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Abstract The authors prove an almost sure central limit theorem for partial sums based
on an irreducible and positive recurrent Markov chain using logarithmic means, which
realizes the extension of the almost sure central limit theorem for partial sums from an
i.i.d. sequence of random variables to a Markov chain.
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1 Introduction

Let X1, Xo, -+ be ii.d. random variables with FX; = 0 and EX12 = 1. If the second
moment of X exists, then the central limit theorem holds, i.e.,

S;; w
P{% éx} — ®(x), asn — oo, (1.1)

n 2
for all 2 € R, where S* = 5 X;, ®(z) = —= [* e~ T dt.
£x 0=

In recent years, many researchers discussed almost sure central limit theorem for partial
sums of some sequences of random variables, which was first studied by Brosamler [3] and
Schatte [14]. The simplest form of the almost sure central limit theorem states as follows:

1 1 as
— ) I s — ®(z), asn— o0 (1.2)
logn 1; k{k<a}
for all z € R, where I 4, denotes the indicator function of the event A.

The above result was extended by Lacey and Philipp [7] based on an almost sure invariance
principle. Peligrad and Shao [10] and Matula [9] proved the almost sure central limit theorem
for strongly mixing and associated sequences, which both satisfy the weak dependence condition
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introduced by Doukhan and Louhichi [4]. For more extensions, we refer to Berkes and Csaki
[2] and the reference therein.

Zhang et al. [16] studied an irreducible and positive recurrent Markov chain, and obtained
some limit results. To the best of our knowledge, there is no work about the almost sure central
limit theorem for partial sums for this type of Markov chain.

In this paper, we will deal with the almost sure central limit theorem for partial sums based
on this type of irreducible and positive recurrent Markov chain using logarithmic means. The
paper is organized as follows. In Section 2, we present the main results by giving some basic
assumptions. In Section 3, we show some lemmas and finish the proofs of the main results.

2 Main Results

Throughout this paper, {Y,,n =1,2,---} is an irreducible and positive recurrent Markov
chain, S is its state space, u is the initial distribution and 7 is the invariant distribution.

) denotes the time that the process {Y,, n =1, 2,---} reached state j for the r-th time,
r =0,1,2,--- and T;O = 0. Ej(r (1)) E(r; @ _ ](1)) denotes the average time that the
process reached state j. z(r) #{m € (7; (r) (H_l)] Y, =i}, r = 0,1,2,---, denotes the
times of the process reaching state ¢ during the time of the r-th and (r + 1)-th reaching state
j. Let N, be the times of the process reaching state j until time n, N,,, be the times of the
process reaching state j from time m to time n.

Now, we state the main results of this paper.

Theorem 2.1 Let {Y,, n=1, 2,---} be an irreducible and positive recurrent Markov
chain. Assume that the real valued function f satisfies

EL(lf (V)] =Y mlf(i)] < +oo, (2.1)
€S
k (r+1)
Wherezﬂ-l*l Let Sk: Z[ ( ) M]ﬂk:]-an"'vZT: Z (f(Yk)_M),T:
ics m=1 -
071a27"'7j€SaM:E[(Y1)] Zs’irzf()
1€
Ej(Z}) = 0% < +o0, (2.2)

then for any bounded Lipschitz 1 function g, we have

1 - 1 Sk a.s oo
logn & k - de 2.3
logn;kg(g k‘ﬂj) —)/_Oo g(z)d®(z), asn — oo, (2.3)
for any x € R, where 0 > 0, 7; = nllngo ]\,[l = (Ej(T;l)))—1. Specially, if E;(Z?) = Ej(T;l)),
then we have
1~ 1 (8ky as [T
log n kzzl Eg(ﬁ) - /700 g(x)d®(z), asn — oo. (2.4)

Corollary 2.1 Under the conditions of Theorem 2.1, for any =z € R, we have

lognzk {

25, ®(z), asn — oo. (2.5)

ak‘fr
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If B;(Z2) = E; (T;l)), then we have
n

P
logn &k &

=1

<) 2%, ®(z), asn — oo. (2.6)

S

k

3 Proofs

First, we state and prove several lemmas, which will be used in the proof of the main results.

Lemma 3.1 Let {Y,,n=1,2,---} be an irreducible and positive recurrent Markov chain.
Assume that the real valued function f satisfies

Ejllf V)l + -+ [F (Y, )] < +oo. (3.1)
Then
1 Ej[f(Y1) + -+ [(Y.0)]
lim — Y.) = fi 3.9
e, ;f( k) Ej(T](l)) a.s (3.2)
Proof Let .
gn:Zf(Yk), n=12---
k=1
and

L)

Zr= > fM), r=0,1,2-.

k:‘r;T)Jrl

According to the strong Markov property, Zo, Z1, Zs,--- are ii.d. random variables. By the
strong law of large number, we obtain

1
lim —
r—oo 1

Y Z,=EZo=EZ, as. (3.3)
s=1

Let N, be the times of the process reaching state j until time n, T]m be the time that the
process reached state j for the r-th time. We have

N, = max{r >0, ij < n}

and
TJQ) N, TJ(N,,LH)
Sn=> fY)+> Zi— > ). (3.4)
k=1 r=1 k=n-+1

By using the condition of (3.1), we have

e

.1
nlln;o - ;f(Yk) =0, as.
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and
7 (Nnt1) r(NntD)
1’ 1 a.s
1 <! s
OIS SRS IR RS
k=n+1 k=n+1
From (3.4) we get
= N N,
S 1 = N, 1 A,
= Z,+R,=—"2.— Z.+ R,. (3.5)
n n n N,
r=1 r=1
Note that
JeS (Nnt1)
J J
Jim Ry= lim (S30 70 - > ) =0, as
k=1 k=n-+1
and
1
lim — Z,.=FEZy=EZ,, as. (3.6)
n—oo N,
r=1
Let f = 1 instead of f in (3.6). We have
(Nn+1) (1)
TG T @
nlgr;oN—n = E(Tj -7 ).
Since
(1) (Nn+1) (1)
n—7; < T; -7
we have
n - @ _ (1)
lim — = lim +———0— =F(r;” —7;) = E;(1;”). (3.7)

n—00 n n—00 Nn

Combining (3.5)—(3.7), we obtain the desired result.

Lemma 3.2 Let {Y,, n=1, 2,---} be an irreducible and positive recurrent Markov chain.
We have

m = (E(rV")7!, jes. (3.8)

Proof Let

T(T) = #{m E (T](T)7 Tj(r+1)] : Ym = Z}7 r= 0’ 172’ e

3

Note that Ti(r) are the times of process {Y,, n =1, 2,---} reaching state i during the time
of the r-th and (r 4 1)-th reaching state j. By the strong Markov property, we know that

{Ti(r) : r=1,2,---} is an i.i.d. sequence of random variables. Let

0\ = g1, (3.9)

Then
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Let f be the indicator function of state i, and let i instead of j in (3.2). We have

lim =m;, a.s.
n— o0 n

By the strong law of large number and (3.7), (3.9), we obtain

% (r)
Tir N,
lim = = lim &<Z —Ti(r)) =m0\,
Nn— 00 n n—oo M — N, 773
Thus
m =m0 (3.10)
i = T30 .
and

Z?Tizﬂ'jzej(-i) = %21

i€S €S

By Lebesgue dominated convergence theorem,

n
IEPIAE
€S =1

— 0, asn — oo.

Consequently,
L§~ )
Zﬂipij—z EZPJ@- Pij <Z7Ti—Eiji — 0, asn — oo,
€S €S m=1 €S m=1

which implies

n n
> = Jim 37 (5 3o Yo = Jim 5 (32 47

€S €S €S m=1
n n
= lim l (m) . = lim l (m+1) _ o
= Py "Pij = 28 = Ty.
n—oo n 4 n—oo n
€S m=1 m=1

This completes the proof.

Lemma 3.3 Let {Y,,, n=1,2,---} be an irreducible and positive recurrent Markov chain.
If (2.1) holds, then we get (3.1) and

T LN (V) = B [f(0)] = Yo mfG) as (3.11)
k=1

€S

Proof By the definition of Ti(l)7 we get

(2
Tj

PRI AIED O

k=r® 41 ies
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In view of (3.9) and (3.10), we have

E(T(l)) 9(1)

3

Applying Fubini theorem, we obtain
ey
BZol = BZi = B( Y 1500)) = B(L i) = Y1617
k=r(M 1 i€S i€S
J

Similarly, we get

(2)

57 =57, - 5( Y 100) = B(3 ror)

k—T,(l)-‘,-l €S
. 7T
=D FOBET) =3 100) ’=—Zm
€S €S 1 ies

Thus (3.11) follows from Lemma 3.1.

(3.12)

(3.13)

Lemma 3.4 Let {Xj;, j > 1} be an i.i.d. sequence of random variables with EX; = 0 and

=FX ]2 < 00. Suppose that {v,, n > 1} is a non-negative and integer valued sequence of

random variables satisfying

. Un,
Iim — =«
n—oo N,

for some constant o > 0. Then

lim P{Z=, « } ! /x ~Er e
1m Xrey = —F/7— € 20 .
n—00 v Un h V2o J s

Proof Without loss of generality, we assume that 0 = 1. Let S} = X; + Xo +---

Then Ve > 0,

P{IS}, = Sja] > elna]®}

< P{lon — [n0]| > nal} + P {185, = Sfoag| > elmal®}}.

{ max
m:|m—[nal|<e?[na]

By (3.14), we get
lim P{|v, — [na]| > £*[na]} = 0.

n—oo

By Kolmogorov maximal inequality, we have

{ max (IS5 = Spl > elnal*}} < (elna]?) % na) = ¢,
m:|m—[nal|<ed[na]

which implies
S:;n - S[’:’LOL]

P
— 0, asn — oo.
[na]

(3.14)

(3.15)

+ X,.

(3.16)
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According to central limit theorem, for any = € R,

St 1 x 2
: [na] < — _ _17 =
nlgr;OP{ ol \x} =7 /_Ooe dt = O(z),

which combining with (3.16) implies

S 1 v 2
i Un__ < - “2dt = .
nlg{.lo P{ ol < x} \/%/7006 dt = ¢(x)

Applying (3.14), we get the desired result.

Lemma 3.5 Let {Y,, n=1,2,---} be an irreducible and positive recurrent Markov chain

k
and f be a real function satisfying E.[|f(Y1)|] = > m|f(i)| < +o00. Let Sy = > [f(Yin) — pl,

€S m=1
7_](7'+1)
k=12, 2. = Y (f(Yu)—p), r=012--, p=E[fMN)] = > mf(i). If
k=141 i€s
E;j(Z. — E;Z,)? = 0% < 400, then
. Sn
lim P{ < x} = P(z). (3.17)
n—0o0 o,\/Nm;

Proof By Lemma 3.3 and (3.13), we have
Ej(Z,) = Ej(1\")Ex[f(Y1) — ] =0, r=0,1,2,---.

Note that {Z,, r=0,1,2,---} is an i.i.d. sequence of random variables with F;(Z,) = 0 and
Ej(Z?) = 0% < +00. By (3.7) and (3.8), we have 7; = Jim Mo — (Ej(T](l)))_l. Using (3.4),
(3.5) and Lemma 3.4, we have

N 1 Ny
n
U = NS TR 27 N0 e

which implies

This completes the proof of the lemma.

Lemma 3.6 Let {&, k=1,2, -} be a sequence of bounded random variables, i.e., there
exists some M € (0, o), such that || < M a.s. for all k € N, satisfying F¢, — v, as k — 0.
Suppose furthermore that {p,, n > 1} is a sequence of non-negative numbers and partial sums
P,, /" oo, such that for some & > 0,

Var(}njpkgk) =0(PP™), n=1,2,-.
k=1

Then we have

1 n
P—Zpkfk =Sy, 0 — oo
" k=1
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Proof See [5, Lemma 1].
Proof of Theorem 2.1 Let Sy, = Z1 4+ Zo+ -+ Zn,, SN, = Z1 + Zo + -+ Zn, +

N T+ 2N, (k <) and §Nk,z = ZNy41 T 4Ny T+ Zn,. Note that §Nz — SN, = SNk,l'
According to Lemma 3.1, Sy, and Sy, , are independent. By Lemmas 3.1-3.4, we obtain

gN"—,/(&)'L%’jZ ~ N(0 7r»02) as n — oo
\/ﬁ " \/N_nr=1 r y Ty ) )

where m; = lim % = (Ej(T;l)))_l, 0% = Ej(Z, — E;Z,)? = Ej(Z?). By Lemma 3.5, we have
n—oo

lim P{ Sn_ o x} = lim P{ﬂ < a:} = O(a) (3.18)

X
n—00 o,\/Nm; n—00 0,\/NT;

for any € R. By the dominated convergence theorem, we have

lim Eg( S )—/+Oo g(x)dd(z),

k—o00 o kjﬂ'j PN

which implies

lim LilE ( S )—/ﬂo (2)d®(z) (3.19)
n—oo logn = kY o/ kT; e g ' '
First, we prove that
1 - 1 §Nk a.s Feo
— — ' S P . 2
s 2 () | s, n—o (320)

By Lemma 3.6 and (3.19), in order to prove (3.20), we only need to prove that

Var(zn: %g( S )) = O((logn)*™%). (3.21)

= o\/km;

Note that

k=1
- S S S
3 vl D)) v2 3 L lealu( S B
= A+ As

A=Y Svar(g(=2)) < Y0 L~ oftogn),
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It is easy to check that

Cov(g(gsl\];;j), g(g%))‘

- Cov(g(gsj\];kwj)’ g(g:q/]\l[;r—j) _g(gj;}_j) +g(0\f/\’;r_j))‘
~ 3 S S

< COV(Q(US]\]/Ck%j); 9(0\/%) _g(g N;;j))’ + ‘COV(Q(Jf/]\];k_m)7 g(a N;;]))‘

Since §Nk and §NM are independent, then B = 0. Noting that g is a bounded Lipschitz 1

!

=: B1 + Bs.

function, for some C' € (0, 00), and we have
S'/N gNkl

B < ME‘ L) - )| < CE‘

! g(a lﬂ'j) g(a ij)‘ Vi

By Wald equality and (3.7), we have
E(Sn,)? = 02ENy = O(k)

(

Thus
k
Bi=0(y/7)
Consequently,

11 [k LA Rt | |
1<k<i<n L vk =2

Hence ~

Var(zn: 1g SN )) = O(logn)
Pt k7 \o k;

satisfies (3.21) with e = 1. Thus, (3.20) holds.
(3.22)

From (3.4)-(3.6), we have
=o(1), as.

Sn_ Swa

Vi v

Thus, for any bounded Lipschitz 1 function g, we have
Sh §N Sn §N
- <C‘—— nl=o(1), as.
‘g(a mrj) g(a nwj)‘ vnooo/n oll), as
n — oo

By (3.20) and [7, Theorem 1], we have
—o0

"1 Sk

)= [ atanan)

o >

k=1
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If £;(Z?%) = E; (’7’;1)), we have 7; E;(Z2) = mjo? = 1. Similarly, we get

S () = [ e, 0o

k=1 >

The proof is completed now.

Corollary 2.1 is a special case of Theorem 2.1.
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