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Abstract The authors study the finite decomposition complexity of metric spaces of
H, equipped with different metrics, where H is a subgroup of the linear group GLoo(Z).
It is proved that there is an injective Lipschitz map ¢ : (F,ds) — (H,d), where F is
the Thompson’s group, ds the word-metric of F' with respect to the finite generating
set S and d a metric of H. But it is not a proper map. Meanwhile, it is proved that
¢ : (F,ds) — (H,d1) is not a Lipschitz map, where d; is another metric of H.
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1 Introduction

Inspired by the notion of finite asymptotic dimension of Gromov [1], a geometric concept
of finite decomposition complexity is recently introduced by E. Guentner, R. Tessera and G.
Yu. Roughly speaking, a metric space has finite decomposition complexity when there exists
an algorithm to decompose the space into nice pieces in a certain asymptotic way. The class
of groups with finite decomposition complexity includes all linear groups, subgroups of almost
connected Lie groups, hyperbolic groups, and elementary amenable groups and is closed under
various operations (see [2]).

Thompson’s group F' was discovered by R. Thompson in the 1960s, in connection with his
work on associativity. It is a long-standing open problem to determine whether F' is amenable.
The study of finite decomposition complexity of F' is partially inspired by the question of
amenability of F'. It is worth noticing that a bounded geometry metric space having finite
decomposition complexity has Property A (see [2]), which is a weak form of amenability. It is
not known whether F' has Property A or not. So the question about the finite decomposition
complexity of F' is interesting. R. Willett [3] proved that amenable groups satisfy Property A.
So the question arises naturally: Do amenable groups have finite decomposition complexity?

The paper is organized as follows. In Section 2, we recall some definitions and basic prop-
erties about finite decomposition complexity. In Section 3, we study finite decomposition com-
plexity of metric spaces of H, equipped with different metrics. Finally, in Section 4, using the
nice action of generators on the forest diagram, we prove that there is an injective Lipschitz

Manuscript received November 18, 2010. Revised May 11, 2011.

1College of Mathematics Physics and Information Engineering, Jiaxing University, Jiaxing 314033, Zhejiang,
China. E-mail: 081018003@fudan.edu.cn

2School of Mathematical Sciences, Fudan University, Shanghai 200433, China. E-mail: xchen@fudan.edu.cn

*Project supported by the National Natural Science Foundation of China (No. 10731020) and the Shanghai
Natural Science Foundation of China (No. 09ZR1402000).



864 Y. Wu and X. M. Chen

G has finite
decomposition [ — G has property A
complexity

N 7

G is amenable

A finitely generated group G

Figure 1 Relationship

map ¢ : (F,ds) — (H,d), where H is a subgroup of linear group GL(Z), d is a metric for H
and dg is the word-metric of F' with respect to the finite generating set S. However, it is not
a proper map. Besides, we show that ¢ : (F,ds) — (H,d;) is not a Lipschitz map, where d; is
another metric for H.

2 Preliminaries

Recall that a collection of subspaces {Z;} of a metric space Z is r-disjoint if for all i # j
we have d(Z;,Z;) > r. To express the idea that Z is the union of subspaces Z; and that the
collection of these subspaces is r-disjoint, we write

Z = |_| Z;.

r-disjoint
A family of metric spaces {Z;} is bounded if there is a uniform bound on the diameter of the
individual Z;:
sup diam(Z;) < oo.

Definition 2.1 Let X be a metric space. We say that the asymptotic dimension of X does
not exceed n and write asdimX < n if for every r > 0, X can be written as a union of n + 1
subspaces, each of which can be further decomposed as an r-disjoint union, i.e.,

X = U X X;= |_| X, supdiamX; ; < oo.
i=0 r-disjoint b

If there is a natural number n such that asdimX < n, then we say that X has a finite

asymptotic dimension (see [4]).

Definition 2.2 A metric family X is r-decomposable over a metric family Y if every X € X
admits a decomposition
X=XUuX:, X;= || Xy

r-disjoint
where each X;; € Y. It is denoted by X 5oy,
Definition 2.3 (1) Let Dy be the collection of bounded families: Dy = {X : X is bounded}.

(2) Let a be an ordinal greater than 0, and let D, be the collection of metric families

decomposable over |J Dg:
B<a

D, ={X:Vr>0, 3B <a, 3YE€Dg, such that X 5 V}.
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We have two immediate observations:

(1) For any 8 < o, Dg C Dy;

(ii) asdimX =1 if and only if X € D; exactly, i.e., X € D; and X €D.

Moreover, by [2], we have known that X has a finite asymptotic dimension if and only if X
belongs to D,, for some n € N.

Definition 2.4 Let 3 be a collection of metric families. A metric family X is decomposable
over W if for every r > 0, there exists a metric family Y € Y and an r-decomposition of X over
Y. The collection 3 is stable under decomposition if every metric family which decomposes over
L actually belongs to .

Definition 2.5 The collection D of metric families with finite decomposition complexity
is the minimal collection of metric families containing bounded families and is stable under

decomposition. We abbreviate membership in D by saying that a metric family in D has FDC.

Proposition 2.1 (see [2, Theorem 2.3.2]) A metric family X has finite decomposition com-
plexity if and only if there exists a countable ordinal a such that X € D,,.

Definition 2.6 Let G be a countable discrete group. A length functionl: G — Ry on G is
a function satisfying that for oll g, f € G,

(1) 1(g9) =0 if and only if g is the identity element of G;

(2) Ug™") = Ug):;

(3) Ugf) <ig) +1(f)

If we replace condition (1) by
(1) I(1g) =0, where 1¢ is the identity element of G,
then we say that [ is a pseudo-length function for G.
A (pseudo-)length function [ is called proper if for all C' > 0, [71(]0,C]) C G is a finite set.

Definition 2.7 Let G be a finitely generated discrete group and S be a generating set for
G. The word-length function for G with respect to S of g is the length of the shortest word
representing g in elements of the generating set S. The associated left-invariant word-metric is
dsi(g,h) =ls(g~h) and the right-invariant word-metric is ds (g, h) = ls(hg™!).

Recall that a metric space has bounded geometry if for every r > 0, there exists an N = N (r)
such that every ball of radius r contains at most N points.

Definition 2.8 If f : X — Y is a map of metric spaces, it is said to be

(1) Bornologous if for all R > 0, there exists an S > 0, such that d(x1,22) < R implies
d(f(z1), fz2)) < S.

(2) Effectively Proper if for all R > 0, there exists an S > 0, such that for all x € X,
f~HB(f(z), R)) € B(x,S).

A coarse embedding is an effectively proper, bornologous map. A coarse embedding f is a
coarse equivalence if it admits a coarse embedding g :' Y — X and there exists K > 0, such that

d(z,gf(x)) <K and d(y, fg(y)) < K

forallz € X andy € Y. Two metric spaces X and Y are coarsely equivalent if there is a
coarse equivalence f : X =Y.
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Lemma 2.1 (see [3, Proposition 2.3.3]) Let G be a countable discrete group. Then there
exists a left-invariant metric d; on G, such that (G,d;) is a bounded geometry space. Moreover,
if dj is another metric on G with these properties, then the identity map (G, d;) — (G, d)) is a
coarse equivalence. Similarly, there exists a right-invariant metric d, on G, such that (G, d,) is
a bounded geometry space. Moreover, if d,. is another metric on G with these properties, then
the identity map (G,d,) — (G,d..) is a coarse equivalence.

Lemma 2.2 (Coarse Invariant) (see [2]) Finite decomposition complezity is invariant under
a coarse equivalence, i.e., if X and Y are coarsely equivalent, then X has FDC if and only if
Y has FDC.

As a consequence, we say that a discrete group has finite decomposition complexity if it
is a metric space having finite decomposition complexity equipped with a left-invariant metric
induced by a proper length function.

Recall that a linear group is any subgroup of the invertible matrices over some field. Let
GL,(Z) be the general linear group of degree n over Z, and SL,,(Z) be the special linear group
of degree n over Z.

Tessera et al. [2] proved that for every n € N, GL,,(Z) has finite decomposition complexity
(FDC). In the similar way, we can obtain the following lemma.

Lemma 2.3 For every n € N, let | be a proper length function for GL,(Z) and d, be
the associated right-invariant metric. Then (GL,(Z),d,) has finite decomposition complexity

(FDO).

Lemma 2.4 (see [2]) The collection of countable groups having finite decomposition com-
plexity is closed under the formation of subgroups, products, extensions, free amalgamated prod-
ucts, HNN extensions and direct unions.

3 Linear Group GL(Z)
Let GLy(Z) = |J GL,(Z) and
n=1
hij € SLy(Z),1 < j < 2" and only
H =< h=diag(ho1,hi1,h12,  hi1, - hyok, - ) 10
{ (ho,1, ha,1, ha o k1 k.2 ) finitely many h; ; # (O 1) }

Note that H is a linear group.
Proposition 3.1 Let H be the group defined above. Then H has FDC.

Proof Since GLy (Z) is the direct union of {GL,(Z)},>1 and by Lemma 2.4, GL(Z) has
FDC. It is easy to see that H is a subgroup of GL(Z). Therefore, H has FDC.

Now we define a pseudo-length function  for SLy (Z) as follows:
VA € SLy(Z), 1(4) = log max {||Al|, [ A~"|]},

where ||A|| is the norm of A. Note that [ is a proper length function.
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Note that if A = (gi! gi?), then
max [ai;| < [|A] < > lail.
i,j

It follows that

VA € SLy(Z), either [(A) =0 or I(4) > %
Now define a pseudo-length function /; for H:
Vhe H, L(h) = (k+1) (k1) + - +U(Arr))- (3.1)

™~
Il
o

It is not hard to see that {h € H | [;(h) = 0} is an infinite set. Thus [y is not proper.
Define another pseudo-length function ! for H:

Vhe H, U(h) =Y 27" )(Uhka) + -+ Uhpor)). (3.2)

NE

i
o

Let d(g,h) = I(hg~") be the right-invariant pseudo-metric induced by 1.
Let 1,, denote the identity matrix of size n and 1., denote the infinite identity matrix

1 0 0
L= (1), 12:((1) ‘f) L={0 1 0,
0 0 1

Proposition 3.2 The group H, equipped with the right-invariant pseudo-metric dy induced
by l1, has FDC.

Proof For every k > 0, let

Hk:{h€H|l(hi7j):0, VZ>]€}

Gk—{heH’hm_((l) ?),Vi>k}.

It is easy to see that G, is a subgroup of GL,,(Z), where m = 2¥*1 — 2. Observe that [; is a
proper pseudo-length function for Gy. By Lemma 2.3, (Gy, d;) has FDC. Define a map

and

1/) : (Hk7d1) — (Gkad1)7
h = diag(ho,1,h1,1,h12, - s hea, by, - +)
— ’l/)(h) = diag(ho,la h/1717 h1,2a e 7hk,17 o 7hk,2k7 100)

Clearly, v is an isometry. Since FDC is a coarse invariant and (G, d;) has FDC, (Hy,d;) has
FDC. For every r > 0, there exists k > 2r, so that H = || Hgh. Indeed, if Hyg # Hyh,

r-disjoint
then hg~'€Hj,. By the definition of Hy, there is an i > k, such that (hi’jg;jl) # 0 for some
1 <j < 2° Then we have Z(hi,jg;jl) > 1. Therefore, di(g,h) > £(i+1) > 2(k+1) > r. Since
(Hpy,dy) has FDC, it is readily verified that {Hih}, has FDC. Therefore, (H,d;) has FDC.
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4 Thompson’s Group F

The valence of a vertex of a graph is the number of edges incident to the vertex.

An ordered rooted binary tree is a tree S such that

(1) S has a root vg;

(2) if S contains vertices other than vg, then vy has valence 2;

(3) if v is a vertex in S with valence greater than 1, then there are exactly two edges
€y,L; €y,r Which contain v and are not contained in the geodesic from vy to v.

The edge e,,1, is called a left edge of v and e, g is called a right edge of v.

For every z,y € Z, let ged(x,y) be the greatest common divisor of x and y. Let a be a
nonnegative integer and let b, ¢, d be positive integers, such that a < b, ¢ <d, [, 5] C [0,1] and
ged(a,b) = 1 = ged(c, d), with [£, §] being an integral subsimplex of [0, 1] if ad — bc = —1. The
left part of [§, 9] is [§, £5] and the right part of [¢, §] is [{£F, §]. The left and right parts of
[%, 5] are integral subsimplices of [0, 1]. The tree of integral subsimplices of [0, 1] is the tree T'

with vertices being the integral subsimplices of [0, 1] and with edges the pairs (I, .J), where I
and J are integral subsimplices of [0, 1] and I is either the left part of J or the right part of J.
An edge (I,J) of T is a left edge if I is the left part of J and is a right edge if I is the right
part of J.

We define a caret to be a vertex of the tree together with two downward-oriented edges,
which we refer to as the left and right edges of the caret. Every caret has the form of the rooted
tree in Figure 2. We call v; is the left child of v and wvs is the right child of v.

v

AN\

V1 V2

Figure 2 A caret

Label the vertex set V(T') of T' by the following inductive method: label the root vertex
by Tp,1. Assume that a vertex v of T is labeled by 7; ;. Then label the left child v, of v by
Ti4+1,2j—1 and label the right child vy of v by Tj;1.2;. Throughout this paper, we view T; ; as
both a vertex of a tree and an integral subsimplex of [0, 1].

To,1=[0,1]
T1,1=[0,3] T12=[3,1]
Ty1=[0,3] Ty2=[5,3] Toa=[3,3] Tya=[3, 1]

S0 TN TN

Figure 3 The tree T of integral subsimplices of [0,1]

We present a brief introduction to Thompson’s group F' and refer the interested readers to
[6—7] for more detailed discussions. Thompson’s group F' has been studied for several decades.
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F' is the set of orientation-preserving piecewise linear homeomorphisms from the closed unit
interval [0, 1] to itself that are differentiable except at finitely many dyadic rational numbers

m

i>M,n € Z, ) and such that on intervals of differentiability

(i.e., rational numbers of the form:
the derivatives are powers of 2.

Elements of F' can be viewed as pairs of finite binary rooted trees, each with the same
number of carets, called tree diagrams. A binary forest is a sequence (Tp,771,---) of finite
binary trees. A binary forest is bounded if only finitely many of the trees are nontrivial. The
forest diagram, which represents an element of F' as a pair of bounded binary forests is another
useful diagram representation for F'.

A tree diagram (forest diagram) is reduced if it does not have any opposing pairs of carets.

.. AN CoN
v N \</ N
Figure 4 An example of an unreduced forest diagram and a
reduced forest diagram representing the same element in F'

An exposed caret in a forest is a caret whose children are both leaves (see Figure 5).

SR AL AN

Figure 5 Exposed carets

Remark 4.1 (see [5]) We can translate between tree diagrams and forest diagrams in the
following way: given a reduced tree diagram, we remove the right stalk of the tree to get the
corresponding reduced forest diagram (see Figure 6).

< N

@ —
Figure 6 A reduced tree diagram being translated into a reduced forest diagram

Let zg, 1,22, - be the elements of F' with reduced tree diagrams in Figure 7 and reduced
forest diagrams in Figure 8. These elements generate the group F'. Since z,1 =z, Yy, xo for
n > 1, F is finitely generated by {xq,z1}.

Thompson’s group F' can also be described as the group with the following infinite presen-
tation:

(o, @1, Ty, | Tk = TpTpy1, VE < n).

Lemma 4.1 (see [5]) There is a canonical bijection between F' and the set of reduced forest

diagrams (or reduced tree diagrams).
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P 7N
VNN

Figure 7 Reduced tree diagrams for an infinite generating set

20 X1 X2

Figure 8 Reduced forest diagrams for an infinite generating set

The action of the generators {xg, 1, zp, -} on forest diagrams is particularly nice.

Lemma 4.2 (see [5, Proposition 2.3.1]) Let § be a forest diagram for some f € F. Then a
forest diagram for x, f can be obtained by attaching a caret to the roots of trees n and (n + 1)
in the top forest of §. The forest diagram given for x,f may not be reduced, even if we started
with a reduced forest diagram. In particular, the caret that was created could oppose a caret in
the bottom forest. In this case, left-multiplication by x,, effectively “cancels” the bottom caret.

By Lemma 4.2 and the translation between tree diagrams and forest diagrams, we immedi-
ately obtain the following lemma.

Lemma 4.3 For any f € F, let (g;c) be the reduced tree diagrams for f and (?’”"f) be

zn f

the reduced tree diagrams for x,,f. Let L(Ry) be the set of leaves of Ry. Then there are three
cases:

(1) The number of leaves in Ry is the same as the number of leaves in Ry, ¢, i.e., |L(Ry, f)|
= |L(Ry)l;

= -1

u(lBa 5307 =0 2 (G 3) =551 60)
It is easy to see that

-1 -1

v(lid G aDvE e Gad-G )6 s 68 %)
G 1))
B 01) \B2 02
M

(Gal Gl
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Remark 4.2 Note that flv(M(T”, Ti.1)) < 2n + 4, where n = max{i, k}.
Indeed, let T; ;= [¢, 5] and Tj; = [%, Z]. Then it is not hard to see that max{|al, [b],|c|, |d|}
< 20 < 2" and max{|a/, |8, |7/, |§]} < 2F < 27, Tt follows that

ezl = | (5 7) (G fz)l [ <ot

1M (T;

and

o Tea) M = 1M (T, T )| < 2274

Therefore, (M (T; ;,Tx,1)) < 2n + 4.

Define a map ¢ : F' — H. For every f € I, let (1;;) be the reduced tree diagram for f. If

T;; = [%, 5] is a leaf of Ry and T}, ; = [%, %] is the corresponding leaf in Sy, which is denoted

by f(TiJ'). Then

it s =u([5 5150 -5 D6 o)

Since T; ; and f(T; ;) are integral subsimplices of [0,1], M (T; ;, f(T;;)) € SLa(Z). Define

M (T, ;, f(Ti;)), T;;is aleaf of Ry,
(f)ij = .
1o, otherwise.

Let ¢(f) = diag(e(f)o,1, o(f)1,.9(F)iz, - o(Fri, - s@(f)rar, ). It is easy to see
that o(f) € H.

Example 4.1 Figure 9 is the reduced tree diagram for zy3. Then we obtain

o(x0) = diag(1lz, 12, 0(z0)1,2, ©(20)2,1,©(70)2,2, Loo),
2 1\ /1 1\ "
Where QO(CC())LQ = M(T1727T2,4) = M [%7%]7[%’%]) = <3 1> (2 1> R @(xO)Q,l =
1

1 0 1\
2) (1 3> and ¢(z0)22 = M (Tr2,T23) =

T /%Tlg
TIIWTM

Figure 9 The reduced tree diagram for zq

Proposition 4.1 Let ¢ : F'— H be the map defined above. Then ¢ is injective.

Proof For any f, g € F such that f # g, we are going to prove that ¢(f) # ¢(g). Let (I;;)
and ( I;Z ) be the reduced tree diagrams for f and g respectively. By Lemma 4.1, ( g; ) #* ( I;;’ ) .
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Case 1 If Ry # Ry, then there is an exposed caret ¢, such that

(1) cis in exactly one of Ry and Ry, i.e., if ¢ is in Ry, then ¢ is not in Ry, and if ¢ is not
in Ry, then c is in R,.

(2) if ¢ is not in Ry, then the root vertex T; ; of ¢ is either a leaf or not a vertex of Rj.

(3) if cis not in Ry, then the root vertex T; ; of ¢ is either a leaf or not a vertex of R,.

Assume that c is an exposed caret in R,;. Then T; ; is either a leaf or not a vertex of Ry.
Therefore, T;112;—1 and Tj;1,2; are not leaves of Ry. It follows that o(f)it12j—1 = 1la =
@(f)it1,25. Since ¢ is an exposed caret in Ry, Tj41,25—1 and T;11 25 are leaves of R,. It follows
that either ¢(g)it1,2j—1 # 12 or ¢(g)it1,2; # l2. Indeed, if ¢(g)it1.2j-1 = 12 = p(9)i+1,2),
then Tj41,2;—1 and Tj41,2; in Ry correspond to Tiy1,2j—1 and T;11,2; in Sy. Thus we obtain an

opposing caret in (1;; ), which gives a contradiction. Therefore, ¢(f) # ©(g).

Ti,;

Ti+1,2j+1 Ti+l,2j

Figure 10 The caret ¢

Case 2 If Ry = Ry, then Sy # S;. Let L(Ry) and L(R,) be the sets of leaves in Ry and
R, respectively. There exists T, ; € L(Ry) = L(Ry) corresponding to different leaves in Sy and

Sg, i.e.,f(Tk,l) 74— g(Tk,l)- Thus
(e =M (T, f(Thn)) # M (Th 1, 9(Th 1)) = ©(9)k 1

It follows that o(f) # ¢(g).
Let V(T') be the vertex set of T, and define a weight function w : V/(T') — R by w(T; ;) = 27"

Lemma 4.4 Let R be a subtree of T' with the root vertex T; j, and T3, j,,Ti, jor -+ s Tin

be the leaves of R. Then Y w(T;, j.) = w(T; ;).

k=1
Proof We are going to prove it by induction on n. If n = 1, then R is a trivial tree and
T;
Now assume that n = m + 1. There is an exposed caret ¢; as in Figure 11. By the definition

171 = 13,5, and thus the result is true for n = 1. Suppose that the result is true for n < m.

of the weight function, w(T;, j.) = w(T; = Jw(v).

k+1,jk+1)

T, jk/\ T,

bk+1 ajkﬂ

Figure 11 The caret ¢;

Deleting caret ¢; from R, we obtain a subtree R’ of T with the root vertex T; ;. It
has m leaves and its leaves are Ty, j,, -, Loy jiu_1sV Tip o jisar > Lin,jn- BY assumption,
w(EIJI) +oot w(:rik—lsjk—l) + w(v) + w(Tikﬁ+2$jk+2) +eee At w(Tinsjn) = w(T%J) Since w(”) =
w(Tika) + w(TikJrhij)’
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Lemma 4.5 Assume that R is a subtree of T, and let Ry be the subtree R with the root
vertex T; ;, and Ry be the subtree R with the root vertex Ty, that is, R1 and Ry have the
same tree structure with different root vertices. Let Ty, j,,T;, 5o, , 15, .5, be the leaves of Ry
in order, and Ty, 1y, Thy 1y s Lk, 1, be the leaves of Ry in order. Then

V1§m§n7 M(Tl Tkm,lm):M( i,j7Tk,l)~

myJm)

Proof We will prove it by induction on n. Clearly, the result is true for n = 1. If n = 2,

then we obtain the picture of R; and Ry as Figure 12.

Ry

Ty
R N

Tk

Figure 12 The tree of R; and Rs

Assume that T; ; = [%, 3] and Ty = [%, %] Then

Tog = [495, 15 = [45, 9]
11,J1 b7b+d ) 12,72 b+d7d 9

a a+y aty vy
Tkl,llz[gam}v Tk?h:{ﬁ‘*‘&’gl

We immediately have

V1 S m S 2, M(T Tkm,lm) = M(EJ,T]CJ).

Suppose that the result is true for n < m. Now assume that n = m + 1. There is an exposed
caret ca with the root vertex vy of Ry. Let T;, ;, and Tj,, j,., be the leaves of caret cz of R;.
Then Ty, ;, and Tk, , .., are the leaves of caret c; with the root vertex vy of Ry. Note that

M(T3, oy Tho o) = M(Ti s gosas Thooia e a) = M (v, 02).

Delete caret ¢y from R, we have a subtree R'. Let R} be the subtree R’ with the root vertex T; ;
and R5 be the subtree R’ with the root vertex Ty ;. Then Ty, ;.- T5,_, j, 101, Tip iy sy o s
Ti, j, are the leaves of Ry, and Ty, 1), -, Tho 1 0y_1» V2, Thyyiilsrs - > Liy g, are the leaves of

RY,. By assumption, we have
M(vi,v9) = M(T; 5, Tr,1)

and

Vi<m<nm#tandm#t+1, M(T; T i) = M(T;.5, T ).

msJm )

Therefore,

V]. § m S n, .Z\f(TZ Tkm,lm) = M( i,jaTk,l)~

msJm)

A map f: X — Y of metric spaces is called a Lipschitz map if there exists a constant A > 0,
such that
d(f(z), f(y)) < Ad(x,y), Vz,yeX.
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Proposition 4.2 Let S = {xg,z1} be the finite generating set for Thompson group F, dg
be the left-invariant word-metric with respect to S, and d be the right-invariant pseudo-metric
for H induced by | which is defined in (2.2). Then ¢ : (F,ds) — (H,d) is a Lipschitz map.

Proof For every f,g € F, let (g;) and (I;;’) be the reduced tree diagrams for f and g

respectively. Then (;ﬁ ) and (;Z ) are the reduced tree diagrams for f~! and g~

Let

! respectively.

where

e(9)e(f) ' =diag(e(9)o12(Fo 1 (@110 1 2 @kae(Fits > 0(@r2e @y ger -
If T; j is a leaf in both Ry and Ry, then

0(9)ie(f)i) =M (Tij,9(Ti;
= M (Ti;,9(Ti;

,

=M (f(Ti;),9(T3;)) -

Therefore,
M (f(Ti;),9(Ti;)), Tij€ L(Ry) and T; j € L(Ry),
o io(f)-1 = 4 M Tis9(Tis)), - Ti€L(Ry) and Tij € L(Ry),
IR T M (f(T;;),Ti;) T, ;€L(R,) and T; ; € L(Ry),
1o, otherwise.

First we will show that if ds(f, g) = 1, then d(o(f), ¢(g)) < 13.

Since ds(f,g9) =1, Is(g~'f) = ls(f~1g) = 1. It follows that g~'f € {:co,xgl,xl,zl_l}. Let
S1,89, -+ ,Sy, be ordered rooted binary subtrees of T'.

(1) Suppose that g='f = xg. Then g=! = zof L.

Case 1 The number of leaves in Ry is equal to the number of leaves in Ry, i.e.,|L(Ry)| =
|L(Rg)|. f has the form of reduced tree diagram of Figure 13. By Lemma 4.2 and the translation
between tree diagrams and forest diagrams, we obtain the reduced tree diagram for g as Figure
14.

RJ_,T@ g @...@>\

Figure 13 The reduced tree diagram for f

IfT;; € L(Ry) = L(Ry), cp(g)i,jcp(f);j-l =M (f(Ti;),9(T;;)). By Lemma 4.5, we have
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Figure 14 The reduced tree diagram for g

(1) If f(T;,) is a leaf of Sy, i.e., f(T; ;) € L(S1), then

ot = wtam =[S - () (D700,

It follows that T(@(g)i)jw(f)gjl) <2
(11) If f(Tz,]) € L(SQ), then

s =B - (¢ 9 ()

-5 4

It follows that l~(<p(g)i)jap(f);j1) < 4.
(i) Otherwise,

2 17 11 1 !
pladisol0)t =M T Tia) =1 ([51 ) [31]) = (3 1) (3 1) -
It follows that Z((p(g)i7j30(f)gj<l) <2
If T, j€EL(Ry) = L(Ry), ¢(9)ije(f)i, = la.

By Lemma 4.4, we have

d((f),0(9) = Up(@)e() ™) =3 w(Ti)i(e(g)ige(f)i}) <2 +4+2=8.

Case 2 |L(Rf)‘ < ’L(Rg)’. f has the form of the reduced tree diagram of Figure 15. Then
we obtain the reduced tree diagram for g as Figure 16.

-'/\'-
Ry / - \
- ﬂc,l
T2

Sr

Figure 15 The reduced tree diagram for f



876 Y. Wu and X. M. Chen

AN

Figure 16 The reduced tree diagram for g

(i) IfT;,; € L(Ry) N L(R,), then f(T; ) € L(Sy).

0(9)ige(Nij = M (f(Ti),9(Ti;)) = M (T11, To)
1
(e [15) -0 ) -6
It follows that I (¢(g )ije(fiy) <2
(ii) Tk €EL(Ry) and Tiy € L(Ry). So @(9)kie(fiy = M (f(Tra), Tra) = M (Ty 2, Th).

By Remark 4.2,
Up(9)rap(fr) < 2k + 4.

i) Tro100-1,Tks129€L(Rs) and T; ; € L(R,). Then we have
( ) +1, +1, f 2J g

@(9)k+1,2l7190(f)];1_1721_1 =M (Trt120-1,9(Thr1,20-1)) = M (Tht1,21-1,T2,2)
and
(Drr1.20(F it = M (Tirr.20,9(Thr,21)) = M (Tiy1,21,Th2) -

It follows that

l(‘P(Q)kﬂ,zl—l@(f)/?}-l,m—l) <2(k+1)+4 and flV(@(g)k—s-lQl@(f)/:-sl-l,m) <2(k+1)+4.
Therefore,
d(e(f):(9)) = - w(Ti)le(9)ise(F)i )

<24 27F2k +4) + 27 * Dk + 1) +4) + 27 *FD(2(k + 1) + 4)
<243+3+3=11.

Case 3 |L(Ry)| > |L(Ry)|- f has the form of the reduced tree diagram of Figure 17. Then
we obtain the reduced tree diagram for g as Figure 18.
(i) IfT;; € L(Rf) N L(Ry), then

P(9)ige(Hij =M (f(Ti;).9(Ti;)) = M (T24, T 2) .
(-6 D6 )
) <

It follows that 7( )ijo(f 2.
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Figure 17 The reduced tree diagram for f

Figure 18 The reduced tree diagram for g

(ii) If TkJEL(Rf) and Ty ; € L(Rg), then

(D rap(fig = M (Trty 9(Th1)) = M (Thep, T n) -

It follows that
Up(g)rae(f)ig) < 2k +4.

(111) Tk+1721717Tk+1,2l€L(Rg) and Tk+172171,Tk+1721 € L(Rf) Then we have

@(9)k+172l7150(f)]:i1,2171 =M (f(Ths1,20-1), Te1,21-1) = M (T1 1, Tiot1,21-1)

and
(D k120 Hiyr.or = M (f(Ter,20), Trrr,21) = M (To3, Ty 1,21) -

It follows that

l(‘P(Q)k+1,21—1@(f)/?}-l,m—l) <2(k+1)+4 and R@(Q)k+1,2l<ﬂ(f)/:+1-1,2l) <2(k+1)+4.
Therefore,
d(e(f),0(9) = D w(Tipl (2(9)iae (i)

<24 27F2k +4) + 27 FFDQ(k + 1) +4) + 27 FFV 2k 4+ 1) + 4)
<2+3+3+3=1L

(2) Suppose that g=!f = 25", Then f~1 = 299~ ". By the result of (1), d(¢(g), ¢(f)) < 11.



878 Y. Wu and X. M. Chen
(3) Suppose that g7'f = xy. Then g~ =z f~L.
Case 1 The number of leaves in Ry is equal to the number of leaves in Ry, i.e., |L(Rf)| =

‘L(Rg)’. f has the form of the reduced tree diagram of Figure 19. Then we obtain the reduced
tree diagram for ¢ in Figure 20.

E— & & ® 6

Tl 1 TZf} 7‘37
Sy

Figure 19 The reduced tree diagram for f

wr— & & &
Tu Tss Tss
Sy
Figure 20 The reduced tree diagram for g

If Ti,j = L(Rf) = L(Rg)v @(g)i,j@(f)i_,jl =M (f(n,j),g(TiJ)).
(i) If f(T;,) € L(S1), then

‘P(g)i,j@(f);jl =M (Th,1,Thy) = (é ?> ’

It follows that T(@(g)i,j@(f)i_,jl) =0.
(i) If f(Ti;) € L(S2), then

ot = (L) - (D (Y- ().

It follows that I (2(g)ije(f);;) < 4.
(111) If f(T,LJ) S L(Sg), then

oot (L) - (D E ) (50D

It follows that T(go(g)i’jgo(f);}) <5.
(iv) Otherwise,

s =B L -G ) D - 7
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It follows that ZN(QO(Q)LJ“P(JC)Z;) <2

It T, jEL(Ry) = L(Ry), #(9)i0(f)i} = 1a.
Therefore,

d(o(f)¢(9) = > w(Ti )l (¢(9)ie(f)i}) <4+5+2=11.

Case 2 |L(Ry)| < |L(Ry)|. f has the form of the reduced tree diagram of Figure 21. Then
we obtain the reduced tree diagram for g as Figure 22.

./\.

R / \
.o T,

Tu(S) Tws(Sy) T

Sy

Figure 21 The reduced tree diagram for f

Figure 22 The reduced tree diagram for g

(i) I Ti; € L(Ry) N L(Ry), ¢(9)ige(f)i; =M (f(T;;),9(Ti;))-
(a) If f(TZJ) S L(Sl), then

sﬁ(g)i,j<ﬁ(f)i_,jl =M (Ty,1,Tha) = (é (1)> :

It follows that I (2(g):¢(f);)) = 0.
(b) If f(Ti;) € L(S2), then

S R e PR (L N B (3 N Y

It follows that I (#(g)i e (f)7)) < 4.
(i) Ti/€L(Ry) and Tyy € L(Ry). S0 p(g)kip(ih = M (f(Tia). Ter) = M (To.0,Ti).
Then

Up(9)rae(f)ir) < 2k +4.
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(lll) Tk+1721_1,Tk+1,21€L(Rf) and Tk+1,2l—1aTk+1,21 S L(Rg) Then we have
(Drr1.2-19(Fitr.o1-1 = M (Ter,20-1, 9(Thy1,21-1)) = M (Thg1,20-1, Ts 6)
and
(Drr1.20(F it = M (Tirr.20,9(Ter,21)) = M (Tis1,21, To.a) -

It follows that

Up(@rr1,20-10()iiro-1) S2(k+1) +4  and T(W(g)kﬂ,zz@(f)/;il,m) <2(k+1)+4.

Therefore,

d(e(f),0(9)) = D w(Tipl (p(g)ige(f)i))
<4+ 27R2k +4) + 27 * Dk +1) +4) + 27 FFD QK+ 1) + 4)
<44+3+3+3=13.

Case 3 |L(Rys)| > |L(Ry)|. f has the form of the reduced tree diagram of Figure 23. Then
we obtain the reduced tree diagram for g as Figure 24.

Ry

Sy

Figure 23 The reduced tree diagram for f

(i) If T;; € L(Ry) N L(Ry), then w(g)i j0(f); ] = M (f(T;;),9(Ti ;)
(a) If f(Ti,j) S L(Sl), then

P(9)ige(f)ij = M (Tia, Th) = <(1) (1)> '

It follows that l~(<p(g)i,j90(f);jl) =0.
(b) If f(Ti;) € L(S2), then

s ED-C Y D¢ 7).

It follows that z(go(g)i7jg0(f);]1) <2.
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Figure 24 The reduced tree diagram for g

(ii) TkJEL(Rf) and TkJ S L(Rg). Then

(D rap(fig = M (Trt, 9(Thp)) = M (Tip, Ta 3) -

It follows that
U@ rap(fig) < 2k +4.

(111) Tk+172l_1,Tk+1,2[€L(Rg) and Tk+1,2l—1aTk+1,2l € L(Rf) Then we have

Lp(g)k+1,2l7150(f)];i1’2171 =M (f(Ths1,20-1), T1,21-1) = M (T3, Tiot1,21-1)

and
(D rr1.200(Fitror = M (F(Thrr,20), Ter,21) = M (Ts.7, Tre1,20) -
It follows that

l(w(g)k+1,21_1so(f);i1721_1) <2(k+1)+4

and

l((p(g)kJrl,QlQD(f)I:j.Lm) <2(k+1)+4.

Therefore,

d(e(f):(9)) = Y w(Ti)lp(9)ise(F)i )
<24 27F2k +4) + 27 * Dk + 1) +4) + 27 *HD(2(k + 1) +4)
<24+3+3+3=11.

(4) Suppose that g~ f = 27", Then f~! = 219~ ". By the result of (3), d(¢(g), (f)) < 13.

Now we will show that if ds(f,g) = n, then d(¢(f), ¢(g9)) < 13n.

Since Is(f~'g) = n, f7lg = @y, xiy- -3, where z;, € S = {xg,z1}. We have g =
fxi, iy -+ -z, . It follows that

d(go(g), @(f)) < d(()o(fxilxlé e xin)’ (P(f$i1xi2 T :L.Z.nfl)) +o

+ d(e(fzi@iy), (fri,)) + d(e(fziy), e(f))
< 13n.
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Therefore,
d(e(f), (g)) < 13ds(f, g).

Lemma 4.6 (see [8, Theorem 3.1]) Let S = {zg,x1} be the finite generating set for
Thompson’s group F, and for every f € F, |f|s is the word-length with respect to S. Let
(1;;) be the reduced tree diagram for f, and N(f) be the number of carets in Ry (or Sy).
Then

N(f) =2 <|fls <4N(f) - 4.

Definition 4.1 Let f: X — Y be a map of metric spaces. If for every bounded set B CY,
f7Y(B) is a bounded set of X, then we say that f is a proper map.

Proposition 4.3 Let S = {xg, 21} be the finite generating set for Thompson’s group F, dg
be the left-invariant word-metric with respect to S, and d be the right-invariant pseudo-metric
for H induced by | which is defined in (2.2). Then ¢ : (F,ds) — (H,d) is not a proper map.

Proof It suffices to show that there exist {f,} C F such that |f,|s — oo and I (¢(fr)) < 7.

Define a map ¢ : F — F as follows: for every f € F, let (1;; ) be the reduced tree diagram

for f. Then define ¥"(f) as the element of F' with the reduced tree diagram in Figure 25.
Now let

fo=x0, fo=1v"(z0), Yn=>1.

Then we obtain the reduced tree diagram for f,, (see Figure 26).

Figure 25 The reduced tree diagram of ¥™(f)

A A

T2,1 Tz’g T1,2 Tgyl ng Tgyz lez T4,1 T4,2 T3,2 TZ,Z T1,2
Tl,l TZ,S T2,4 T2,1 T‘i? TS,4 TI_Z TS,I T4.3 T4,4 TZZ T1_2

YN X

Figure 26 The reduced tree diagram of f,
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Let (};{ ) be the reduced tree diagram for f,, N(f,) be the number of carets in Ry, .
Then N(f,) = n+ 2. Thus by Lemma 4.6, |f,|s > N(fn) —2 =n. Note that

Try2,1,Tnt22, Thy1,2, T2, ,T12

are the leaves of Ry, and correspond to the leaves of Sy, respectively.
Tot1,1, Tnt2,3, Thy24,Tho, -+, 110

Therefore,

L((fa)) = 27D (U fr)nr2,1) + U fn)ns2,2)) + 27U (fa)nsr2).
By the Remark 4.2,

fn)n+2,l = (M(Tn+2,17Tn+l,1)) S 2(” + 2) + 47
O(frn)nt2,2 = (M(Thio2, Thtz3)) < 2(n+2)+4,
Jo)ngr2 = (M(Thy12, Thi24)) <2(n+2) +4.

So L(p(fa)) <7

Proposition 4.4 Let S = {xg,x1} be the finite generating set for Thompson’s group F, dg
be the left-invariant word-metric with respect to S, and dy be the right-invariant pseudo-metric
for H induced by Iy which is defined in (2.1). Then ¢ : (F,ds) — (H,dy) is not a bornologous
map. Therefore, it is not a Lipschitz map.

Proof We will show that for any A > 0, there exist f and g, such that ds(f,g) = 1 and

di(e(f),¢(g)) > A
For any X\ > 0, there exists an n(> A+ 1). Let f =z, g = 20~ '. Then ds(f,g) = 1. Let

(gff ) and (];;) be the reduced tree diagrams for f and g respectively.

A\A&&

Tor Teo T Tsy Tsp Tyz Tz Tsy Tao Tsp Teo Tiz
Tin Top Tou Ty Tos Tar Ty Tos Do Tus Tuse

W N4

Figure 27 The reduced tree diagrams of z (n > 1)

Note that
V2<i<n, Tis€ L(Rs)NL(Ry)

and
f(Ti2) = Thysionts-ic1,  9(Ti2) = Thqoion+2-iy
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Since Ty on_1 = [— _n_

Y. Wu and X. M. Chen

@(9)1,2%0(]0)1'_,21 =M (f(Tiz2),9(Tiz2))
=M (Tpy5—ionts-i—1, Tppo_jon+2—i_q)
_M([n—i—Q—i n+3—i} [n—i—l—i n+2—iD
N n+3—i'n+4—il'ln+2—i'n+3—i

C(nH1—i n42-4\ (n+2—i n+3—i) "
T \n+2—-i n+3—-i/\n+3—-7i n+4—1
(2 -1

0 o)

Therefore, 7(50(9)7280(f);21) 2 L.

o0

di (2(£),(9)) = b ((@)p(H) ) =D _(k+ D) (Ue(@)rap(Fiy) + - + U (920 ( £y b))
k=0
> 1 (e(9)i2e(His)
=2
>n—1>\
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