fact, if there exists a (o € C, such that g({y) = 0, then since g({) # 0, there exist (,,
Cn — Cp, such that if n is sufficiently large,

gn(Cn) _ Jn(2n ':pncn) —0.
Pn,

Thus fu(zn + puGa) = 0, s0 that | £4 (20 4 puGa)| < 1hn(zn 4 puGa)l, L 193 (Ga)l < hon(zn +
pnCn)|. Since [g*) (¢o)| = nlgr;o |g§Lk')(Cn)| < |h(zp)|, we have established the first part of the
claim.

Now, suppose that there exists a ¢y € C, such that g (¢o) = h(zo). If ¢ () = h(z0),
then we have g#(0) < k|h(z20)|, which contradicts ¢#(0) = k(|h(20)| + 1) + 1. Thus g®) is not
constant. So by Hurwitz’s theorem, there exist (,, ¢, — (o, such that

which contradicts fﬁk) % h,. This completes the proof of the claim.
By Lemma 2.3,

9(0) = (¢~ )"

where ¢y € C and b # h(z) are constants. Since g(¢o) = 0, [ ()| = |b] < |h(20)]. We have
g%(0) < k|b| < k|h(20)], a contradiction. The lemma is proved.



A Criterion of Normality Concerning Holomorphic Functions 703

Lemma 2.5 Let h be a holomorphic function on D with a zero of order £ (> 1) at z9 € D,
{fn}5° be a sequence of functions such that { f,} and h satisfy conditions (a) and (b) of Theorem
1.3. Let {an}22, be a sequence of nonzero numbers such that a,, — 0 as n — oo. Then

(a) {%}fﬂ is normal in C*.

In addition, if

fn(20 + an()

p, = G((), onC* (or on C),
Qn

where G(C) £ 0, then
(b)
(i) G(¢) =0= |G® ()| < IC§| for every (o € C* (or for every ¢y € C);
(ii) If GM(C) # ¢*, then GM)(C) # ¢*.

Proof Without loss of generality, we may assume that zp = 0. In a neighborhood of the
origin, we have h(z) = 2°b(z), where b(z) is analytic, b(0) # 0. Without loss of generality, we
can assume that b(0) = 1. Define r,,(¢) = ¢‘b(a,¢). We will show that the assumptions of
Lemma 2.4 hold in C* for the sequence {G,(¢)}52 1, Gn(¢) := % and {r,({)}>2,. First,

we have that r,,(¢) = ¢ on C and ¢ # 0 in C*. Assume that G,,(¢) = 0. Hence f,(a,¢) =0
and |ff(lk)(ozn§)| < [(an€)*b(an ()], and we get |G$lk) ()| < |rn(¢)]- Obviously, we have

(k)
G = 0 o

n

h(ang) _

which means that the assumptions of Lemma 2.4 hold. Hence we deduce that {G,,(¢)} is normal
in C*, and (a) is proved.

Suppose now that G(¢p) = 0. Then there exist ¢, — (o such that G,(¢,) = 0, i.e.,
FalnCn) = 0. Tt then follows that | £ (nCn)| < |@f¢Eb(0mCn)|, and this implies |G (¢,)] <
ICEb(nCn)|. Letting n — oo, |G®)((o)| < [¢§l, so (i) of (b) is proved.

For the proof of (ii), observe first that

" (an)
b b(an()

If GF)(¢o) = ¢§, then by (2.1) we have ¢,, — (o such that

=GP (a,O)b(anl) = G (), onC. (2.1)

FN(onCn) = [ahb(0nCn)] ¢ = hlenCn),

which contradicts the condition (b) of Theorem 1.3. This completes the proof of the lemma.

3 Proof of Theorem 1.3

By Lemma 2.4, F is normal at every point zg € D at which h(zp) # 0 (so that F is
quasinormal in D). Counsider zy € D such that h(zp) = 0. Without loss of generality, we can

assume zg = 0. Then

h(z) = 2°b(2), (3.1)
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where ¢ (> 1) is an integer, b(z) # 0 is an analytic function in A(0,0) and we can assume
also that b(0) = 1. We take a subsequence {f,}7° C F, and we want to prove that {f,} is
normal at z = 0. Suppose by negation that {f,} is not normal at z = 0. Since {f,} is normal
in A’(0,6), we can assume (after renumbering) that f, = F on A’(0,4). If F(z) # oo, then
it is a holomorphic function. Hence by the maximum principle, F' extends to be analytic also

at z=0. So f,, = F on A(0,J), and we are done. Hence we assume that
fn(z) => o0, on A'(0,6). (3.2)

Define F; = {Fn = ff 'n € N}. It is enough to prove that F; is normal in A(0,d). Indeed,
if (after renumbering) f"}gz) = H(z) on A(0,9), then since h # 0 in A’(0, ), it follows from
(3.2) that H(z) = oo in A’(0,6), and thus H(z) = oo also in A(0,d). In particular, ff(z) #0
on each compact subset of A(0,d) for large enough n. Since h # 0 on A’(0,6) and f,,(0) # 0

for every n > 1, by the assumptions of the theorem, we obtain f,(z) # 0 on each compact

subset of A(0,0) for large enough n. Then by the minimum principle, it follows from (3.2) that
fn(z) = 00 on A(0,0), and this implies the normality of F. So suppose to the contrary that
JF1 is not normal at z = 0. By Lemma 2.1 and the assumptions of Theorem 1.3, there exist
(after renumbering) points z, — 0, p, — 07 and a nonconstant meromorphic function on C,
9(¢) such that

Fn(zn + pnC) _ fn(zn + PnC)
oh Prh(zn + pnC

9n(C) = ] = g(¢), onC, (3.3)

all of whose zeros have multiplicity at least k£ and
for every ¢ € C, ¢*(¢) < g*(0) = kA + 1, (3.4)

where A > 1 is a constant. Here we have used Lemma 2.1 with a = k. Observe that g,(¢) =0
implies |g§Lk)(()| < 1 and so A can be chosen to be any number such that A > 1. After

renumbering, we can assume that {—Z" }nf1 converges. We separate it now into two cases.
n S n=

Case 1

— — 0. (3.5)

Claim (1) g(¢) = 0= |g™(¢)| < 15 (2) gM(¢) # 1.

Proof of the Claim From (3.3) and the fact that h(z) # 0 in A’(0,0), we have that
g is an entire function. Suppose ¢g({p) = 0. Since g(¢) # 0, there exist (,, — (o, such that
9n(Cn) = 0. Thus [, (2, + pn¢n) = 0. By assumption, we then have f,sj)(zn + pnCn) = 0 and
19 (2 + pnCa)|l < |h(2n + puCn)|, where j = 2,3+ k — 1. Thus |g(¢,)| < 1. Letting
n — oo, we obtain |g®)(()] < 1.

If there exists a ¢y € C such that ¢(¥)((y) = 1, then there exists a neighborhood U = U(()

of (g, such that the functions gﬁlj) are analytic on U for sufficiently large n, j = 0,1, -,k + 1.
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Obviously,

Z:Zn""pnC

By Leibniz’s formula, we have that

k—j

FED () = Fa(h(2)* 7 =Y (’“ ;1) ot gl T%) B (2)

s=0

and

()" = BN = D+ 1) (4 = DBE) + P,

where b(z) = 507, and P(2) is holomorphic on A(0,§) with P(0) = 0.

ﬁﬁ+sh(s)( E e M e=zn+pn¢ —PHS - SQ(Z)Z%fqz:zﬁpnC
P% °
(zn+pnC)J+sQ(Z" pn€)

on C, where Q(z) is holomorphic on A(0,4) and Q(0) =¢(£ —1)--- (£ — s+ 1) # 0, we have

fq(lkj)(z)<h(12)><j) ( ) jtagkmi= s)( — )h(s)( )

cr:M??‘
<

z=2zn+pn(
x z’é’J[(—l)Jé(é—k 1) (£+ 7 —1)b(2) + P(2)] e
Z=ZnTPn
=0, on C\ {the poles of g}. (3.6)
Now .
—_—— g’ (¢), on C\ {the poles of g}.
Heasarws @, onC\({ )
So % converges locally uniformly to ¢*)(¢) on U. By (3.4) we deduce that
g™ (¢) # 1. Thus there exist ¢, — (o, such that % =1. So

which contradicts the condition (b) of Theorem 1.3. Then the claim is proved.
Also by Lemma 2.3, we have

9(0) = (¢~ @),
where (o € C and b # 1 are constants. Since g(¢o) = 0, [ (¢o)| = |b] < 1. We have
g*(0) < k|b| < k, a contradiction.
Case 2

Z—" S aeC. (3.8)
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As before, we have g(¢o) = 0 = [¢(*)({o)| < 1. Now set

P

From (3.3) and (3.8) we have

Gn(¢) = G(¢) = g9(¢ —a)¢*, onC.
Indeed,

Pt prh(pnC) o phR(z pa(C - 22) A

(see [10, p. 7]). Since g has a pole of order ¢ at ( = —q,
G(0) #0, oo. (3.9)

We now consider several subcases, depending on the nature of G.

Case 2.1 G is a polynomial.

Since {f,} is not normal at z = 0, there exists (after renumbering) a sequence z} — 0 such
that

fulz,) = 0. (3.10)

Otherwise, there is some ¢', 0 < ¢’ < § such that (before renumbering) f,(z) # 0 in A(0,d).
Since fp(z) = 0o on A’(0, ), by the minimum principle, we would have that f,(z) = oo on
A(0,6), a contradiction to the non-normality of {f,} at z = 0. If G is a polynomial of degree
¢ > 1, then by Lemma 2.5 and (3.9), all zeros of G(¢) have multiplicity exactly k. We consider
now two kinds of possibilities.

Case 2.1.1 G = (-

Since k > 2, we have G*~1)(¢) = % +C and G*=2)(¢) = (,@_HL;% + C¢ + D, where C
and D are two constants. Since all zeros of G have multiplicity at least k, for any zero (; of G,
we have G*=2)(¢;) = G (¢;) = 0. So

le-i-l le+2
! C=0 and —2~2——+C(+D=0. 3.11
r17 wd T Ery TO9 T (3:11)
By calculation, we have (ZZ'J:%CQ = —D. If CD = 0, then by (3.11), {; = 0, a contradiction.
So CD # 0 and (; = —%, which implies that G has only one zero (y. Thus
0(¢ — o)t
G=——r——. 3.12
(k+0)! (3.12)

Since G*¥) = ¢4, ¢y = 0, a contradiction.

Case 2.1.2 G # (L,
By Lemma 2.5, we have G(¢) = 0 = |G (¢)| < |¢¢| and G*) #£ ¢f. So G is a nonconstant
polynomial and G*) = (¢ + B, where B # 0 is a constant. Since all zeros of G have multiplicity
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at least k, for any zero (; of G, we have G*~2)(¢;) = G~ (¢;) = 0. So

¢t ¢i? B2
J A — . T ; =0. 1
1 +C=0 and (£+1)(£+2)+ 5 +CG+D=0 (3.13)

By calculation, we have 2(@ +2) C2 i :21)@ + D = 0, which implies that G has at most two

zeros (1, (2. Then we divide it into two subcases.

Case 2.1.2(a) G has only one zero (;.
Set

Since G®) = ¢ + B, we have £ =1 and ¢; = —B. So

(C+B)™

GO = (k+1)!

(3.15)

By Hurwitz’s theorem, there exists a sequence (, o — —B, such that G, ((y0) = 0. If there
exists a ¢, 0 < &’ < §, such that for every n (after renumbering), f.(z) has only one zero
Zn,0 = Pnn,0 in A(0,0").
Set
H,(s) = 1)

(z = zn o)kt
Since H,(z) is a nonvanishing holomorphic function in A(0,6") and H,,(z) = oo on A’(0,9),
we can deduce as before by the minimum principle that H,(z) = oo on A(0,¢’). But

I@2n0) _ Gn(260) 1

BN O V)

H,(2200) = (3.16)
a contradiction. Thus, we can assume, after renumbering, that for every ¢’ > 0, f,, has at
least two zeros in A(0,4’) for large enough n. Thus, there exists another sequence of points

Zn,1 = Pnén,1, tending to zero, where z,, 1 is also a zero of f,,(z) and ¢, 1 — 00, as n — co. We

Zn,0
Zn,1

and define K, ({) = f"(z" 10 . By Lemma 2.5, {K,,(¢)} is normal in C*. Now, if {K,} is normal

at ¢ =0, then after renumbermg we can assume that

can also assume that z,, ; is the closest zero to the origin of f,,, except 2, 9. Now set ¢, =

K,(() = K(¢), oncC.

Since K,,(c,) =0 and ¢, — oo lettlng n — oo, we obtain K (0) = 0. Also we have K*)(¢) = ¢
or KM(¢) # ¢, by KP(¢) = L2018 2 ¢z, 1),

If K (¢) =¢, by K(0) =0, we have K(¢) = (kil)" which contradicts K (1) = 0.

If KF)(¢) # ¢, by Lemma 2.5, we have K(¢) = 0 = |K®)(¢)| < |¢| and then K®)(0) =0,
a contradiction.

Hence we can deduce that {K,,} is not normal at ¢ = 0. Since K, (¢) is holomorphic in A,

we have

K,(¢) = oo, on C".
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But K, (1) = 0, a contradiction.
Case 2.1.2(b) G has exactly two distinct zeros (1, (a.

By G +1) = ¢¢*=1 we have that none of the two zeros of G has multiplicity at least k + 2.
If both of the two zeros of G has multiplicity exactly k& 4 1, then we may assume that

2!
(k+0)!

Since G**)(¢) = ¢! + B, by calculation, we have £ = k+2 and {; + G = 0, (16 = 0, a

contradiction.

G(¢) = (C= M- M (3.17)

If only one of the two zeros of G have multiplicity exactly k + 1, then we may assume that

E 1
GO = GrmC M- @" (3.18)
By (3.18),
G(Q) = o (= ) [¢ — (G + )+ (kG +<’“)<< F )2 4]
(k+0)! ! L2 16271 { o J161 7+ 62 :

Since G®)(¢) = ¢! + B, by calculation, we have £ = k + 1 and

(G +G)+¢ =0, k(G +G&)G+EkaG+ (g) (14 ¢)* =0, (3.19)

which means (; = 0, a contradiction.

If both of the two zeros of G have multiplicity exactly k, then we may assume that

GIO) = gy (€~ (¢ - @) (3.20)

Since G¥)(¢) = ¢! + B, by calculation, we have £ = k and ¢; + ¢, = 0.
For k > 3, we also have (1(3 = 0, a contradiction.

For k = 2, we have

Q) = T (C~ GPC+G) (3.21)

By Hurwitz’s theorem, there exist sequences (, 1 — (1, (n,2 — —Ci1, such that G, (¢, ;) = 0,
j = 1,2. If there exists a §', 0 < §’ < §, such that for every n (after renumbering), f,,(z) has
only two zeros z, ; = pnGn.j, j = 1,2 in A(0,4").

Set

(2 = 20,1)%(2 = 2n2)>

Since H,(z) is a nonvanishing holomorphic function in A(0,4") and H,(z) = oo on A’(0,9),

H,(z) =

we can deduce as before by the minimum principle that H,(z) = 0o on A(0,¢’). But

Ho(m) = g o) 1 (3.22)

2212201 — 2n2)? QR 1(20n0 —Cn2)? 127

a contradiction. Thus, we can assume, after renumbering, that for every ¢’ > 0, f,, has at

least two zeros in A(0,4’) for large enough n. Thus, there exists another sequence of points
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Zn,3 = PnCn,3 tending to zero, where z, 3 is also a zero of f,,(z) and ¢, 3 — o0, as n — co. We
can also assume that z, 3 is the closest zero to the origin of f,,, except 2, ;, j = 1,2. Now set
Cpj = 2§ =1,2 and define K, (¢) = f"(z" 36), By Lemma 2.5, {K,,(¢)} is normal in C*.

Zn,3
Now, if {K,,} is normal at ¢ = 0, then after renumbermg we can assume that

K,(¢() = K(¢), oncC.

Since K, (¢,,5) = 0 and ¢, j = 00, j = 1,2, letting n — 0o, we obtain K (0) = 0. Also we have
K"(¢) = ¢ or K"(¢) # (2, by KJ/(¢) = L25n9) % C?b(2n,50)-
71 ,3
)= 12, which contradicts K (1) = 0.
(

I K7(C) = 2, by K(0) = 0, we have K(¢
If K”(¢) # ¢?, by Lemma 2.5, we have K({) = 0 = |K"(¢)| < |¢?| and then K”(0) =0, a

contradiction.
Hence we can deduce that {K,} is not normal at ¢ = 0. Since K, (¢) is holomorphic in A,

we have

K,(¢) = oo, on C".

But K, (1) =0, a contradiction.

Case 2.2 G(() is a transcendental entire function.

By Lemma 2.5, we have
GO =0=|GW(Q <[¢"| and GW(¢) # (" (3.23)
Since G is a transcendental entire function with order at most 1, we have
GM(¢) = ¢" + Bexp(AQ), (3.24)

where A £ 0, B # 0 are two constants. By calculation,

0
(k+0)!

G(¢) = CFH ot ap 1 ¢F - 4 ap + BATF exp(AQ). (3.25)

Obviously, G has infinitely many zeros ¢, on C, and ¢,, — 0o, m — co. By (3.23), |G*) ()| =
¢t + Bexp(Aln)| < |4, there exists an M > 0, such that, for every m,

exp(A¢n)
‘T‘ < M.
But
BA™F Al
’ ‘_‘k+é C¥ a1 CE oGt DA SR,

G

a contradiction. The theorem is proved.
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