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1 Introduction

Some nonlinear partial differential equations have explicit traveling wave solutions. Many
mathematicians found explicit traveling wave solutions to differential equations (see [2, 3, 5,
8, 9, 11-15, 17, 21, 23, 27, 28, 30, 32, 33, 35, 39, 40, 43]). We investigate several classes of
nonlinear partial differential equations in one-dimensional or n-dimensional space and establish
the explicit traveling wave solutions to these equations. We provide a systematic treatment of
these solutions.

For nonlinear dispersive wave equations (e.g., generalized Korteweg-de Vries equations, gen-
eralized n-dimensional Schrédinger equation), nonlinear dissipative dispersive wave equations
(e.g., Korteweg-de Vries-Burgers equations, n-dimensional Ginzburg-Landau equation), non-
linear convection equations (e.g., one-dimensional Burgers equation, n-dimensional Burgers
equation), nonlinear reaction diffusion equations (e.g., n-dimensional generalized Fisher’s equa-
tion, n-dimensional Belousov-Zhabotinskii system of reaction-diffusion equations) and nonlinear
hyperbolic equations (e.g., n-dimensional Klein-Gordon equation, n-dimensional Sine-Gordon
equation), we derive the explicit traveling wave solutions. Many of the ideas and results are
new. These differential equations have strong backgrounds in physics, chemistry, biology and
fluid mechanics. The basic idea to find the explicit traveling wave solutions is to reduce higher
order differential equations to lower order differential equations. The method we develop can
be applied to solving the explicit traveling wave solutions to many other differential equations.
We will not study the stability or instability of these waves.

We introduce some technical lemmas as follows.
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Lemma 1.1 Leta # 0, A >0, B > 0 and p > 0 be constants. Consider the following

initial value problem.:

¢ (2) = ad(2){A — Blo(2)]"}, (0) = (%)

It has the explicit bounded solution

1
P

A 1 ®
9(z) = [E 1+ exp{faApz}}
Proof The given differential equation may be written as
1 ! aA '(2) aA
=— =aB.
GBER) * BEP = BEp  ep =

Multiplying this first order linear differential equation by its integrating factor exp(aApz), we

get

% exp(aApz) / = E + E exp(aApz) /.
[9(2)] A A

Integrating it with respect to z, we find that
1
[¢(2)]7

The rest of the proof of Lemma 1.1 is simple and is omitted.

B B
exp(adpz) = Tt exp(adpz).

Lemma 1.2 Leta# 0, A>0, B> 0 and p > 0 be constants. Consider the initial value

problem

¢'(2) = as(){A+ Blo()"}, 9(0) = (— 53

where (—1)% makes sense — it is a real number. It has the explicit bounded solution

o(2) = A 1 }f

~ B1+ exp{—adpz}
Proof The proof is very simple and is omitted.

Lemma 1.3 Consider the second order nonlinear differential equation
u"(2) = u(z){a? — B*[u(2)]*"},
where m >0, a > 0 and 8 > 0 are constants. It has the explicit bounded solution

(m+1)a?
32
In particular, if m = 1, then the differential equation is u"(z) = u(z){a? — 8?[u(z)]?} and the

solutions are

2m

sech? (amz)]

u(z) = |

u(z) = :l:\@% sech(az).



Ezxplicit Traveling Wave Solutions to Nonlinear Evolution Equations 931

Proof If we multiply the differential equation u”(z) = u(z){a? — B%[u(2)]*™} by 2u'(z)
and integrate with respect to z, taking the integration constant to be equal to zero, we have

[ (2)]2 = 02[u(2)]? — —— B2[u(=) >+,

By solving it, we get

W(z) = i\/az _ L e ).

m+1

2m—1

If we multiply this equation by 2m|u(2)] , we find

WGPy = 29m for — L gutom .

Let
6C) = Jor — Lo
Then
)P = " e — o))
Now
{"ala — 6P} = 22mo{ "5 ? - )P}

By simplifying it, we have
¢ (2) = £m{a® — [¢(2)]"}.
Solving it, we get
¢(z) = £atanh(amz).

Hence

{0 — o2tanh(am=)?} = LED b ama))?.

52

m+1
32

Finally, we obtain the explicit bounded solution.

[u(2)]*™ =

Lemma 1.4 Letm >0, a > 0 and 8 > 0 be constants. Consider the differential equation

m—+ 2
—q

u'(z) = u(z) {0 + Flu)" — = =

Blu()" }.
It has the explicit bounded solutions

u(z) = [\/m + l%m} "
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In particular, if m = 1, then the differential equation is

u’(z) = u(z){aQ + B2u(2)]* — %aﬁu(z)}

and the solutions are

a 1
Y =Y e

Proof Let us reduce the order of the differential equation. Let

u'(z) = iu(z){a — \/m‘;ﬂ[u(z)]m}
Then
i B
u'(z) = u(z){a NS

= u(z){o? - %amu(znm + B}

[u(2)]" Ha = Vim + 18[u(2)]"}

Therefore, we obtain the explicit bounded solutions by using Lemma 1.1.

2 Nonlinear Dispersive Wave Equations

L. H. Zhang

In this section, we are going to establish the explicit traveling wave solutions to n-

dimensional Boussinesq equation, nonlinear Korteweg-de Vries equations, nonlinear system

of Korteweg-de Vries equations, general two-dimensional and three-dimensional Kadomtsev-

Petviashvili equations and n-dimensional cubic nonlinear Schrédinger equation. This section is

primarily motivated by [4-6, 25-27].

Motivation equation I Consider the nonlinear cubic Schrédinger equation

Ou 9 9

where oo > 0 and 8 > 0 are constants. Let a, ¢ and w € R be real constants, such that ¢ > a?.

Then the nonlinear cubic Schrédinger equation has the explicit solitary wave solutions

2
u(z,t) =+

2c
B

Motivation equation II Consider the nonlinear Schrodinger equation

¢ exp{i(az + a(c® — a®)t + w)}sech(c(z — 2aat)).

where a« > 0, 8 > 0 and v > 0 are constants. The nonlinear Schrédinger equation has the

explicit standing wave solutions
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Motivated by these results, we investigate the explicit traveling wave solutions to nonlinear
dispersive wave equations.

Theorem 2.1 Consider the generalized n-dimensional Boussinesq equation
82
o2

where a« > 0, 8 >0, p > 0 and r > 0 are positive constants, s > 0 is also a constant, x =

— Au A+ BA(PPuP Tt — 2u?PTY) Loy =0, (2.1)

(z1, 22, ,xn) 18 a spatial variable and t > 0 is a temporal variable. Let a = (a1,a2, - ,ay)
be any nonzero real constant vector and let ¢ be any real constant, such that |c| < |a|. If s =0,
then the generalized n-dimensional Boussinesq equation has the explicit traveling wave solution

2_ 2 2 _ 2 p(a-x 1
u(x,t) = [(p + 2)MSGC}12 (’ / a||a4ac pa 5 +ct) )} . (2.2)

o= laif1 - LY

2)252

If s >0 and

then
(p+1)r? |28|
U(X,t) _ { (p+2)s }

VDI 12 +1)rd
1+ exp{ + ppfzr (\a| x| + |a] (1 — Eg+2)2sf) t)}

B =

Proof Let u(x,t) = ¢(a-x+ ct) be a traveling wave solution, where ¢ is a real constant
such that ¢? < |a|?, and set z = a-x + ct. Then

¢"(2) — |al’¢" (2) + [P B{r?[p(2)]"T! = [6(2) 71} + |al'ad W (2) = 0.

Integrating this equation twice with respect to z and letting the integration constants be equal
to zero, we have

?o(2) — [al*¢(2) + [al? B{r*[p()]PT — s*[6(2)]* T} + [a*ad” (2) = 0.
Therefore, we have

a2 - 12

lalla Jal?a

523

lal?a

¢"(2) = { [6(:)]" [0(=)) }o(2).

Now by using Lemma 1.3 (for s = 0) and Lemma 1.4 (for s > 0), where ¢ is determined by the

p+2 / Ja)2 =
VST |a|4a \a|a

Theorem 2.2 Consider the nonlinear system of Boussinesq equations

ot oz " ox T 93

equation

we can finish the proof.

=0, (2.3)
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ow Ou ow
Eﬁ-%—l—wa—x—o. (24)

Let ¢ be any real constant. Then the nonlinear system of Boussinesq equations has the explicit
traveling wave solution

2¢ exp{c(r + ct)} B
1+exp{c(z+ct)}]2 7
2c
1+exp{e(z+ct)}

u(z,t) = (2.5)

w(z,t) = (2.6)

Proof Let z =z + ct, v(x,t) = 1 +u(x,t). And let
o(a,t) = ¢z +ct), wlz,t) =Yz + ct).

Then
c¢'(2) + [8(2)¥(2)) + " (2)
' (2) + ¢/ (2) + ()¢ (2) =

Integrating this system of differential equations with respect to z and letting the integration

0,

constant be equal to zero, we have
e+ (2)0(2) + (=) = 0,
B(2) + e+ 30(2)]w(z) =0.
By canceling out ¢, we get

9"(2) = w(E)le+ v [e+ 5w

Next, we reduce the order of the differential equation. Let
1
! — —
¥(2) = —p[e+ 59(2)].
Then
1
¥'(2) = —le+ (@I (2) = ¥(=)le + v(:)] e+ 59(2)|.
Therefore, by using Lemma 1.2, we find

2¢ 2¢? exp{cz}
v(z) = - 1+ exp{cz}’ 9(2) = [1+ exp{cz}]?’
The proof is finished.

Theorem 2.3 Consider the nonlinear Korteweg-de Vries equation

ou  Pu ou

- PZ" 2.7
ot "o T T 2.7)

where p > 0 is a constant. The nonlinear Korteweg-de Vries equation has the explicit traveling

wave solution

u(z,t) = {%(p +1)(p+2) {c sech(%cpz)r}%, (2.8)
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where z = x — c?t, c is a real constant and c? is the wave speed. Forp=1,p =2, p =3, the

traveling wave solutions are given by, respectively,
2 2 1 2 2 3 %
¢1(z) = 3¢* sech <§cz>, $2(z) = V6e sech(cz),  ¢3(z) = {100 sech (icz)} .

Proof A traveling wave solution takes the form u(x,t) = ¢(z) = ¢(x—c?t), where z = r—c?t
for some number ¢ > 0. Therefore,

=2¢(2) +¢"(2) + [$(2)]P ¢ (2) = 0.

Integrating this equation with respect to z and letting the constant of integration be equal to
zero, we have
1
2 7 +1 _
—cP(2) + 9" (2) + ——[o(2)]P™" = 0.
0 +0(2) + —10(2)]
We get
#'(2) = o) - (6P ).
p+1

The proof is finished by using Lemma 1.3.
Theorem 2.4 Consider the generalized nonlinear Korteweg-de Vries equation

ou  u 0
o T g g (et = Sutth =0, (2.9)

where r >0, s > 0 and p > 0 are constants. Then the generalized nonlinear Korteweg-de Vries

equation has the explicit traveling wave solutions

s :
u(x,t) = { pt+2)s - }p. (2.10)
1 -+ exp { + p(p]j:;;:2 (1’ - (%j21))2f92 t) }

Proof Let u(x,t) = ¢(x — c®t) be a traveling wave solution, where c is a constant, and set
2z =x — ct. Then

=/ (2) + ¢ (2) + {r®[p(2)]PT = $*[9(2)] T} =0.

Integrating this equation with respect to z and letting the integration constant be equal to zero,
we have

—2(2) + ¢"(2) + r2[$(2)]PT = ?[¢(2)]*P T = 0.
In other words, we get
¢"(2) = o(2){? = r?[¢(2)] + s°[6(2)]"}.
Let

N ESR
(p+2)s
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The proof is finished by using Lemma 1.4.

Theorem 2.5 Consider the Korteweg-de Vries equation with strong nonlinear functions

2 0%u  O3u
2 — — —_— —
+ 3u . +3 :c) + 3u3x2 + 903 0. (2.11)

Let ¢ be any real constant. Then the Korteweg-de Vries equation with strong nonlinear functions
has the explicit traveling wave solution

¢ 2
t) = =x —c°t. 2.12
w(@;?) 1+ exp{—cz}’ FTec (2.12)

Proof Let u(z,t) = ¢(x — c*t) be a traveling wave solution, where ¢ is a real constant, and
set z =x — c*t . Then

=29/ (2) + 3[6(2)]*¢ (2) + 3{¢ (2)}* + 36(2)¢" (2) + ¢ (2) = 0.

Integrating this equation with respect to z and letting the integration constant be equal to zero,

we have
—p(2) + [8(2)]° + 36(2)¢ (2) + ¢"(2) = 0.
Let us reduce the order of the differential equation. Let D # 0 be a constant and
¢'(2) = Dé(2)[c — ¢(2)]-
Then
¢"(2) = D*¢(2)[c — ¢(2)][c — 26(2)].
Plugging the derivatives back into the differential equation, we find
—¢(2) + [0(2)]° + 3D[6(2)]*[c — 6(2)] + D*dlc — d(2)][c — 26(2)] = 0.
By canceling out ¢, we find
— + [¢(2)]* + 3Dglc — d(2)] + D*[c — ¢(2)][c — 26(2)] = 0.
By comparing the coefficients, we have
A +AD?*=0, 3¢D—-3¢D?*=0, 1-3D+2D?=0.
It is easy to see that D = 1. Therefore, by using Lemma 1.1, Theorem 2.5 is proved.

Theorem 2.6 Consider the Korteweg-de Vries equation with nonlinear dispersion

ou D, . O,

Let ¢ be any real constant. Then the Korteweg-de Vries equation with nonlinear dispersion has
the explicit traveling wave solutions

u(z,t) = —%c + %csin (%(a@ + ct)). (2.14)
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Proof Let u(z,t) = ¢(x + ct) be a traveling wave solution, where c¢ is a real constant, and
set z = x + ct. Then

cd' +{[o(2)]2} + {[o(2)]2}" = 0.

Integrating this equation with respect to z and letting the integration constant be equal to zero,
we have

cp(2) + [6(2)* +{[o(2)]*}" = 0.

Multiplying this equation by 2{[¢(2)]?}’, integrating it with respect to z and letting the inte-
gration constant be equal to zero, we have

Lo + DN+ (B(I))? =0
Thus
(OGIRY = £~ el - [
Equivalently,
;1 4 9
o =2\~ heots) - ooy
Thus

(s 5e) =gy [5 - e 5"

Therefore, we have obtained the explicit traveling wave solution.
Theorem 2.7 Consider the nonlinear system of Korteweg-de Vries equations

u BPu 0 0

57 + g 35 0) = 68 507, (2.15)
v P o
5+ s gy =0 (2.16)

where > 0 is a constant. Let ¢ > 0 be any real constant. Then the nonlinear system of
Korteweg-de Vries equations has the solitary traveling wave solutions

u(z,t) = {sech<2 (x—c t)) }2 (2.17)

v(x,t) = 2;{sech< (x—c t))}2 (2.18)

Proof Let u(z,t) = ¢(z — c?t) and v(x,t) = (x — c®t) be traveling wave solutions, and
set z =z — c*t. Then

—?¢(2) + ¢ (2) + 3{[¢(2)]*Y —Gﬁ {1y,
= (2) + 9" (2) + 36(2)¢ () =
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Integrating this system of differential equations with respect to z, letting the integration con-
stant be equal to zero, and assuming that ¢(z) = dy(z) with a constant d, we have

() + 8" (2) + 30 = 652 ()P,
() + () +

2
By comparing these two equations, we may let % =3 - %, i.e. d = 28. The differential
equation reduces to

—¢(2) + 0" (2) + S [0(2)]* = 0,

ie.,

3
¢'(2) = 6(2) | = 0(2)]-
The proof is finished by using Lemma 1.3.

Theorem 2.8 Consider the generalized two-dimensional nonlinear Korteweg-de Vries e-
quation

ou 0
_|_

(r A3u
ot ' ox

2, p+1 _ 2 2p+1 —
“ )+ 5 8:63 8x8y2 0,

(2.19)

where o # 0 and B # 0 are real constants, p > 0 and r > 0 are positive constants, s > 0 is also
a constant. Let z = ax + by + ct, where a, b and c are real constants, such that

1 c
_ > 0’ S —
a?B + b« a3B + ab?a

If s = 0, then the generalized two-dimensional nonlinear Korteweg-de Vries equation has the

<0

explicit traveling wave solution

u(x,y,t):{ %s h2( N W(aerberct))}p. (2.20)

=

If s >0 and
__ptl art
(p+2)2 s’
then
(p—',—l)'r‘z 1
u(z,t) = (p+2)s” "

{ +172 +1 art }
1+ exp { +./ a2B+b2a P\/(;;mé [aas + by — (;+2)2 o t] }
Proof Let u(x,y,t) = ¢(ax + by + ct) be a traveling wave solution. Then

c¢' () + a{r?[p(2)]"T! = s*[p(2)]P 1Y + 0B (2) + ab’ag(2) = 0.

Integrating this equation with respect to z and letting the integration constant be equal to zero,
we have

cp(2) + a{r?[p(2)]"T! = s*[B(2)]P 1} + 0B (2) + abad(2) = 0.
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Now we have

C CLT'2 CL52

_ p %
a?B + ab%2a  a3f + ab?a [#(2)" + a8 + ab%a

¢"(2) = { - [0(=)1 Jo(2).

Therefore, by using Lemma 1.3 (for s = 0) and Lemma 1.4 (for s > 0), we find the traveling
wave solutions, where c is determined by the equation

p+2 c as? B ar?
VpF1 a3B + ab?a \| a3f + ab?a  a3pB + ab%a’

The proof is finished.

Theorem 2.9 Consider the generalized two-dimensional Kadomtsev-Petviashvili equation

0 [0u p0u pOu  Ou
ozlar T Dutas =82+ Du 6x+8x3]+

262U -

57 =0 (2.21)

wherep > 0, 7 > 0 and e > 0 are positive constants, s > 0 is also a constant. Let & = ax+by+ct,
where a, b and c are constants, such that

ac + %% < 0.

If s = 0, the generalized two-dimensional Kadomtsev-Petviashvili equation has the explicit trav-

eling wave solution

+ b%e?)(p + 2 1 b2e2 1
o(z) = { _ (e 2;2:2@ )sech2 (g faca%(a:c + by + ct))} . (2.22)
If s >0 and
1 p+1 a?rt
— _ b2 2 R :|
¢ a |: et (p + 2)2 52 )
then
(p+1)7’z .
’U,(xg t) = { — (p+2)s - o — }p )
Lt eXp{ 5 [ax oy (b252 + e )t} }
Proof Let

u(z,y,t) = ¢(ax + by + ct)
be a traveling wave solution. Then
afcg!(2) + ar®(p + 1)[6(2)]P ¢’ (2) — as®(2p + 1) [@(2)] ¢/ (2) + a’¢" (2)} + b°*¢" (2) = 0.

Integrating this equation twice with respect to £ and letting the integration constants be equal

to zero, we have

a{co(2) + ar’[p(2)]"T — as[p(2)"H! + a9 (2)} + 0?9 (2) = 0.
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Therefore, we have
a'9(2) + (ac + B2e2)o(2) + AP [0(2)P T — @) = 0,

Thus

ac + b%e? 2 52

¢"(2) = o) — i — SN + o) .

a a?

Therefore, by using Lemma 1.3 (for s = 0) and Lemma 1.4 (for s > 0), we find the traveling
wave solutions, where c is determined by the equation

p+2 s |/ ac+b2{—:2_r2
Vo +1|al at a?

Corollary 2.1 (I) Consider the two-dimensional Kadomtsev-Petviashvili equation

The proof is finished.

0 /0u ou  u 5 0%u
%(E +6u%+@)+5 aiyz—O, (2.23)

where € > 0 is a positive constant. The two-dimensional Kadomtsev-Petviashvili equation has
a traveling wave solution

ac + b%e? ! ac + b%e?
u(r,y,t) = —TSGC}I (5 —T(ax + by + Ct)). (2.24)

(IT) Consider the two-dimensional Kadomtsev-Petviashvili equation

3
12222% 4 @) +

1o} (@ n
ot Or  Ox3

02y
_ 27 %
- 0. (2.25)

9 ayQ—

The two-dimensional Kadomitsev-Petviashvili equation has the explicit traveling wave solution

ac+b%? ac + b2e? 3
u(z,y,t) = { - TSGCh ( —T(a:z + by + ct))} . (2.26)

Proof By using Theorem 2.9, we may finish the proof immediately.

Theorem 2.10 Consider the generalized three-dimensional Kadomtsev-Petviashvili equa-
tion

0 [8u 0 Pu 5, 0%u
Ox

0?%u
5 %(Tzul)-‘rl — s*uPPth) + aQ@ + 62873/2 75z =0 (2:27)

where a > 0, >0, v >0, p >0 and r > 0 are positive constants, s > 0 is also a constant.
Let
E=axr+ by + cz +dt,

where a, b, ¢ and d are real constants, such that

ad + b?% + 24?2

< 0.
ata?
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If s = 0, then the generalized three-dimensional Kadomtsev-Petviashvili equation has the explicit

traveling wave solution

p+2ad+ b?5% 4 242
u(x7yazvt) = { -

2 a?r?
d+ b232 22 b dt 1
~sech2(\/a + a§a2+67 plox + y2+cz+ )>} . (2.28)
If s > 0 and
1 p+1 a’rt
d:—f{b2 2, 2.2 ]’
" B+ ¢y —|—(p+2)2 32
then
u(xayvz’t)
Ep‘f‘;g?“z 1
—+2)s
:{ pv/pt1r? ) 1({p2432 2.2 p+l a2r4 }p (2'29)
1+exp{:|:‘a|(pT)sa ax+by+cz—g<bﬁ +C'}/ +(1)+2)2 52 )t]}
Proof Let

u(z,y, z,t) = ¢lax + by + cz + dt)
be a traveling wave solution. Then
a{dd’ (&) + a{r?[p('*! — s [B(OIP T} + a’a?¢" (&)} + b4 (€) + 279" (€) = 0.

Integrating this equation with respect to £ and letting the integration constants be equal to

zero, we have

a{dp(€) + ar’[6(&)]PT — as®[6(E)]PT + a’a?¢"(€)} + b B24(€) + c*1?¢(€) = 0.
Hence
a*a?¢"(§) = —~[ad + b*B% + *7*|6(€) — a’r*[p()]FF! + a®s?[g (&) .
Therefore, we have

252 | 2.2 2 2
ad + b + vy r ()" + s

@) = { - [0(E1 }o(9).

ata? a2a? a2a?

Finally, we obtain the explicit traveling wave solution by using Lemma 1.3 (for s = 0) and
Lemma 1.4 (for s > 0), where d is determined by the equation

p+2 s \/ ad+ 2% 4242 r?
Vo +1aa a*a? - a?a?’
The proof is finished.

Theorem 2.11 Consider the n-dimensional nonlinear Schrodinger equation

o
ot

+ au + Blul*u 4 |u|*u =0,
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where o > 0 and > 0 are positive constants, v < 0 is also a constant. Let A and B be real
parameters and let a = (a1, a2, ,ay) be a nonzero real constant vector. Then the nonlinear

Schriodinger equation has the explicit solitary wave solutions

u(x,t) = %4/ %\a|B exp{id(a-x — 24|a|*at) +i|a]*a(A? + B?)t}

- sech(B(a-x — 24|al?at)), ify =0, (2.30)
u(x,t) = exp{id(a - x — 24|a|?at) + ila|>a(A% + B?)t}
4 2 32 1 1 3
{ [ala }2, ity = —— 0 (231)
B 1+ exp{£2|B|(a-x — 2A|a|?at)} 16|al2aB?
Proof Let a = (aj,asq, - ,a,) be any nonzero real constant vector. Let

u(x,t) = exp{iw(a - x + ct) + ibt}o(a- x + ct)

be a solitary wave solution of the nonlinear Schrodinger equation, and set z = a-x + c¢t. Then

% = i[ew’(2) + b] exp{iw(z) + ibt}d(2) + cexp{iw(z) + ibt}¢' (2),
% = iapw’(2) exp{iw(2) + bt} (2) + ar, exp{iw(z) + ibt}¢'(2),
gxg = a;” exp{iw(z) + bt} - {iw”(2)p(2) — [W'(2)]*¢(2) + 2w’ (2)¢' (2) + ¢ ()},

Au = |a]* exp{iw(z) +ibt} - {iw" (2)d(2) — [/ (2)]*(2) + 2w’ (2)¢'(2) + ¢" () }-

Therefore, we get

ou
“or
= exp{iw(2) +ibt} - {=[ew'(2) + bl6(2) + icg! (2) + [a]*aliv” (2)¢(2)
— (W'(2))%0(2) + 21w (2)' (2) + ¢" (2)] + Blo(2)]* +7[0(2)]°}
= exp{iw(z) +ibt} - {—[cw’(2) + b]o(2) — |a]*a(w'(2))?d(2) + |a*ad” ()
+ B[o(2)]° + 7[0(2)]° +iled! (2) + |al*aw” (2)4(2) + 2|al*aw’ (2)¢' (2)]}
=0.

+ alu + Blul*u + vul*u

The real part and the imaginary part should be equal to zero, that is,

= [ew'(2) + b]¢(2) — lalalw’(2)]*6(2) + [alag” (2) + B[o(2)]° +4[6(2)]° = 0,
c¢' () + |al*aw” (2)¢(2) + 2lal*aw’ (2)¢' () = 0.

Let w(z) = Az for some real parameter A. Then

It is easy to see that

c+24|al*a = 0.
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Therefore, we get

8'(2) = ol {47 + Tt - eI - T tela)')
b 2 s 2 v 4
=0 (1apa ~4°) ~ apalP — g PN}

Let
b= |al*a(A% + B?)
for two real parameters A and B. Then

() = o) B

~ JaPa

(I - = lo(2)]* }.

~ JaPa

Finally, by Lemma 1.3 and Lemma 1.4, we obtain the explicit traveling wave solutions

d(z) = =4/ 2Fa|a|B sech(Bz), ify=0,

o) = +{

The proof is finished.

4a|2aB? 1 }% NS
3 1+exp{x2[Bl}) © V7T T 16jaaB?

Theorem 2.12 Consider the n-dimensional Landau-Lifschitz system
Z
a—:ZxAZ, in R" x R,
ot
where Z = (71, Z3, Z3) and |Z(x,t)| = 1 for all (x,t) € R™® x RY. [t has the explicit traveling

wave solutions

Z(x,t) = Zy cosa + {Zy cos(a - x — (|a]? cos a)t) + Zzsin(a - x — (Ja]* cosa)t)} sina,
where Zn,Zo,Zs € R are real constant vectors, such that Zy x Zo = Zs, Zz x Zy = Zo and
|Z1| = |Zs| =|Z3| =1, a and ¢ are real constants.

Proof The proof is simple and is omitted.

3 Nonlinear Dissipative Dispersive Wave Equations

In this section, we are going to establish the explicit traveling wave solutions of general
Korteweg-de Vries-Burgers equation and the n-dimensional Ginzburg-Landau equation. This
section is primarily motivated by [2, 3, 7-9, 11-14, 16, 17, 19, 21, 23, 28, 30, 32, 33, 41-43, 45].

Theorem 3.1 Consider the general Korteweg-de Vries-Burgers equation

ou Ou 0 0%u
a7 + %f(“) = oz

ot 9z°

where f(u) = Au? — B?u? is a nonlinear smooth function of u, o > 0, A and B > 0 are real

(3.1)

constants, |A| 4+ |B| > 0. Then the general Korteweg-de Vries-Burgers equation has the explicit
traveling wave solution

() = =2 (gt (4 (a4 2 0)) ) 52)
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if f(u) = Au? for any nonzero real constant A # 0;

aB + 24 aB +V2A 202B? — 2A4% + \/2ABa
if f(u) = Au® — B?u?, where B >0 and A > f"‘—\/]g are constants;
V2A — aB aB —V2A 202B? — 24% — \/2ABa

if f(u) = Au? — B%u?, where B >0 and A > % are constants.

Proof Let u(x,t) = ¢(x + ct) be a traveling wave solution to the general Korteweg-de

Vries-Burgers equation, where c is a real constant to be determined. Set z = x + ct. Then

' (2) + ¢ (2) + [[(6(2))] = ad” (2).

Integrating this equation with respect to z and letting the integration constant be equal to zero,

we get

cp(z) + ¢"(2) + f(d(2)) = ad'(2).
First of all, let us consider the case f(u) = —a?u? for some constant a > 0. Let ¢(z) = [¢(2)]2.
Then

e[ (2)]” + 20(2)9" (2) + 200" (2)]° — a®[Y(2)]! = 209p(2)9’ ().

Let us reduce the order of the differential equation. Suppose that
¥'(2) = ¥(2)[p + q¥(2)]
for two real constants p and g. Then
P"(2) = (2)[p + ¥ (2)][p + 29 (2)]-

Substituting the derivatives back into the differential equation

e[ (2)]” + 20(2)9" (2) + 20" (2)” — a®[W(2)]* = 2a9(2)¢(2),
we get

el ()] + 20 (2)*[p + g (2)]lp + 2q¥(2)] + 20 (2)P[p + qv(2)] - [y (2)]*
= 2a[y(2)]*[p + qv(2)].

By canceling out [¢)(2)]?, we find
¢+ 2[p + g (2)]lp + 2q9(2)] + 2[p + g (2)]* — a?[(2)]* = 2alp + g (2)].
We compare the coefficients and find out

c+ 4p2 = 2ap, 6q2 = a27 10pq = 2.
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Solving the system, we obtain

602 « \/T
c= — = — = —4/=a.
o5 p 5’ q 6

Therefore, we obtain the solution

V6a

1
Sa 1+exp{—g(+%55t)}

= VBt (2 (a4 550)) ),

10a 10 25

P(2) =

Finally, we have the first explicit traveling wave solution

3a? o 602 2
_ 2 _
() = W) = o {1+ tann (—10 (o + - )}
For the differential equation

% + @ 4 azﬁ(lﬁ) — a@
ot Ozx3 Ox 022’

letting u(x,t) = —v(x,t), we find that v solves the differential equation

@ + @ — Cﬁﬁ(v?) = a@
ot Ox3 Ox 922
Thus

u(z,t) = _%{1 + tanh (%(m—i— %0)}2

is an explicit traveling wave solution.
Next, let us consider the cubic case f(u) = Au?— B%u? for some real constants A and B > 0.
Again, let us reduce the order of the differential equation. Let

¢'(2) = p(2)[p + q0(2)]
for two constants p and g. Then
¢"(2) = ¢(2)[p + g (2)][p + 296(2)].
Substituting the derivatives back into the differential equation
cp(2) + " (2) + Alp(2)]* — B*[g(2)]° = ag'(2),
we have
ch(2) + ¢(2)[p + ad(2)][p + 296(2)] + A[p(2)]* — B2[6(2)]* = ag(2)[p + q¢(2)].

Let us cancel out ¢(z). We find

¢+ [p+ad(2)]lp + 2a6(2)] + Ad(2) — B2[6(2)]* = alp + q¢(2)].
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By comparing the coeflicients, we get
2 _ _ 2 _ p2
c+p°=ap, A+3pg=caq, 2q¢°=DB".
Solving the system, we get two sets of solutions

_204232—2A2¥\/§A3a _aB$\/§A 1
- 982  PE g 1 2"

Cc

Now we obtain the second explicit traveling wave solution

B+ V2A 1
¢(z) = \/Qa 3B\2[ aB+v2A 202B2-2A2+v2ABa
1+exp{f i (x+ VoL t)}
B 2A B 2A 202 B? — 242 2AB
:%{1+tanh(a + V2 (x+ - + V2 at))},
3V2B? 65 95

if we choose

202B? — 242 + \/2ABa aB + 24 \F
C = p: q:— §B’

9B2 ’ 3B ’
and let
aB
A>——.
V2
We also get the third explicit traveling wave solution
2A — aB 1
#(z) = \/5\[3320[ B—\2A 202B2-242—\/2AB
1+exp{7“ 35 (:1:+ “ oB7 O‘t)}
V2A — aB aB —V2A 202B? — 24% — \/2ABa
_V2AaB (o4 N}
3v2B2 6B 9B2
if we choose
202B2 — 242 — \/2ABa aB — /24 \F
c= 9 p= ) q= 7B7
9B2 3B 2
and let
aB
A>—.
V2

By coupling the two cases B = 0 and B > 0 together, we finish the proof.
Corollary 3.1 (I) Consider the following nonlinear Korteweg-de Vries-Burgers equation

ou  Bu 9, , 0%u

where a > 0 is a positive constant. Then the nonlinear Korteweg-de Vries-Burgers equation has
the explicit traveling wave solution

u(wt) = =20 {1 tanh (& (4 500)) (36)
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(IT) Consider the modified Korteweg-de Vries-Burgers equation

0%u

ou  O%u 0
(US) = a@, (37)

ot o ow
where a > 0 is a positive constant. Then the modified Korteweg-de Vries-Burgers equation has
the explicit traveling wave solution

u(z,t) = 3%{1 + tanh (6 (:E + Q%t)) } (3.8)

(ITII) Consider the general Korteweg-de Vries-Burgers equation

ou Pu  , 0, 4 0%u

i - = q— 3.9
o a0 e ) T 0 (3.9)
where o > 0 and B > 0 are positive constants. Then the general Korteweg-de Vries-Burgers

equation has the explicit traveling wave solution

;\;&iﬁ{l—l—tanh(g(—x—kzgxt))}. (3.10)

Proof (I) and (II) are straightforward to prove. In (III), letting A =0, b = 3, y = —x and
v(y,t) = u(x,t), we find that v satisfies the following differential equation:

u(zx,t) =

0%v

@ 83v 1o} 9% v
_aay2.

Therefore,

The rest of the proof follows right away.

Theorem 3.2 Consider the generalized n-dimensional Ginzburg-Landau equation

0
87? (1 4+ ad)Au+ (1+ BD)|ulPu + (v + i6)ul*u — eu = 0, (3.11)
where a« 20, B#0,v >0, >0 and € > 0 are real constants. Let a = (aj,as, -+ ,a,) be

any nonzero real constant vector. Suppose that « = B. If v = § = 0, then the n-dimensional
Ginzburg-Landau equation has four explicit traveling wave solutions

8¢ . 3an/e 6lal/ae 1 . 10+ 902
= el e S o 1) e
06 1) =\ g3g02 5P \awm XF e\ T o)t
' NG 6lal /aE 1
HeXp{ \awm[a X¢¢m<a+a)f]}
and
/ 1 2
Uz (x,t) = — _ exp{ i SovE [ XTF ———— Slalvac ( + )]Jrl 10+ 9o t}
8 4+ 9a? lalv8 £ 9a2 V84 9a? o 8 4+ 9a?
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1
' NG 6lalvae 1 :
Lo { + i a xF VA (ot 1)1}

Suppose that v = ad and 3a* < 4ve. Then the n-dimensional Ginzburg-Landau equation has
four explicit traveling wave solutions

—3a+24;14/3|al?y \ 2
u1+(x,t) = Texpl[idi(a-x +cit) + iblt}( ot Salfy\/m ) :

L (s - ) e ]}

—3a — 2A5+/3|al? 1
us (x,1) = explids(a- x + cat) + ibat] 80; V3[al?y )’

-{1+tanh K— %1 / \a|32'y — ;;)(a-x—&-czt)}} ,

[N

where
V3a2 +\/3a% + a?(3 + 4a?)(3 + 167¢)
Ay = >0,
2(3 4 4a2)/lal*y
1 1
b=24%aP (a+—) —ac, e =-241faP(a+-) <0,
« «
—V3a2 — \/3a% + a2(3 + 4a2)(3 + 167¢)
Ay = <0,
2(3 +402)/[a?y
1 1
b= 2457 (a + ) —as, ¢ =-24sfaP(a+ ) >0.
« «
Proof Let

u(x,t) = exp{iw(a - x + ct) + ibt}p(a- x + ct)

be a traveling wave solution of the m-dimensional Ginzburg-Landau equation, where a =

(a1,az2,- -+ ,ay) is a nonzero real constant vector, b and ¢ are real constants, ¢ and w are
real functions of z. Let z = a-x + ct. It is easy to find the following partial derivatives of u:
% = [icw’ (2) + ib] exp{iw(z) + ibt}d(2) + cexp{iw(z) + bt} (2),
887” = iapw’ (2) exp{iw(z) + ibt}d(2) + ay exp{iw(z) + ibt}¢'(2),
k

gxg = iapw’ (2) exp{iw(2) + ibt}p(2) — ap’[w'(2)]? exp{iw(z) + ibt}¢(2)
+ 2iay 2w’ (2) exp{iw(z) + ibt}¢' (2) + ap? exp{iw(z) + ibt}d" (2),
Au = i|a)*w” () exp{iw(z) + bt} p(2) — |a]?[w’(2)]? exp{iw(z) + ibt}é(2)
+ 2i|al?w’(2) exp{iw(2) + ibt}¢'(2) + |a|? exp{iw(2) + ibt}¢" (2).
Now we find that

%1: — (14 ad)Au+ (1 + B)|u*u + (v +16) |u|*u — eu
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= exp{iw(z) +ibt} - {[icw’(2) + ib]@p(2) + ¢ (2)
— (1 +ai)lifa]’w” (2)6(2) — [a][w'(2)]*¢(2)
+ 2i|a’w(2)¢' (2) + |a*¢" ()] + (1 + BD)[6(2)]° + (v +10)[6(2)]° — ep(2)}
= {c¢'(2) +|al’[w'(2)]°0(2) — [a]?¢" (2) + [a]*aw” (2)6(2)
+2[al?aw’(2)¢'(2) + [6(2)]° +7[6(2)]° — eg(2)} expfiw(z) + ibt}
+i{few’ (2) + ]g(2) — al’w” (2)8(2) — 2[a*w’(2)' (2)
+ affalw(2)20(2) — [al?a¢” (2) + B[6(2)]° + 0[6(2)]°} exp{iw(z) + ibt} = 0.

Both the real part and the imaginary part are equal to zero, i.e.,
e/ (2) + al’ [’ ()2 (2) — [al¢" (2) + |al*aw” (2)¢(2)
+2[alaw’(2)¢' (2) + [6(2)]° +1[(2)]° —e¢(2) = 0

and

[ew'(2) + b6 (2) — |a’w” (2)¢(2) — 2[af’w’(2)¢'(2)
+laffalw'(2)?6(2) — la*ad” (2) + Ble(2)]° + 8l6(2)]° = 0.

Equivalently, we get

¢H(Z) = [W'(2 2 aw (2 _i ¢/(Z) i aw' (2 i P 2 l > 4
and
¢”(Z) — [ (2 2 cw’(z) +0b _ lw// 2) — E¢I(Z)w/ pe B pe 2 g P 4
= WO - L) - SRR )+ B+ ()]
Subtracting the second equation from the first equation, we find
1 W' (z ) e aw'(z gw’ z 18 2))?
(a+a) ()+¢(z) [|a|2+2 ()+a ()]+|a|2( a)[qﬁ( )
- - +|Cau|jzif) i b aZ|;a6 [¢(2)]4 =0

Let A be a real constant and set
w(z)=A4z, a=p8, 0=a,
b=—(Ac+ ae) = 2A2|a\2(o¢ + é) —ae,
c= —2A|a\2(a + é)

Then

(2) a2 " ()

Let us reduce the order of the differential equation. Let

¢'(2) = ¢(2)[p + qo(2)]-

9" (2) A2 (=) [\a% + 2,404} + ﬁ[qﬁ(z)}2 + b%[¢(2)]4~
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Then

¢"(2) = ¢(2)[p + qo(2)][p + 2q6(2)].

Substituting the derivatives back into the differential equation, we find
2 & 1 2 v 4
p+a0()lp + 206(:)] = 4 — =5 + o+ 0] (i +240) + LR lOGIP + e’
By comparing the coefficients, we obtain the system of equations

p? =A% - TP +p(| B +2Aa)

3pq = q(@ + 2Aa>,

2 _

It is easy to find that

A% 4 2p? =

By solving the system, we have four sets of solutions

Aot 3y/ae b—a510+9a2 C_:F6|a|\/oz€ (a+l)
T AVt 8192 T T Rr0a2\" T o)

2 1

P=F"FT Ve 50 4= 5

la|v/8 + 9a V2|a|

and

Ay e b—a510+9a2 o 6lal\/as (a—i—l)
T lalV8+ 922" 8+9a2 T TRt 0a2 o)’

N 1

:F — .
P la|v/8 + 902’ I V2|al

Finally, by using Lemma 1.1 and Lemma 1.2, we obtain four explicit traveling wave solutions

(I
8e L
o(2) @1—5—6@{ |5§€W }7
if
__M(a+l), :_27\/57 qzi§
Vsoar\ T a alVB+9a2" T V2lal
(II)

[ 8¢ 1
o)== 8+9a21+exp{ TP }7

|alv/8+9a2
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if
_ 6laly/ae (a+l) B 2\/e 1
V3 + Y« « alv8+ Y« a
(III)
[ 8 1
¢(Z):_ 2 )
8+ 9« 1+eXp{|a| 2;59&22}
if
_ _ Blalvae (a+1) o 2yE ___ b
+ 9« Q a + Y a
VBT 902 ’ aVB+oaz” T V2l
(Iv)
8e 1
P(z) =/ 5 ;
8 4+ 9« 1—|—exp{ - 2:;{59(122}
if
. Slalvae vaa(wl) e 1
Broaz\“Ta) P e B e 1T T 2l

Now let us consider the more complicated case v > 0. Suppose that

¢'(2) = d(2){p + alo(2)]*}

for two real constants p and ¢g. Then

9" (2) = d(2){p + qlo(2)]* Hp + 3ql6(2)]*}.

If we plug these derivatives back into the differential equation, we get

{p+ alo(2)]*Hp + 3q[6(2)]*} = A% — # +p+ql(2))) [@ + QAQ}

1 2 2 4
+ElE + eIl
Let us compare the coefficients. We have the system of equations

pQZAQ—L—Fp{L—FQAa},
@ " Pllap
c 1
g =g S om0 + L
PE= A T2 T
:

2 _
3q7W.

It is not difficult to find that

3+ 4a? 42 30 3+ 167¢

40?2 Aoy 16]a2y
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Now we have

_ (3 1 2 L
A= {4@7 + \/16|a|20427 (34 (3+4a2)(3 + 1679)] | e

2a2
A 3q Y
=4+ H =4 .
A T

Then, we obtain two sets of solutions

_ V3a2 4+ /302 + a?(3 + 402) (3 + 167¢)

2(3 + 4a2)+/|al?y

1 3 Ay g
=220, g =,/ >0,
=y la]?>y 2« N 3|al?

1 1
by = 2A12\3|2<‘1 + E) —Qg, (1= —2A1\3|2<o¢ + E) <0,

Ay

> 0,

and

_ —V3a? - \/3a% 4+ a2(3 + 4a?)(3 + 167¢)

2(3 4+ 4a?)+/|al?y

1 3 A2 Yy
D2 4\’ |a\2'7 20 >0, q2 A/ 3|a|2 <y,

1 1
by = 2A22\a|2(a + 5) —ag, 2= *2A2\a|2<a + E) > 0.

Ao

<0,

Finally, we obtain the bounded explicit solutions

) = (L (3 - )

and

ol = (2R (-2, [ 2 - 22))

8ary a2y 2o

The proof is finished.

4 Nonlinear Convection Equations

L. H. Zhang

In this section, we are going to establish the explicit traveling wave solutions to the one-

dimensional Burgers equation and n-dimensional Burgers equation. This section is primarily

motivated by [1] and [34].

Theorem 4.1 Consider the one-dimensional Burgers equation

ou 0%u

0
gu Y opy
ot 0x2 +68x<u )=0,

where a > 0, >0 and p > 1 are positive constants. Then the Burgers equation has the exact

traveling wave solutions

1
cx

B ﬁ+ﬁeXp{—c(p—1)(x+cat)}} o

u(z,t) = {
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where z = x + cat, ¢ < 0 is any real constant.

Proof Let u(x,t) = ¢(z + cat) be a traveling wave solution, and set z = x + cat. Then

cad(z) — ag”(z) + B{[¢(2)]"} = 0.

Integrating this equation with respect to z, and letting the integration constant be equal to

zero, we have
cad(z) — ad(z) + Blp(2)]" = 0.

By dividing this equation by «, we find

By Lemma 1.1, we have

cx

o= BT e

The proof is finished.

Theorem 4.2 Consider the n-dimensional Burgers equation

0
8—1; =Au+2(u-V)u, nR"”xR". (4.1)
Let a = (a1, a2, -+ ,a,) € R™ be any nonzero real constant vector. Then the n-dimensional

Burgers equation has the explicit traveling wave solution

u(x,t) = a+ atanh(a - x + 2|aj*t). (4.2)

Proof Let x = (1,29, -+ ,x,) € R", a= (ay1,as, - ,a,) € R" be a fixed constant vector
and ¢ be a real constant. Suppose that u(x,t) = ag(a-x+ ct) is a traveling wave solution, and

set z =a-x+ct. Then

ou Ou 9%u

ot = Ca¢l(2)» o = aia¢l(z)a 673712 = ai2a¢//(z)v
n a n , ,
(0 Vyu=3 g = > laso()llajad ()] = al*as(:)9/ ()
=1 =1
and
= 82 /!
> oaz = lalad’ ()

If we plug these partial derivatives back into the differential equation, we get
cad/(2) = |al*a¢” (2) + 2[al’ag(2)¢' ().
If a # 0, then

c¢'(2) = la*¢" (2) + 2lal*¢(2)¢' (2).
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Integrating this equation with respect to z and letting the integration constant be equal to zero,
we find

cp(z) = |al*¢' () + [a*[6(2)].

In other words, we have

Solving it by using Lemma 1.1, we obtain

C

A ) ey g v

Let
c=2|al*

Therefore, the n-dimensional Burgers equation has the explicit traveling wave solution

2a

= = tanh(a - x + 2[a|?t).
[T oxp{—2(a-x + o)} a+atanh(a - x + 2[al*t)

u(x,t)

The proof is finished.

5 Nonlinear Reaction Diffusion Equations
Motivation equation Consider the reaction-diffusion equation

ou  O%u

1
a:@—ku(l—u)(u—a), 0<a< .

2

Let u(x,t) = ¢(x + ct) be a traveling wave solution, where ¢ # 0 is a constant, representing the
wave speed, and set z = x 4 ct. Then

e/ (2) = ¢ (2) + ¢(2)[1 — ¢(2)][6(2) — al.

Let
¢'(2) = Do(2)[1 — (2)]
for some constant D # 0. Then
¢"(2) = D*¢(2)[1 - d(2)][1 - 26(2)].
Plugging these derivatives back into the differential equation, we get
cD(2)[1 = ¢(2)] = D*¢(2)[1 — ¢(2)][1 — 26(2)] + $(2)[1 — $(2)][¢(2) — al.

By canceling out ¢(z)[1 — ¢(2)], we get

eD = D*[1 — 26(2)] + ¢(2) — a.



Ezxplicit Traveling Wave Solutions to Nonlinear Evolution Equations 955

By comparing the coefficients, we see
¢cD=D?—qa, 2D*>=1.

Solving it, we have

1 1—2a
D=4+—, c=4=4 .
V2 V2
It has two explicit traveling wave fronts
o ootp _ oo{=)
zZ) = = ,
1+ exp{Dz} 1+exp{ + %}

z=x+ct, c=F+——F

Motivated by the explicit traveling wave solutions to this simple equation, we investigate
explicit traveling wave solutions to some reaction diffusion equations. In this section, we are
going to establish the explicit traveling wave solutions to the n-dimensional Fisher’s equation,
the n-dimensional generalized Fisher’s equation, the n-dimensional Belousov-Zhabotinskii sys-
tem of reaction-diffusion equations and the n-dimensional McKean-Nagumo reaction diffusion
equation. This section is primarily motivated by [15, 31, 36, 37, 39].

Theorem 5.1 Consider the n-dimensional Fisher’s equation

Ju
— = a?Au+ fu(l —u), (5.1)
ot

where a > 0 and § > 0 are positive constants. Leta = (a1,as,- - ,ay) be a nonzero real constant

vector. Then the n-dimensional Fisher’s equation has two explicit traveling wave solutions

8 , 5lalos
_ exp{ £ s (a xR0 L s
u(x,t) = 5 Slalas (5.2)
a|«
Proof Let a = (aj,as,- - ,a,) be anonzero real constant vector and let ¢ be a real constant.

Let z = a-x+ct. A traveling wave solution u(x,t) = ¢(a-x+ ct) to the n-dimensional Fisher’s
equation satisfies the equation

' (2) = |al*a?¢" (2) + B2¢(2)[L — ¢(2)].
Suppose that ¢(z) = [¢(2)]2. Then
2ey(2)¢'(2) = 2[al’a®y(2)9" (2) + 2lal?a®[¥' (2)]” + B2 [V (2)]*{1 - [¥(2)]*}.

Let us reduce the order of the differential equation. Let ¢'(z) = D (z)[1 — 1(z)] for some
constant D # 0. Then

V"(2) = D*9(2)[1 — ¥ (2)][1 - 20(2)].
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Plugging the derivatives back into the differential equation, we get

2¢D[y(2)*[1 — ¥(2)] = 2lal* D*a? [y (2)*[1 — 9 (2)][1 — 20(2)]
+2[a? D’ [p()P[1 = v(2)]* + B2 ()1 - [ (2)]*}.

By canceling out [¢)(2)]2[1 — 1(2)], we have
2cD = 2|al?D?a?[1 — 24(2)] + 2|al>?D?a?[1 — ¢ (2)] + B2[1 + ¥(2)].
Comparing the coefficients, we find that
2¢D = 4|a]*’D?a® + 8%, 6|a]*D%a? = 2.

Finally, we find two sets of solutions ¢ = :i:5|?/|gﬂ, D= iﬁ. Now, by using Lemma 1.1, we

obtain

ooy = P v (2 )

B 8 x4 Blalas \ 1
1+exp{i\/6|ala(a X+ NG t)}

Now we can obtain the explicit traveling wave solutions to the n-dimensional Fisher’s equation.

Theorem 5.2 Consider the n-dimensional generalized Fisher’s equation
— = a?Au+ Fu(l — uP)(uP — a), (5.3)

where p > 0, a > 0 and B > 0 are positive constants and a is a real number. Let a =
(ar,az2, -+ ,a,) € R™ be any nonzero real constant vector. Then the generalized Fisher’s equa-
tion has two explicit traveling wave solutions

1— 1)a
exp{ + ﬁ(a'){i \2%) |a|aﬁt)}

v
1—(p+la }
1+exp{:|:‘a|ap%<a-x:|: \5%) |a\aﬁt)}

u(x,t) = { (5.4)

Proof Let z = a-x+ ¢t and u(x,t) = ¢(a-x + ct) be a traveling wave solution to the
generalized Fisher’s equation. Then

cg'(2) = lal*a?¢" (2) + B¢ (2){1 — [6(2)]"H[6(2)]" — a}.
Let us reduce the order of the differential equation. Let D # 0 be a constant and
¢'(2) = D (2){1 — [¢(2)]"}-
Then
¢"(2) = D*¢(2){1 = [8(2)" {1 — (p + D[(=)]"}.

Plugging the derivatives back into the differential equation, we get

cDp(){1 = [6(2)]"} = [a]?D*a®p(2){1 — [6(2)]"H1 — (p + 1)[6(2)]"}
+A20(2){1 — [p(2)"H[6(2)]” — a}.
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By canceling out ¢(z){1 — [¢(2)]"}, we get
D = [a’D*a*{1 — (p+ 1)[6(2)]"} + *{[¢(2)]F — a}.
Then, by comparing the coefficients, we find
cD = |a*D%a? —aB?, (p+1)|al?D?*a* = 5%
Solving it, we have

o] 1—(p+1)a
=+ =1 P a8
lajan/p + 1 vVp+1 2l

Therefore, by using Lemma 1.1, we find the explicit traveling wave solutions to the generalized

D

Fisher’s equation.

Theorem 5.3 Consider the generalized n-dimensional Belousov-Zhabotinskii system of

reaction-diffusion equations

0
a—? = D1 Au+ au(l — u) + fuw, (5.5)
ov
i DyAv + yv(1 —v) + duw, (5.6)
where D1 > 0 and Dy > 0 are positive constants, «, 3, v and & are real constants, such that
a+v>0. Leta=(a1,az2, - ,a,) € R™ be any nonzero real constant vector. If
Dy —5Dq 6D
ﬁ = o — Y
Dy + Dy Dy + Dy
5= 6D- 5Ds — Dy

"D+ D, Di+Dy "

then the generalized Belousov-Zhabotinskii system of reaction-diffusion equations has two ex-
plicit traveling wave solutions

ety (g, _lalDya—Dyy)
( t) exp { 4+ ‘3‘2(D1+D2) (a x + (D1+D2)(a+7) t) } }2 (5 7)
u\x, = ) |
[a?(D1+Ds) (D1+D2)(a+7)

! (5.8)

v(x,t) =

{1+exp{ + %(a.xi \}%Q}}Q
Proof Let z =a-x+ ct,
u(x,t) = [6(2)]* and  v(x,t) =[1 - (2).
Then

o)} = [a*Di{[¢()]*}" + ald(2)*{1 = [6(2)]*} + Ble(2)][1 — b(2)]?,
{1 = d(2)]} = [al’ D2{[1 = ¢(2)]*}" +[1 = d(2)]*{1 — [1 = 6(2)]*} + 8[(2)]*[1 — &(2)]*.
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Equivalently, we have
2c¢(2)¢'(2) = 2[a* D1¢(2)¢" (2) + 2lal* D1 [¢/ (2)]?
+alo()* {1 = [0(2)]} + Blo(2))*[1 - o(2)]7,
2¢[1 = ¢(2)][1 = ¢(2)]' = 2[a]’ Da[l — $(2)][1 — ¢(2))" + 2[a]* Da[~¢' (2)]?
+9[1 = o)1 = [1 = o(2)]} + 8o (2)1°[1 — o (2)]*.

Let us reduce the order of the differential equation. Suppose that p # 0 is a constant and

¢'(2) = po(2)[L — p(2)].

Then

¢"(2) = P*6(2)[1 = S(2)][1 — 26(2)].

Plugging these derivatives back into the differential equations, we have

2ep[d(2)]°[1 = ¢(2)] = 20al*Dip?[6(2)*[1 = ¢()][1 — 26(2)] + 2lal* Dip?[p(2)]*[1 — ¢(2)]?
+alp(2){1 = [0(2)]*} + Blo(2)*[L — o ()],

—2cp[l = §(2)]*¢(2) = ~2lal?Dap®$(2)[1 — ¢(2)]*[1 — 26(2)] + 2lal* Dop?[$(2)]*[1 — (2)]?
+9[1 = (2)P{L = [1 = ¢(2)]*} + 8[p(2)*[1 — (2)]*.

Let us cancel out [¢(z)]?[1 — ¢(2)] in the first equation and cancel out ¢(2)[1 — ¢(2)]? in the
second equation. We have a simpler system of equations

2ep = 20a2D1p?[1 — 26(2)] + 2al2Dip?[1 — 6(2)] + all + 6(2)] + A1 — 6(2)),
2cp = 2[a|* Dap?®[1 — 2¢(2)] — 2|al* Dap?d(2) + 7[6(2) — 2] + 5¢(2).
By comparing the coefficients, we have
2cp = 2|a|>D1p? + 2|a)>D1p* + o + B,
0= —4la|*D1p® — 2[a|*D1p® + a — B,
2cp = 2[a* Dap® — 2,
0 = —4|a|*Dyp? — 2|a|* Dap? + v — 0.
Simplifying the system, we get
B = cp— 5|al*D1p?,
6= 6|a|2D2p2 -7,

c :Dg()é*Dl’)/
P Dy + Dy’
2 a+y

V=g
[al*(D1 + Do)
Solving this system, we find two sets of solutions

Dy — 5D, 6D,

= o — ,
=D, Dia Dy
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6D4 5Dy — Dy
0=— o — v
D1+ Dy D1+ Dy
la|(Doa — Dy7)

V(D1 +Da)(a+7)’

p=+ o+ '
V 1a[*(D1 + D)

Therefore, by using Lemma 1.1, we obtain the solutions

oty . |aj(D2a—D17)
exp { x4/ (D14 D3) (a X+ DDt t)}
4 la[(D2a—D17) t) } ’

¢(z) =
___aty .
1 + exp{ + |a\2(D1+D2) (a X /7(D1+D2)(a+'y)

The proof is finished.

Theorem 5.4 (I) Consider the n-dimensional McKean-Nagumo reaction diffusion equation

%:Au—ka[H(u—H)—uL 0<0<%, (5.9)

where a > 0 and 6 > 0 are constants, H stands for the Heaviside step function: H(u — ) =0
for allu <6, HO) =1 and H(u—0) =1 for allu > 6. Let a = (a1,as,-- ,a,) be a nonzero
real constant vector. Then this equation has a traveling wave front

U(Xa t) = Ufront (Z)
Gexp{ﬁi ”22'“1"(3~x+ct)} for z=a-x+ct <0,

= 5.10
1+(971)exp{c_7”;“a(a'x+ct)} for z=a-x+ct >0, (510
where the wave speed
. |aj2a(1 — 26)2
N (1 —-0)
and z = a - X + ct is the moving coordinate.
(IT) Consider the n-dimensional reaction diffusion equation
ou
EJFCY(l*Q@) = Au+ o[H(u—0) —ul. (5.11)
This equation has a traveling wave back
u(x,t) = 260 — Ugont(2) (5.12)

with the same speed as the traveling wave front.

Proof Let z =a-x+ ¢t and let u(x,t) = ¢(a-x + ct) be a traveling wave solution of the
n-dimensional McKean-Nagumo reaction diffusion equation. Then

e/ (2) = [a*¢" (2) + a[H(4(2) — 0) — ¢(2)].
Suppose that the traveling wave front satisfies the conditions ¢ < 6 on (—o0,0), ¢(0) = 6 and
¢ >0 on (0,00). Then

c (0%

¢"(2) — a2 (2) = Wd)(z) =0, on (-0,0),
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¢ (z) — W (2) + ﬁu —¢(2)] =0, on (0,00),

lim (=) =0, lim 6(z) =1, 6(0)=0.

Z—>—00
The characteristic equation for these differential equations is

2 c o)

CJaP” fal?
The eigenvalues are

5= ct /% +4]ala

2[af?

Therefore, the traveling wave solution is given by

2+ 4lal«a
2Jal?

u(x,t):eexp{C+ (a~x+ct)}, on (—00,0)

and

u(x,t) = 1+(071)exp{0_ . 62+4|a|2a(a~x+ct)}, on (0, 00).

2Jal?
The wave speed is determined by the condition
$(07) = p(0).
That is

ec—l— V2 +4jalfa o 1)0— Ve +4|alfa

2/al? 2lal?
. la]2a(1 — 20)2
B 0(1—06)

6 Nonlinear Hyperbolic Equations

Finally, we find the wave speed

The proof is finished.

In this section, we are going to establish the explicit traveling wave solutions to the n-
dimensional Klein-Gordon equation and the n-dimensional Sine-Gordon equation. This section
is primarily motivated by [10, 18, 20, 22, 24, 29, 35, 38, 44].

Theorem 6.1 Consider the generalized n-dimensional Klein-Gordon equation

32
[“Tjg — a?Au — BPuPPT 4 2Pt — 5% =0, (6.1)
where « >0, $>0,v> 0,5 >0 and p > 0 are positive constants. Let a = (a1,a2, -+ ,a,) €

R™ be any nonzero real constant vector. If B = 0, then the generalized Klein-Gordon equation
has the explicit traveling wave solution

p+262 9P 1)
u(x,t) = {T?sech <§m(a-x+ct))} , (6.2)

=
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where ¢ is a constant such that |c| > |aja. Set z=a-x+ct. If 8> 0 and

(p+2)°

2¢2 4
5:
p+1 b v

3

then
0 1

u(x,t) = {\/mﬁl-i-exp{ ipm(a-x—i—d)}} |

Proof Let u(x,t) = ¢(a-x+ct) be a traveling wave solution to the generalized n-dimensional

S |-

Klein-Gordon equation, and let z = a-x + ct, where c is a real constant, such that ¢? > |a|?a?.
Then

?¢"(2) —lal*a®¢" (2) — Blo(2)]P T + 7% [(2)P T — 6%¢(2) = 0.
This equation may be rewritten as

62 72 /82
— Py P
2 —lal2a? 2 —|al?a? [6(=))" + 2 — |a?a?

¢"(2) = o(=){ o).

By using Lemma 1.3 (for § = 0) and Lemma 1.4 (for 5 > 0), we find the traveling wave
solutions, where

p+2 02 ﬂQ _ '72
Vp+ 1\ 2 —laj2a? )\ 2 —|a]2a?2 2 —|a]?a?’
Now we finish the proof.

Theorem 6.2 Consider the generalized n-dimensional Sine-Gordon equation

0*u 2 2, o
o2 C Au + 23%ysin(2yu) = 0, (6.3)
where a > 0, 8 > 0 and v > 0 are positive constants. Let a = (a1,a2, -+ ,a,) € R™ be

any nonzero real constant vector. Then the generalized Sine-Gordon equation has the explicit

traveling wave solution

! 20v(a-x+ct)
u(x,t) = 5 arccos (tanh <W)), (6.4)

where ¢ is a constant, such that |c| < |a|a.

Proof Let u(x,t) = ¢(a-x + ct) be a traveling wave solution, where ¢ is a real constant,
and let z =a-x+ ct. Then

¢ (2) — |al* ¢ (2) + 2%y sin(2v¢(2)) = 0.
It is not difficult to find
2
§"(2) = —on L sin(296(2)).

~ lafa? —c
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Multiplying this equation by 2¢’, integrating the result with respect to z, and letting the

integration constant be equal to zero, we have

232 432

[¢'(2))* = m[l — cos(279(2))] = [aPa? — & sin®(7(2)).-

Now

§(z) == — sin(10(2))
By separating the variables, we get

- 1 do =+ 28 dz.

sin(v¢) |al?2a? — ¢?

Equivalently, we have

Vsin(y¢(2)) 28y

do =+ dz.

lal?a? — 2

11— cos?(79(2))
Finally, we obtain

28~z

tanh ™! (cos(y¢)) = + —
|aj?2a? — ¢

.
The proof is finished.

Corollary 6.1 Consider the n-dimensional Sine-Gordon equation

0%u
— — Au+sinu =0.
o2 *

It has the explicit traveling wave solution

. t
u(x,t):2arccos(tanh< a-xtce ))

ViaP =

Proof It follows from Theorem 6.2.
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