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On the Well-Posedness for Stochastic Schrodinger
Equations with Quadratic Potential*
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Abstract The authors investigate the influence of a harmonic potential and random
perturbations on the nonlinear Schrodinger equations. The local and global well-posedness
are proved with values in the space X(R") = {f € H'(R™),| - |f € L*(R™)}. When the
nonlinearity is focusing and L?-supercritical, the authors give sufficient conditions for the
solutions to blow up in finite time for both confining and repulsive potential. Especially for
the repulsive case, the solution to the deterministic equation with the initial data satisfying
the stochastic blow-up condition will also blow up in finite time. Thus, compared with the
deterministic equation for the repulsive case, the blow-up condition is stronger on average,
and depends on the regularity of the noise. If ¢ = 0, our results coincide with the ones for
the deterministic equation.
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1 Introduction

In this paper, we are concerned with the stochastic Schrodinger equation with harmonic
potential

i + Au+ 0lz)Pu + Nu[>*u=¢, (t,z) e RT x R". (1.1)

This type of equations rises from both physical and mathematical considerations. When
0 < 0, the equation models Bose-Einstein condensations and the sign of A stands for different
chemical elements (see [5, 7]). The nonlinearity describes the interactions between the particles.
The additive noise f expresses the random perturbations. It is a basic generalization to the
stochastic case which is more natural in physics because of the effects of the random media.
Mathematically, we are familiar with the properties of the solution to the classical NLS without
potential (see [8])

10;u + Au + Au|*u = 0. (1.2)
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The local well-posedness (LWP) is well-known within the energy space H'(R™). And the
global well-posedness (GWP) holds for the defocusing (A < 0) or L*subcritical (o < 2)
nonlinearities. However, when A > 0 and o > 2, there exist solutions to (1.2) which blow up in
finite time. We also know from the work of R. Carles (see [5-6]) that a harmonic potential may
strongly enhance or prevent the blow-up phenomenon according to the sign and the strength of
the potential. On the other hand, A. de Bouard and A. Debussche studied in [1-3] the equation
(1.2) with an additive noise or a multiplicative noise. We are interested in the problem that
how it will affect the long-time behavior of the solution when an additive noise acts on the
classical NLS with harmonic potential, i.e., (1.1).

We study the Cauchy problem

{i@tu + Au+ 0lzPu+ Nu|*u=¢€, (t,z) € Rt x R,

w(0) = uo, (1.3)

where A, 6 € R\ {0}, 0 > 0 and 0 < —25 if n > 3. The noise £ is white in time and colored in
space. As in [1-3], we mention that we could not deal with the space-time white noise because
of the lack of smoothing effects of the Schrodinger operators. In this paper, we first prove a local
existence of the solutions with values in ¥ on a stopping time interval, where the maximality
of the existence time is relative to the ¥-norm of the initial data. There is no conservation of
energy for the stochastic system (1.3). But we can study the evolution of the energy or part
of the energy to get the global existence for the defocusing or the L2-subcritical nonlinearities.
To study the blow-up phenomenon, we use “the variance identity” method but in a stochastic
version. In the case of a repulsive potential (§ > 0), we prove for a class of initial data in X
that the solution to (1.3) will blow up in finite time. (However, in a weaker sense, see Theorem
4.1.) We mention that compared with the deterministic equation, this condition is stronger on
average, and depends on the regularity of the noise. If ¢ = 0, our results coincide with the ones
for the deterministic equation. In the case of a confining potential (6 < 0), we give a sufficient
condition for uy under which the solution u will blow up before T' = ﬁ.

This paper is organized as follows. In Section 2, we set some notations and some properties
with respect to the operators which play an important role in our proof. In Section 3, we
prove the local well-posedness and global existence for equation (1.3) in space 3(R™). The
results are analogues to the deterministic equation but the proof is more complicate because
of the random perturbations. Section 4 is devoted to the blow-up phenomenon. We derive the
sufficient conditions for the solution to blow up in finite time for both confining (resp. 8 < 0)
and repulsive (resp. § > 0) potential.

2 Notations and Preliminaries

Throughout this paper, we consider the probability space (2, F, P) endowed with a normal
filtration (Fy);>0. Let (Bk)ren be a sequence of independent real valued Brownian motion on
R* and (ex)ren be an orthogonormal basis of some Hilbert space U. Then the process

W(t, z,w) = Zﬁk(t,w)(bek(x), t>0, zeR", we
k=0

is an H-valued Wiener process, where ¢ is a Hilbert-Schmidt operator from U to some Hilbert
space H. We denote the space of all the Hilbert-Schmidt operators from U to H by Lo(U, H),
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with the norm

16l Law,me = Y venll.

leN
Set £ = %—Vf. Then (1.1) can be rewritten as
idu 4 (Au + 0|z u + Nu|?*7u)dt = dW. (2.1)

Denote Up(t) = exp{it(A + 6|x|?)}. Then (2.1) can be expressed by Duhamel’s principle as

w(t) = Uy (£)uo + ix /0 Us(t — 5)(|u[27u)(s)ds — i /O Us(t — 5)dW (s). (2.2)

We will consider the equation of this mild form. Recall that Upy(t) has the following properties
(see [5-6]).

Lemma 2.1 (Strichartz Estimates for Up)
(1) If @ > 0, then for any admissible pair (q,7), (q1,71), (g2,72) and any interval I, there
exist Cr, Cy, r, independent of 0 and I, such that

U ()l Lar,ery < Crllellz2

for every ¢ € L*(R™), and

H /1 oy Ut~ $F(s)ds|

for every F e L%(I,L"?).

(2) If 0 < 0, then for any interval I contained in [0, 1-], where v = /=0, the inequalities
stated in (1) also hold.

Here a pair (q,r) is said to be admissible if 2 < r < nzfQ (resp., 2 <r <ooifn =1,
2<r<ooifn=2)and

L (I,L71) = C”’””FHLqé (I.L"2)

The following operators which were introduced by R. Carles in [5] and [6] will be used in
our paper. In the case § > 0, setting = V0, we use

J4(t) = psinh(2ut) + icosh(2ut)Vy, Ky (t) = x cosh(2ut) + isinh(Qut)Vz. (2.3)
In the case 6 < 0, setting v = v/—6, we use
J_(t) = vasin(2vt) —icos(2vt)V,, K_(t) =z cos(2vt) + 1 sin(2vt) V. (2.4)
1%

Recall that Jy(t), K1 (t) have some nice properties (see [5-6]).

Lemma 2.2 Ji(t), Ki(t) satisfy the following properties:

(1)
Ji(t) = £Up(1)iVoUg(—1), K (t) = Us(t)aUp(—1), (2.5)
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and they commute with the linear part of (1.1), that is,
[10; + A + 0|z|?, Jo(t)] = [i0; + A + 0|z|?, K+(t)] = 0.

(2) If 0 > 0, the modified Gagliardo-Nirenberg inequalities hold. For r > 2 and r < % if
n > 3, there exists a C, such that for any f € X,

C" 1-6(r S(r
o =" I O, ek, (2.6)

O
(sinh(2put))s(m) "4 L2

(3) If 6 < 0, with r, f defined as in (2), we have
11l < Collf 122 AT (@) fll 2 + 1K= (0 f ]| 22)°. (2.8)

(4) If F € CY(C,C) is of the form F(z) = 2G(|z|?), then they act like derivatives on F, that

Ifllzr <

£l < YNK L FI10S, Vi #£0. (2.7)

i,

Jr(t)F(u) = 0. F(u)Jy(t)u — 0zF (u)Jx(t)u, if 0 <0, t¢ %Z, (2.9)
7r
2u
Remark 2.1 When we discuss the local well-posedness in Section 3.1, we will not distin-

Ki(O)F(u) = 0. F(u)K 4 (tyu — d=F(u) KL, if0<0, td % + 7. (2.10)

guish the proof according to the sign of 6, since it does not change our proof essentially. So for
simplicity, we will use J, K to denote J; (resp. J_), K (resp. K_) when 6 > 0 (resp. 6 < 0).

We will use some quantities relative to ¢ several times throughout this paper, so we set the
following notations for simplicity:

ci = Z/ |z|?|pe; | de, cy = Z Ve, ci = Zlm perx - V(gey)dz.
1 JR? ! ] R

We also use C to denote different constants, and C(-) to emphasize the dependence. ¢ will
denote different quantities which can be chosen arbitrarily small.

3 Some Well-posedness Results

3.1 Local well-posedness

In this section, we prove the local existence and uniqueness of the solution to (2.2) with
paths in the following set:

Yr(Tv M) :{f € C([07T]7 x): A()f € Lq(oa T LT‘) n C([O’T]’ L2)7
and [|[A()ullps - + |AC)ullpgere < M, VA(t) € {J(t), K(t),1d}} (3.1)

equipped with the distance
dp(T)(u,v) = [lu = vllpge L2 + lu —vlLe -, (3.2)

where r = 20 + 2 and (¢, ) is an admissible pair. T, M > 0 will be fixed later. We claim that
(Y.(T,M),d,.(T)) is a complete metric space. Let Y (T, M) be the intersection of the spaces
Y. (T, M) where (q,r) takes values of all admissible pairs. The LWP result is as follows.
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Theorem 3.1 Assume o >0 and o < % if n >3, ¢ is a Hilbert-Schmidt operator from
L?(R™) into X. For any Fo-measurable random variable ug with values in X, there exists a
T* and for any T < T* a.s., there exists a unique solution u to (2.1) in Y. (1, M) such that
u(0) = ugp a.s.. Moreover, u belongs to Y (r, M) a.s.. Here, 7*(ug) is a stopping time and is
mazximal in the following sense:

7 (up,w) = 400 or lim  |u(t,w)||s = +oo. (3.3)
t, " 7m* (ug,w)

We prove this theorem pathwise, that is, for fixed w, we prove an existence result in Y,.(T', M),
where M and the existence time T" depend on w.

Proof Recall that u satisfing (2.1) is equivalent to that u being the solution to the integral
equation (2.2),

u(t) = Ug(t)uo—i-i)\/o Ug(t—s)(|u|2"u)(s)ds—i/0 Us(t — 5)dW (s).

Set v(t) = u(t) + z(t), where z(t) = ifot Up(t — s)dW (s). Then v(t) satisfies the integral
equation

v(t) = Up(t)up + i/\/0 Up(t — s)(Jv — 2> (v — 2))(s)ds. (3.4)

It is reduced to proving that for almost all w, there exists a unique solution to (3.4) with
paths in Y,.(T, M) and initial value uyg. We need the following lemma, which will be proved
later.

Lemma 3.1 Under the assumptions of Theorem 3.1, A(-)z € C([0,00), L*)NL{ ([0, 00), L")

loc
almost surely.

Now we are ready to prove the theorem by using the fixed point argument. Set
t
Ho(t) = Up(t)uo + i)\/ Up(t —5)(|Jv — 2|*7 (v — 2))(s)ds. (3.5)
0

Then we need to prove that H is a strict contraction on (Y, (T, M), d,(T")), which leads us
to estimate the L5 L? and the L. L"-norm of A(-)Hv. Take the operator J(t) for example. By
(1) of Lemma 2.2, we have

J(E)Hv(t) = Up(t)iVyug + i)\/o Up(t — 8)J(s)(Jv — 2?7 (v — 2))(s)ds. (3.6)

From (4) of Lemma 2.2 we know that J(¢) acts on the nonlinearities like derivatives. Then
we can estimate with the help of the Strichartz estimate as follows:
1) HlLg 2 + 1T () Hol| g Lr
< O Vuol| gz + CT* 2™ || — Z||2L§9LT'

J() (0 —=2)rgrr- (3.7)

Similar estimates also hold for K(t) and Id. For the contraction we have

Huw(t) — Ho(t) = i)\/o Up(t — s)(Jw — 2> (w — 2) — |v — 2?7 (v — 2))(s)ds (3.8)
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and

HHw - HU||L00L2 + ||Hw - H'U”L‘I LT
< CT'O(|w = 2l|3% 1 + lv = 2| Zoe ) |0 = 0ll g - (3.9)

From (3.7) and (3.9), it is not hard to choose the proper T' and M with respect to the
Y-norm of ug, the L3 L? and the L1 L"-norm of A(-)z for almost all w € Q to make sure that H
is a strict contraction on Y,.(T, M). And by the fixed point theorem, we get a unique solution
v to (3.4). In fact, by the Strichartz estimate, v is in Y (T, M).

It remains to demonstrate the blow up alternative. From the existence part, we know that
M is chosen only depending on the ¥-norm of the initial data and some constants (depending
on z). We choose T,, = T,,(M) small enough to get a unique solution v € Y,.(T,,M). In
particular, u is in C([0,7T,],%). Now we define

75 = sup{T,, > 0, there exists a solution w on [0,7,,]}. (3.10)

Then we have u € C([0,7),X).

Assume that there exists a sequence t 7 7} as k — oo and |u(ty,w)|s < M. We can
choose k large enough such that t;+7, (M ) > 7. Then by the local existence argument one can
extend the solution u starting from ¢ to ¢ + TW(M ) > 72, which contradicts the maximality
of 7.

Remark 3.1 One can also solve the Cauchy problem pathwise under the L2-scheme by the
Strichartz estimate without using the operators J(t) and K(¢), and get the uniqueness in the
space C([0,T,], L*) N L9(0,T,; L") for any T, < 7?5, where ;E > 72 a.s.. This implies that the
uniqueness showed in Theorem 3.1 holds in the larger space C([0,7,], L*) N L9(0,T,; L") for
any T, < ;’E Considering the stochastic nonlinear Schrédinger equation with multiplicative
noise, de Bouard and Debussche [4] obtained the global existence and uniqueness of solution in
the L2-scheme.

As the end of this section we prove Lemma 3.1 to complete the proof of Theorem 3.1.

Proof of Lemma 3.1 It is a standard result that A(-)z has paths in C([0,00), L?) with
¢ € La(L2,X) (see [9, Theorem 6.10]). We only need to show that A(:)z is in L4([0,T], L")
almost surely. Set m > ¢,r. We estimate the m-th moment for [[A(t)z[/Ls .-,

IA®) 2l Lz < IA®) 2] Lo e
= |(E|A(t)z|™)

|Lq LT

<CH Z/ |Ug(t — s)A(s)ey] ds)%
<CHZ/ [Us(t ~ ) A(s)sel |
HZ /HUet—s )¢el||yds>

2
< C(T)(Z (IUszdeilla L + 1Us Vel g e + [Usderl| L2 1) )
leN

LLrLr

q

Lr dS’

2
q

~ m\n

=
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< Ol La(z2,:)-

We have used Burkholder-Davis-Gundy inequality in the third line and the Strichartz estimates
in the last one.

3.2 Global well-posedness

In this section, we consider the GWP for (2.1).
For the classical NLS

iy + Au+ Nu*u =0, (3.11)

it is well-known that if we define the energy H.(u(t)) = 3|Vul?. — 2012Hu||i'72j+22, there is

conservation of energy, i.e., Hc.(u(t)) = Hc(up), ¥t < Thmax. When A < 0, [|[Vu(t)||z2 can
be controlled uniformly by H.(ug), and we get GWP. When A > 0, by Gagliardo-Nirenberg
inequality, we know that if o < %, [Vu||2. is the main part of energy and can also be controlled

uniformly.
For the NLS with harmonic potential, the energy reads

1 0 A .
H(u(t) = 5| Vuli - 5 / jwu@)Pde - o2 ul35E2, (3.12)

and there is conservation of energy H(u(t)) = H(up). It is not obvious that A < 0 indicates
a uniform control of |jul|s, since 6 may be larger than 0. In this case, R. Carles introduced
the operators J,(t) and K (t) and split the energy into two parts relative to the operators
accordingly,

Hy(u(t)) = 3170 — 5" cosh?(2ut)u(t) 3533, (313)

20+ 2

2
1 ~ o
Hy(u(t) = =5 | Kru(®)llz: + sinh? (2put) |[u(t) 15913, (3.14)

20 + 2

such that H(u(t)) = Hy(u(t)) + Ha(u(t)). And the analysis for H; gives the control for the
Y-norm of the solution.
Here we use the method above but in a stochastic version, and get the next result.

Theorem 3.2 In addition to Theorem 3.1, suppose that 0 > 0, and either o < % or A <0.
Then for any Fo-measurable ug, the solution u to (2.1) with w(0) = ug given by Theorem 3.1 is

global, in the sense of T*(ug) = +00, a.s..

Proof We assume first that ug € L7 # t2(Q, L2(R™)) N L2(€2, £(R™)). To prove r* = 400
a.s., we only need to show that for any Ty > 0 and any 7 < inf{Ty, 7*(ug)} a.s., we have

B(sup |Vul22) < C(6,u0. To).

= (3.15)

E(sup |- [ull3: ) < C(6,u0,Ty).
t<t

From (2.3) we know
1
zu = cosh(2pt) K u(t) — — sinh(2ut) Jyu(t),
W

Vu = —icosh(2ut)Jyu(t) + ipsinh(2ut) K u(t).
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So (3.15) is equivalent to
B(sup [ Jru(®)[3) < C(6,u0, To),
t<t

(3.16)
B(sup | K u(t)[3:) < C(6,u0,To).
t<rt

We will need the next two lemmas, which can be checked by It6’s formula and a regulariza-

tion procedure (see [1]).

Lemma 3.2 Under the hypothesis of Theorem 3.1, for any T < 7*(ug) a.s., we have

H(u(r)) = H(ug) + M(71) + R(7), (3.17)
where
M(T) = Im/ /T(Au + 0|z ?u + N|u|*7u)dWdz, (3.18)
R(r) = T 0 s X ]2 | pey ()2 dadt
2 ZEZN/ / !
—oA |u|?7 =2 (Im(Tge; (x)))dadt. (3.19)
l;}/ . l

Lemma 3.3 Let o, ¢, ug be as in Theorem 3.1. Hy(u(t)) is defined in (3.13). For any
stopping time T < T a.s., we have

Hy(u(r)) = Hy(uo) + % /0 ’ sinh(4pt) [ u(t) |25 2% dt + My (7) + Ra(7),  (3.20)

where

M (1) = ,u21m/ / sinh?(2ut)|z*adWdz — Im/ / cosh? (2ut) ATdW dz:
nJo nJo
- ,uRe/ / sinh(4ut)x - VudWdx
" 0

- T;—“Re/ / Sinh(4ut)ﬂdezf)\Im/ / cosh? (2ut)|u*@dWdz,  (3.21)
n JQ nJO
pes
0

—)\a/ cosh?(2ut) Z/ |u|2" 2(Im(uce;))?dzdt

leN

A
- 5/0 cosh?(2put) Z/ [ul? | e ()| dadt. (3.22)

leN

- Cé I peg [T
Ry(7) = sinh®(2ut)dt + — [ cosh®(2ut)dt — 2 sinh(4ut)dt

First assume o < 2. By (3.20), we have

t
B(sup [T u) ) = EH(wo) + OB (sup [ sinh(aps) fu(e) 3572, s)

t<t

+CE ( sup cosh?(2yt)||u(t) Hi%jf?)
t<t

+ E(sup M, (t)) + E(sup Rl(t)). (3.23)

t<rt t<rt
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Since o < %, by Gagliardo-Nirenberg inequality (2.6) and Young inequality, ||u(t)||i‘§j'32 can

be controlled by | Jyu(t)||%. with an arbitrarily small coefficient £, and then the RHS except
the term E(sup M, (t)) can be estimated as
t<t

C(To, 6, EH: (o), B|[uoll 5= >>+ec<To>E(§gg||J+u<t>uiz), (3.24)

where we have used the fact that E(supHu( )1z = ) < CE(||uoll;> = +2) (see [1, Proposition
t<t

3.2)).

Now we estimate E(sup M, (t)) by martingale inequality and Burkholder-Davis-Gundy
t<t
inequality as follows:

B(sup Mi(1)) < C(To, 6, Eluol[32) + C(To, ) B sup || - [u() | 12

t<t t<t

+ C(Ty, ) (sup [ Vu(t)l|1 ) + C(To, ) E (sup u(t) 252 )
t<t t<t
T2 +2

< C(To, &, Elluoll3s, E(luo | 527 ), )

+eB(sup | K u(t)|3:) + B (sup | T u(t)]3:). (3.25)
t<t t<r

We used Gagliardo-Nirenberg inequality again in the second inequality and € can be chosen
arbitrarily small.
On the other hand, by (3.17) and the similar estimates as above, we get

B(sup K u(t)| ) < O(To,6,u0,) + B (swp 1 u(t)| )
+2B(sup | Liu(t) 32 + =B (sup | K u(®)32): (3.26)
Together with (3.24)—(3.25), we can choose a proper € = £(7T}), such that
E(igg ||K+u(t)\|%z) < C(To, ¢, uo)
and
E(igg||J+u(t)||%2) < C(Ty, ¢, uo),

which implies 7% = +00 a.s..
Now assume that ¢ > 2 and A < 0. Then Hi(u(t)) is the sum of two positive terms. By
Lemma 3.3 we have Vt < 7* a.s.,

1 X .
S Tu®) 3 + 5" cosh(2pt) u(t) 3542,

—Du\ (1
— Hy(uo) + % / sinh(4s) | u(s) | 2552 ds + My (£) + R (£). (3.27)
0
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Notice that the second term of RHS is nonpositive so that we can omit it. To control the
second term of LHS, we use the martingale inequality and Burkholder-Davis-Gundy inequality
again as in (3.25) and get

A
e 5 (sup cosh ) Ju(0) 3272

< C(To, 6,u0,2,2) + B (sup | Jyu(t)[32) + B (sup | K u(t)] )

+EE ( sup cosh®(2ut)||u(t)| i‘;j&) . (3.28)
t<t
Choosing € properly small and using (3.27) again, we have

1 2
2 (s 170l

< C(To, ¢, uo0,) + EE(Sllp ||K+u(t)||2L2) + 5E<sup [Ty u(t) H%Q) (3.29)
t<t t<t
Again, we estimate (3.17) in the same way and get

35 (sup 1)) < O, ,0,6) + (5 + ) E(sup L L))

+ EE(sup ||K+u(t)||2L2). (3.30)
t<t

With e = ¢(Tp) properly small, (3.29) and (3.30) imply (3.16), which gives the proof for
limited data ug.

A localization argument will give the conclusion for any Fy-measurable ug. Indeed, we
already have the results on Qn = {w € Q, [Jup(w)||z < N}, where we substitute the expecta-
tion with En(-) = E;(ELN)) and the measure with Py (-) = P;késjvf\s), respectively. Notice that
P(Qn) — 1 as N — 00, a limit procedure completes the proof.

Remark 3.2 When 6 < 0 and A < 0, H(u) gives a uniform control of ¥-norm to the
solution u(t), and a priori estimate of (3.17) leads to the global well-posedness. However, if
A>0and o < %, the similar argument as the first case in the proof of Theorem 3.2 implies
GWP. We use Gagliardo-Nirenberg inequality (2.8) instead of (2.6) in both cases. So we have
the next GWP result.

Corollary 3.1 Let o, ug, ¢ be as in Theorem 3.1. Then GWP holds in either of the two
cases: (1) A< 0; (2) o < 2.

4 Finite Time Blow Up

From Section 3, we know that when A < 0 or o < %, the solution is global in time. However,
it does not tell how it acts when A > 0 and o > % In the deterministic case (see [5-6]), R.
Carles gave the sufficient condition such that w(¢) blows up in finite time. In this section, we
will give a sufficient condition for the stochastic case.
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Theorem 4.1 Assume that % <o < % ifn >3 o0roc > % forn = 1,2, A > 0,
¢ € Lo(L2,Y) and the initial data ug is an Fo-measurable random variable with values in X,
such that

E(lluoll}) < oo, E([luol755%) < oo (4.1)

Then blow up phenomenon occurs in the following two cases:
(1) Case 0 > 0, if ug satisfies

E||Vuo||%. A 2E(Im [, uoz - Vipda)
E(ll - 2 L _ E 2042y R
(||| |u0||L2) + M2 (0_ + 1)/_}12 (||u0||L2a+2) 1
2 2 1
c c c
<-2- -2 (4.2)
4 2u 43

where 1 = \/0, then there exists a T) > 0 and either of the following happens:
T
B [ vl + s )ds = oo
or
P(r* <Ty) > 0.

(2) Case 0 <0, if ug satisfies

1 2 2042 i
S (Vo) = 55 B(luol755%) + £a (1) <0, (4.3)

where v = v/—0, then we have either

™

v
E / (1922 + lul252,)ds = oo
0

or
™
P(r < =
T < 4u) >0
Here
1 1, 2 2
fot) = Z(l/zcé} + cé,)t + 6 (f - l/C%) sin(4vt) — 8% cos(4vt) + 8% (4.4)

Remark 4.1 If ¢ = 0, conditions (4.2) and (4.3) coincide with the ones for the deterministic
equation (see [5-6]). However, for the repulsive harmonic potential, i.e., § > 0, the existence
of the noise term makes the condition even stronger in the average sense. Indeed, notice that

2 9} 1 2 2
%‘ < ;—‘Z + %, RHS of (4.2) is no more than —IQC—;Z,' - % < 0. Thus, compared with the

deterministic equation, this condition is stronger on average, and depends on the regularity of
the noise.



722 D. Y. Fang, L. Z. Zhang and T. Zhang

4.1 Stochastic variance identity and square integrable martingales

In this section we generalize “the variance identity” for the deterministic Schrodinger equa-
tion to the stochastic case with the help of the Itd’s formula. We need the following quantities:

V() = / j2[?o?d,
G(v) =Im vz - Vode,
RTL

M(v) = /n |v|2dz.

By using the Itd’s formula and a regularizing technique (see [1, Propositions 3.2 and 3.3]),
we can get the following lemmas.

Lemma 4.1 Let ug, o and ¢ be as in Theorem 4.1. Then for any stopping time T < T*
a.s., we have v € L*((0,7),%) and

V(u(r)) = V(ug) — 4Im/ / uzx - Vudzdt — QIm/ / |z 2ug dWdz + Tcg
0o Jrr nJo
= V(ug) — 4/ G(u(t))dt — QIm/ / || ug AW da + TC%.
0 nJo

Lemma 4.2 Let ug, o and ¢ be as in Theorem 4.1. Then for any stopping time T < T*
a.s., we have

G(u(r)) = / H(u(t))dt — 49/ / || [u)?dzdt
/ / |u[?7 T2 dzdt — Re/ / (2Vu -z + nu)dWdz — 7c}.
o+ 1 n n

As a consequence of Lemma 4.1 and Lemma 4.2, we have the next corollary.

Corollary 4.1 (Stochastic Variance Identity) Let ug, o and ¢ be as in Theorem 4.1. Then
for any stopping time T < T a.s., we have

V(u(t)) = V(ug) — 4G (uo)T + 8H (up) 7> +169/ / (s))dsdt
4)\ 2—no 2042 4 4
o1 ///n|u\ dxdsdt+c¢7+20¢r +(3 - 9%)
— 8\ / / / / u|?? |¢e;|?dxdrdsdt
] e
T t s
— 160\ / / / > / |u|?*~2(Im(Tge;))2dadrdsdt
o Jo Jo T Jrn

T T t
— 2Im / / |z[PudWdz + 4Re / / / (2Vu - z + nu)dWdtdr
n JO n JO 0

T t s
+ 16Im/ / / / (Au 4+ 0|z|?u 4+ Nul*7u)dWdsdtdz. (4.5)
nJo Jo Jo
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Set
t [—
Ni(t) :2Im/ / |z[PudWdz,
nJo
t [ —
Ny(t) = 4Re/ / (2Vu -z 4+ nu)p dWdz,
nJo
t
N3(t) = 161m/ / (Au 4+ 0|z|?u 4+ Nul*7u)dWdz.
nJo

We claim that Ny (t), N2(t) and N3(t) are square integrable martingales under the assump-
tions of Theorem 4.1.

Theorem 4.2 Assume that
E(|luollFn) < oo,  E(|luoll3%+2) < o0,  E(V(ug)) < o0, (4.6)

and there exists a T > 0 with T < 7*(ug) a.s., such that

T
B( [ U9uls + [u(s)1572)ds) < . (7)

Then sup E(V(u(t))) < co and Ny, Na, N3 are square integrable martingales.
t€[0,T]

Proof We estimate Ny, Na and N first. For Ny(t) = 2Im [, fot |z|?udWdz, we have

E(N3(1)) < CF / 16°(1 - [2w)|2ds < C(6)E / V(u(s))ds. (48)

The last inequality makes sense given sup EV (u(s)) < oo.
s€[0,t]

For Ny(t) = 4Re [, fOt(ZVu -z + nu)dWdz = —4Re [5, fot(Qum -V + nu)dWdz, we have

E(N3(t)) < E(Z/ / (2u(s,z)x - Ve (r) + nu(S,.ﬁ)gez(l‘))dl‘dﬁz(S))Q
—~Jo Jen

= EZI: /Ot (/]R" (2u(s,z)z - Voe (z) + nu(s,x)@%)dxﬁds

<c@)( | B e)s + tBlul). (19)

where in the last inequality we have used the fact that E( sup |lu(s)[|7.) can be controlled by
s€[0,t]
E(|luo||32) (see [1, Proposition 3.2]).

For N3(t), we have

¢
3 (0) < CB(Y [ [ (dutloPunt AuPoujgeas s)ar)
1
¢ 2
A 2 20, \ =
SC’E;/O (/n( u+ 0|z u + Alu| u)¢eldx) ds

t
<CE (IVullZ= Vo el + V(u) - [derlfe + lull 1557 [ derll7z0-2)ds.
0
l
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If Efot(HVuHQL2 + |Jul| 3242, )ds < oo, then E(NZ(t)) could be controlled by

C(o)E / (V25 + lul 45+ 2,)ds + O (@) / E(V (u(s)))ds. (4.10)

Given sup E(V(u(t))) < oo, from (4.8)—(4.10) we know that Np(t), Na(t) and Ns(t)
t€[0,T]
are square integrable martingales on [0,7], where the martingale property is satisfied by the

definition of the stochastic integral. Then we only need to show sup E(V(u(t))) < oo.
te[0,7]

Set 7, = inf{s € [0,T],V (u(s)) > k}. In stead of 7, in Corollary 4.1 we take the stopping
time t A 7, where ¢ is in [0,7]. Since A > 0, ¢ > %, the fifth, eighth and tenth terms are
nonpositive which we can omit. We also suppose # > 0 and then control the forth term by
160T fot EV(u(sA7g))ds. The case when 6 < 0 is even simpler since we can omit the forth term

directly. We estimate the last two integrals as follows:

tATE s
E‘Re/ / / (2Vu~x+nu)stdx’
n 0
tATE S
:E‘Re / / / Z(Qum-v¢+nu¢)eﬁdﬁldsdm‘
nJo -
t SATE
<) (=]
0 0
t SATE SATL
§0/ (C;&E/ / |x|2|u(r,x)|2dxdr+||¢H%2(L272)E/ / ‘u|2d$d7") ds
0 0 Rn 0 R™

< C(o) /Ot (E/OSV(u(r/\Tk))dr—f—TEmo|%2)éds

2 3
zl:(mm Vo + nud)e ‘ler> ds

[

0(¢,T)(/O BV (u(s Am))ds)” +C(6, Elluol[3T), (4.11)

and similarly,

t s T
E’Im/ ///(Au+9|x|2u+)\\u|2“u)Wdrdsdx’
TATE
//E‘/ / (Au 4+ 0|z|?u 4+ NMul*7u) dex‘drds

1
2

SATL
ST/ (E/ |6* (Au + 0)z|*u + Nu* u )|L2d7‘> ds
0 0
2 2 g 2 40+2 t/\Tk %
<7210l B [ IVl -+l f52)as + SB[ Viu(s))as)

T 1 1
C(qS,T)(E/O (IFull3: + lul352%)ds) * + C(o,T) E/O V(u(s/\m))ds)z. (4.12)
So we have
E(V (u(t A7)

< (1) /t BV (u(s A 7i))ds + C BV (uo), EG(uo), EH (uo), 6, T, EM (uy),

E / IVuls + [l 4272)ds).
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Then by Gronwall’s Lemma, we have
E(V(u(t A7) < C(BV (uo), EG(uo), EH (uo), 6, T, EM (uo),
E / (190l + [ul52%,)ds) (4.13)

uniformly for ¢ € [0,T] and k € N.
Letting k — oo and taking supremum of ¢ € [0, 7], we get the conclusion that

sup E(V(u(t))) < oc,
te[0,T)

which makes sure that N1, Na, N3 are square integrable martingales.

4.2 Case 0 > 0, proof of the first part of Theorem 4.1

We prove by contradiction, i.e., assume for any T > 0, both of the following happen:
T
E/ (IVall22 + ulli972,)ds < oo
0
and
P(r*>T)=1

Then for any t € [0,7T] we can apply Corollary 4.1 and take expectation of (4.5). To make
the expression simpler, we denote

Y(t) = E(V(u(t), A=cg—4E(G(u)),

4
B =23+ 8E(H(up)), C= 7(;1 - 70%%,

4)\ -
(no / / Elu|**T2dzdrds
o+ ]. Rn

+8A///Z/ Elul?|gei[*dzdfdrds
0 JOo JO I R™

t s T
+ 160\ / / / > | Elul**(Im(uge;))*dzdfdrds.
o Jo Jo 7 Jrn

(4.14)

Hence P > 0. Notice that under the assumptions, the last three stochastic integrals are
square integrable and become zero after taking expectation, that is,

t s
Y(t) =Y (0) + At + Bt* + Ct* + 169/ / Y (r)drds — P

t
=Y (0) + At + Bt* + Ct* + 169/ (t—s)Y(s)ds — P
0
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which deduces

t
Y (t) <Y (0) + At + Bt* + Ct* + 4u/ sinh(4u(t — 5))(Y(0) + As + Bs® + Cs*)ds
0

3Ct 3C
4

cosh(4ut) — R

A
=Y (0) cosh(4ut) + m sinh(4put) — sinh(4ut)

B B
82 8,u2
A B
= cosh?(2ut) (2Y(0) + o tanh(2ut) + e tanh?(2ut) + % tanh(2,ut))
3Ct
- ——-Y(0 4.15
U (415)
where 1 = /0.
Noticing that cosh?(2ut) increases exponentially, we only need to consider the first term in
(4.15). Since tanh(2ut) € [0,1] as ¢ € [0, +00) and tanh(2ut) — 1 as t — 400, if in addition
A B 3C
2Y0)+ —+ — 0 4.16
O+ 5=+ 15 + 155 <O (416)
then there exists a T} large enough such that (4.15) is less than zero at t = T.
Now we claim that (4.16) is the sufficient condition for the solution w to (2.1) to blow
up in positive time. Indeed, if (4.2) is satisfied, under the assumptions of Theorem 4.1, if

E [ (IVull2, + ||ul1%52)ds < oo and P(T1 < 7*) = 1, then Y(T}) < (4.15)|,_,. < 0, which
is a contradiction since Y (¢) is nonnegative. So we conclude that either
T
B [ vl + s s = oo
or
P(Ty <1) <1,
which completes the first part of the theorem.
4.3 Case 0 < 0, proof of the second part of Theorem 4.1
In this part, we use the operators J_ and K_ defined in (2.4). Noticing that
[Joul® + V2K _ul? = v2[a?|ul® + [Vul?,
we can split the energy into two parts,
1
Hi(u(t) = I -u®)lF: — 5" cos* uplu(®)35:%, (4.17)
o v? 2 A 2 2042
Ha(u(t)) = K -u)|3: — 52 sin(2v) [u(t) 2522, (118)

Instead of E(V (u)), we estimate the evolution of E (H, (u)) here. We need the following lemma,
which is not hard to derive with the help of the It6’s formula.

Lemma 4.3 For any stopping time 7 < 7* a.s., we have

V(2 — no)

Hi(u(r)) = Hi(u) + —5>—

/ / sin(dvs)[u 2dzds + M (f) + Ba(f),  (4.19)
O n
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where

N 1 4 — T _
Mi(t) = iRe/ /0 vsin(4vs)(2z - Vu + nu)dWdz — Z/QIIH/ /0 |z|? sin? (2vs)udWdx

+Im/ / COSQ(QVS)Aqux—l—/\Im/ / cos? (2vs)|ul*7 udWdz, (4.20)
n Jo R™ JO
B Lias 1 1 ¢ 2\ o % %
Ri(t) = Z(V cy +ep)t+ 6 (7 - yc¢> sin(4vt) — ™ cos(4vt) + ™
)\ t
- EZ/ / cos?(2vs)|ul*? |pe; |*dxds
1 0 JRe
t
— Y / / cos2(208)|u[27 =2 (Im (Tper)) 2dads. (4.21)
;70 IR

Notice that by (4.4), we have for any t € R, ]A-ﬂ(t) < fo(t) with probability 1.

Following the proof of Theorem 4.2, we can see, under the same assumptions, Z\Z(t) are
square integrable martingales.

Corollary 4.2 Assume that
E(lluollF) < o0, E(lluol7552) < 00,  B(V(ug)) < o0,

and there exists a T > 0 with T < 7*(ug) a.s., such that

T
B( / (V)3 + lu(s) [§5%)ds) < oo. (4.22)
Then sup E(V(u(t))) < oo, and ]\Z(t) are square integrable martingales.
t€[0,T]
Now we can complete the proof of Theorem 4.1. Set T' = -, and assume
T
E [ (19l + ulig)ds < . (4.23)
0
P(r*>T)=1. (4.24)

Take expectation of (4.19), where we choose 7 = T. Then the stochastic integrals vanish,
and for ¢ € [0, T], we have

B(H, (ult))) = E(H, (o)) + %:2“’) /0 / sin(ws) B(Ju(s, 2) 7 ) deds + B(F). (425)
Since 0 > 2 and sin(4vt) > 0 when ¢ € [0,T], we have
E(H(u(T))) < E(Hi(uo)) + fo(T) <0, (4.26)

which contradicts the fact that E(FTl (u(f))) = ”2—2|H “|ul|l32 > 0. So we come to the conclusion
that either

™

av
B [ (IVulfs + Jul s = oo (4.27)
0
or
* m
P(T (ug) < 4}/) >0, (4.28)

which completes our proof.
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