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Abstract The bifurcations of orbit flip homoclinic loop with nonhyperbolic equilibria are
investigated. By constructing local coordinate systems near the unperturbed homoclinic
orbit, Poincaré maps for the new system are established. Then the existence of homoclin-
ic orbit and the periodic orbit is studied for the system accompanied with transcritical
bifurcation.
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1 Introduction

Homoclinic or heteroclinic orbits have tremendous potential for applications in many impor-
tant areas. Therefore, bifurcations of homoclinic or heteroclinic orbits were studied extensively
in the literature (see [1-10] and the references therein). In recent years, many papers focus
on the following three different codimension two bifurcations: resonant leading eigenvalues, an
inclination-flip condition or an orbit-flip condition. The first possibility was worked out in [11],
the second in [12], and the third in [13, 14]. But the corresponding problems with nonhyper-
bolic equilibrium are rarely investigated (see [15]) where the bifurcation of the inclination-flip
homoclinic orbit associated to a saddle-node singularity was studied. It is well-known that non-
hyperbolic equilibrium is unstable and always undergoes saddle-node, transcritical or pitchfork
bifurcation or other bifurcation phenomena. Obviously, the bifurcation problems of orbits join-
ing nonhyperbolic equilibria are much more difficult and challenging. Knobloch [16] considered
bifurcations of the homoclinic orbits to saddle-center. Wagenknecht [17] studied the homoclinic
pitchfork bifurcation in a reversible system. For the other bifurcations involving nonhyperbolic
equilibria, we refer to [18-25] and the references therein.

In this paper, we are interested in orbit flip homoclinic orbit converging to a nonhyperbolic
equilibrium, which undergoes a transcritical bifurcation. We introduce the method originally
established in [26] and then improved in [27-28], that is, choosing fundamental solutions of
variational equations as a new local coordinate system along the homoclinic orbit and then

constructing a Poincaré map to induce bifurcation equations. It is divided into two key steps.
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The first one is to find fundamental solutions to linear variational equations to divide the
tangent space, use the corresponding fundamental solutions as an active coordinate system
along the homoclinic orbit, and define two Poincaré sections spanned by the new coordinate
system. Then using the new coordinates, we establish the map induced by the flow between
two sections outside the small neighborhood of the equilibrium. The second step is to construct
the map between these two sections, which is induced by the flow in the small neighborhood of
the equilibrium. Then the whole Poincaré map is obtained by composing these maps.

The rest of the paper is arranged as follows. In Section 2, we present a qualitative analysis
of the system. Using the invariant manifold theory, we give the local normal form of the system.
In Section 3, we construct the local coordinate system along the homoclinic orbit, and then
establish the corresponding Poincaré map. In Section 4, we give the sufficient condition for the
persistence of the homoclinic orbit and the existence of the periodic orbit bifurcated from the

homoclinic orbit.

2 Hypotheses and Normal Form

Consider the following C” system:
w = G(w, A, ¢€), (2.1)

and its unperturbed system:
w = F(w), (2.2)

where w e R", A eR,eeR, 0<|e| <1, F,GeC",r >3, G(w,0,0) = F(w).

Assume that system (2.2) has a homoclinic orbit I": v(¢) connecting the origin with vy(+o00) =
0. The linearization D,,F(0) has simple real eigenvalues at the equilibrium O: —p1, 0, A1, A2
satisfying —p; < 0 < A\ < Ag. For convenience, we assume p; > A\ (the case p; < A1 can
be discussed similarly). Obviously, nonhyperbolic equilibrium O has a 1-dimensional stable
manifold W#, a 2-dimensional unstable manifold W* and a 1-dimensional center manifold W€,
which are all C".

Further, we need the following hypotheses:

(Hy) dim(Ty o WeNT, W) = dim(Ty )W N Ty W) =1,
where W€ is the center-stable manifold of O.
(H2) Let ef = tii{noo%, e, = tiigloo %, where ef € ToW"", e € ToW* are unit
eigenvectors corresponding to Ag, 0, respectively, and W"* is the strong unstable manifold of

0.

From the above hypotheses, we know that the homoclinic orbit I" enters the equilibrium
O along the center manifold W€ as t — +o0o and enters the equilibrium O along the strong
unstable direction of ToW* as t — —oo, which means that I" is a homoclinic orbit with an orbit
flip (see [12, 14]), so (H2) is a nongeneric hypothesis.

Let et e; be unit eigenvectors corresponding to A;, —p1, respectively.

(Hs) span {TyW", TypyW, et} = R4, t>> 1.

span {T,yW*", T, W, e, } = R%, t < —1.
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Hypothesis (H3) is called the strong inclination property, which is equivalent to

lim T, W*" = span{e_, e}, tEIElOO Ty pyWe = span{e;, e; }.

t——+oo

Remark 2.1 From [29], we know (Hj) is generic.

(Hy) Let y be the coordinate of system in center orientation, 6(y, o, i) be the vector field

on the center manifold. We may assume

o0 9%0
6(07 )\7/'1’) - 07 Fy(oa 070) — 07 87y2(0’070) < 0,
026 920
m((LOaO) > 07 %(0,0,0) =0.

From [30], under the above assumptions, the origin O is a transcritical bifurcation point,
and A\ is the control parameter of transcritical bifurcation. Under small perturbation, when
A > 0, the origin O is perturbed into two hyperbolic equilibria pg, p1. Let w = (z,y, z), where
x = (x1,22) denotes the unstable space, y denotes the center space, and z denotes the stable

space. Now pg, p1 can be written as
Pbo = Oa p1=Dpo+ (07 00)\70) + 0(/\2) + O()‘E)a

where o2
51/8,\ (07 07 0)
b0 = 920

9y?
po has a 3-dimensional unstable manifold and a 1-dimensional stable manifold, and p; has a

(O’ 0) O)7

2-dimensional unstable manifold and a 2-dimensional stable manifold. To simplify the calcu-
2% 2%

Byor’  oy? of )\y and yQ,

lation, we make a scaling transformation to remove the coefficients
respectively.

Based on the invariant manifold theory and the hypotheses (H;)—(Hy), there exists a C”
coordinate change to flatten the stable manifold W?, the unstable manifold W*, the strong
unstable manifold W**, and the center manifold W€ (see [28]), so that the flattened local

invariant manifolds can be expressed as follows:

Wit = {(@,9.2) sy = 0,2 = 0}, Wt = {(2,2) 21 = 0,y = 0,2 = 0},
We, ={(z,y,2) :2=0,2=0}, W .={(z,y,2):2=0,y=0}
Now system (2.1) is changed into the following C"~! system:

i'lzfll(x?yazv)‘7€)7 y:f21($7ya27)\75)7

B2 = fr2(z,y,2, N, €), 2= far(z,y,2,A€),
which has the following form in Uy:
i1=[M(a) + - -Ja1 + (O(y) + O(z)) - O(w2),
) =y —y? +eh(z,y,z) +ho.t.,
y = -y (z,y,2) (2.4)

i2=[A2(a@) + - Joz + 21[O(21) + O(y) + O(2)],
¢ = m(@) +ole
where o = (A, €), h|p—z—0 = O(5?).
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3 Local Coordinate System and the Poincaré Map

In this section, we will establish the Poincaré map, given as compositions of the local
transition map (using the flow near the origin) and the global transition map. Then we use the
Poincaré map to produce the successor functions.

After the straightening transformations, obviously, we may select the time 7' large enough
such that v(£T") C Up and

7(_T) = (070’670), Y(T) = (076’070)7

where 6 > 0 is small enough such that {(z,y, 2) : |z|, |y, |2| < 26} C Up.

Consider the linear variational system
D= A(t)® (3.1)

and its adjoint system
U= —A*(1)7, (3.2)
where A(t) = Df(v(1)), f = (fi1, fa1, f12, fo2).

Lemma 3.1 If hypotheses (Hy)—(Hy) hold, we can choose a fundamental solution matriz to

(3.1)
<I>(t) = ((bl (t)7 ¢2 (t)7 9253 (t)a ¢4(t))
satisfying
o1 (t) S (T,Y(t)WCS)C n (T.y(t)I/Vu)c7
y(t
¢2 (t) = - |’;/y((T‘))| € [T’Y(t) Wcs n T’Y(t) Wu]’
, oW
Pll) € T W AT W
T WCS
" 7(t) :
) oW
such that
1 0 ¢31 0O p11 0 1 ou
0 1 0 0 0
(T) = ¢32 a1 = b12 Pa2 ’
0 0 ¢33 O $13 P23 0 @3
$p1a 0 ¢34 1 0 0 0 ¢u

where det ¢y # 0, i = 3,4, ¢12 # 0 and |¢ij05;'| < 1,i=3,4, j =1,2,3,4, i # j.

Proof From the discussion above, the existence of ¢o(t), ¢3(t) and ¢4(t) with the given
expression at ¢t = £7T is clear. Based on (Hs), we take ¢i(t) € (TypWe)* N (TypyW")*
satisfying

gl(T) = (1303070)*7 51(*T) = (51135127(;137514)*~
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Now let ¢1(t) = ¢1(t) + da(t)1a, where ¢4 = —dzf d1a. We have ¢1(t) € (T W) N
(T,Y(t)Wu)C, and
¢1(T) = (1,0,0,014)",  ¢1(=T) = (¢11, P12, ¢$13,0)",
where ¢1; = 511 7514@:41 ¢4; (i =1,2,3). According to Liouville’s formula, det ®(T") # 0 implies
det ®(—T') # 0, so we must have ¢12 # 0. Similar to that of [13, 28], the remaining can be
proved.

Denote U(t) = (¢f, - ,¢)) = & 1*(¢), which means that ¥(t) is a fundamental solution
matrix to system (3.2), since U*(¢)®(¢)=Id. By the exponential trichotomy theory and hypothe-
ses (H;)—(Hy), it is easy to see that there exists a 8 > 0 such that e % ¢ (t) — 0, 41 (t) — 0
as t — —oo. While as t — +00, we have ¢1(t) — oo and ¥ (¢) — 0 exponentially.

Now we choose (¢1(t), d2(t), d3(t), p4(t)) as the local coordinate system of (2.3) along T
The relation between the original and the new coordinates can be defined as follows:

s(t) =) + d1(t)n1 + ¢3(t)ns + ga(t)na, (3.3)

where ny, n3, ny are the coordinates in the new coordinate system.
Let

So = {(z,y,2) =s(T): |n;| <6},
Sy ={(z,y,2) = s(=T) : |ni| < d}.

It is obvious that Sy and S; are two Poincaré sections of (2.3) at v(T') and v(—T), respectively,
where § is small enough such that Sy, S1 C Up.

3.1 Establishment of the regular map P;

First we use the flow of (2.3) to establish the regular map P, : S1 — Sy in the tubular
neighborhood of I'. Make a coordinate change

(z,y,2)" = 5(t) = (1) + d1(t)n1 + ¢s(t)ns + Pa(t)na, (3-4)
where t € [-T,T)]. Substituting it into (2.3), we get

A+ D di(thni + Y dilt)ns

i#£2 i#£2
=F(y(t)) + DF(y(1)) > ¢i(t)ni + AGxA(v(£),0,0) + €Ge(v(£),0,0) + h.ot.
i#£2

Multiplying both sides of the above equation by %7, 3 and ], respectively, and using
U*(t)®(t) = I, we obtain

iy = 97 [AGA(7(1),0,0) + G (7(1),0,0)] + O(2), (3.5)
where i = 1,3,4. Now integrating (3.5) from —7 to T, we get the regular map

Py 51— So, (nl(fT)anS(fT)vr’M(*T)) = (nl(T)an3(T>7n4(T))a
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which can be expressed as
nl(T) = nl(—T) 4+ AM;» + eM,;. +h.o.t., (36)

where My = [T, 47 GA(v(1),0,0)dt, M. = [T 0Go(~(t),0,0)dt, i = 1,3, 4.
Due to

y(t) = (0,0,22(t),0)", t < -T,
() = (0,y(t),0,0)", t>T

and the special form of (2.3) at the neighborhood of origin, it is easy to see that

T +oo
My = / YiGA(y(1),0,0)dt = [ YEGA(y(t),0,0)dt + hoot.,
T

—0o0
—+oo

T
M. = / GG (1(1),0,0)dt = [ $IG(y(1),0,0)dt + hot.
7T o0

The details of the deduction may refer to [13, 28].

3.2 Establishment of the singular map P»

In this section, we set up the singular map P» from Sy to S; induced by the flow of (2.4) in
Up. Consider the map

P :So— 51, qo(z10, Y10, T20, 20) = q1(Z11, Y11, T21, 21)-

Let 7 = 7(qo) be the flying time from ¢o € Sy to ¢1 € S1. In order to guarantee the differentia-
bility of the map at the origin, we set s = exp{—A;(a)7}, which is called Silnikov time (see [4,

26]). Using the method of variation of constants, we can get the following expression in Up:

10 = Sx11 + h.O.t., Y11 = hil(s)ylg —+ h.O.t.,
Aa(e) p1(0) (3.7)
Tog = s (@ x9; + h.ot., 21 = s*1(® 25+ h.o.t.,
where
A A
s3 + A yo(1—s3r), A #0,
h(s) = (3.8)
1-— )\flylo In s, A=0.

Notice that, in (3.7), y11 = h~1(s)y10 + h.o.t. holds only for y1; > A\. When y1; € (—p,\)
(p < 1), Py is meaningful only for s = 0. So we extend the definition of map P, defined by
(3.7) as follows:

y1i0=20, s=0, whenyi € (—p,A\). (3.9)

In order to compose Poincaré maps P; and P», we need to change the coordinates of ¢y and

q1 as follows:

g0 = (210, Y10, T20, 20)* = Y(T) + @(T")(n10, 0,730, M40)*,
@1 = (z11, Y11, 221, 21)" =Y(=T) + ®(=T)(n1(-T),0,n3(=T), na(—T))*.
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Using v(—T") = (0,0,6,0)*, v(T) = (0,4,0,0)* and the expressions of ®(T'), ®(—T'), we get

ni = 10 — P31033 T20,

n3o = ¢33 T20,

N4 = 20 — $14710 + (14031 — B34) P33 T20,

n1(=T) = é15 Y11 — b1 a2y 21, (3.10)
n3(=T) = T11 — P11012 Y11 + (11015 Pazd) — Pa104s )21,

ny(=T) = ¢Z4121,

Y10 ~ 0, T21 = 0.

Now we can set up the Poincaré map P = P; - Py : Sop — Sp by (3.5)—(3.10), which is given by

Pl
n1(T) = ¢13 Y11 — Pro a2y 83 29 + AMiy + eMi. + heoot.,
_ _ _ Y
n3(T) = z11 — ¢11¢121y11 + (¢11¢121¢42¢441 - ¢41¢441)5*1 20

(3.11)
+ AM3y + eMs. + h.o.t.,
ng(T) = ¢Z418T1 20 + AMyy + My, +h.o.t.,
and its associated successor function
H(s,x11,20) = (Hy1, H3, Hy) = (P — I)(n10, 730, n40)
is given by
_1 Az (a) _1 _1 _1 p1(e)
Hy = —5211 + ¢31035 s 1 21 + d1g Y11 — G135 Paodyy S 31 29
+ AMy + My + h.o.t.,
—1 M —1 M
H3 = —¢33 821 xa1 + 11 — P11975 Y11 + as™ 1@ zg + AM3y + M3 + h.o.t., (3.12)

_1 p1(x) 1 Ao ()
Hy = (¢gq sM@ —1)20 + 9145211 — (P14P31 — P34) P35 S 310 T9q

+ AMyy + eMye + h.o.t.,

where y11 is given by (3.7)—(3.9), a = (;511(1)1_21@2(;5241 — ¢41¢Z41 < 1.

4 Bifurcation Analysis

In this section, we use the above successor function to discuss the homoclinic bifurcation
problem accompanied with transcritical bifurcation. Now we use (3.12) to study the existence
and the uniqueness of 1-homoclinic (1-heteroclinic) and 1-periodic orbits.

It is easy to see that system (2.1) has a homoclinic or heteroclinic orbit (resp. periodic
orbit) near T if and only if H = 0 has solutions satisfying s = 0 (resp. s > 0).

Consider the solutions of equation H(s,x11,20) = 0. It is easy to see that H3 = 0, Hy =0
have unique solutions x17 = z(s,y11), 20 = 2(s,y11) as A, € sufficiently small and 0 < s < 1.

Substituting it into H; = 0, we have

_ 4 22(e) _
— ¢1o r18Y11 + 031055 SO + F Y11 + AMiy + e M.
+ sAM3y + se M3 + h.o.t. = 0. (4.1)
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We call (4.1) the bifurcation equation of the nongeneric homoclinic bifurcation accompanied
with the transcritical bifurcation. It is obvious that H = 0 has solutions satisfying s = 0 or
s > 0 if and only if

Hi(s,z(s,911),2(s,911)) =0
has solutions satisfying s = 0 or s > 0. So we only need to study the solutions to (4.1).

First we consider the homoclinic bifurcation as A = 0 and ¢ is small enough. Now the

transcritical bifurcation does not happen. From (3.7)-(3.8), we know that (4.1) can be written

as
) Ao (o) 1)
—1 -1 —1
— _ ) Are) -
P12 Ousym 00m 0 ST O e
+ seMs. + eMi. + h.o.t. = 0. (4.2)
Ao (o)
Since s = o(—=——), lim s(1 — A\ 'dIns) = 0, now (4.2) can be changed into
1-A] " 6lns’’ 550
L+<z5 seMse + ¢p12eMi. +hot. =0 (4.3)
= Tomms 12 3¢ 126 M1 +h.ot. = 0. .
Let
L(s,e) = =125 M3. — ¢p12eMy. + hoot.,
_ 5
N(s,e) = T Toms T h.o.t.
Then we have
N(0,6) =0, L(0,e) = —p12eMyc +0(%) #0, 0< el < 1 (4.4)
and
62

N'(s,e) =

+hot., L'(se) = —¢i2eMs. +h.o.t.
Ms(1— A o Ins)2 (5,€) $126Ms

Now we have the following results.

Theorem 4.1  Suppose that (Hy)—(Hy) are valid, A =0, 0 < |e| < 1, M. # 0, M5, # 0.
We have

(1) if d12eMye < 0, P26 M3 > 0, then system (2.1) has a unique 1-period orbit near T.

(ii) if pr2eMie < 0, ¢p12eMs. < 0, there exist three parameter curves ¥o(e), X1(e) and
Ya(e), such that

system (2.1) does not have any 1-period orbit or 1-homoclinic orbit as € € Y(e);

system (2.1) has a unique two-fold 1-period orbit near I' as € € ¥y (¢);

system (2.1) has ezactly two 1-period orbits near T' as € € Xa(e).

(iil) if p12eMie > 0, ¢p12eM3. > 0, then there is no 1-period orbit near T.

(iv) if ¢r12eMie > 0, ¢d12eMs. < 0, then there is an 3 = —%—; + h.o.t. for 0 < s < 3,
0 < |e| < 1, and system (2.1) has no 1-period orbit near T.

Proof Case (i) In this case, it is easy to see that

82[(1 = A7 0Ins) — 22X 1]
As2(1— A6 Ins)3

N'(s,e) >0, N'"(s,e)=-— +hot. <0 for0<s< 1, [e] <1,
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while L(0,¢) > 0, L'(s,e) < 0, which means that L(s,e) = N(s,¢) has a unique solution. Case
(i) follows immediately.
Case (ii) Notice that L(s,¢) is tangent to N(s, ) at some point s, if and only if the following
hold
L(s,e) = N(s,e), L'(s,e) = N'(s,¢),

that is s
— @128 M3 — p12eMi. = T T5ins +ho.t,
_ 52
—P126Mse = Ms(oA, oms)? hot.,
namely

((/!)1288M35 + ¢12€M18)2 + h.o.t. = = A\1s¢10e M3, + h.o.t.

Based on the implict function theorem, there exists a function curve s = sg(¢) such that
L(San) :N(507€)7 L/(S(),é‘) :N/(S()’g)'

Let
h(s,e) = L(s,e) — N(s,¢€).

Take h(so(e),e) = A(g). Then, if ¢ € Sg(e) = {e | A(e) = 0}, the straight line L(s,¢)
intersects the curve N(s,¢) at a unique point s = sg(¢), which implies that system (1.1) has a
unique two-fold 1-periodic orbit near I', where A(e) = 0 is the saddle-node bifurcation curve.
If e € 31(e) = {e | A(e) > 0}, then the straight line L(s,e) does not intersect the curve
N(s,e). Now system (1.1) has not any 1-periodic orbit near I'. If ¢ € Xo(e) = {e | A(e) < 0},
then the straight line L(s,e) intersects the curve N(s,e) at two exact points s = s1, 2, and
0 < 51 < sp < S2, which means that system (1.1) has exactly two 1-periodic orbits near I".

Case (iii) Based on the hypotheses and (4.4), we have
L(0,e) <0, L'(s,e) <0, N(0,e)=0, N'(s,e)>0.

It is easy to see that the straight line L(s,e) does not intersect the curve N(s,e). Hence there
is no 1-periodic orbit near I'.

Case (iv) Let L(s,e) = 0. Then we can solve that § = fﬁiz + h.o.t. It is clear that there
is no 1-periodic orbit near I" for 0 < s < 3 and 0 < |¢| < 1. The proof is completed.

Now, we turn to discuss the bifurcations of the homoclinic orbit when the origin undergoes

the transcritical bifurcation, namely, A > 0. In this case, (4.1) becomes

_ Y10 - Y10
- ¢121¢115 > > + 975121 > : >
ERS! +)\_1y10(1—8>\1) sM +)\_1y10<1—8>\1)
+ MMy + sMsy) + (M. + sMs.) + h.o.t. = 0. (4.5)

Let r = s*i. It follows from (4.5) that

A1 _ _ A1
(=012 d1r ™ + 10 JA+ AT (6 = N)r) + A(Miy + 773 Msy)
+e(My. + 73 Ms.) + ho.t. = 0. (4.6)
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Assume r = 0 in (4.6). Then
Ho A+ AM iy + &My +ho.t. = 0.
If M;. # 0, the above equation determines a curve
L} = {e(\) : eMi. + ¢ 15 A+ AMyy + hoot. = 0},

such that (4.6) has a solution r = s =0 as e € L} and 0 < |¢| < 1, i.e., system (2.1) has a
homoclinic orbit near I'.

When r # 0, system (4.6) has a solution

A
Aoy +6710 — Niar + Mix + (Msx — d15 ¢11)r > ] +hoot.
TATIME}S + Mls

e(r,A) =

Then differentiating (r, \) with respect to r, and after some simple calculation, we have

Oe -1
== A6 — N)dy Mi. + hoo.t.].
O [pR My, + My.]? 2

It is obvious that £(r, \) is monotonous with respect to r when M. # 0. Moreover, we see

-1
— A — M
S22 2T 4 hot.

(r,2) (0, 0) = —12 ,
le

r — 0.

Notice that s = 3 increases monotonously with respect to r as 0 < A < 1, and then we can

get the following conclusions.

Theorem 4.2 Suppose that hypotheses (Hy)—(Hy) hold, and 0 < A < 1, My # 0. Then
for e1 > 0 small enough, we have

(i) when ¢1aMi. < 0, e(0,A) < € < &1, or ¢p1aMie > 0, —e1 < & < (0, ), system (2.1)
has a unique 1-periodic orbit near IT';

(i) when € = £(0,)), namely ¢ € Ly, system (2.1) has a unique 1-homoclinic orbit T,
connecting p1 near I'. Also in addition to the homoclinic orbit T'c, the system has no periodic
orbit as € € Ly.

Next we consider the case of heteroclinic bifurcation for A > 0. From (3.9), we know that

when y11 < A, based on (4.1), the bifurcation equation is changed into
1o y11 + MMy + M. +hot. = 0.

If we notice that when A > 0, after the creation of py and p;, there always exists a straight

segment orbit heteroclinic to pg and py, with length X, then we have the following conclusions.

Theorem 4.3  Suppose that hypotheses (Hy)—(Hy) are valid, 0 < A < 1, My # 0. Then

we have for ¢1oMi. < 0, — AM, <e< ﬁ((ﬁﬁl + Ml,\), or ¢p1oMi. > 0, ];T)\E(qﬁl_; + Ml,\) <

J\/jls
e < —X%“ , there exist two heteroclinic orbits connecting pg with p1.
€
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Remark 4.1 Let ¢15 = A|g12]. When A = 1, we call " nontwisted, and when A = —1, we
call T twisted. In general, when we study the problem for homoclinic or heteroclinic bifurcation
connecting hyperbolic equilibrium, the bifurcation is more complicated as I' is twisted. But
when we study the bifurcation of homoclinic orbits accompanied with transcritical bifurcation,
from Theorems 4.1-4.3, we know that the influence of the jump component on the center
manifold is stronger than that of ¢12 which reflects twisting or not of I'. So twisting or not will

not affect the bifurcation results.
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