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On the Wielandt Subgroup in a p-Group of
Maximal Class™
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Abstract The Wielandt subgroup of a group G, denoted by w(G), is the intersection
of the normalizers of all subnormal subgroups of G. In this paper, the authors show
that for a p-group of maximal class G, either w;(G) = ¢;(G) for all integer i or w;(G) =
Ci+1(G) for every integer i, and w(G/K) = ((G/K) for every normal subgroup K in G
with K # 1. Meanwhile, a necessary and sufficient condition for a regular p-group of
maximal class satisfying w(G) = (2(G) is given. Finally, the authors prove that the power
automorphism group PAut(G) is an elementary abelian p-group if G is a non-abelian p-
group with elementary ¢(G) N U1 (G).
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1 Introduction

All groups considered in this paper are finite.

The Wielandt subgroup w(G) of a group G is the intersection of the normalizers of all
subnormal subgroups of G. Wielandt [14] showed that for a group G, w(G) is a non-trivial
characteristic subgroup of G, and defined an ascending normal series terminating at the group.
Let wo(G) = 1, and w;4+1(G)/wi(G) = w(G/w;(G)) for i > 0. The smallest n for which
wnp(G) = G is called the Wielandt length of G. A related concept is the norm of a group
G, denoted by N(G), which is the intersection of the normalizers of all subgroups of G. This
concept was introduced by Baer [1] in 1934. The Wielandt subgroup of a nilpotent group G
coincides with the norm of the group. Schenkman [13] showed that the norm is in the second
center of a group. Thus for any group G, we have ((G) < N(G) < ((G).

So the interesting question is to investigate the relationship between the Wielandt series
and the upper central series of a nilpotent group. Bryce et al. [6] showed that for metabelian
p-groups of exponent dividing p? and of sufficiently large class, the Wielandt series and the
upper central series coincide. Ormerod [11] showed that w,41(G) C (41(G) for a metabelian
p-group G with w,(G) C (,(G), where r > 1, n > 2.

In the present paper, we are interested in p-groups of maximal class. We show that for a
p-group of maximal class G, either w;(G) = (;(G) for all integer i or w;(G) = (;4+1(G) for every
integer ¢ and w(G/K) = ((G/K) for every normal subgroup K in G with K # 1. Meanwhile,
we give a necessary and sufficient condition for a regular p-group of maximal class G satisfying

Manuscript received November 30, 2010. Revised September 7, 2011.

IDepartment of Mathematics, Shanghai University, Shanghai 200444, China.

E-mail: zhangxiaohonglijie@163.com xyguo@shu.edu.cn

*Project supported by the National Natural Science Foundation of China (No. 11071155) and the Key
Disciplines of Shanghai Municipality (No. S30104).



84 X. H. Zhang and X. Y. Guo

w(G) = (2(G). Finally, we prove that the power automorphism group PAut(G) is an elementary
abelian p-group if G is a non-abelian p-group with elementary ((G) N U1(G).

2 Preliminaries

In this section we give some basic facts, which will be useful for later use. We recall that
an automorphism of a group is a power automorphism if it maps every subgroup onto itself.
A power automorphism is said to be universal if every element of the group is mapped to the
same power. We denote by PAut(G) the power automorphisms of G.

Theorem 2.1 (see [5]) Let G be a p-group of maximal class of order p" and G; be the i-th
member of the lower center series of G. Then

(1) |G : Go| = p?, G2 = ®(G), d(GQ) = 2;

(2) [Gi/Gital =p, i =2,3,--- ,n—1;

(3) If i > 2, then G, is the unique normal subgroup of G of order p™~*,

(4) If N QG and |G/N| > p?, then G/N s also of mazimal class;

(5) If 0 <i<n-—1, then (;(G) = Gp—i, where 1 = (H(G) < -+ < (n—1(G) = G is the upper
central series of G;

(6) If p> 2 and n > 3, then G has no cyclic normal subgroup of order p>.

Theorem 2.2 (see [12]) Let G be a minimal non-abelian p-group. Then G is isomorphic
to one of the following p-groups:

(1) Qs;

(2) (Metacyclic) My(n,m) = (a,b| a?" =" =1, ab = a’ """} with n > 2;

(3) (Non-metacyclic) M,(n,m,1) = (a,b,c | a?" =" =c? =1, [a,b] = ¢, [¢,a] = [¢,b] = 1)
with n > m, and n +m > 3 when p = 2.

Theorem 2.3 (see [9, Theorem 11.9]) Let G be a 2-group of maximal class of order 2™.
Then G is isomorphic to one of the following 2-groups:

(1) Dgn = {a,b | a®" " =02 =1, [a,b] = a™2), where n > 3;

(2) SDgn = (a,b|a?" " =02 =1, [a,b] = a=2+2" "), where n > 4;

(3) Qan = (a,b|a® " =1,02=a%"", [a,b] = a™2), where n > 3.

Theorem 2.4 (see [8, Hilfssatz 5]) Let G be a non-abelian p-group, o € PAut(G). Then

for any g € G, g* = g, where i is an integer and i = 1 (modp), and PAut(G) is an abelian
p-group.

Lemma 2.1 (see [7, Theorem 5.3.1]) If G is a group whose Sylow subgroups are regular,
then every power automorphism of G is universal.

Since elements of N(G) induce power automorphisms of the group G, we have the following
conclusion.

Corollary 2.1 Let G be a regular p-group with w € w(G). Then there exists an integer n
such that g% = g™ for all g € G.

Lemma 2.2 (see [9, Lemma 14.14]) Let G be a p-group of mazximal class of order p",
n<p+1. Then exp(G') = p.

Lemma 2.3 (see [9, Theorem 14.21]) Let G be a p-group of mazimal class. Then G is
reqular if and only if |G| < pP.
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3 Main Results

In this section, we give our main results. All p-groups of maximal class considered in this
section are non-abelian.

For convenience, we denote by N(G : H) and w(G : H) the preimages of N(G/H) and
w(G/H), respectively, if H is a normal subgroup of a group G and o: G — G/H is the natural
homomorphism.

Lemma 3.1 Let G be a group and H < ((G). Then for any g,h € G andn € N(G : H),
we have

(1) [g,m, h],[h n,gl, g, h,n] € C(G);
(2) [n,9,9] =1, [n,g7 "] = [n,9]7;

(3) lg:n, hl[h,m, g] = 1.

Proof (1) It follows from [13] that N(G/H) < (2(G/H) < (3(G)/H and therefore n €
&5(G). Thus [g,n, B, [h,n, ), g, bl € CG). o

(2) Let G = G/H. For any m € N(G) and g € G, we have g" = g’, where i is a positive
integer. This means that ¢" = ¢' (mod H) and therefore g" commutes with g. Thus 1 =
l9", 9] = lglg,nl, 9] = lg,n, 9] = [n, g, 9] and [n,g7"] = [n,g] "

(3) By (2) we get that [gh, n]9" = [gh,n] = [g,n][h,n][g,n, h]. On the other hand, [gh,n]9" =
(lgh,n)9)" = (lg, nl[h, n] [k, n, gllg, n, B)" = [g, mllg, n, hJ*[h, ][k, 0, g]. Thus [g,n, hl[h,n, g] =
1.

Lemma 3.2 Let G be a group with cyclic G' N (2(G). Then N(G/{(G)) = C(G/¢(G)).

Proof Suppose that N(G/((G)) # ((G/¢(G)). Then there exists an n € N(G : ((G))
and g, h € G such that [g,n, h] # 1. Noticing that [g,n], [h,n] € G' N (2(G), we see that either
lg.7] = (b, ]t ox [h, ] = g, ] T [g,n] = [h, n]i, then by Lemrma 3.1(2), [g, n, h] = [[h, n]*, b] =
1. Using the same arguments, we get that [h,n,g] = 1 if [h,n] = [g,n)’. Thus [g,n,h] = 1, a
contradiction.

Theorem 3.1 Let G be a p-group of mazximal class of order p™.
(1) If wi(G) C G(G), then wiy1(G) C Gry1(G), where i > 1, r > 1;

(2) wi(GQ) = G(G) for all integer i or w;(G) = (i+1(G) for every integer i except for
G = My(2,1), where p > 2;

(3) If 1 < K 4G, then w(G/K) = ((G/K).

Proof (1) By Theorem 2.1, we get |((G)| = p. Furthermore, (3(G) = C, x C}, if p > 2 and
n > 3. We claim that w(G/(;(G)) = ((G/¢;(G)) for any positive integer i.

(i) p>2.

It is clear that w(G/((G)) = ¢(G/¢(G)) for n < 3. Now assume that n > 4. We first
consider the case i = 1. Let G = G/C(G). Assume that w(G) # ((G). Then there exists an
n € w(G : ((G)) and g,h € G such that [g,n,h] # 1. Since [g,n,h] € ((G) and |((G)| = p,
C(G) = ([g,n, h]). Noticing that [g,n] € (2(G), [h,n] € (2(G) and (2(G) = C), x C,, we see that
¢2(G) = ({[g,n]) x ([h,n]). So [, [g,n]] = ([h, [g,n]])” = [g,n][h,n]", where p {ij. This means
that h=7[g,n]~'h! = [h n]* and therefore [g,n]~! = [h,n]’, a contradiction.

For i > 2, i |G/G(G)] < p?, then w(G/Ci(G)) = C(G/G(G)). Assume |G/G(G)] > pP. Then
|G/¢i—1(GQ)| > p* and therefore G/Q_l(G) is a p—group of maximal class by Theorem 2.1(4). By
the proof of i = 1, we have w(G/(;—1(G) /¢(G/ i1 ( ))) UG/Gi-1(G) [¢(G/¢i-1(G))). Since
G/G-1(G)/C(G/G-1(G) = G/¢-1(G)/G(G)/Gi-1(G) = G/G(G), we have w(G/G(G)) =
CG/G(G)).

(ii) p = 2.
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If G is a 2-group of maximal class, then by Theorem 2.3, we get that G is a metacyclic
p-group. By Lemma 3.2, we have w(G/{(G)) = C(G/C(G)). For i > 2, since (G/(i(G)) is
cyclic, we have w(G/¢i-1(G) /(G /Gi-1(G))) = {(G/Q 1(G)/¢( G/Q 1(G))) by Lemma 3.2.
Noticing that G/¢i—1(G)/¢(G/¢i-1(G)) = G/¢i—1(G)/Gi(G)/¢i—1(G) = G/G(G), we see that
w(G/G(G)) = ((G/G(G)).

Let w € w;+1(G). Then for each g € G, there is an integer k such that g% = ¢" (mod w;(Q)).
Hence g~ *¢g% € w;(G) < ((G). Let G = G/¢(G). Since g~*¢g% € ¢.(G), g° = g*. Thus
wi1(G)(G)/G(G) Su(G/G (). Noticing that w(G/6(G)) =C(G/G(G)) =G (G)/G (),
we see that w;1+1(G) C (r41(G).

(2) First we claim that either w(G) = ((G) or w(G) = (2(G) except for G = M, (2, 1), where
p> 2.

If n > 3, then by Theorem 2.1 we have |((G)| = p and |(2(G)| = p?. Since ((G) < w(G) <
6>(G), cither w(G) = ¢(G) or w(G) = &:(G).

Assume that n = 3. By Theorem 2.2, G is isomorphic to one of the groups Qs, M,(1,1,1)
and M,(2,1).

If G = Qs, then w(G) = ((G). If G = M,(1,1,1) = {(a,b,c | a? =" =P =1, [a,b] = ¢),
then for any a’b/c* € w(G), we have a® et ¢ (a). So p | j. Using the same arguments, we get
p | i. It follows that w(G) = ((G). Assume that G = M,(2,1) = (a,b | a?’ = =1, [a,b] =
aP), where p > 2. We may prove that w(G) = (b,aP). Since (Va')® = ba'la,b]’ = ba'a®? =
(Va")1*P and a? € ((G), (b,aP) < w(G). Noticing (b, a?) < G, we see that w(G) = (b, aP).

If wi(G) = G(G), then wiy1(G)/wi(G) = w(G/uwi(G)) = w(G/GHG)) = ((G/GG)) =
Cr+1(G)/G(G). Tt follows that wiy1(G) = (+1(G). Since w(G) = ((G) or w(G) = ((G)
except for G = M,(2,1), where p > 2, by induction, we get that either w;(G) = (;(G) or
w;i(G) = (41 (G) except for M,(2,1).

(3) If | K| > p™ 1, then it is clear that w(G/K) = ((G/K).

Assume that |K| = p"~% (2 <i <n—1). Then, since G; is the unique normal subgroup of
G of order p"~¢, we have K = G;. Noticing that G; = (,—;(G), we see that K = (,,_;(G). By
the proof of (1), we get w(G/(n—i(G)) = ((G/(n—i(G)). Hence w(G/K) = ((G/K).

Remark 3.1 The importance of Theorem 3.1 is that we find out a class of p-groups such
that w(G/K) = ((G/K) for every group G in this class and every normal subgroup K in G
with K # 1. However, this is not true in general. You may find examples in Section 4.

Corollary 3.1 Let G be a p-group of order p"™ with w,(G) C (;(G), where n <5, r > 1
and i > 1. Then wy41(G) C G+1(G).

Proof If G/C(G) =~ Qs = (@b |al =1,a =1, [@,b] = @), then a® = b2 (mod ((G))
and therefore a? € ((G), a contradiction. Assume that G/((G) = M,(2,1) = (a,b | @ =
1,6° = 1,[a,b] = @). Then G’ = ([a,}]). By Lemma 3.2, w(G/¢(G)) = ¢(G/¢(G)). However,
by Theorem 3.1(2), w(G/¢(G)) # ((G/¢(G)), a contradiction. So G/((G) is either abelian
or isomorphic to M,(1,1,1) if n < 4. By Theorem 3.1(2), we get w(G/((G)) = ((G/¢(G)) if
n < 4.

Now assume that n = 5. If [((G)| > p?, then by the above proof we have w(G/C( ) =
C(G/¢(G)). If |[C(G)| = p, then we consider three cases: (i) ¢(G) < 2; (ii) ¢(G) = 4; (iii)
c(G) = 3.

(i) If ¢(G) < 2, then it is clear that w(G/{(G)) = ((G/¢(G));

(ii) If ¢(G) =4, then by the proof of Theorem 3.1(1), w(G/¢(G)) = ((G/{(Q));

(iii) Now assume that ¢(G) = 3. Then |G'| = p? or |G'| = p3. If G’ = C,, x C), then by
using the same arguments as Theorem 3.1(1), we may prove that w(G/((G)) = ((G/¢(G)).
If G’ = Cp, then by Lemma 3.2, we get w(G/¢(G)) = ((G/¢(G)). Assume |G'| = p®. Then
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G/C(G)| = p*, c(G/C(G)) = 2 and d(G/((G)) = 2. It follows that ((G/¢(G)) = (G/¢(G)) =
®(G/((G)) and therefore G/((G) is a minimal non-abelian p-group, which is a contradiction
0 [(G/C(G))] = p?

For i>2, since |G/¢;i—1(G)|<p* and G/Qfl(G)/C(G/CFl( N=G/i—1( /Q )/¢i—1(Q)
>~ G/¢i(G), we have w(G /(i (G)) = ((G/¢i(G)). Using the same arguments as Theorem 3.1(1),
we may get the conclusion.

Theorem 3.2 Let G be a 2-group of mazximal class of order 2™.
(1) If G = Dan or SDan, then w(G) = ((G);
(2) If G = Qan, then w(G) = (2(G).

Proof By Theorem 2.3, GG is isomorphic to one of groups Dan, SDon and Qan.

() If G = Dyn = {(a,b | a® = 1,2 = 1,[a,b] = a=2), we consider two cases: n = 3
orn > 4. If n =3, then G = Dg. By Theorem 3.1(2), we have w(G) = ((G). If n > 4,
then since (5(G) = Gp_y = (a2" ") and ' = a2 Z (b), we get w(@) # (2(G) and
therefore w(G) = ((G) by Theorem 3.1(2). Using the same arguments, we may prove that
w(SDgn) = C(SDQH)

(2) Now assume that G = Qon = (a,b | a®" =1, =a*" ", [a,b] = a~2).

(i) If n = 3, then G = Qs and therefore w(G) = (2(G);
(ii) If n > 4, then (o(G) = Gp_2 = <a2n_3>. For any g € G, g can be written as ba’ or
a’, where i is a non-negative integer. Clearly, a2’ € Ng((a®)). We assume that ba’ is an
gn-3 , , . —
clement of @, then (ba’)® = b~'a’ = (ba')® € (ba'). Hence a2 € w(@) and therefore

w(G) = G(G).

Lemma 3.3 Let G be a regular p-group with n € w(G). If h € G with o(h) = exp(G) and
h™ = h', then g" = ¢* for all g € G, where i is a positive integer.

Proof It follows from Corollary 2.1 that there exists an integer m such that g" = ¢ for all
g € G. If o(h) = exp(G@) and h™ = h’, then i = m (mod exp(G)). Thus g" = ¢° for all g € G.

Theorem 3.3 Let G = (g1,92, - ,g¢) be a regular p-group, where o(g;) < o(g1) = p™,
exp (C(G)) =pF and 2 <i<t.

(1) If exp(G) = exp(¢(G)), then w(G) =

(2) If exp(G) > exp(C(G)) and o(g;) < p
Nea({(g1)) N Calg2) N -+ N Cq(ge);
(3) If G is a p-group of mazimal class of order p™, then
(
(

S(OF
M=k then w(G) = (2(G) if and only if ((G) <

i) exp(G) < p?;

ii) If exp(G) = p, then w(G) = ¢(G);

(iii) If exp(G) = p?, then we may assume that o(g1) > o(g2) and w(G) = (2(G) if and only
if G2(G) < Ne((g1)) ﬂCG(gz)'

Proof (1) Choose g € ((G) such that o(g) = exp(G). Then ¢g* = g for any w € w(G). It
follows from Lemma 3.3 that w(G) = ((G).

(2) Set g¢ = g{, where a € (2(G) and j is an integer. Since [g1, a] € ((G) and exp(¢(G)) = p*,
p™ % | (j —1). So we may assume that j = 1 + sp™*. By Lemma 3.3, we get g¢ = g;. It
follows that (2(G) < Na((91)) N Cq(g2) N---N Cq(gr).

Conversely, by the above proof, we may assume that ¢gf = gi“p for any a € C(G). Tt is
clear that exp(G’) < p™~* and therefore G is p™*-abelian. For any gitg...gitce Ganda €

m—k

(:(G), where ¢ € G/, we have (g1'g3? -~ gj'c)" = (¢1")' """ g+ gite = gilg?- giegy’™
= (9195 -+~ g'0)" ™" . Thus w(G) = &(G).
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(3) Since G is a regular p-group of maximal class, we may assume that G = (g1, g2),
o(g1) = o(g2) and (g1) N (g2) = 1.

(i) By Lemma 2.3, |G| < pP. It follows from Lemma 2.2 that exp(G’) = p. So [¢},g2] =
[91,92]P = 1 and therefore ¢} € ((G). Since |((G)| = p, o(g1) < p?. Using the same arguments,
we get 0(ga) < p?. Thus exp(G) < p.

(ii) By (1), we get the conclusion.

(iii) Suppose that o(g1) = o(g2) = p*. By the proof of (i), we get ¢7, g5 € ((G). Noticing
IC(G)| = p, we see that {g1) N {g2) # 1, a contradiction. Thus o(g;) = p* and o(g2) = p. From
(2), we get the conclusion.

However, Theorem 3.3 is not true in general. Examples 3.1 and 3.2 show that the require-
ment that G is regular in Theorem 3.3 is necessary. Example 3.3 shows that the requirement
o(gi) < p™F is necessary.

Example 3.1 G = {(a,b|a® =b® =3 =1, [a,b] = ¢, [c,a] = a, [c,b] = 1). Tt is easy
to see that G is a p-group of maximal class of order 3* and (3(G) = G2 = (¢, a®) by Theorem
2.1(5). Since (a?b71)¢ = a®b~! & (a®b71), ¢ € w(G) and therefore w(G) = ((G) by Theorem
3.1(2). However, (2(G) < Ng({(a)) N Cg(b).

Example 3.2 G = Qan = (a,b | =1, =a ,la,b] = a=?), where n > 4. Tt is
easy to see that G is a 2-group of maximal class of order 2. By Theorem 3.2, w(G) = (2(G) =
n—3 n—3
(a®?" 7). However, a®>" ~ & Cg(b).

Example 3.3 G = (a,b | a?’ = 1, W= ap2, [a,b] = aP), where p > 5. It is clear that
G is regular. By calculation, we get that ((G) = <ap2> and (2(G) = (aP). Since b = bir’,
» 2
G(GQ) < Ng({(b)) N Cg(a). However, (ba=1)" =b'"P a=1 & (ba™1). So w(G) # (2(G).

27L72

If G is a p-group of maximal class of odd order, then w(G) is an elementary abelian p-
group. Next we may prove that PAut(G) is also an elementary abelian p-group. Furthermore,
we can get that PAut(G) is an elementary abelian p-group if G is a non-abelian p-group with
elementary abelian ((G) N U1 (G).

Theorem 3.4 Let G be a non-abelian p-group.

(1) If ¢(G) N U1(G) is elementary abelian, then

(i) for any o € PAut(G) and g € G, we have g* = g”kp"_l, where o(g) = p", k is an
integer and 0 < k <p—1;

(ii) PAut(G) is an elementary abelian p-group.

(2) If G is a p-group of mazimal class, then PAut(G) is an elementary abelian p-group.

(3) If ¢(G)NU1(G) NG is elementary abelian, then w(G)/((G) is elementary abelian.

Proof (1) (i) Set g = g%, where i is an integer, (i,p) = 1 and 1 <i < p" — 1. By Lemma
2.4, =1 (modp). Since every power automorphism is central, g°~! € ((G) N U;(G). Noticing
that exp(¢(G) NU1(G)) = p, we see that o(g*~1) < p and therefore p"~* | (i — 1). So we may
assume that i = 1 + kp"~!, where k is an integer and 0 < k < p — 1. Thus g® = ngpn_l.

(ii) By Lemma 2.4, PAut(G) is an abelian p-group. So we may assume that PAut(G) =
{a1) x (@) X -+ X {am). Since g% = gl+*r" " by (i), gl@)” = g(+ke" D" — ¢ Tt follows that
o(ay) <p.

(2) Since G is a p-group of maximal class, |((G)| = p. By (1), PAut(G) is elementary
abelian.

(3) If w(@) is non-abelian, then G = Qg x CF. It is clear that w(G)/((G) = Cy x Cy. Now
assume that w(G) is abelian. For any w € w(G), set g% = g, where i is an integer, (i,p) = 1.
Using the same arguments as (1), we may get that g% = g”kpm_l, where o(g) = p™. Thus
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g = gtRe™ " — g Tt follows that w? € ((G) and therefore w(G)/¢(G) is elementary
abelian.

Remark 3.2 We should notice that the converse of Theorem 3.4(1) is not true in general.
Let G = {(a,b | a® = b8 = 1, [a,b] = b*). Tt is clear that ((G) NU1(G) = Cy x Cy. By [7,
Corollary 6.3.3], we get PAut(G) = Cy x Cy. In Section 4, we give two examples which show
that there exist non-abelian p-groups satisfying Theorem 3.4.

4 Examples

In this section, we give some examples. Example 4.1 and Example 4.2 show that Theorem
3.1 is not true in general. Example 4.3 and Example 4.4 show that there exist non-abelian
p-groups satisfying Theorem 3.4. Finally, we give some regular p-groups of maximal class
satisfying Theorem 3.3.

Example 4.1 Let G = (a,b,c | a?’ = b = =1, [b,a] = ¢, [c,a] = aP, [c, ] = bP),
where p > 5. It is easy to see that ((G) = (a?,bP). So (b’) I G. Let a: G/({b*) = (a,b,¢ |
@ =8 =2 =1,[b,a = [c,a] = a"). For any @'b’c" € G, we have (a'b’c")° = (@) *b'c" =
@b'e) 7. So ¢ € w(@)\ ¢(G) and therefore w(G) > ¢((G). So there exists a non-abelian
p-group with w(G/K) > ((G/K), where K <G and 1 < K < G.

Example 4.2 Let G = (a,b,c.d | @ =" =d" = = 1,[a,b = d, b =
b3 e,al = ad A [dy o) = d3 ' [d,a] = [d,b] = 1), where n > 2.

It is easy to see that ((G) = (d*). So G = G/((G) = (a,b,¢,d | @ = P =B =4 =

1,[@ bl =d, [b,d = 7 J[eal =a*" ', [d,e] = [d.a] = [d,b] = T). It is clear that ¢(G) = 2.
Now we may prove that w(G) = ((G) and wa(G) > (2(G).

It is clear that (o(G) = (a3,b3,d). Since w(G) < (2(G), w can be written as w = a®b>/d!
for any w € w(G), where i, j and [ are non-negative integers. Now assume that w = a®b> d!
is an element of w(G). Then a?” v = ala,b]*’ = ad® € (a). Noticing that {a) N (d) = 1, we
see that 377! | j. By using the same arguments, we may prove that 3"~! | i and 3 | [. Hence

w € ((GQ). It follows that ((G) = w(G).

For any § € G, § can be written as Eizjékﬁl, where 1,7, k,l are non-negative integers.
Then §° — (@5 ed )° = (@) (5 )Yietd = (@3 )i@ > yerd —abeda™ "5 =
(ail_)jékal)l_g’"fl. Hence ¢ € w(G) \ ¢(G) and therefore ((G) < w(G). Since wa(GQ)/{(G) =
w2 (G)/w(G) = w(G/w(G)) =w(G/C(G)) > ((G/C(G)) = G(G)/C(G), we get wa(G) > G(G).

Example 4.3 (see [10, Example (2.3 b)]) Let A = (a) x (b) x (¢) x (z) be an elementary

abelian 3-group of order 3*. Then A has an elementary abelian group of automorphisms (y, x, t)
of order 3%, where

a? = a, bWo=b22 &Y=c?, Y=z
a® =az?, =022 ¢ =cz, 2=z
a' = a, bt =10,  =e2?, =z

If we extend A successively by y, x and ¢, putting y®> = 2® =3 = 2z, and [y, 7] = a, [y, t] = ¢,
[x,t] = b?, we get an extension G of order 37 and class 3, and the power automorphism group
PAut(G) is elementary abelian of order 32, generated by the automorphisms induced by the
elements a, a?b and abc?. Tt is clear that ((G) NU1(G) = (z).
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Example 4.4 (see [10, Example (2.2)]) Let A = (a1) X (ag2) X -+ X (ap—1), where a; is of
order p"*1 and q; is of order p”, if 2 < i < p — 1. Then an endomorphism T of A is defined by

aiT =q;a;41 for 1 <i<p-—2 aIil = ap_1af, a%*TJrTQJF'”Jer_l =1.
Obviously, T' is an automorphism of A of order p. The extension G of A by T', where T? = a’fn, is
a p-group of maximal class, and the power automorphism group PAut(G) is elementary abelian

of rank 2; two linearly independent elements «, 3 € PAut(G) are given by af = a1, T* = TP
and af = a;™?", TP =T

Example 4.5 Let G = (a,b,¢c,d,e | a? =bP = P =dP =P =1, [b,a] = ¢, [c,a] = d,
[c,b] =[d,a] = e, [c,d] = [d,b] = [e,a] = [e,b] = [e,c] = [e,d] = 1), where p > 5. Tt is clear that
|G| = p® and ¢(G) = 4. So G is a regular p-group of maximal class. Noticing that exp(G) = p,
we see that w(G) = ((G) by Theorem 3.3(3).

Example 4.6 Let G = (a,b,c,d | P’ =P =P =dP = 1, [b,a] = ¢, [c,a] = d, [c,b] = a?,
[d,a] = a?, [d,b] = 1), where p > 5 and p = 3 (mod 4). It is clear that |G| = p°, ¢(G) = 4 and
exp(G) = p?. So G is a regular p-group of maximal class and therefore (2(G) = G3 = (d, aP).
It is easy to see that (2(G) < Ng({a)) N Cg(b). By Theorem 3.3(3), we have w(G) = (2(G).

Example 4.7 Let G = {(a,b,c,d | a?’ =bP =P =dP = 1, [b,a] = ¢, [¢,a] = aP, [c,b] = d,
[d,a] = 1, [d,b] = aP), where p > 5 and p = 2 (mod 3). It is clear that |G| = p°, ¢(G) = 4 and
exp(G) = p?. So G is a regular p-group of maximal class and therefore (»(G) = G3 = (d, aP).
Since d ¢ Cq(b), we have w(G) = ((G) by Theorem 3.3(3).
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