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1 Introduction

The local exact boundary controllability for the quasilinear wave equation, a special form
of second-order quasilinear hyperbolic equations, was obtained in a complete manner (see [1—
6, 9]), and the author of [8] obtained its global exact boundary controllability under certain
restrictions. For the following 1-D quasilinear hyperbolic equation: wuy + a(u, tg, u)ug, +
b(ty U, Ut ) Uy = (U, Uz, Uz ), where u is the unknown function of (¢, ) and (a? — 4b)(0,0,0) >
0, Zhuang and Shang [13] established the corresponding local exact boundary controllability,
including the quasilinear wave equation as its special case.

For second-order quasilinear hyperbolic systems, there are few results on the exact bound-
ary controllability. Yu [11] established the local exact boundary controllability for the fol-
lowing second-order quasilinear hyperbolic system: wg — A(u, gy, Ut) Uy = F(u, gy, us), where
u = (u1, - ,up)"’ is the unknown vector function of (¢,z), and matrix A has only n positive
eigenvalues. Later, for second-order quasilinear hyperbolic system us + (A + B) (u, Uy, Ut )tz +
AB(Uy Uy, ug)Ugy = F(u,ug,us), where u = (ug,--- ,u,)" is the unknown vector function of
(t,z), matrices A and B have only n positive eigenvalues and n negative eigenvalues, respec-
tively, the local exact boundary controllability was obtained by Yu [12]. When matrices A and
B satisfy A = —B, this conclusion can be obtained from [11].

In this paper, we consider another kind of 1-D second-order quasilinear hyperbolic systems,
which can be rewritten in the form of second-order quasilinear hyperbolic systems discussed in
[12], but restrictions on the eigenvalues of matrices A and B are much weakened. Based on the
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existence and uniqueness of semi-global C! solution and the local exact boundary controllability
for first-order quasilinear hyperbolic systems, by a constructive method developed by Li (see [2]),
we can obtain the local exact boundary controllability for this kind of second-order quasilinear
hyperbolic systems. The conclusions in [11] and [13] are both of its special cases.

2 A Kind of 1-D Second-Order Quasilinear Hyperbolic Systems

We consider the following second-order quasilinear system:

g + AU, Uy, Ug)Upy + By Uy, Ug) Uz = O, Uy, uy), (2.1)
where u = (u1,- -+ ,u,)7T is the unknown vector function of (¢, ), A(u,v,w) and B(u,v,w) are
both n x n matrices with smooth entries a;;(u, v, w) and b;;(u,v,w) (¢,j =1,--- ,n), and have

n real eigenvalues and a complete set of left eigenvectors on the domain under consideration,
respectively. Suppose that
AB(u,v,w) = BA(u, v, w), (2.2)

T is a smooth vector function with

and C = C(u,v,w) = (c1(u,v,w), -, cp(u,v,w))
€(0,0,0) = 0. (2.3)

Condition (2.2) is equivalent to the fact that matrices A and B can be simultaneously
diagonalizable (see [10]), namely, there exists an invertible n x n matrix L(u, v, w), such that

LAL Y (u,v,w) = diag{\1,--- , A\, (2.4)
LBL_l(U,U,’LU) = dlag{/llv ,/j,n}, (25)
where A1, -+, A, and pq, - - -, iy, are the real eigenvalues of matrices A and B, respectively, and

L = (1;;) is the matrix composed by the common left eigenvectors of A and B. Furthermore,

we assume that in the domain under consideration

/.Li(U,U,U)) #O’ i = 17 ) TV (26)
and
N — dpi(u,v,w) >0,  when p;(u,v,w) >0, i=1,---,n. (2.7)
To illustrate that the second-order quasilinear system under consideration is hyperbolic,
setting
8ui 81&1 .
i = ) P = o, :17"'3 ’ 2.8
v 5 Y 5t i n (2.8)
U
U:(Ula"' 7UTL)T7 w:(wla"' awn)T7 U= v, (29)
w

we can reduce system (2.1) to the following first-order quasilinear system:

o
5 o

v w

- 7 _ 2.10
gt 5 = ) (2.10)
w w

E—I—B(u,v,w) —&—A(u,v,w)a—x:C(u,v,w)
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It is easy to see that its characteristic equation is

M, 0 0 N N . N N N
det| 0 I, I, = \"det g N " A = \"det |\*I,, — M+ B| =0. (2.11)
0 -B M,—A a n

By (2.4)-(2.5), det [A2I,, — AA + B| = 0 can be rewritten as A2 — MA +p; =0 (i = 1,--- ,n),
whose solutions are

XiiAiiV)‘?_Zl:ui i=1

5 ; RN (2.12)
Obviously,
AEAO0, AN>AT, i=1,--,n (2.13)
and
M AA =N, AA =g, i=1,--,n. (2.14)

Then system (2.10) has 3n real eigenvalues

X?_)\i—\//\f—‘ll% =0 3t Ai 4+ /A] — 4 i1

[ 2 9 7 ) i 9 3 c,n. (215)

Noting (2.14), it is easy to see that the corresponding left eigenvectors, which constitute a
complete set, can be chosen as

n 2n n

~ —_—— ~
17 =(0,--,0,\ 15, 1), 19 =(e;,0,---,0), =0, ,0,\li,l;), i=1,---,n, (2.16)

?

in which [; is the ith column vector of matrix L, i.e., the ith common left eigenvector of matrices
(@)
Aand B,and e; = (0,---, 1,---,0).

Thus, the first-order quasilinear system (2.10) reduced from the system (2.1) is hyperbolic.
Then, the quasilinear system (2.1) under consideration is a kind of second-order quasilinear
hyperbolic systems.

Remark 2.1 Let
P =L 'diag{\|,--- , \fIL, Q=L 'diag{\],-,\; }L. (2.17)
By (2.14), we get A= P+ @, B = PQ. Then system (2.1) can be rewritten as
gt + (P 4 Q) (u, Uy, Ut ) Uty + PQ(Uy Ug, Ut )Ugy = C(u, Uy, uz), (2.18)

which is of the same form of the second-order quasilinear hyperbolic system considered in [12],
but there are much less restrictions on the eigenvalues of the matrices.
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3 Existence and Uniqueness of Semi-Global C? Solution

For the second-order quasilinear hyperbolic system (2.1), we give the following initial con-

dition:
t=0: u=9), w=9), 0<zr<L (3.1)
and final condition
t=T: u=(x), w=Y(x), 0<z<L, (3.2)
where o= (o1, -+, on)T and ®=(®y,--- , ®,)T are given C? vector functions, = (1, - ,¥,)T
and ¥ = (Uy,---,¥,)T are given C! vector functions.
Let
D* dlag{ f\? /;l} diag{\T, -, AF}. (3.3)
Based on (2.13), according to different signs of /\i (i =1,--- ,n) in a neighborhood of (u, v, w) =
(0,0,0), without loss of generality, we only need to discuss the following three typical cases:
(1) M>0, AT <0, i=1,---,n; (3.4)
(2) Xj[>(), N>0, A <0, AF <0,
ij=1,---,dy, k=di1+1,---,dy, h=do+1,--- ,n, (3.5)

where dy, do are any given integers satisfying 0 < d; < ds < n, but excluding the case d; = n
(which is Case (3)) and the case d; = 0 and dy = n (which is Case (1));

(3) ME>0, i=1,---,n. (3.6)
Case (1) Equation (3.4) is equivalent to
pi(u,v,w) <0, i=1,---,n (3.7)

in a neighborhood of (u,v,w) = (0,0,0). Then system (2.1) has n positive eigenvalues and
n negative eigenvalues. On the ends x = 0 and z = L, we prescribe the following nonlinear
boundary conditions, respectively:

(U) () =1,---,1,
o { Gy(u, umvut) H,(t), 5:14_1’... n, (3.8)
r(u

) () 7':1,"‘,771,
Tk {G (U ug,ug) = Hg(t), s=m+1,---,n, (3.9)

where G, H,, G, and H, are all C? functions with respect to their arguments, G,, H,, G5
and H, are all C' functions with respect to their arguments. For different needs in further
discussions, some or all of the following assumptions will be imposed in different situations:

oG, ... 090Gy

duy D 0 e 0

9G, . 0G, -

det | [ o2 Qe | (L7'D7) — ) ) (L) #0,  (3.10)

0G4 . 090G G . 9Gi ) .
“Ouis Onyt U1y OUng

9G,, 9G,, oG, .. 9G,

duie  Ouns Ouig Oung (0,0,0)
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0G, G
Ouy Oun, 0 O
aGl R 6Gl e
det | o2 2, | (D)~ | s 0 Ol T N R
8Gl+1 . 8Gl+1 aGH—l .. 8Gl+1 3 .
Oure Ount Ouis Ouns
76(;" ABG" 78Gn aGn
Ouit OUnt U1z Ona (0,0,0)
9Gy 0G1
ouq Oun 0 O
% aém 0 O
Ou Juy, -1y _ _ 1
det || gor’,  agen, | (ETDT) = | G 9Gwa | (L) #0, (3.12)
Ouit OUnt Ou1z OUn g
G 0G,, oG,
Zen Sl Ou1z OUn g
o Otins 0,0,0)
0Gy G,
Ouy Oun 0 0
%Gm %ém _— 0 0 X
u Un - _ _ _
det|| 5gu, &, @D | 8Gmn L eGwn |[(LTY] #0. (313)
Ouiy OUnt Ouiz OUn g
0G, ...  9Ga 9G, ... 0G,
Ouiy OUnt Ulz Una 0,0,0)

Case (2) In this case, system (2.1) has d; + dy positive eigenvalues and 2n — (d; + ds2)
negative eigenvalues. Without loss of generality, we assume

di +dy <, (314)

namely, the number of positive eigenvalues is less than or equal to the number of negative
eigenvalues. Correspondingly, on the ends x = 0 and x = L, we prescribe the following nonlinear
boundary conditions, respectively:

= : Gp(u):HP(t>7 p:17 7l7
r=0 { u uwvut) Hq(t), q:l—f—l’ 7d1_~_d2, (315)

Gyl
_ () () T:l’...’m’
x=1L: { Gs(u,ug,us) = Hg(t), s=m+1,---,2n— (dy +da), (3.16)

where G, Hp, G, and H, are all C? functions with respect to their arguments, Gq, Hy, G
and H, are all C' functions with respect to their arguments. For different needs in further
discussions, some or all of the following assumptions will be imposed in different situations:

el G,
Ouq Oy,
fle 8G,
ou1 ou —1— gr—-1p+

det || oG, 9G4 | (L7 D7 )an (L DM )1,a1y)
Oure Ount
0Ga yay  9Gdtdy
Oute Ount
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0 0
0 0 . S
— 0G 41 . 0G 141 ((L ){Ldz}:(L ){Ldl}) # 0, (317)
Oute OUnz
Caytay . 0G4 4dy
Ou1e QUng (070,0)
661 8Gl
Ouy Oun,
oG, 9G,
ou OUnp 19— gr—-1p+
det 0Gli1 9Gi41 ((L D ){d2+1,d2+d1}'(L D ){d1+17d1+d2})
Oure Ount
9Gd, +dy 9Gd, +dy
BUU, dum
0 0
0 - 0 B o
— | %G G | (D7 et tdatar (L7 ) {di41,di+do}) 70, (3.18)
Uy Qung
OCGaytay . OGa 4dy
Ou1y OUna (0,0,0)
G, 9G,
Ouq Oun,
9Gm G
Ouy Ounp —1p— r-1p+
det OGmi1 e (L7 D7 ) dot1,ny (L7 DT ) dy +1,n3)
Ourt OUnt
0Gan—(dy+dy) . OGan—(dy+dy)
Ouiy Qunt
0 0
0 0 X _—
- Cmsr 9CGmer | (L7 )Ndat1,mp (L7 )i 41,m}) 70,  (3.19)
6u1m aun’l‘
66271*(011%12) . aé?n*(dﬁrdﬁ
U1y OUna (07070)

where (L_lD_){Ldl} indicates the matrix composed of the first column to the d;th column of
matrix (L=1D7), etc.
Case (3) In this case, system (2.1) has 2n positive eigenvalues. Correspondingly, there

need only 2n boundary conditions on the end x = 0:
r=0: u=H(t), wu,=H(), (3.20)

where H = (Hy, -+ , H,)T is a C? vector function, H = (Hy,--- ,H,)" is a C! vector function.
First of all, for Case (1), we give the following theorem on the existence and uniqueness of
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semi-global C? solution to system (2.1).

Theorem 3.1 Suppose that a;j, bij, ci, Ni, fi, lij, Gq, Gs (i,j = 1,-+-,n; ¢ = 1+
p

L,---,n; s =m+1,---,n) are C' functions with respect to their arguments, G,, G, (p =
L,y r=1,--- ,m) are C* functions with respect to their arguments, and (H,, H,), (H,, H)
(p=1,---,l; gq=1+1,--- ,n;r=1,---,m; s=m+1,--- ,n) are C% x C! vector functions.

Suppose furthermore that (3.7), (3.10) and (3.13) hold, and the conditions of C* compatibility
are satisfied at the points (t,x) = (0,0) and (0, L), respectively. Then, for any given and possibly
quite large T > 0, the forward mized initial-boundary value problem (2.1), (3.1) and (3.8)—(3.9)
admits a unique semi-global C? solution u = u(t,z) on the domain R(T) = {(t,z) | 0 <
t <T,0 <z < L} with small C* norm, provided that the norms ||(¢(z),¥(2))| c2p0,L1xc1[0,1)
[(Hy (t), Hy(t)lc2j0,11x 0,77, [(Hr(8), Hs (D)0, xcrjor) (0 =1+ g =1+1,--- ,n; 7
=1,---,m; s=m+1,---,n) are small enough.

Proof Let U = (u,v,w)T and

Vo = (O)U, Vi=DRU)U, ViT=I7(U)U, i=1,---,n. (3.21)

K2

By (2.16), we have
V= N + Lw,
Vi =u, (3.22)
V;+ = /\Z_lﬂ} + l;w,

ie.,
V- =D"Lv+ Lw,
Vo o=u, (3.23)
V*t=DVLv+ Lw.

It is easy to see that

(u,v,w)=0& (V,V, V1) =0 (3.24)
and
oV, V,vT)
det | ———"—~ =det |(D* — D7)L? 0. 3.25
€ 3(u,v,w) (0,0,0) € |( ) |(0.,0,0) 7& ( )
Hence, by the implicit function theorem, there exist C! vector functions G = (él, e ,én)T
and H = (Hy,---, H,)" in a neighborhood of U = 0, such that
wu=V, v=GV ,V,VtY), w=HV",V,VvT) (3.26)
and
G(0,0,0) =0, H(0,0,0) =0, (3.27)
9G
det [ —— =det| - L™ *(D* = D7)} 0
€ GV: 0,0,0) et | ( ) |(0,0,0) #0,
oG
det | —— =det|L"' (DT - D7)! 0
€ 8V~+ 0,0,0) et | ( ) |(0,0,0) #0, (3.28)
OH
det | =— =det|L~'DY(D" —D7)™! 0
€ 8V: 0,0,0) et | ( ) |(0,0,0) #0,
OH
det | =—— =det|- L 'D" (DT -D")! 0.
vt 000 — O | ( )" 0,00 #
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Noting the conditions of C? compatibility at the points (¢, z) = (0,0) and (0, L), respectively,
we can replace boundary conditions (3.8) and (3.9) correspondingly by

=H(t =1,---,1
z=0: Z auk ww ot p=Ll, (3.29)

G(uvw) H,(t), g=1l+1,---,n
and

2 —

—H.(t), r=1,-
e=1L: 2; wop = H(t), r=1---,m, (3.30)
( ) Hs(t)7 S:m+1a y 1

respectively, and reduce the initial condition (3.1) to
t=0: u=9p(), v=¢'(z), w=y), 0<zx<L. (3.31)
By (3.10) and (3.28), boundary condition (3.29) can be equivalently rewritten as
r=0: V=gtV ,V)+h(t), i=1--n, (3.32)

in a neighborhood of (u,v,w) = (0,0,0), where g;, h; (i = 1,---,n) are C* functions with
respect to their arguments and, without loss of generality,

9i(t,0,0) =0, i=1,---,n. (3.33)
Then
||(Hp7Hq)||02[O,T]><Cl[O,T] (p =1,--- ,l, q= |+ 1,- ) small enough
& |[(h1,- -+ hn)llcrjo,r) small enough. (3.34)

Similarly, by (3.13) and (3.28), boundary condition (3.30) can be equivalently rewritten as
e=L: Vo =g,t,V,V) +hi(t), i=1,--,n (3.35)

in a neighborhood of (u,v,w) = (0,0,0), where g,;, h; (i = 1,---,n) are C* functions with
respect to their arguments and

G.(t,0,00=0, i=1--,n. (3.36)
Then
||(F'r’aHs)||CQ[O,T]><C1[O,T] (T = 17 LMy s =m+ 17 e ’n) small enough
& |[(h1, -+, hn)llcrjo,r) small enough. (3.37)

Moreover, it follows easily from the conditions of C? compatibility of the original mixed initial-
boundary value problem (2.1), (3.1) and (3.8)—(3.9) that the mixed initial-boundary value
problem (2.10), (3.31) and (3.29)—(3.30) satisfies the conditions of C! compatibility at the
points (¢, z) = (0,0) and (0, L), respectively. Applying directly the existence and uniqueness of
semi-global C" solution to the mixed initial-boundary value problem for first-order quasilinear
hyperbolic systems (see [2, 3]), we can obtain the existence and uniqueness of the semi-global
C? solution to the original mixed initial-boundary value problem (2.1), (3.1) and (3.8)—(3.9)
for Case (1), which is the conclusion of Theorem 3.1.
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Remark 3.1 For the backward mixed initial-boundary value problem (2.1), (3.2) and (3.8)—
(3.9), suppose that (3.7) and (3.11)-(3.12) hold and the conditions of C? compatibility are
satisfied at the points (t,z) = (T,0) and (T, L), respectively. Similarly, we obtain that there
exists a unique semi-global C? solution u = u(t,z) on the domain R(T) = {(t,z) | 0 <t <
T,0 <z < L} with small C? norm.

Remark 3.2 In particular, if the boundary conditions are given as

x=0: u;=H;t), i=1,---,n, (3.38)
r="L:u=Ht), i=1,---,n, (3.39)

it is easy to see that the assumptions (3.10)—(3.13) are simplified to

det |I,(L~"D7)|(0,0,0) # 0, (3.10)’
det | I, (L™ D™)0,0,0) # O, (3.11)
det |I,(L™"D7)|(0,0,0) # 0, (3.12)
det |I,(L™"D")|(0,0,0) # 0. (3.13)

Obviously, they are automatically satisfied.

For Cases (2) and (3), we can similarly obtain the existence and uniqueness of semi-global
C? solution.

Theorem 3.2 Suppose that ai;, bij, ¢i, Ni, pi, Lij, Gq, Gs (i,5 = 1,---,n; ¢ = | +
ydi+dy; s=m+1,--- 2n—(dy +da)) are C functions with respect to their arguments,
Gy, Gr (p=1,---,1; v =1,--- ,m) are C? functions with respect to their arguments, and
H, H)), (H,H) (p=1,---,l; g=1+1,---,di+do; =1, ,m; s=m+1,--,2n—
di + do)) are C? x C wector functions. Suppose furthermore that (3.5), (3.14), (3.17) and
3.19) hold, and the conditions of C* compatibility are satisfied at the points (t,x) = (0,0) and
L), respectively. Then, for any given and possibly quite large T > 0, the forward mized
initial-boundary value problem (2.1), (3.1) and (3.15)~(3.16) admits a unique semi-global C*?
solution w = u(t,x) on the domain R(T) = {(t,z) | 0 < t < T,0 < x < L} with small
C? norm, provided that the norms ||(p(x x),Y(x))|lc2p0,n1x 10,00, I|(Hp(t), Hy(t)lc2[0,m1x 110,775
||(F’r(t);ﬁs(t)>||C2[O,T]><CI[O,T] p=1,---, g=1l+1--,di+dy; r=1,---,m; s=m+
1,---,2n — (d1 + d2)) are small enough.

(
(
(
0,

Remark 3.3 In particular, if the boundary conditions are given as

— (1a,,0)L(0)u = H (),
e {UduO)L(O)% = H(t), (3.40)
T {(0’ AR 4 (3.41)
(0, Tn—a, ) L(O)u, = H(2),

where

(Hl(t)’ -, Hg, (t))v f_j(t) = (Hd2+1(t)7 o Hayqd, (t))a

H(t) = (Hi(t), -, Hoa,(t)), H(t) = (Hn-aps1(t), - s Hon—(dy+ds) (),

then the assumptions (3.17) and (3.19) are automatically satisfied.
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Remark 3.4 Under the assumption (3.14), consider the backward mixed initial-boundary
value problem for system (2.1) with the final condition (3.2) and the following boundary con-
ditions:

z=0: Gp(u) - Hp(t ’ :Al,’ 7l7 (342)
Gy(u,ug,u) = Hy(t), g=14+1,---,2n— (dy + da),

p=r: (GW=H®,  r=1-m (3.43)
Gs(uaumyut):Hs(t)u S:m+17 7d1 +d27

where G, H,, G, and H, are C? functions with respect to their arguments, G,, H,, G5 and
H, are C' functions with respect to their arguments. Suppose furthermore that the following

conditions are satisfied:

8G1 8G1
ouq Ounp
e e
det i Qi LD~ LD
€ 9G4 oG, (( ){d2+17n}'( ){dﬁ-l,n})
Outy OUnt
9Gan—(d) +dy) 0Gan—(d) +dy)
Ouiy Ouny
0 0
0 0 . . )
- G, 9G4, ((L ){d2+1,n}:(L ){d1+1,n}) #07 (3'44)
U1y QUng
O0G2n—(dq+dg) O0Gan—(dy+ds)
Oue Oune (0.0,0)
661 361
3U1 aun
G Gs
Oug Oun 1 1t
det G 11 G 41 (L='D ){1,d2}-(L D ){1,d1})
Ou1t OUnt
aédﬁrdz aédﬁrdz
Ourt Ount
0 0
0 0 ) ) .
— | 9GaL 0G| (L7 ) (1,ao (L7 ) {1,a0}) 7 0. (3.45)
U1 Qna
0§d1+d2 aadl+d2
Buu Bum (070,0)

Suppose that (3.5) holds and the conditions of C? compatibility are satisfied at the points
(t,z) = (T,0) and (T, L), respectively. Similarly, there exists a unique semi-global C? solution
u = u(t,z) on the domain R(T) = {(t,z) |0 <t < T,0 < x < L} with small C? norm.
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In particular, if the boundary conditions are given as

- (0, In—a,) L(O)u = H(t),
ot {(Oafn—dl)L(O)ul = H(t), (3.46)
x—L;{“b®MWU—H@, (3.47)

(Idl,O)L(O)uz = H(t)’

the assumptions (3.44)—(3.45) are automatically satisfied.
In particular, if the boundary conditions are given as (3.15) and the following boundary
conditions:

=0 : (0, In—(dy 4ds)) L(0)u = H(1),
. {(O L (dy+do)) L(0)u, = H(t), (3.48)
( [

1;,,0 = H(t),
p=r. | OLOu ) (3.49)
(Idu O)L(O)UI - H(t)v
it is easy to see that when (3.18) holds, (3.44)—(3.45) are also satisfied.
Theorem 3.3 Suppose that a;j, bij, ci, Ni, pi, Lij (5,5 = 1,-++,n) are C* functions with

respect to their arguments, (H(t), H(t)) is a C? x C' vector functzon Suppose furthermore
that (3.6) holds, and the conditions of C? compatibility are satisfied at the points (t,z) = (0,0)
and (0, L), respectively. Then, for any given and possibly quite large T > 0, the forward mized
initial-boundary value problem (2.1), (3.1) and (3.20) admits a unique semi-global C? solution
u = u(t,z) on the domain R(T) = {(t,z) |0 <t < T,0 < x < L} with small C? norm, provided
that the norms [|((x), ¥ (2))llc2(0,x 0,01, (H(8), H())llc2j0.1)xc1j0.1) are small enough.

Remark 3.5 For the backward mixed initial-boundary value problem (2.1), (3.2) and the
following boundary condition:

v=L: u=H{), u,=H(), (3.50)

where H = (Hy,--- , H,)T is a C2 vector function, H = (Hy, - -+ , Hy)T is a C! vector function,
suppose that (3.6) holds and the conditions of C? compatibility are satisfied at the points
(t,z) = (T,0) and (T, L), respectively. Similarly, there exists a unique semi-global C? solution
u = u(t,z) on the domain R(T) = {(t,r) | 0 <t < T,0 < x < L} with small C? norm.

4 Local Exact Boundary Controllability

First, for Case (1) we consider the corresponding local exact boundary controllability.

Theorem 4.1 (Local Two-Sided Exact Boundary Controllability) Suppose that a;;, bij,
iy Niy Wiy Lij (i,j = 1,-++,n) are C functions with respect to their arguments. Suppose
furthermore that (3.7), (3.10) and (3.13) hold. Let

T> L max {~ 1 — 1 } (4.1)
i=Ln LXF(0,0,0)" [X7(0,0,0)]

For any given initial data (p(x),¥(x)) and final data (O(x), U(z)) with small norms ||(¢(x),
U(x ))HC20L]xcl[o L) and [[(®(z ),‘I’(x))||c2[o,L]xcl[0,L], there exist boundary controls (Hp(t),
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Hy(t)) and (H.(t),Hs(t)) with small norms ||(Hp(t), He(t))llc2(0,r)xcro,r) and [[(Hr(t),
Hy)lozporxcror (p=1- L g=1+1,,ny r =1, ,m;y s =m+1--,n), such
that the mized initial-boundary value problem (2.1), (3.1) and (3.8)—(3.9) admits a unique C*
solution u = u(t, ) with small C* norm on the domain R(T) = {(t,z) |0 <t <T,0<x < L},
which satisfies exactly the final condition (3.2).

In order to prove Theorem 4.1, it suffices to establish the following lemma (see [2]).

Lemma 4.1 Under the assumptions of Theorem 4.1, for any given initial data (p, ) and fi-
nal data (®, V) with small norms ||(¢(x),¥(x))||c2p0,01xc1j0,] and |(2(z), ¥(z)) | c2(0,1xc1 (0,1
system (2.1) admits a C? solution u = u(t,x) with small C* norm on the domain R(T) =
{(t,z) | 0 <t <T,0 <a < L}, which satisfies simultaneously the initial condition (3.1) and
the final condition (3.2).

Proof Noting (4.1), there exists an £ > 0 so small that

1 1
T > L max { max =————, max ~7} (4.2)
i=1,,n U|(u,0,w)|<e AT(%MU}) |(uvw)[<e N7 (u, v, w)|
Let
L 1 1
Ty = — max { max =————, max ~7} (4.3)
2 i=Ln Uwww)|<e M (u,v,w) lwvw)|<e [N (u, v, w))|

(1) First, we consider the forward mixed initial-boundary value problem for system (2.1)
with the initial condition (3.1) and the following artificial boundary conditions:

x=0: u; = fi(¢t), i=1--,n, (4.4)
x=L: u=gi(t), i=1,--,n, (4.5)
where fi, g; (i = 1,--- ,n) are any given C? functions with small C?[0,7}] norms, such that the

conditions of C? compatibility are satisfied at the points (¢,7) = (0,0) and (0, L), respectively.
By Theorem 3.1 and Remark 3.2, this forward problem has a unique semi-global C? solution
u = uf (t,r) with small C? norm on the domain R; = {(t,z) |0 < ¢t < 71,0 <z < L}. In
particular, we have

|(uf ul, ul)(t,2)| <e, V(tz)e Ry. (4.6)

Thus, we can determine the corresponding value of (uf, ugz) at x = % as
z=g (!, ul) = (a(t),a(t), 0<t<T, (4.7)

and [|(a(t),a(t))llc2j0,m1xc1(0,7y) is small enough.
(2) Similarly, we consider the backward mixed initial-boundary value problem for system
(2.1) with the final condition (3.2) and the following artificial boundary conditions:

x=0: u=f;(t), i=1,---,n, (4.8)
x=L:u=g;(t), i=1---,n, (4.9)
where f,, g; (i = 1,--- ,n) are any given C? functions with small C?[T — Ty, T] norms, such

that the conditions of C? compatibility are satisfied at the points (¢,z) = (T,0) and (T, L),
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respectively. By Remarks 3.1 and 3.2, this backward problem has a unique semi-global C?
solution u = u®(t, x) with small C? norm on the domain R, = {(t,z) | T -T1 <t <T,0<z <
L}. In particular, we have

|(ub,ul, ub)(t, )| < e, V(tz) € Ry. (4.10)
Thus, we can determine the corresponding value of (u’,u%) at x = % as
L _
r==: (ulub) = (bt),b(t), T-T <t<T, (4.11)

2

and H(b(t),g(t))”CQ[T—Tl,T]xCl[T—Tl,T] is small enough.

(3) Since 2Ty < T, the two domains Ry and R, never intersect each other. Then, we can
find a vector function (c(t),(t)) € C?[0, T]x C*[0, T] with small norm ||(¢(t), 2(t))|c2j0,m)xc1[0,1]
such that

= (a(t),ﬁ(t)), Ogt STla
(C(t)ac(t)) = {(b(t),b(t))7 T-T,<t<T. (4.12)

Noting (2.6), we change the role of ¢ and = so that system (2.1) can be equivalently rewritten
as

Ugpy + BilAUtm + Bilutt = BilC (413)

in a neighborhood of (u,v,w) = (0,0,0), which still satisfies the commutative condition
B 'B7'A=B"'AB" L.

Consider the leftward mixed initial-boundary value problem for system (4.13) with the final
condition

x = % D (u,ug) = (c(t),c(t), 0<t<T (4.14)

and the boundary conditions coming from the original initial condition (3.1) and final condition
(3.2)

N |

t=0: u=9p(x), 0<z< (4.15)

t=T: u=%(z), 0<z<

N

. (4.16)

By Theorem 3.1 and Remark 3.2, there exists a unique semi-global C? solution u = u!(t,z)
with small C? norm on the domain R; = {(t,z) |0 <t <T,0 <z < %} In particular, we have

|(ul,ul, ub)(t,z)| < e, VY(t,x) € Ry. (4.17)

(4) Similarly, the rightward mixed initial-boundary value problem for system (4.13) with
the initial condition (4.14) and the boundary conditions coming from the original initial condi-
tion (3.1) and final condition (3.2)

<z <L, (4.18)

<z<L (4.19)
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admits a unique semi-global C? solution u = u"(¢,z) with small C? norm on the domain
R, ={(t,z) |0<t<T,L <2 <L} Inparticular, we have

|(u" up,up)(t,x)] <e, VY(t,z)€ R,. (4.20)

(5) Let
) — ul(t,x), (t,7) € Ry, 491
ult, ¥) = u"(t,z), (t,z) € R,. (4.21)

Obviously, u € C?[R(T)], and it satisfies system (2.1) on the whole domain R(T).

The only thing left is to prove that u = u(t, ) satisfies the initial condition (3.1) and the
final condition (3.2).

In fact, the C? solutions u = u!(¢,z) (vesp., u = u"(¢,z)) and u = uf (¢, z) satisfy simul-
taneously the one-sided mixed initial-boundary value problem for the same system (2.1) (i.e.,
(4.13)) with the same final (resp., initial) condition

= g () = (a(t),a(t)), 0<t< Ty (4.92)

and the same boundary condition (4.15) (resp., (4.18)). Noting the choice of T} in (4.3), it is
easy to see that the maximum determinate domain of this one-sided mixed problem contains
the triangular domain

{(t,x) ’0 <1< oo, < g}
(resp.7 {(t,x) ‘O <t< w,g <z< L}) (4.23)

Then, by the uniqueness of C? solution to the one-sided mixed initial-boundary value problem
(see [2, 7]), we have that u(t,z) = u/ (¢,z) on these domains and, in particular, (3.1) holds. In
a similar way, we have (3.2). Thus, u = u(t, ) satisfies all the requirements of Lemma 4.1.

Theorem 4.2 (Local One-Sided Exact Boundary Controllability) Suppose that a;;, bij,
Ciy Niy i and lij (4,7 =1,---,n) are C' functions with respect to their arguments. Suppose
furthermore that (3.7), (3.10)~(3.11) and (3.13) hold. Let

T>L(‘r{1ax %—&—‘max %) (4.24)
i=L-m A\T(0,0,0) =L-n|X\7(0,0,0)]

For any given initial data (p(x),¥(x)) and final data (P(x), U(z)) with small norms ||(¢(x),
V(@) lozjo,z1xcro,r) and [[(@(z), ¥(x))llc2(0,z)xc1(o,), and for any given boundary functions
(B, (8), Hy(1) with small norms |(Hy (8), Hy(®) |czioryscrioim (0= Lo+ 115 g = 141+ 1),
such that the conditions of C? compatibility are satisfied at the points (t,x) = (0,0) and
(T,0), respectively, there exist boundary controls (H,(t),H(t)) with small norms ||(H(t),
Hs(t))”Cz[O,T]xcl[O,T] (r=1,---,m; s=m+1,---,n), such that the mized initial-boundary
value problem (2.1), (3.1) and (3.8)~(3.9) admits a unique C? solution u = u(t,z) with small
C? norm in the domain R(T) = {(t,z) | 0 <t < T,0 < z < L}, which satisfies ezactly the final
conditions (3.2).

In order to prove Theorem 4.2, it suffices to establish the following lemma (see [2]).
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Lemma 4.2 Under the assumptions of Theorem 4.2, for any given initial data (o, ) and fi-
nal data (®,9) with small norms | (p(a), ¥/(2))ll =10 1.1 and [(@(z). W(@)llozp.11 010,
for any given boundary functions (Hy(t), Hy(t)) with small norms ||(Hy(t), Hq(t))|lc2[0,11x 10,77
(p=1,--,l; g=1+1,---,n), such that the conditions of C? compatibility are satisfied at
the points (t,x) = (0,0) and (T,0), respectively, system (2.1) admits a C? solution u = u(t,x)
with small C? norm on the domain R(T) = {(t,z) | 0 <t < T,0 < z < L}, which satisfies
simultaneously the initial condition (3.1), the final condition (3.2) and the boundary condition
(3.8).

Proof Noting (4.24), there exists an € > 0 so small that

1 1

T > L( max =————-+ max ~7) (4.25)
Gopi=e N (u,0,w) - 1my=e | AT (u, 0,0)

Let

1 1

max ————— T,=1L . (4.26)
(Gopl=e A (w0, w)

Ty =1L
u, v, w)

ey <e X+(
i=1,-:,n 7

(1) First, we consider the forward mixed initial-boundary value problem for system (2.1)
with the initial condition (3.1), the boundary condition (3.8) and the artificial boundary con-
dition (4.5) (in which g¢;(t) (¢ = 1,---,n) satisfy the same assumptions). By Theorem 3.1
and Remark 3.2, and noting (3.10), this forward problem has a unique semi-global C? solution
u = u/(t,z) with small C? norm in the domain R; = {(t,x) | 0 <t < Ty,0 < x < L}, and
(4.6) holds. Thus, we can determine the corresponding value of (u/,uf) at z =0 as

r=0: (u,ul) = (at),a(t), 0<t<Ty, (4.27)
[(a(t),a(t))llc2(0,r;1x 10,1, is small enough, and (a(t),a(t),a’(t)) satisfies the boundary con-
dition (3.8) on x = 0 for 0 < ¢ < T}.

(2) Similarly, considering the backward mixed initial-boundary value problem for system
(2.1) with the final condition (3.2), the boundary condition (3.8) and the artificial boundary
condition (4.9) (in which g,(¢) (i = 1,--- ,n) satisfy the same assumptions). Noting (3.11), by
Remarks 3.1 and 3.2, this backward problem has a unique semi-global C? solution u = u®(t, z)
with small C? norm on the domain R, = {(t,z) | T—T, <t <T,0 <z < L}, and (4.10) holds.
Thus, we can determine the corresponding value of (u®,u%) at x = 0 as

r=0: (ub,ul) = (b),bt), T-T,<t<T, (4.28)

[(b(t), b(t)||c2(7—1, 7| x 2 [T—T,,7] is small enough, and (b(t),b(t),V(t)) satisfies the boundary
condition (3.8) onax =0for T — T, <t <T.

(3) Since Ty+Ty < T, the two domains Ry and Ry never intersect each other. Then we can
find a vector function (c(t),¢(t)) € C?[0, T]x C* [0, T] with small norm ||(c(t), &(£))||c2j0,1)x 1 (0,775
such that

=) = J(a(®),a(t)), 0<t<Ty,
(el = {(b(t),b(t», T-T,<t<T, (429
and (u, ug,ut) = (c(t),¢(t),c(t)) satisfies the boundary condition (3.8) on the whole interval
[0,T].
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Changing the role of ¢t and x, we now consider the rightward mixed initial-boundary value
problem for system (4.13) with the initial condition

x=0: u=c(t), uy,=¢t), 0<t<T (4.30)

and the boundary conditions
t=0: u=¢p(), 0<z<L, (4.31)
t=T: u=v¢(z), 0<z<L. (4.32)

By Theorem 3.1 and Remark 3.2, we get a unique semi-global C? solution v = u(t,z) with
small C? norm on the domain R(T) = {(t,z) |0 <t <T,0 <z < L}, and

|(u, ug, u)(t, )| <e, V(tz)e R(T). (4.33)

(4) The C? solutions u = u(t,z) and u = u/(t,z) satisfy simultaneously the one-sided
mixed initial-boundary value problem for the same system (2.1) (i.e., (4.13)) with the same
initial condition

z=0: (u,uy) = (a(t),alt)), 0<t<Ty (4.34)
and the same boundary condition (4.31). By the choice of T in (4.26), it is easy to see that the
maximum determinate domain of this one-sided mixed problem contains the triangular domain

{(t,x)‘Oﬁtﬁ%(fo), nggL}. (4.35)

By the uniqueness of C? solution to the one-sided mixed initial-boundary value problem (see
[2, 7]), we have u(t,z) = u/(t,z) on this domain and, in particular, (3.1) holds. In a similar
way, we have (3.2). Thus, u = u(t, z) satisfies all the requirements of Lemma 4.2.

Remark 4.1 In Case (1), the number of positive eigenvalues is equal to the number of
negative eigenvalues for system (2.1), we can still realize the one-sided local exact boundary
controllability by suitable boundary controls acting on the end z = 0, provided that assumptions
(3.10)—(3.11) and (3.13) are replaced by assumptions (3.10) and (3.12)—(3.13).

5 Local Two-Sided and One-Sided Exact Boundary Controllabilities
for Other Cases

In Case (2), corresponding local two-sided and one-sided exact boundary controllabilities
are as follows.

Theorem 5.1 (Local Two-Sided Exact Boundary Controllability) Suppose that a;;, bij,

i, Niy i, Lij (4,5 = 1,--+,n) are C functions with respect to their arguments. Suppose
furthermore that (3.5), (3.14), (3.17) and (3.19) hold. Let
1
T>1L (5.1)

max ——.
=1 [AF(0,0,0)]

For any given initial data (p(x),¥(x)) and final data (O(x), U(z)) with small norms ||(¢(x),
¢($))\\c2[o,L]xcl[o,L] and H(CD(:c),\I/(x))||c2[0,L]X01[O,L], there exist boundary controls (Hp(t),
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Hy(t)) and (H,(t),H(t)) with small norms |(Hpy(t), Hy(t))|c2p0.r1xcrpor) and ||(Hy(t),
H(t)lc20,m <oy (=1, q=14+1,--- ;dy+do; 7=1,--- ,m; s=m+1,---,2n—
(d1 + d2)), such that the mized initial-boundary value problem (2.1), (3.1) and (3.15)—(3.16)
admits a unique C? solution u = u(t,z) with small C? norm on the domain R(T) = {(t,x) |
0<t<T,0<z<L}, which satisfies exactly the final condition (3.2).

In order to prove Theorem 5.1, it suffices to establish the following lemma.

Lemma 5.1 Under the assumptions of Theorem 5.1, for any given initial data (o, ) and fi-
nal data (%,%) with small norms |[(¢(2) () le2p0.cro ) o0 ()@ leaio et 0,01
system (2.1) admits a C? solution u = u(t,z) with small C* norm on the domain R(T) =
{(t,x) | 0 <t <T,0 <a < L}, which satisfies simultaneously the initial condition (3.1) and
the final condition (3.2).

Proof Noting (5.1), there exists an € > 0 so small that

1

T>L max max = —~p—————. (5.2)
i=Lon | (wew)|<e A (u, v, w)]
Let
L 1
Ty = — max max =~ (53)
2 =1, 0 |(u,v,w)|<e |>\Z (’LL,'U,UJ)|

(1) First, we consider the forward mixed initial-boundary value problem for system (2.1)
with the initial condition (3.1) and the following artificial boundary conditions:

o [Um0n0u = s,

’ {@hmmmwzfm, (5:4)

e=1L {(O’I’L‘@)L(O)“ =70, (5.5)
(07In—d1)L(0)um = f(t)7

where

are any given C? vector functions with small C?[0, 7] norms, and

(t) = (fd2+1(t)> T ﬂfd1+d2(t))7

(t) = (fr—dyr1(t),- - jgn—(dﬁdz)(t))

==

are any given C! vector functions with small C*[0,7}] norms, such that the conditions of C?
compatibility are satisfied at the points (¢,2) = (0,0) and (0, L), respectively. By Theorem
3.2 and Remark 3.3, this forward problem has a unique semi-global C? solution u = uf (¢, z)
with small C? norm on the domain Ry = {(t,z) | 0 < ¢t < 73,0 < 2 < L}. In particular,
we have (4.6). Thus, we can determine the corresponding value of (uf,uf) at 2 = £ as

(a(t),a(t)) (0 <t <T), which satisfies (4.7) and the corresponding conditions.
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(2) Similarly, we consider the backward mixed initial-boundary value problem for system
(2.1) with the final condition (3.2) and the following artificial boundary conditions:

_ . (Oa Infdz)L(O)u = g(t)7

v=0 {(o, L4 L(O)u, = g(t), (5:6)
(T 0)L(0)u = (D),

r=b {<Id1,o>L<o>um —5(0), (5:7)

where g(t) = (g1(t), - , gn-as (t)), G(t) = (g1 (t), -+ ,Gg,(t)) are any given C? vector functions
with small 02[T - Tl’T] norms, §(t) = (gn-d,+1(t), - 792n—(d1+d2)(t))7 E(t) = (§d2+1(t)7 B
G4, 44, (t)) are any given C' vector functions with small C*[T — T1,T] norms, such that the
conditions of C? compatibility are satisfied at the points (¢, ) = (7,0) and (T, L), respectively.
By Remark 3.4, this backward problem has a unique semi-global C? solution u = u®(t,z) with
small C? norm on the domain R, = {(t,z) | T — Ty <t < T,0 < x < L}. In particular,
we have (4.10). Thus, we can determine the corresponding value of (u’,ul) at # = % as
(b(t),b(t)) (T — Ty <t <T), which satisfies (4.11) and corresponding conditions.

(3) Since 2Ty < T, the two domains Ry and R;, never intersect each other. Then, we can
find a vector function (c(t),2(t)) € C2[0, T|xC* [0, T] with small norm ||(c(t), €(t)) || c2jo,79xc 0,775
such that (4.12) holds. Noting (2.6), we change the role of ¢ and x so that system (2.1) can be
equivalently rewritten to (4.13) in a neighborhood of (u, v, w) = (0,0, 0).

Consider the leftward mixed initial-boundary value problem for system (4.13) with the
final condition (4.14) and the following boundary conditions coming from the original initial
condition (3.1) and final condition (3.2):

_o. JO.La)LO0)u = (0, L) L(0) (), r<

i {(O’In—dl)L(O)ut = (0, In—q, ) L(0)2p(x), Oswz< 97 (5.8)
=T: (Id2’O)L(O)u: (Id2> ) ( ) (.’L‘), x £
- {(Idl,O)L(O)ut = (La,,0)L(0)¥(z), O<z< 92" (5.9)

By Remark 3.4, there exists a unique semi-global C? solution u = u!(t, ) with small C? norm
on the domain R; = {(t,z) |0 <t <T,0 < z < £}. In particular, we have (4.17).

(4) Similarly, by Remark 3.3, the rightward mixed initial-boundary value problem for
system (4.13) with the initial condition (4.14) and the following boundary conditions coming
from the original initial condition (3.1) and final condition (3.2):

= (Id2’O)L(O)u_(Id2’ 0)L(0)¢(z), £ T

v {(Idl,O)L(O)ut (Ia,, 0)L(0)e(x), 5 <z <L, (5.10)
_ g O T ) O = (0. L) LO2(@), L _
t= {( 0, In—a, ) L(0)uy = (0, Ii_q, ) L(0)¥ (), 5 <z<L (5.11)

admits a unique semi- global C? solution v = u"(t,x) with small C? norm on the domain
R, ={(t,2)|0<t<T,%Z <2 <L} In particular, we have (4.20).

(5) Let u(t,z) be deﬁned by (4.21). Obviously, u € C?[R(T)] and it satisfies system (2.1)
on the whole domain R(T"). The only thing left is to prove that w = u(t, z) satisfies the initial
condition (3.1) and the final condition (3.2).
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In fact, the C? solutions u = u!(¢,z) (vesp., u = u"(t,z)) and u = uf(t,z) satisfy simul-
taneously the one-sided mixed initial-boundary value problem for the same system (2.1) (i.e.,
(4.13)) with the same final (resp., initial) condition (4.22) and the same boundary condition
(5.8) (resp., (5.10)). Noting the choice of T} in (5.3), it is easy to see that the maximum deter-
minate domain of this one-sided mixed problem contains the triangular domain (4.23). Then,
by the uniqueness of C? solution to the one-sided mixed initial-boundary value problem (see
[2, 7]), we have u(t,z) = u/(t,z) on these domains, and in particular, (3.1) holds. In a similar
way, we have (3.2). Thus, u = u(t, z) satisfies all the requirements of Lemma 5.1.

Theorem 5.2 (Local One-Sided Exact Boundary Controllability) Suppose that a;;, bij,
iy Niy pi and Ly (1,5 = 1,---,n) are C' functions with respect to their arguments. Suppose

furthermore that (3.5), (3.14) and (3.17)—(3.19) hold. Let

1 1
T>L = =
> ol {Aﬁo,o,o)\z(o,o,m}

k=dq+1,,do

1 1
+,_ max { =T }) (5.12)
e Xy, (0,0,0)] " [5(0,0,0)]

h=dg41,-

For any giwen initial data (p(x),¥(x )) and final data (®(z), ¥(x)) with small norms ||(p(z),
b(@)lleo1xcrio.n and (@), W(@)llc2p.11 10,01, and for any given boundary functions
(Hp(t), Hq(t)) with small norms ||(Hy(t), Hy(t))llc20,11xcrpo,ry (P =1, L g =141, di+
dz), such that the conditions of C? compatibility are satisfied at the points (t,z) = (0,0) and
(T,0), respectively, there exist boundary controls (H,(t),H(t)) with small norms ||(H(t),
H,®))llc2011xcrpr) (r=1,--+,m; s =m+1,--- ,2n—(d1+dz)), such that the mized initial-
boundary value problem (2.1), (3.1) and (3.15)—~(3.16) admits a unique C* solution u = u(t, )
with small C? norm on the domain R(T) = {(t,z) | 0 <t < T,0 < z < L}, which satisfies
exactly the final condition (3.2).

Remark 5.1 The proof of Theorem 5.2 is similar to that of Theorem 4.2. Noting (3.14)
and (3.18), in the second step, we need to solve the backward mixed initial-boundary value
problem for system (2.1) with the final condition (3.2), the boundary condition (3.15) and the
following artificial boundary conditions:

r2=0: O In—(d1+d2))L(0
0, I’ﬂ (d1+d2))L(O

(
(

[ a0y = 500),

rob {(Idl,m L(O)us = (1) (513)

By Remark 3.4, if the corresponding norms of g(t), §(t), g(t) and g(t) are small enough and the

(4.9)

!

conditions of C? compatibility are satisfied at the points (¢,2) = (0,0) and (T’,0), respectively,
then we can get the existence and uniqueness of the semi-global C? solution. The other steps
are similar to those in the proof of Theorem 4.2.

For Case (3), we need only to consider the local one-sided exact boundary controllability
with controls acting on the end = 0. A similar conclusion can be obtained.

Theorem 5.3 (Local One-Sided Exact Boundary Controllability on the End z = 0) Sup-
pose that a;;, bij, ci, N, i, Lij (4,5 =1,---,n) are C! functions with respect to their arguments.
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Suppose furthermore that (3.6) holds. Let

1
T>L max ————. (5.14)

i=1-.n X~ (0,0,0)

For any given initial data (o(x),¥(x)) and final data (®(x), ¥(x)) with small norms ||(¢(x),
Y())lle2p0,L1xcrjo,r) and [[(®(x), U(x))|lc2p0,2)xc1(0,), there exist boundary controls (H(t),
H(t)) with small norm ||(H(t), H(t))|lc2[0,11xc[0,7], such that the mized initial-boundary value
problem (2.1), (3.1) and (3.20) admits a unique C* solution u = u(t,x) with small C* norm on
the domain R(T) = {(t,z) | 0 <t < T,0 < x < L}, which satisfies exactly the final condition

(3.2).

Remark 5.2 The second-order quasilinear hyperbolic equation wss+a(u, s, e )tz +b(t, Uy,
Ut)Upy = (U, Uy, us) considered in [13], where u is the unknown function of (¢,x), is a special
form of system (2.1) for n = 1.

Remark 5.3 The second-order quasilinear hyperbolic system ugy — A(u, uy, ut)tzr = F(u
Uz, ut) considered in [11], where u = (ug,- -+ ,u,)T is the unknown vector function of (¢, ), is
also a special form of system (2.1). The conclusions obtained in this paper can also be applied
to this kind of second-order quasilinear hyperbolic systems.
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