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Abstract The authors investigate the completeness of the system of eigen or root vectors
of the 2 x 2 upper triangular infinite-dimensional Hamiltonian operator Hy. First, the
geometrical multiplicity and the algebraic index of the eigenvalue of Hy are considered.
Next, some necessary and sufficient conditions for the completeness of the system of eigen
or root vectors of Hyp are obtained. Finally, the obtained results are tested in several
examples.
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1 Introduction

Using the simulation theory between structural mechanics and optimal control, Zhong pro-
posed the separation of variables based on Hamiltonian systems, which provides a unified and
analytical approach to elasticity and related fields (see [1-4]). This method extends the tra-
ditional separation of variables, and brings some important problems such as the invertibility
and spectral theory of Hamiltonian operators (see [5-13]).

As known, the feasibility of the method completely depends on the completeness of the sys-
tem of eigen or root vectors of the associated Hamiltonian operators. However, the completeness
concerning Hamiltonian operators has not been systematically discussed. On the other hand,
we find that a great number of practical problems can be described as upper triangular Hamil-
tonian forms (for instance, see the examples in Section 3). So, in this paper, we study the
completeness of the system of eigen or root vectors of upper triangular Hamiltonian operators.

Throughout this paper, an operator or operator matrix is always linear (not necessarily
bounded). Note that for the eigenvalue A of an operator T', the set E(A;T') consists of all
associated eigenvectors. A is a countable index set. For the positive integer k, the set N¥(\; T') =
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{x € D(T*) | (M — T)*x = 0}. In the following, we present some basic notions and auxiliary
lemmas.

Definition 1.1 Let X be a Hilbert space and H : D(H) C X x X — X x X,

H= (é _i*) (L1)

be a densely defined closed operator. If A is a densely defined closed operator, and B, C are
self-adjoint operators, then H is called an infinite-dimensional Hamiltonian operator or simply
Hamiltonian operator. In particular, we say that the Hamiltonian operator H is upper triangular
if C =0, and is denoted by Hy. Note that for an operator T, T* represents its adjoint operator.

Definition 1.2 Let X be a Hilbert space over the complex field C, and the function (-, -) be
an inner product on the product space X x X. Then, the function (-, J - ) is called a symplectic
form generated by the inner product (-, -), where

0 I
7= (% 0)
with I being the identity operator on X.

A linear space equipped with a symplectic form is called a symplectic space. In the present
paper, the symplectic form on the symplectic space X x X is always defined by the function

(" J- )
Definition 1.3 The symplectic orthogonal system {ug, vy | k € A} is said to be complete

in the symplectic space X x X, if for each u € X x X, there exists a unique constant sequence
{ck,di | k € A} such that

u = Z cxuy + divk,
keA
which converges in the norm of the space X x X, where A represents a directed countable index
set that consists of some integeral numbers in natural order.

Lemma 1.1 (see [14]) Let A and p be the eigenvalues of the Hamiltonian operator H given
by (1.1), and the associated eigenvectors be u® = (20 y°)T and v° = (f° ¢°)T, respectively.
Assume that ut = (' yN)T and v* = (f* g")T are the first-order root vectors associated with
the pairs (X, u®) and (u,vY), respectively. If X+ # 0, then (u°, Jv°) = 0, (u°, Jv!) = 0 and
(ul, Jot) = 0.

Lemma 1.2 (see [8]) The point spectrum, consisting of all eigenvalues, of the upper trian-
gular infinite-dimensional Hamiltonian operator

Hy = (61 _i*) (1.2)

op(Ho) = op(A) U oy (- A7),

s given by

where
op(—A") ={AeC| A€ a,(—A"), R(BA)NRA —A)#0},

By = Bl(nv(A1+4)nD(B)\{0}-



Completeness of Hamiltonian Operators and Applications 919

Obviously, o, (—A*) C gp(—A*).

2 Main Results

In this section, we give the main results of this paper and their proofs. Note that the upper
triangular infinite-dimensional Hamiltonian operators arisen below are always defined by (1.2),
and for the definition of the algebraic index of an eigenvalue, the reader is referred to [14].

Theorem 2.1 Let the eigenvalues of the operators A and —A* be all simple. Assume that
op(A)Noy(—A*) =0, and (x,y) # 0 for z € E(\; A) and y € E(—X; —A*). Then the following
statements hold:

(1) A € 0,(Ho), and the geometrical multiplicity and the algebraic index of the eigenvalue
A of the Hamiltonian operator Hy are both one.

(ii) If =X € op(—A*), then —X € 0,(Ho), and the geometrical multiplicity and the algebraic
index of the eigenvalue —\ of the Hamiltonian operator Hy are both one.

Proof (i) The fact that A € o,(Hy) and u = (2 0)" € E(\; H) follows immediately
from o,(A) C 0,(Hp) and z € E(X\;A). By 0p(A) Nop(—A*) = 0 and Lemma 1.2, we have
E(\; Hy)U{0} = span{u} since every eigenvalue of the operator A is simple, i.e., the geometrical
multiplicity of the eigenvalue A of the operator Hy is one.

In order to prove the algebraic index of the eigenvalue A of Hy being one, it suffices to show
that the operator Hy does not have the first-order root vector associated with the pair (A, u).
Now, suppose that Hy has the first-order root vector u! = (z' w")T
(A, u), ie.,

associated with the pair

(2.1)

Az' + Bw! = Az + z,
—Arwt = \w'.

The relation ,(A) No,(—A*) = 0 implies A ¢ o,(—A*), so w! = 0. Thus, by the first equality
in (2.1), we obtain

Azt = At .
Note that (Azt,y) = (2!, A*y) = (2}, \y) = (Az!,y). Therefore, the relation

(A.Tl,y) = (/\l‘l,y) + (x,y)

indicates (x,y) = 0, which is a contradiction to the assumption (z,y) # 0. This proves the
assertion (i).

(ii) If -\ € op(—A*), then —X € 0,(Hp) by Lemma 1.2. Note that y € E(—X; —A*) and
—\ is simple. Then, there exists a unique vector z for y such that

Az + By zi—Xz,
— Ay = =Xy,

ie., v =(zy)T € E(—X\; Hp). If there exists another vector Z (# z) such that v = (Z y)T €
E(=X; Hp), then (A+X)(z —2) =0. By 2 — 2 # 0, we get —\ € 0,,(A), which contradicts the
fact 0,(A) Nop(—A*) = 0. Thus, E(—\; Hy) U{0} = span{v}, i.e., the geometrical multiplicity
of the eigenvalue —\ is one.
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On the other hand, suppose that v! = (2! y1)T is the first-order root vectors of Hy associated
with the pair (=), v), i.e.,

1 1_ _y,1
{Az + Byt = —-Az" + 2, (2.2)

— Ayl = Xyt +y.
Taking the inner product of the second equality by x in (2.2), we deduce (y,z) = 0, a contra-

diction. Therefore, the algebraic index of the eigenvalue —\ of Hj is one.

Theorem 2.2 Let the eigenvalues of the operators A and —A* be all simple, and the
operator A possess countable eigenvalues {\i, | k € A} with x, € E(\; A). Assume that
0p(A) = 3 (A7), 0,(A) N 0y(=A7) = B, (eioyi) # 0 and (Byi,y;) = 0 (k # ) for y €
E(=Xg;—A*) (k,jeN). If U;(—A*) = 0,(—A"), then the system of eigenvectors of the upper
triangular Hamiltonian operator Hy is complete in the symplectic space X x X if and only if

{yr | k € A} is a base in the symplectic space X .

Proof By 0,(A) = 0,(A*), it follows that o,(—A*) = —0,(A) = {~Xx | k € A}. Since
op(—A*) = 0p(—A%), 0p(Ho) = {\, =Xk | k € A}. By assumptions and the proof of Theorem
2.1, we see that there exists a unique vector zy, such that v, = (2 yx)* € E(—Ax; Hp) for each
k€ A, and {u, vy |k € A} is a system of eigenvectors of Hy, where uy = (2 0)T € E(\y; Hp).
By Theorem 2.1, the algebraic multiplicities of the eigenvalues \i, —\; are all one, so Hy does
not have root vectors.

Sufficiency. From o,(A) No,(—A*) =0, it follows that
=0, k=yj, _ .
0) ki?é_] ﬂkJrNJ?éO, k?]GAa

where p; = —Xj. Then, by Lemma 1.1, it can be readily seen that for k,j € A,

A+ #0, M+ {7é

(ug, Ju;) =0,

_ (x 7y’)a k:j7
(ug, Jvj) = {(wi’yj) —0, k4], (2.3)
(Vk, Jv;) = (28, Y5) — (Yk, 25) = 0.

Noting that vy = (2x yr)T € E(—Ax; Hp), we have (Byk,yj) = (A +Xk)(zk,yj). So,

(26,y;) =0, k#3j. (2.4)

In the following, we prove that the symplectic orthogonal system {uy, vy | & € A} is complete
in the symplectic space X x X, i.e., there exists a unique constant sequence {cg,d; | k € A},
such that for each A = (f ¢g)T € X x X,

A= Z crug + dpvg. (25)
keA
For k € A, set
_ (Aa JUk;) _ _(gazk)) + (f7y/€)
C = = y
(ukv Jvk) (xkayk) (2 6)
dk _ (Av Juk) _ (gaxk) ’
(’Uk,J’LLk) (ykaxk)'
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Then,
— ks Yk ky Lk
Z cpup + dpvg = Z (g7 xk) . (2.7)
keA keA 7 NIk
(Yks 1)

Since the system {yx | & € A} of vectors is a base in X, there exists a unique constant
sequence {dy(g) | k € A} such that

9=">_ di(9)u
keA
for each g € X. Taking the inner product of the above relation by z; on the right-hand side,
we clearly have di(g) = %, which shows that the second component of the right-hand side
of (2.7) is exactly the expression of g in terms of the base {yx | k € A}, i.e.,

(g, z1)
9= Z mylw (2.8)

keA Yk, Tk

For j # k, by (2.3) and (2.4), it is clear that

_(gazk) (gvxk) ) .
<(xk:ayk) o (ykaxk)2k7yj> _07 J GA

For j =k, by (2.3) and (2.8), we have

(9, 21)
Yks Th)

(—(97 Zk)xk n (9,7k)

(&, i) (YK Tk)

Thus,

—(g:2) . (9,7%)

(Tk, Yk) Yk Tk)
since {y; | 7 € A} is a base. Write the first component given by the right-hand side of (2.7) as
Y. Then

zk=0, k€A,

=% ((f, Ye)
wen Tk Yk)
Note that the relation (2.3) shows that {z | K € A} and {yx | k € A} are biorthogonal. So,
{zr | k € A} is also a base in X. Thus, T = f. Therefore, there exists a constant sequence
{ck,dy | k € A}, such that the expansion (2.5) is valid for each A = (f ¢)T € X x X.
On the other hand, we assume that there is another constant sequence {cj, dy | k € A} such
that the expansion (2.5) is valid. Then, we have

> (ex — @)k + (di — di)vr = 0.
keA

Taking the inner product by Jvy and Juy on the right-hand side, respectively, we have ¢, = ¢,
and di = dj, (k € A). Therefore, {ug, vy | k € A} is complete in the symplectic space X x X.
Necessity. Assume that the system {ug, v, |k € A} of eigenvectors of the Hamiltonian
operator Hy is complete in the symplectic space X x X. Then there exists a unique constant
sequence {cg,d | k € A}, such that the equality (2.5) holds. Taking the inner product of the
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relation (2.5) by Jvp and Jug on the right-hand side, respectively, we deduce that ¢; and dj
(k € A) are determined by (2.6). Thus,

9= diyr = (9,2%) Yk

kEA k€A (Y, k)

Thus, by the arbitrariness of g and the uniqueness of di, the system {yi | kK € A} of vectors is
a base in the symplectic space X. Therefore, the proof is completed.

Remark 2.1 It follows from Theorem 2.1 that the algebraic indexes of the eigenval-
ues A\ and —)\, (K € A) of the Hamiltonian operator Hy in Theorem 2.2 are all one. If
o (—A*) # 0,(—A*), ie., there exists a —A, € ,(—A*) but =Xy, & op(—A*), then o,(Ho) =
{Akos My =k | K € A\ ko}. Thus, by Lemma 1.1, the coefficient of the eigenvector ug, asso-
ciated with Ay, in the corresponding eigenvector expansion cannot be computed by using the
symplectic orthogonality.

Theorem 2.3 Let 0,(A) = 0,(—A"), and the operators A and —A* both possess countable
simple eigenvalues {Ay | k € A} with xp € E(A\g; A) and yi, € E(Ag; —A*). Then, o,(Hp) =
Mk | k€ A}, and wy, = (z1, 0)" € E(\; Ho). Further, assume that for some ko € A, there
ezists a ko € A such that (kg s ygo) #£0 and (azgo,yko) #£ 0. Then, the following statements hold:

(1) If M € a;(—A*), then the geometrical multiplicity and the algebraic index of the
eigenvalue A\, of the Hamiltonian operator Hy are two and one, respectively.

(i) If A, ¢ 0,(—A*), then the geometrical multiplicity of the eigenvalue Ay, of the Hamil-
tonian operator Hy is one. Further, if Hy has the root vector associated with the pair (Ag,, Uk, ),
then it only has the first-order root vector, i.e., the algebraic index of the eigenvalue A\, of the
Hamiltonian operator Hy is two.

Proof The assertion that o,(Hy) = {\x | k € A} and up = (2% 0)" € E(\; Hy) follows
from the fact that o,(4) = o0,(—A*) and zx € E(M\g; A). From Azy, = AgyZr,, we have
(Al‘ko,yEO) = ()‘koxkovyEU)7 which shows A, +X§0 =0 by A*yEO = 7/\%0yzo and (Ikmy%[)) #0.

(i) If A, € 0p(—A*), then at least there exists a vector z, for yr, € E(Ay,; —A*) such that
Vko = (2o ka)T € E(Ag,; Hp). Note that the eigenvalues of A and —A* are all simple. Thus,
it is easy to check that the eigenspace associated with the eigenvalue Ay, is E(A,; Ho) U{0} =
span{uy,, Vg, }, i.e., the geometrical multiplicity of the eigenvalue A, of Hy is two.

Suppose that u}m = (x}% in)T is the first-order root vector associated with the pair
(Ako» Uk, ), where Uy, = aug, + bvg, € E(Mk,; Ho), and a,b are arbitrary numbers but not

both zero, i.e.,

{Ax}€0 + BwéO = )\kox}m + azwy, + bzk,, (2.9)

—A*wy = Aggwi, + byky -

When b = 0, obviously, a # 0, and by the second equality in (2.9), we see that w; €
E(Ago; —A*) U{0}. If wy, = 0, then by the first equality in (2.9), we obtain

(Azgy, vz,) = Qkohy s Y5, ) + (ko Ug, ) (2.10)

which implies that (z,,yz ) = 0, since (Ax,lco,ygo) = (x,lco,A*yEO) = (x},, — i, Y,) and Ap +
Ak, = 0. A contradiction occurs. If w,io # 0, without loss of generality, we set wio = Yk, €
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E(Ag,; —A*). Taking the inner product of the first relation by yz in (2.9), we have

(Azyy, yz) + (BYkgs Uz,) = Mkohys U3, ) + (ko U7, )- (2.11)

According to vg, = (2, Uko)®T € E(Ako; Ho), we deduce (BYko» Y5,) = 0. So (2.11) becomes
(2.10), the same contradiction occurs. Similarly, when b # 0, we can obtain (yko,xzo) =0,
a contradiction. Thus, the operator Hy does not have the first-order root vector associated
with the pair (Ag,, Uk, ). Since Uy, is arbitrary eigenvector of Aj,, the algebraic index of the
eigenvalue )y, of the Hamiltonian operator Hy is one.

(ii) Note that the eigenvalues of A are all simple. By Lemma 1.2, if Ay, ¢ o (—A*), then
the geometrical multiplicity of the eigenvalue Ay, of the operator Hy is one.

If Hy has the root vector associated with the pair (Ag,, uk, ), then N1 (Ax; Ho) G N?(Ax,; Ho)-
It is easy to know dimN?(\g,; Ho) = 2 by dimN (Ar,; Ho) = 1. Assume that uy = (x, wy )T
is any first-order root vector associated with the pair (Ag,, Uk, ). Then w,ﬁo 2 0 from the proof of
(i). Thus w}, € E(Ag,; —A*), and we take wy = yi,, i.e., up, = (Tf, Yk,)" - S0, N?(Ary; Ho) =
span{uko,u}m}. Suppose that the algebraic index of the eigenvalue Mg, of the operator Hy is
not two. Then N*(Ag,; Ho) & N3(Mio; Ho). Let uf, € N?(Apy; Ho) and u, & N?(Apy; Ho).
Obviously, we have 0 # (Ho — Ag,)uz, € N*(Ary; Ho). Thus, (Ho — Ary)ui, = aug, + bug,,
where a, b are arbitrary numbers, and b # 0. Then

2 2 _ 2 1
{Awko + Bwp, = \goxp, + axy, + bxj, (2.12)

—A*w}co = )\kow}co + by, -

In a way similar to the proof of (i), we can obtain the contradiction (yk,, 27 ) = 0. Therefore,
NY(Ago; Ho) G N?(Mgy; Ho) = N3(Ay; Ho) = N4(Agy; Ho) = -+, i.e., the algebraic index of
the eigenvalue Ay, of the Hamiltonian operator Hj is two.

Theorem 2.4 Let 0,(A) = 0,(—A*), and the operators A and —A* both possess countable
simple eigenvalues {\y | k € A} with ), € E(A\; A) and yi, € E(A\g; —A*). Assume that for
each index k € A, there exists a unique index k € A such that (x,y5) # 0. Then, the following
statements hold:

(i) If op(—A*) =0,(—A*), and the series

5 (—w;) — D (2, w3) — (0 27) , (g.2p) )

Tk
= (zk, vz) (yx, 27)

is convergent, then the system of eigenvectors of the Hamiltonian operator Hy is complete in
the symplectic space X x X if and only if {yr | k € A} is a base in the symplectic space X,
where vy, = (2 yx)* € E(\; Ho).

(ii) If op(—A*) # 0p(—A*), Ho has the root vector uj, = (z}, yr)" associated with the pair
(A, ur) for k € Aa, and the series

~(9:7%) = 12 (o) — o 28) (g, )
2 (o17) " ™)

is convergent, where z, = z} for k € Mg, then the system of root vectors of the Hamiltonian
operator Hy is complete in the symplectic space X x X if and only if {yx | k € A} is a base in
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the symplectic space X, where A = Ay UMy, Ay ={k e A| M\ € 0)(—A*)}, Ao ={k e A| X\ ¢
op(—A*)}, u = (z 0)T € E(\x; Ho), and vy = (zx yr)T € E(\p; Hy) (k € Ay).

Proof Theorem 2.3 shows that o,(Hy) = {\x | £ € A}, and up = (g 0)" € E(\s; Ho).
Since there exists a unique index k € A such that (wr,y5) # 0 for each k € A, there exists a
unique index k € A such that Ak +XE = 0 for each k£ € A from the proof of Theorem 2.3, which
also shows (z7,yx) # 0. Hence, if k£ runs over the index set A, then k also runs over the index
set A.

(i) By the assumptions and the proof of Theorem 2.3(i), the geometrical multiplicity and
the algebraic multiplicity of the eigenvalue Ay, of the Hamiltonian operator Hy are both two.
So, there exists a vector z;, for yp € E(\y; —A*) such that vy = (2 yr)* € E(M\x; Hp). Thus,
{ug,vx | k € A} is a system of eigenvectors of Hy. Moreover, Hy does not have a system of
root vectors by Theorem 2.3(i).

Sufficiency. From Ay + XE =0 (k;,E € A), it follows that for k,j € A,

~ =0, j=k
)\ )\ ) ~7
o f{aéo, j#F

Then, by Lemma 1.1, it can be readily seen that

, (2.13)

Now, we prove that the system {ug,vr | kK € A} of eigenvectors is complete in the corre-
sponding symplectic space. For each A = (f ¢)T € X x X, set

(A Tv) (0w )

F T T Jog) " ks Jup)
(AL Juy) (2.14)
dy = ——*2 ke A.
F (’Uk,JUE)
Then,
Z CrUur + dk'l)k
keA
~(9.7) + (£.97) = (e (2w 0) = (i, 77
9, %5, ’yk) (yk@g)((zk’yk) (yk’zk))x I (9793%) .
k k
=y (T, yz) (Y, z7) . (2.15)
(yk’xE)

Since the system {yx | k € A} of vectors is a base in X, by (2.13), we have

_y ), (2.16)

= (e, o)
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which shows that the second component of the right-hand side of (2.15) is exactly g. In addition,

the relation (2.13) implies that {z) | k € A} is also a base in X, so f = Z (wj;y;)) xy. Thus, by

assumption, the first component given in (2.15) is convergent, and is ertten as T. By (2.13)
and (2.16),

e e @) (9, 27)
(T fayj)— (g,zj) (yj,a?*)(( y~) (), 25 3 +1§\ yk’xk j)

_ 5 (ga J) g"rk)

= j)+ (Y, j)(y]’ 7 +I%/:\(yk7 )( k’yj)
k#j

_ N (gv _7 g’mk o~

= ( ,Zj)‘f’ (yj, ] Yj, j +k€ZA yk,mk j)
k#j

(0.0 (0.7

)t (s, 23) w5, 25) + ((Q’ZE) R (yj723))
=0, jE€A,

which deduces that f = T since {y; | j € A} is a base. Therefore, there exists a constant
sequence {cy,d; | k € A}, such that for each A = (f ¢g)T € X x X,

A= Z cruy + dpvg. (2.17)
keA

On the other hand, the uniqueness of constant sequence {ci,dj | ¥ € A} can be proved in the
similar way as that of Theorem 2.2. By Definition 1.3, the proof of sufficiency is completed.

Necessity. The proof is similar to that of Theorem 2.2, and we omit it here.

(i) For k € Ay, by Theorem 2.3(i) and its proof, the geometrical multiplicity and the
algebraic multiplicity of the eigenvalue Ay of the Hamiltonian operator Hy are both two, and
the independent eigenvectors of Ay are

up = (21 0)", vk = (2 )" (2.18)

For k € As, by assumptions and Theorem 2.3(ii), the geometrical multiplicity and the
algebraic multiplicity of the eigenvalue Ay of the Hamiltonian operator Hy are one and two,
respectively, and the eigenvector and root vector of A\; are

up = (zx 0)",  up = (2} up)", (2.19)

respectively.
Write v, = uj. for k € Ap. By Lemma 1.1, we have for k,j € A,

(uk,Juj):O, k,jGA,

:Ekay~), j: F];a
(uk‘v']’ul) = ( k . >~
’ (xkayj) =0, J 7& ka

2k Y ) - (ykaz~)7 .7 = Ev

(vg, Jvj) = ( k k ~

! (Zk7yj)_(ykazj):()7 J #k7
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where 2z, = 2}, for k € As,
To prove the completeness of the system {ug,vi | k € A} of root vectors of the Hamiltonian
operator Hy in the symplectic space X x X, for each A = (f ¢)T € X x X, set

_ (A,J’Uz) d (’Uk,J’UE)

Cr — — Uk ’

U, Jv U, Juy

((A’“ Juzg (1, Jug) (2.20)
dy = ——k2 Lk cA.
CT (on, Jug)

The rest of the proof is analogous to that of (i).

3 Applications

In this section, we present some examples illustrating results of the previous section. We
always assume that X = L2[0, 1].

Example 3.1 Consider the boundary value problem

otu  d%u
v =0 0 1,0 h
ort  ay2 <r<L U<y<h,
u(0,y) = u(l,y) =0, w;(0,y) =uyi(l,y) =0, 0<y<h,
u(z,0) = @1(z),  u(z,h) = pa(x), 0<z <L
Set p = an, q= 7(% — 6—) Then the above equation can be written as the following upper

triangular infinite-dimensional Hamiltonian system:

0-(7 )0
dy \¢ o 2 J\¢)’

The corresponding upper triangular Hamiltonian operator is
d? d?
Ho — (W _2dx2> ,
d2
0 -4z

D(A)=D(B)=D(A*)={u € X | u,u’ are absolutely continuous, u(0) = u(1) = 0,u',u” € X}.
It can be readily seen that
op(A) = {~(kn)* |k € A}, op(—A") ={(km)® [k A}, A={L,2,---}

and (zy,yx) = 3, where z, = sin (kmz) and y, = sin (kmz). Obviously, 0,(A) = o,(A4*),
op(A) Noy,(—A*) = 0, and (Byk,y;) = 0 (k # j). Furthermore, for each yj, there exists a
vector zj = sin (kmz) such that Az, + By = (k)22 ie., (kr)? € o} (—A*), which shows that
op(—A*) = 0,(—A*). Then, the assumptions of Theorem 2.2 are satisfied. Also, {yx | k € A} is
an orthogonal base in X. Therefore, the system of eigenfunctions of the Hamiltonian operator
Hj is complete in the symplectic space X x X.
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Example 3.2 Consider the boundary value problem

0%u  O%u ou

- - 2'7 _ — 1

%ﬁ+3ﬁ %y u =0, 0<z<l, 0<y<h,
u(0,y) =u(l,y), u,(0,y) =uy(l,y), 0<y<h,
u(z,0) = p1(z), U@JUZ@(@7 0<z<l1.

The upper triangular infinite-dimensional Hamiltonian system from (3.1) is

3(% iZ+i 22 G)
dy \a) 0 —18+1 a)’

where p = %, q= %(ig—Z—i—%—i—uL and
. d . . d
o ig-+1i  —2ig;
0= 0 . d .
15z +1

D(A) = D(B) = D(A*) = {u € X | u is absolutely continuous, u(0) = u(1),u’ € X}. (3.2)

(3.1)

Direct calculations show that
op(A) =0,(—A")={i—2kr | ke A}, A={0,£1,£2,---}

and (zg,y_1) = 1 (i.e., k = —k), where z; = 2*™i% and y;, = e~ 257 I addition, op(—A*) =
op(—A*). Therefore, by Theorem 2.4(i), the system of eigenfunctions of the Hamiltonian opera-
tor Hy is complete in the symplectic space X x X, since {yy = e 2¥™% | k € A} is an orthogonal
base in X. Note that the system of eigenfunctions of Hy is {(e?™* ()T (e=2kmiz o—2kmie)T |
ke A}

Example 3.3 Consider the mixed problem of the parabolic differential equation

0%u 0%u 0%u
S, TR}
Ox? Oxdy  Oy?
U(Ovy) :u(lay)v u;(O,y) :u;c(]-vy)a 0<y<h,
u(z,0) = p1(z), ulz,h) = pa(x), 0<z<L

O<z<l1l O0<y<h,
(3.3)

Set p= 2%, ¢ =i(%% — a—y) Then, we obtain

o .0
A0 (5 5)0)
= A ;
dy \¢q 0 Z)\4
which is an infinite-dimensional Hamiltonian system derived from (3.3). The corresponding
upper triangular Hamiltonian operator is given by

d ;d
dzx dzx
Hy = ( B ) ,
0 a
dx

where domain of A, B, A* is given by (3.2).
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Direct calculations show that
op(A) = 0p(—A") ={2kmi | k€ A}, A={0,£1,%£2,---}

and (zg,yx) = 1 (k € A), where 79 = yo = 1, o = —2kme?*™% and y;, = &2z (k =
+1,£2,---). It can be verified that o) (—A*) # op(—A*) and Ay = {0}, Ay = {2k7i | k =
+1,42,---}. Clearly, 0,(H) = {\¢ = 2kmi | k € A}, up, = (x, 0)T € E(M\p;Ho) (K € A)
and vg = (0 1)T € E(\o; Hy). Moreover, uj, = (e2k™i# o2kma)T g the first-order root vector
associated with the pair (Ag,uy) for each k € Ay. Thus, the assumptions of Theorem 2.4(ii) are
satisfied. Since {yp = e?*™@ | k € A} is an orthogonal base in X, the system of root vectors of
the Hamiltonian operator Hy is complete in the symplectic space X x X.
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