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Proper Submanifolds in Product Manifolds*
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Abstract The authors obtain various versions of the Omori-Yau’s maximum principle
on complete properly immersed submanifolds with controlled mean curvature in certain
product manifolds, in complete Riemannian manifolds whose k-Ricci curvature has strong
quadratic decay, and also obtain a maximum principle for mean curvature flow of complete
manifolds with bounded mean curvature. Using the generalized maximum principle, an
estimate on the mean curvature of properly immersed submanifolds with bounded projec-
tion in N; in the product manifold N; x Ns is given. Other applications of the generalized
maximum principle are also given.
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1 Introduction

There is a well-known Calabi-Chern problem (see [4, 7]) on the extrinsic boundedness prop-
erties for minimal submanifolds in n-dimensional Euclidean space.

Many efforts have been made during the past years, and the research on the Calabi-Chern
problem has made some progress (see [5, 8, 10, 12, 14] et al.). For R?, Nadirashvili [12] gave an
example of complete immersed bounded minimal surface in R3.

A more ambitious conjecture is: A complete (non-flat) minimal hypersurface in R™ has an
unbounded projection in every (n — 2)-dimensional flat subspace. This is not true for immersed
minimal surfaces in R? by the Jorge-Xavier’s example in [10].

On the other hand, Colding and Minicozzi [8] showed that the situation is different for
embedded minimal disks in R3, which is proper, whereas the Nadirashvili’s example and the
Jorge-Xavier’s example are not proper.

Recently, L. J. Alias, G. P. Bessa and M. Dajczer [1] gave an estimate of the mean curvature
of cylindrically bounded properly immersed submanifolds in some N x R?, and as a consequence
of their result, they showed that a complete minimal immersed hypersurface in R” (n > 3) with
bounded projection in a two dimensional subspace cannot be proper.

Inspired by Calabi-Chern problem, it is natural to study complete properly immersed sub-
manifolds in a product manifold. We generalized Alias-Bessa-Dajczer’s results as follows.

Theorem 1.1 Let Ny, No be complete Riemannian manifolds of dimensions ny,no respec-
tively, and let the radial sectional curvature of No satisfy /@rj\}j > —c(1 + p2log’(ps + 2)),
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where ¢ is a positive constant, ps is the distance function from a fized point on Ns. Let
W M* — N x Ny be an isometric immegion of a complete Riemannian manifold of di-
mension k > ng with mean curvature vector H. Given g € M, p = m1(¢(q)) € N1. Let By, (1)
be the geodesic ball of N1 centered at p with radius r. Assume that the radial sectional curvature
Hﬁ{‘}‘f along the radial geodesics issuing from p is bounded above by a constant Hﬁ{‘}‘f < b (const.)

in By, (r). Suppose that

1/)(M) C BN1 (7“) X Ny

s

for r < min {ian1 (p), 2L\/E}’ where we replace oG by 400 if b < 0.
(1) Ifv¢: M* — Ny x N is proper, then

S}\14p|ﬁ| > (k — n2)Ch(r).

2) Ir

N
sup |H| < (k —n2)Cy(r),
M

then M is stochastically incomplete, where Cy, is defined in the beginning of Section 4.

The analytic tool to prove the above theorem is the Omori-Yau maximum principle. Omori
firstly gave a maximum principle on complete Riemannian manifolds (see [14]). Later, Yau
refined and simplified the argument in [21] under the assumption on Ricci curvature bounded
from below. The curvature assumption could be relaxed to strong quadratic decay of Ricci
curvature in [5]. There is a general analytic version of the Omori-Yau maximum principle
due to Pigola et al. [16]. Based on them, in this paper, we give various versions of the
Omori-Yau maximum principle on complete properly immersed submanifolds in rather general
ambient manifolds and certain product manifolds in Section 3. Furthermore, we can obtain the
maximum principle for mean curvature flow in this setting.

In the last section, we give several geometric applications of the Omori-Yau maximum
principle, including the proof of the above mentioned results.

2 Preliminaries
Let ¢» : M — N be an m-submanifold in Riemannian manifold N of dimension n with the
second fundamental form B defined by
B(X,Y) = (VxY)*

for X,Y € T'(T'M), where (-)* denotes the orthogonal projections into the normal bundle
N M. The second fundamental form B can be viewed as a cross-section of the vector bundle
Hom(®?TM, NM) over M, where TM and NM denote the tangent bundle and the normal
bundle along M, respectively. Taking the trace of B gives the mean curvature vector Hof M
in N, a cross-section of the normal bundle, and

H2 trace(B) = ZB(ei; €i),

where {e;} is a local orthonormal frame field of M.
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The ambient manifold N in the present paper is rather general. We may impose some
curvature assumptions on N. H. Wu [18] introduced an interesting notion of partial positivity
(negativity) on Riemannian manifold N. For any € N and any (k + 1) orthonormal vectors
{eo,e1, - ,ex} € T, N, denote

Ric_ x(z) £ min{ . K(eo A @i)}

1=1
and

k

Ricy x(z) £ max { Z k(eo A ei)}a

i=1

where k(e A e;) denotes the sectional curvature of the plane spanned by eg and e;.

If Ric_ > 0 (Ricy < 0), then N is called k-positive (k-negative). k-Ricci curvature
condition is an intermediate one. The cases ¥ = 1 and £k = n — 1 are reduced to sectional
curvature and Ricci curvature respectively.

Some results under the conditions on sectional curvature can be generalized to those under
k-Ricci curvature condition (see [11, 17]).

Now, we consider certain proper submanifolds in an ambient manifold with strong quadratic
decay of k-Ricci curvature, and in certain product manifolds.

A Riemannian manifold M is said to be stochastically complete if for some (and therefore,
for any) (x,t) € M x (0,+00) it holds that [,, p(x,y,t)dy = 1, where p(x, y,t) is the heat kernel
of the Laplacian operator. Otherwise, the manifold M is said to be stochastically incomplete.
There is an interesting characterization of stochastic completeness: M is stochastically complete
if and only if for any C2-function u with u; £ supu < oo, there exists a sequence {z;} such
that u(z;) > ug — % and Au(z;) < % (see [15]).

3 Various Versions of the Generalized Maximum Principle on
Submanifolds

Let us generalize Omori-Yau’s maximum principle on complete properly immersed submani-
fold of Euclidean space to complete proper submanifold with controlled mean curvature of some
complete Riemannian manifolds. First we give the following lemma (see [5, 19]).

Lemma 3.1 Let N be a complete Riemannian manifold of dimension n, and let the radial
sectional curvature satisfy k™4 > —cF(p), where ¢ > 0 is a constant, p is the distance function
from a fized point o on N, F : R — R is a nondecreasing function ancLF > 1. Lﬂf) M
be a k-dimensional complete submanifold of N with mean curvature vector H, and sup |H| <

M

V1+c(k—1)kF(p). Let o,z € M, and if  is not on the cut locus of the point z¢ in N, then
for p(x) > po (po is a constant),

Aprp(z) < 24/1 + c(k — 1)kF(p). (3.1)

Proof The restriction of p on M is a function on M. Then we have for X, Y € TM C TN,

Hess(p)(X,Y) = XY (p) — (VxY — (VxY)")p
— Hess(p) (X, Y) + (B(X,Y), V). (3:2)
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Taking trace in (3.2), we get

k
Ap(x) = 3 Hess(p)(x)(ei, i) + (H. V). (3.3)

where {e1, -, ex} is an orthonormal basis on T, M.
Let v : [0,p] — N be a minimal geodesic from z¢ to « with v(0) = zo,v(p) = x. Choose
NT L
an orthonormal basis {61 = %, €y Chtl, " 5 Cn—1,En = %} € T, N, such that
{e1, -+ ,exr} are orthonormal vectors tangent to M. Let E; be the unit vector orthogonal
to % =+ on the plane spanned by e; and e,. Let
. 0
e1 = cosOF, +sinf—,
dp

where 6 is the angle between e; and E;. Then we have
Hess(p)(x)(e1, e1) = cos® OHess(p)(x)(E1, B1) < max {Hess(p)(z)(Er, E1),0} .

By parallel translation along «, we have an orthonormal frame field {E;(t),e2(t),- - -, ex(t)}
along ~. Since free of conjugate points in v, there is a unique Jacobi field J; along v, such that
J1(0) =0, J1(p) = E1, J;(0) =0, Ji(p) = e;,i = 2,- - -, k. Hence

Fless (p) () (s, ) = / "1P = (R, )3, T

Similarly,

Hoss(0)(0) (1. 1) = | "R = (REG. )3, )

Let f(t) be any piecewise smooth function defined on [0, p] with f(0) = 0 and f(p) = 1.
Then {f(t)E1(t), f(t)ea(t),- - -, f(t)ex(t)} are piecewise smooth vector fields along ~y satisfying
F(0)EL(0) =0, f(p)E1(p) = Ji1(p), f(0)e;(0) =0, f(p)ei(p) = Ji(p). Using the minimization of
Jacobi field, we have

iﬂess@)(x)(ei,ei) < Z e = e sei seyar
smax{ [ (5B - (G, EO5. fED), 0
< [T = (k- e
< /p(k;(f’)2 + c(k — 1)F(t) f3)dt.

0

Following the proof of Lemma 2.1 in [5], we obtain

k
> Hess(p)(x)(ei, ei) < \/1+c(k = 1)kF(p). (3.4)
i=1

(3.3) and (3.4) give
Ap(z) < T+ clk — DEF(p) + |H| - [Vp| < 21+ c(k — DkF(p).

Similarly, we have the lemma below.
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Lemma 3.2 Let N be a complete Riemannian manifold of dimension n with Ric_ j >
—cF(p) and Ric_ 1 > —cF(p), where ¢ > 0 is a constant, p is the distance function from
a fized point o on N, F : R — R is a nondecreasing function and F_}Z 1. Let A)l be
a k-dimensional complete submanifold of N with mean curvature vector H, and sup |H| <

M

1+ ckF(p). Let xo,x € M, and if x is not on the cut locus of the point x¢ in N, then for
p(x) > po (po is a constant),

App(z) < 24/1+ ckF(p(x)) .

Proof In a way similar to the proof of the above lemma, we have that if Hess(p)(z)(E1, E1)
> 0, then

k P
S Tess(p)a)(ene) < [ (K = FPRic- p)a:

if Hess(p)(z)(E1, E1) <0, then

k P
> THess(o) @) eiren) < /0 (k= 1)(f')2 = f2Ric_ p_1)dt.

Hence,

k P
> (o) (a)er ) < / (k(f')? + cF (1) f?)dt.

0

It follows that

Anipl() < 2/T+ R (p(@)).

Then the gradient estimate, as was done by Yau [21] (see also [5]), gives us the following
result.

Theorem 3.1 Let Ny, Ny be complete Riemannian manifolds of dimensions ny,ns respec-
tively, and let the radial sectional curvature of No satisfy n‘j\é}s > —¢(1 + p3log?(ps + 2)),
where ¢ is a positive constant, ps is the distance function from a fized point on Ns. Let
¥ 1 M* — Ny x Ny be a proper isometric immersion of a complete Riemannian manifold

of dimension k with mean curvature vector H and sup |ﬁ| < \/1 + ¢(1 + p2log®(pa +2)). Sup-
M

pose that
(M) C By, (r) x Na.

Let f be a C*-function bounded from above on M. Then for any e > 0, there exists points {x;} C
M, such that

fim f (z;) = supf, (3.5)
IV fl(z;) <e, (3.6)
Af(z;) <e. 3.7
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Proof Define py : N1 x Ny — [0, 400) by

p2(x1,32) £ pg - o (w1, 22) = pa(w2),

where we denote 75 for the projection to the second factor, and so is for 71 in the sequel. Since
1 is proper and (M) C By, (r) X Na, the function ¢ = ps - ¥ satisfies ¢(x) — 400 as & — 0.
Identifying X with d¢(X), we have at € M and for every X € T,,M that

(gradg, X) = d¢(X) = dpa(X) = (grad™ " 2, X).
So
grad™ N5y = gradg + (grad™ M2 py) ",
le ><N2

where (gra p2)* is perpendicular to T, M.
Let V and V be the Levi-Civita connection on M and N; x Ny respectively. Then

Hesspr(9)(X,Y) = XY — (VxY)p = XY — (VxY)po
= XY, — (VxY — B(X,Y))p2
= Hessn, xn, (P2)(X, V) + (B(X,Y), grad™ * "2 5,). (3.8)

Taking trace in (3.8), we then have
k
Ag(x) =Y Hessy, v, (2 (4(0))) (€1, 1) + (H (2), grad™ N2 i (1)), (3.9)
i=1

where {ey, -, e} is an orthonormal frame on M.
Letting {Bipl’ Es,---, Ey,, } be an orthonormal basis for 77, ;) N1 and {8%2, Fy, -+ Fp,} be
an orthonormal basis for T7, ) N2, we choose

0
ei:azapl +sz]E +C’L +Zdzlﬂ

Since

1=lef? =a? +Zb +c? +Zdzl,

we observe that

ZZ (3.10)

Then by Lemma 3.1 and using (3.10), we have

k

k
> Hessn, xn, (P2(1(2))) (€5, €) = > Hessn, (p2) (v, Taves)

i=1 =1

k no
= Z Z d?lHeSSNz (PQ)(E; E)

i=1 =2

< k\/1+c(1+p§ log?(p2 + 2)). (3.11)
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Using (3.9) and (3.11), we obtain

k

Ap(x) =Y Hessy, o, (72 (1(2))) ez, e3) + (H (), grad¥ N2 )
=1

< (k+ 1)y/1+ (1 + 62 1og” (6 + 2)). (3.12)

We define an auxiliary function on M

(z) =

flx) = f(xo) +1

1
log(¢?(x) + 2)]7
for any j > 0. Then g(xo) = L~ > 0. Since sup f < 400 and M is proper, we have

(log2)7
¢(x) — 400 as © — 00, so limsup g(z) = 0. Thus g attains a positive supremum at z; € M.

(3.13)

Tr—00
Let us first prove (3.5). Indeed, if this is not true, then there would exist 6 > 0 and T € M,
such that

f@) > flz;) +6

for each j > jo sufficiently large.
If ¢(x;) — 400 as j — +oo for each j such that ¢(z;) > ¢(Z), we have
py = IO ) 1 f) ) 1w
[log(¢?*(z) + 2)]7 log(¢?*(x;) +2)>
This contradicts the definition of x;.
If {x;} lies in a compact set, then for some subsequence of j, {x;} converges to a point Z,
so that f(Z) > f(Z) + 0. On the other hand, since g(z;) > g(z) for each j, we deduce that

f@) = flxo) + 1= lim g(z;) > lim g(Z) = f(Z) - f(xo) + 1,
J—+oo Jj—+too

that is f(Z) > f(Z). This is also a contradiction. Thus we prove (3.5).
Again, if {«;} remains in a compact set, then 2; — 7 € M as j — +00. At T, we have

f(@) =sup f(x), [VfI(T)=0, Af(Z)<0.

In this case, the sequence x; = T (Vj) obviously satisfies all the requirements.

We now only need to consider the case when z; — oo, then because M is proper, ¢(z;) —
+oo. Without loss of generality, we can assume that x; is not on the cut locus of zg in Ny
(otherwise, we can use Calabi’s trick to remedy it). Then, we can differentiate ¢ at z;. Since
g attains a positive supremum at x;, we have

(Vlogg)(z;) =0, A(logg)(z;) < 0.
By direct computation, we get

2(f(x5) = fwo) + Do(z;)Vo(z;)

V) = ) v 2) (@) £ 2) (3.14)
2Uf(z;) — flao) T 1) [ dAS+ VoL
Af(z;) < j {F oo 19
. 262V o2 VO o )
FE T2 Mos( @ T DR (& 1 22 (log(d? + D)
< 2(f(xj) - f(xo) + 1)(¢A¢ + 1). (3.15)

3(9% +2) log(¢? + 2)
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Hence, (3.14) gives that

2(f(x;) — f(®wo) + )op(x;)

IVfl(z;) < J(9?(z;) + 2) log(¢?(z;) + 2)

— 0,

as j — +o0o. This proves (3.6).
Using (3.12) and (3.15), we obtain

2(f(z;) — f(wo) +1
J(p* +2)log(p? +2

Af(x;) < ;{Zp\/l—|—ck;(1+p210g2(p+2))+1}.
Letting j — oo, we prove (3.7).
Using Lemma 3.2, we also have the next theorem.

Theorem 3.2 Let N be a complete Riemannian manifold of dimension n with Ric_ j >
—c(1 + p?log?(p 4 2)) and Ric_ 1 > —c(1 + p*log®(p + 2)), where ¢ > 0 is a constant,
and p is the distance function from a fized point on N. Let M be a k_—)dz'mensz'onal_gom-
plete properly immersed submanifold of N with mean curvature vector H, and sup|H| <

M

\/1 + ck (1 + p? 10g2(p+ 2)) Let f be a C?-function bounded from above on M. Then for
any € > 0, there exists points {z;} C M, such that

Jlim f(ag) =supf, |Vfl(z;) <e Af(rg) <e

Let N be a complete Riemannian manifold of dimensional n, and let the radial sectional cur-
vature satisfy £ > —¢(1+p?log?(p+2)), where ¢ is a positive constant, p is the distance func-
tion from a fixed point on N. Let M be a k dimensional complete properly immersed subman-

ifold of N with mean curvature vector ﬁ, and sup |ﬁ| < \/1 + e(k = Dk + p2log(p +2)).
M

The second named author established a maximum principle for the complete space-like mean
curvature flow in pseudo-Euclidean space in [20]. Similarly, we obtain a parabolic maximum
principle in our setting. This is similar to the one in [9] under different conditions and by a
different method.

We now consider the deformation of a submanifold under the mean curvature flow (to
MCF), namely, consider a one-parameter family F; = F'(-,t) of immersions F; : M — N with
the corresponding images M; = F;(M) such that

(3.16)

are satisfied, where ﬁ(m,t) is the mean curvature vector of M; at F(x,t). If sup|ﬁ| < a
0

(const.), sup |ﬁ| < \/1 + e(k — 1)E(1 + p?log?(p; +2)), where p; is the distance from a
M, (t>0)

fixed point F}(zp) on M;, we can choose t sufficiently small, such that p; is still proper. In fact,

d d
pe(y) = po(y) + g pe(W)li=0 -t = poly) + <th’ _>‘t=0 !

dt
— po(y) + (Vpo, H) -t > poly) — eat.
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Let f(x,t) = f(F(z,t)) be a smooth function bounded from above on M;,0 <t < gy, which
can also be viewed as a function on M x [0, £¢]. Let g9 be a small number, such that p; is proper
for each t € [0, o],

Define a function on M x [0, &),

f(a,t) = f(@0,0) +1
log(pf (x) + 2)]”

for any j7 > 0. It is easy to see that g must attain its supremum at the certain point (z;,t;).
We have

g(a:,t) =

g(zj,t;) = sup g=supy.
MX[O,E()] Mf,j

Thus at (z;,t;),

2(f = f(20,0) +1)pVp
J(p* +2)log(p? +2) -

Vf= (3.17)

Then we have

2f ~ flao, )+ Vp
J(67 + 2)log(p? 1 2

IVf] <

)

as j — oo. If ¢; is the first time such that g attains a new maximum, then i—‘i > 0, namely,

df _ 2(f = f(we,0) + Dp dp
dt = j(p? +2)log(p? +2) dt

(3.18)

Since

% - <v §t> (Vp, H) < 1+ clk — k(1 + p?log>(p + 2), (3.19)

from (3.18) and (3.19),
df

E>O as j — o0.

We also have Ag < 0 at (xj,t;). By direct computation and using (3.1), (3.17), we obtain
2(f — f(20,0) +1)(pAp +1)
i(p* +2) log(p2 +2)

(éf-f—g)(i?g’(p) 12) {20 \/1+C k—1)k(1+ p2log’(p+2)) + 1} — 0,

Af <

as j — oo. It is not difficult to see that

lim f(zj,t;) = sup f.
i—o0 M, (0<t<z0)

Hence, we have the following maximum principle.

Theorem 3.3 Let M; be complete mean curvature flow in N with

Sup|ﬁ|<(}1, sup |H|<\/1—|-c (k — 1)k(1 + p2log?(ps + 2)).
Moy M, (t>0)
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Let 0 < t < gg, such that p; is proper for each t in this interval. Let f be a smooth function
bounded from above on M. Then for any € > 0, there exists a sequence of points {x;} C My,
such that

lim f(e;,t;)= suwp  f,
j—oo M, (0<t<eo)

and when j is sufficiently large,

d
VAt) <o i) > e A1) <e

Theorem 3.4 Let M; be a complete mean curvature flow in N with bounded mean curvature
for 0 <t <egq. Let f be a smooth function bounded from above on M; and satisfy the following
evolution equation:

(E_A)fg<A,Vf>

dt
for a vector A with uniformly bounded |A|. Then,
sup f < sup f (3.20)
M, Mo

for any 0 <t < gg.

Proof Suppose sup f > sup f. Then by Theorem 3.3, we have

M, Mo
lim f(o;,t;) = s f.
J=oeo M (0<t<eo)
For any 6 > 0, let f satisfy
(i - A)f < (A, Vf) -5 (3.21)
dt -

Using Theorem 3.3, we have that Jz; € M;,, such that

N

Af(xjty) + VAl <

It follows that
a0

dt (x5,t5) - 2,

which contradicts the conclusion of Theorem 3.3. Hence we prove (3.20).
Let

f=f—supf—o6t—5, V5>0.
My

Then fsatisﬁes (3.21). The previous discussion implies

sup f < sup f = -4,
M, Mo

namely,

f<supf+dt.
Mo

Letting 6 — 0, we have (3.20).



Proper Submanifolds in Product Manifolds 11

4 Geometric Applications

Using the results on the generalized maximum principle in the last section, we can estimate
the mean curvature of k-dimensional properly immersed submanifolds with bounded projection
in N7 in the certain product manifold Ni"* x N3'? (k > ns). In the following we denote

Vb cot(Vht), i£h>0, t <,
(Vbt) Wi
Co(t) = % if b =0,

V—=bcoth(v/—=bt), if b<0.

Theorem 4.1 Let Ny, Ny be complete Riemannian manifolds of dimensions ni,ns respec-
tively, and let the radial sectional curvature of No satisfy nrj\}j > —c(1 + p3 logz(pg + 2)),
where ¢ is a positive constant, ps is the distance function from a fixed point on No. Let
Y 1 M*F — Ni x Ny be an isometric immersion of a complete Riemannian manifold of di-
mension k > na with mean curvature vector H. Given g€ M, p=m1(¢(q)) € N1. Let By, (1)
be the geodesic ball of N1 centered at p with radius r. Assume that the radial sectional curva-

rad

ture k3" along the radial geodesics issuing from p is bounded as /@rj\}f < b (const.) in By, (r).
Suppose that

(M) C B, (r) X Ny

s

for r < min {injy, (p), QL\/E}’ where we replace T by +o00 if b < 0.
(1) If+: M* — Ny x Ny is proper, then

sup [H| > (k — n2)Cy(r); (4.1)
M

(2) If
sup |H| < (k — na)Cy(r), (4.2)
M

then M is stochastically incomplete.
Proof Define p; : Ny X No — R by

p1(x1,z2) = p1(z1) = distn, (p, z1),

and f: M* — R by

We shall prove (4.1) by contradiction, namely, suppose

Sjl\l/lp |ﬁ| < (k —n2)Cy(r).

Since (M) C By, (r) x Na, we have that sup f < r < 400, so by Theorem 3.1 there exists a
M

sequence {z;} C M, such that

IV fI(z5) <

(S

1
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In a way similar to (3.9), we get

k

~ e ~
Af(;) =Y Hessn, wn, (01(8(x5))) (es, €) + (H (), grad™ N5, (4 (2;))),  (4.3)
i=1
where {ey, -, e} is an orthonormal frame on M.
Letting {8—‘31, Ey, -+, Ey, } be an orthonormal basis for 77 (,,)N1 and the normal coordi-
nates (x3,---,x5?) on Ny near ma(x;), we choose

0 0
e, = a; — + bE+ Ci1——
i 'Lapl ; ig g ; zlaxl2
Since

1= Je;f? = o +Zb +Zczl,

by direct computation and the Hessian comparison theorem, we have
Hessn, x v, (P1(¥(;)))(€i, €3) = HeSSN1 (p1(z1))(T1cei; Tises)

= Zb Hessy, (p1(z51))(Ej, Ej)

na

> Z B,Co(r) = (1= a2 = > ek )Gyl (4.4)
j=2 =1
k
IVfP(5) = Y (grad™ ™ 5y (1), i)
i=1
k k 1
D (grad™ipy e)? =D af < — (4.5)
i=1 i=1 J
We observe that at ma(z;),
k n2 n2
Z Z Z lgrad(a} - )[* < Z lgrad™® (zh)[* = ns. (4.6)
Thus from (4.3)-(4.4), we have
1 k
7 > (k‘ — Zaf — Zcfl)cb(r) —sup|H|
i=1 il
Using (4.5) and (4.6), it follows that
1 ¢
S+ 3,(27”) +sup [H| > (k - n2)Cy(r) (4.7)
M

Letting j — 400, we get

sup |[H| > (k — na)Cy(r).
M
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This is a contradiction. Hence, (4.1) is proved.
To prove (4.2), we assume that M is stochastically complete. Define h : N7 x No — R by

h(x1,22) = gu(p1 (1)),
where
T
1—008\/55, ifb>0, s<—=,
(Vbs) N
g(s) = ¢ s2, if b=0,
cosh(v/—bs), if b<0.

Then f = h-1 is a C* bounded function on M, and by [16, Theorem 1.1], we know that there
is a sequence {x;} C M, such that

f(:cj)>supf—1, and Af(xj)<1,.
M J J

Similarly as before, we get

Hessn, xn, (R (9(5))) (€4, €i)

= Hessn, g5(p1 (1)) (T14€4, T15€5)

= gy (p1(zj1))a; + gy(pr(xs1)) Y by Hess, (p1) (1) (B, E))

> g1/ (o1 (w1))a? + gy (p1(230)) Colpr (w0)) D b,
j=2
= g1 (pr(@j1))a? + gh(p1 (2;1)Co o1 (w)) (1 a2 = 3 )
=1

= gb(p1(2;1))Colpr (2,0)) (1= D ).
=1
Hence
k
% > Af(z;) =Y Hessn,xn, (1)) (er, e0) + (H (), grad¥ N2 h(4(x;)))
=1
> g (o (w;0))Chlpr(wi1)) (k = D ) + gh(p (@11)) (grad™ pu H)
il
> g3(p1 (@) (Colpr(230)) (k = n2) — sup [H).
M
Letting € — 0, j — +o00, and since lim g;(p1(xj1)) > 0, we get
Jj—0o0
sup |[H| > (k — na)Cy(r).
M

It is a contradiction.

Remark 4.1 This implies that when £3¢ < b and £330 > —¢(1 + p3 log?(pa + 2)), where
b,c > 0 are constants, po is the distance function from a fixed point on Na, there does not
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exist any complete proper minimal immersion ¥ : M¥ — N'* x NJ? (k > ny) which has
bounded projection in Ni. In other words, any k-dimensional complete minimal submanifold
in N{"™* x N3 (k > n2) with bounded projection in Ny cannot be proper.

Remark 4.2 In [1], the authors proved similar results in N*~! x R! by using the generalized
Omori-Yau maximum principle due to S. Pigola, M. Rigori and A. Setti’s [16]. The above
theorem generalizes their results.

Corollary 4.1 (see [1, Corollary 1]) Let ¢ : M"~t — R™ be a complete hypersurface with
— —
mean curvature H. If (M) C Bg2(r) x R"=2 and sup |H| < %, then 1 cannot be proper.
M

Let us recall that a submanifold f:>" — R x, M"™ is called two-sided if its normal bundle
is trivial, namely, there is a globally defined unit normal vector field. We can then define the
smooth angle function v : ¥" — [~1,1] by v(p) = (N(p), &), where N denotes the global
normal field.

Theorem 4.2 Let f : ¥" — R x, M" be a two-sided complete proper hypersurface of
constant mean curvature H, where M is a complete n-dimensional Riemannian manifold of
constant sectional curvature kg. Let y(t) = %. Assume that max{—ro,0} < y'(t) < a,
y2(t) < b (a,b are constants), and the angle function v does not change the sign. If f(X") C

[t1,t2] X M™, where t1,t2 € R are finite, then f(X™) is a slice.

Proof Using the relationship between the curvature tensors of a warped product (see [13]),
by direct computation, we obtain the sectional curvature of R x, M"

R = R(Ei, Ej, Ei, Ej)

/\2
O (B arm (B aee) (B3t ()

= RN (B em, (Bj)em, (Ed)ar, (Ej)ar) =

— ((Bo)aam, (B aan ) {(B)aan, (B en) '
- %”«Ei)w, <Ez~>Mn><Ej, %f + %"«Ei)w, (B (B 2N (B3, 2
:Ko_ﬂj);g?_(%” <2> K)(<E“§t>2+<Ejg>2), i#d, (48)
where {E;} is an orthonormal frame on R x, M", (E;)yn = E; — (E;, 2) &

Since max{—ko, 0} < ¢/ (t) < a,y?(t) < b, we get
(o) (p_” _ )

p? P p?

pll

K> Ko — —|—/<;0> :—7:—y’(t)—y2(t)2—a—b.

Let V and V be the Levi-Civita connection on £” and R x o M respectively, and let u be
the height function of ¥™. Then the gradient of u is

o /0 )
Vu= - <8t N>N =N, (4.9)

where N is the global normal field. So we have

|Vul> =112 (4.10)
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It follows from (4.9) that

Ve, (Vu) = % (ei - <ei, %>) —e; (V)N + vA(e;),

where {e;} is an orthonormal frame on X. Then we get

(Ve (V) ei) = (Ve (Va)) T e3)

/

- <Z(h (= (e ) 37) + (e o)
= y(u){e; — (e;, Vu)Vu,e;) + vH
= y(u)(n — |Vul?) + vH. (4.11)

According to Theorem 3.2, using (4.10) and (4.11), for any k& € N, there exists a sequence
{z} € X", such that

lim u(zy) =sup u < oo, (4.12)
k—o0
112
IVul2(zh) = 1 — v2(as) < (%) , (4.13)
1
Au(zy) = y(u(zr))(n — |Vul*(xx)) + vz H (o) < T (4.14)
Inequality (4.13) gives that
lim v(xp) =sgn v. (4.15)
k—o0
Using (4.12)—(4.15), we get
1
y(sup u) < ——sgn v - H. (4.16)
n
Similarly, applying Theorem 3.2 to —u, we obtain that
1
y(inf ) > ——sgn v - H, (4.17)
n

where inf u > —o0. From (4.16)—(4.17), we get y(inf u) = y(sup u). Since y'(t) > 0, we conclude
that sup v = inf u, namely, f(X") is a slice.

Remark 4.3 In [2], the authors gave a similar result under the certain curvature condition
of the hypersurface. In our given ambient space, we do not require that the Ricci curvature of
the hypersurface X" is bounded from below while we need the proper condition.

Corollary 4.2 Let f : X" — M"™ x R be a complete proper hypersurface of constant
mean curvature H, where M is a complete n-dimensional Riemannian manifold of constant
sectional curvature ko. Assume that the angle function v does not change the sign. If f(X™) C
M™ X [t1,ta], where t1,ta € R are finite, then f(X™) is minimal.

Proof p =1, from (4.8), we have that the sectional curvature of M™ x R is k = k(1 —
(E;, gt> —(E;, 8t> ). So —|ko| < & < |Ko|. Then by (4.16)—(4.17), it follows that H = 0.

Corollary 4.3 Let M™ be a complete n-dimensional Riemannian manifold of constant
sectional curvature and u : M™ — R be a smooth function. Let G(u) = {(z,u(x)) € M"xR;z €



16 H. B. Qiuand Y. L. Xin

M™} be a complete entire graph with constant mean curvature. If u is bounded, then the graph
G(u) must be minimal.

Proof Actually w is the height function of the graph. Let V be the Levi-Civita connection
on M™. It is easy to know that the unit normal field of the graph is

N Vu 1 .
Yo ( \/1+|§u|27 \/1+|§u|2)

It follows that v = (N, 8%) = —L__ > 0. Then by Corollary 4.2, the graph G(u) is minimal.

- V1| Vaul?
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