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Sharp Observability Inequalities for the 1-D Plate
Equation with a Potential*
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Abstract This paper deals with the problem of sharp observability inequality for the
1-D plate equation wit + Wazze + ¢(t,z)w = 0 with two types of boundary conditions
W= Wee = 0 or w = w, = 0, and q(¢, z) being a suitable potential. The author shows that

2
the sharp observability constant is of order exp(C||q||&) for ||g]loc > 1. The main tools to
derive the desired observability inequalities are the global Carleman inequalities, based on
a new point wise inequality for the fourth order plate operator.
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1 Introduction

Let T > 0 be given,  be a bounded domain (i.e., a bounded open interval) in R with
boundary T' (i.e., the endpoints of the interval). Put @ = (0,7) x Q and ¥ = (0,7) x I
We are interested in the following plate equation with a potential:
Wit + Wezee + qw = 0, in Qa
W= Wge =0, on X, (1.1)
w(0) =w", wi(0) =w', inQ,
where q; € L*(0,T; W>(Q)). Also, we shall consider the same plate equation but with
different boundary conditions
Wit + Wezge + gaw = 0, in Qa
w = w, =0, on %, (1.2)

w(0) =w", wi(0) =w', inQ,
where g2 € L>(0,T; Wh*°(Q)). Set

A A
Wy ={we H3(Q) | wlr = waxlr =0}, Wo={we HB(Q) | wlr = wy|r = 0}.
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Based on the semigroup theory (see [12, Theorem 1.4, p. 185]), it is easy to show that system
(1.1) admits a unique weak solution w € C([0,7]; W) N C1([0,T]; H()), while system (1.2)
admits one and only one weak solution w € C([0, T]; Wa) N C1([0, T]; H}(£2)).

In what follows, we shall denote by || - ||oc and || - ||1,00 the (usual) norms on L*>(Q) and
L0, T; W1>(Q)), respectively. Denote the energy of (1.1) by

Ei(t) = 1[me( Wiz + lwesa(ts VL2 () + llarlloollwa )1z ()] (1.3)

for the solution w to system (1.1). Next, we define an unbounded operator A in L?(Q) as
follows:

AL Opaeas D(A) 2 HYQ) N HE(Q). (1.4)

It is easy to see that A is a self-adjoint operator. Assume that { ,uj}‘x’ 1 are the eigenvalues of A
and the corresponding eigenvectors {e;}32; consist of the complete orthogonal basis in L?(Q).

Then, we define AT, A% as follows:

1 > 1
D(A % {waa]e]‘ajéR Za 0 <oo} AzwéZaju;ejeLz(Q),
=1
"~ (1.5)
D(A % {waa]e]‘ajéR Za 0 <oo} A%wéZaju]%ejeLQ(Q).

Jj=1

We claim that A7 is also a self-adjoint operator on the domain D(A%). More precisely, for any
w, @ € D(A%), there exist {a;}521, {br}i2, C R such that

o o
w = g ajej, W= g bre.
j=1 k=1

Then, it is easy to see that (remember that {e;}72; consist of the complete orthogonal basis)

(Afw, @ JL2(0) = (Z%M] e]azbkek)L2 @ (Zajejvzbkﬂgek>L2(Q) = (w;Ai@)Lz(Q)-
j=1 k=1

Now, for the solution w to (1.2), we define the energy as follows:

Ea(t) = [I\A‘*wt( Mizg + IATw(E, ) [F2g) + lasllollATw(E, ) 120y (1.6)

The main purpose of this paper is to study the observability constant P(T%;q;) of system
(1.1), defined as the smallest (possibly infinite) constant such that the following observability
estimate for system (1.1) holds:

T
Ey(0) < P(T, ql)/ /(wfC +wi, + w2 )dedt, ¥ (w®w') € Wy x Hy(Q). (1.7)
0 w

Also, we shall study the observability constant P(T';g2) of system (1.2) such that the
following observability estimate for system (1.2) holds:

T
E»(0) < P(T, qg)/ /(wfC + wfx + wfcm)dmdt, v (w w ) € Wy x HO(Q) (1.8)
0 w
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In (1.7)—(1.8), w is a nonempty open subset of Q2. These inequalities, the observability inequal-
ities, allow us to estimate the total energy of solutions in terms of the energy localized in the
observation subdomain w.

It is well-known that, observability inequalities are relevant to the control problems (see
[13]). Several authors have already studied the problem of controllability for the plate equation.
We can mention among them [9, 13]. In 1988, J.-L. Lions introduced the so-called Hilbert
Uniqueness Method (HUM), which reduces the exact controllability problem for a large class
of partial differential equations to the obtention of suitable observability estimates for their
dual systems. After that, great progress on control problem of PDEs has been made (see
[6, 16] and the rich references therein). In this paper, we are interested in the problem of sharp
observability inequality for the plate equation with a potential. Similar observability problems
have been considered for the parabolic and hyperbolic equations in [2], and for the Schrédinger
equations in [11]. We refer to [5, 13] for observability of Euler-Bernoulli plate equation, and [14]
for observability of Kirchhoff plate systems. However, to the author’s best knowledge, there are
no references considering the sharp observability of system (1.2). Moreover, the observability

constant derived in [5, 14] is of order exp(C||¢||%), ¢ being the potential involved in the system.
We shall see later that the observability constant for one dimensional plate equation can be

improved to exp(CHqu) for ||g|lcc > 1. We refer to [8] for a related result for the observability
inequality of a one-dimensional fourth order parabolic equation with potential.

The rest of this paper is organized as follows. The main results are stated in Section 2. In
Section 3, we shall collect some preliminary results for the plate equation. In Section 4, we
establish a point wise inequality for the fourth order plate operator, via which in Section 5, we
show Carleman estimates for the plate equation with two types of boundary conditions. Section

6 is devoted to the proof of our main results.

2 Statement of the Main Results

For any fixed xg € R and § > 0, we define

w=0;5Ty)NAQ,
N (2.1)
Toy={z el | (x—a0)- v(z)>0}

where v = v(x) is the unit outward normal vector.
Throughout this paper, we shall use C' = C(Q,w) to denote generic positive constants which
may vary from line to line. Our main results can be stated as the following theorem.

Theorem 2.1 Let I'y and w be given by (2.1). Then there is a constant C' > 0 such that
for any T > 0 and any ¢ € L>=(0,T; W1°°(Q)), the weak solution w to system (1.1) satisfies
estimate (1.7) with the same observability constant P(T,q1) > 0 verifying

P(Ta (JI) < Pl(Ta QI)P2(Ta QI)P?)(Ta QI)ﬂ (22)

where

AT a)=ep [C(14 )] BT 1) = exp(CTar ). 0

2
Py(T, q1) = exp(Cllal|% + Cllas[I)-

Also, we have the following observability estimate for system (1.2).
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Theorem 2.2 Let I'y and w be given by (2.1). Then there is a constant C' > 0 such that
for any T > 0 and any g € L>=(0,T; W1°°(Q)), the weak solution w to system (1.2) satisfies
estimate (1.8) with observability constant P(T, q2) > 0 verifying

P(Ta QQ) S Pl(Ta qQ)PQ(Ta qQ)PB(Ta q2)a (24)
where
1
Pl(T7 q2) = exp |:C(1 + T)i|a PQ(Ta QQ) - eXp(CT||q2H1,OO)7

(2.5)
Py(T, g2) = exp(Cllga| % + Cllg2ll)-

Remark 2.1 For the multidimensional plate equations with zero Dirichlet boundary con-
dition w = Aw = 0, it was shown in [5] that the optimal observability constant Ps should be

2
exp(C|lqll&) (¢ = g1, ¢2) in even dimensional space. For one space-dimensional case, Theorems

2
2.1-2.2 show that the observability constant Ps;(T,q) can be improved to be exp(C||¢||&) for
llgll > 1. This phenomenon is similar to the observability estimate for the wave equation
with a potential ¢. Indeed, in even dimensional space, the corresponding optimal observability

2
constant P»(T', q) should be exp(C||q||3) (see [2]), while for the case of one-dimensional space,
2
the observability constant can be improved to exp(C||¢||%) (see [15]).
Remark 2.2 It should be pointed out that the technique developed here to prove Theo-

rem 2.1 and Theorem 2.2 cannot be applied to multidimensional plate equations. Moreover,
according to [5], we know that the optimal observability constant Ps(T, ¢) cannot arrive at this

2
level exp(C|q||%) for ||g|lec > 1.

3 Preliminaries

In this section, we shall collect some preliminary results that we need. First, by using the
usual energy estimate, one can easily obtain the following result.

Lemma 3.1 Let T > 0 and ¢1(-) € L>(0,T;Wh>(Q)). Then there exists a constant
C =C(Q) >0 such that

Ey(t) < CE(s)eCTOHalhe) vt s e [0, 7. (3.1)

Proof Multiplying both sides of the first equation in (1.1) by wi.., integrating it on €,
using integration by parts, by Holder inequality and Poincaré inequality, we obtain

dB (¢)
dt

:_/(QI)xwwtzdx_/q1wxwtxdx+”q1”oo/wzwtxdx
Q Q Q

<O+l

1,00)E1(1). (3.2)
Now, by (3.2) and noting the time reversibility of (1.1), one gets (3.1) immediately.
In a way similar to Lemma 3.1, we have the following energy estimate for system (1.2).

Lemma 3.2 Let T > 0 and g2(-) € L>=(0,T;WH(Q)). Then there exists a constant
C =C(Q) > 0 such that

Esy(t) < CEy(s)eCTHlezlhe) -yt s € [0,T). (3.3)
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Proof By the elementary calculus, and using Holder inequality and Poincaré inequality,
we obtain

dFs(1)
dt

= (ATwg, ATwi) g2y + (ATw, ATwy) 12 () + g2l (ATw, ATwy) 120

—(AZwy, 2w) 2(0) + [|g2]loo (AT w, ATwy) 20
= — (AT (), ATwy) 20 + [[g2lloc (ATw, ATw;) 12 (0

C(1+ [lg2l1,00) E2(2)- (3.4)

Now, by (3.4) and applying Gronwall’s inequality, we conclude the desired result.

Further, we recall the following boundary trace estimates for the plate equation (1.1).

Lemma 3.3 Let I'y and w satisfy (2.1). Let T > 0,0 < s1 < sop < sy < s§ < T and
1 € L*(Q). Suppose that w(-) satisfies (1.1). Then

/ / w2+ wy, + Wiy, )dzdt
o

CT?(1+1T?) 1
- + +HQ1||<>O / /w +w?, +w?,,)dzdt. (3.5)
(s0 — s1)2(s) — s0)?

Proof The proof is very close to that of [13, Lemma 4.4]. However, for the reader’s
convenience, we give some details here. We divide the proof into several steps.
Step 1 Fix ¢; such that 0 < §; < 8, where § is given in assumption (2.1). Denote

A
wy = 051 (Fo) n Q. (36)
Then it is easy to see that
w1 Cw. (3.7)

Choose hy = hyi(z) € C3(Q;R) such that hy = v on I, and choose hy = ha(z) € C>=(Q;[0,1])
such that

Put

By [13, Lemma 4.1], it is easy to see that

[hwfcm + hwfx — 2hWiWaapt + 2R WiWiy — hmwf]x

= 2(wit + Wagra ) MUzae — 2(Wihwepy ) + hm(?)wfz + wim) + 2w hiWegy — hxmwf. (3.10)
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Next, integrating (3.10) on (s1,s}) x €, using integration by parts, by (1.1) and Poincaré
inequality, we have

s
/ / h-v(w?,, +w?,)dzdt
S1 T

S1
= / / [—2¢1hwwey + hx(?)wfz + wgm) + 2w Weygy — hmzwf]dxdt
Q

<CT*(1+TH(A + ||g1]loo) / ' /(wi +w?, 4+ w?, )dadt. (3.11)

S1 w

. 5/ 2
Step 2 Let us estimate the term [ ° [ w?dadt.
Set

Z = —iw + Wyy-
By (1.1), it is easy to see that

—iwy + Wy = 2z, in Q,

w =0, on 3, (3.12)
w(0) = w?, in Q.
Put
g =g(t.z) = (t - s1)(s) — ) (2)h (). (3.13)

Using multiplier gw, as above (see [10]), for any = € w, we choose hs such that [9,ha| < Lhs.
By using Poincaré inequality, one can obtain

s
/ /g Vdexdt < CT2(1 + ||q1||oo)/ / h2(|wt|2 + |wm|2 + wi)dxdt
< C’T2 1+ |lg1lloo) / / hgwt hgwm) +wi]dxdt
w

g0T2(1+||q1||OO)/‘ / w2 4wl w?)dadt, (3.14)

where the following fact is used:

/ / hgwt + (ha wm) |dzdt

s
< 2/ /(8xh2)2(wt2 + w2, )dzdt + 2/ / hE(w?, + w?,,)dxdt
S1 w S1 w

1 s1 s,
< —/ / h3(w? 4+ w?,)dzdt + 2/ / h3(w?, + w?,,)dzdt.
2 S1 w S1 w

Combining (3.11) and (3.14), we get the desired result.

Finally, we need the following boundary trace estimates for the plate equation (1.2).
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Lemma 3.4 Let I'y and w satisfy (2.1). Let T > 0,0 < s1 < sop < sy < s§ < T and
g2 € L*(Q). Suppose that w(-) satisfies (1.2). Then

/ / w?, +w?,)dxdt
o

0221+72)(1+|QQ”00)/// 2 2 2
< wi + wy, + Wi, )drdt. 3.15
(so — s1)%(s] — s4)? o ( t ) (3.15)

Proof Integrating (3.10) on (s1,s]) X 2, using integration by parts, by (1.2) and Poincaré
inequality, we have

/‘ /h-ngmdxdt SCT2(1+T2)(1+|\q2HOO)/k /(wgm+wt21)dxdt. (3.16)
S1 T

S1 w

On the other hand, by elementary calculus, we have
2hw, (Wit 4+ Wegas) = (2hwpw;); — (hw?)y + hpw? — 2hiw,w; + (2hWpWepe — hw? ),
— 2R W Waw + how? w2, + hagw?,. (3.17)
Integrating (3.17) on (s1, s7) X2, using integration by parts, by (1.2) and Poincaré inequality,

we have

R 51
/ / h-vw? dedt < CT?*(1+T?)(1 + HqQHOO)/ /(wﬁ +w?, +w?,,)dxdt. (3.18)
r

S1 w

Combining (3.16) and (3.18), we get the desired result.

4 A Point-Wise Identity for the Plate Operator

In this section, we shall establish a point wise weighted identity for 1-D plate operator,
which will play an important role in the sequel. We have the following point wise inequality.

Theorem 4.1 Let w € C*(R?), ¢ € C*(R?) and ¥ € C*(R). For any fired xo € R and
A, e >0, set

(0= 3l e T)')

(4.1)
O(t,z) = "t 2(t,x) = 0(t, 2)w(t, z).
Then
g(wtt + wxmxm)Il + Mt + Vx
= |Il|2 + Bz?+ Ezi + 6€mzfx + 2€mz§m 424002120 + V220w — Va2 Zeaa
[l + 602, + U+ 180,,02]22 + [ly + 602, — U — 60,,0%]22, (4.2)
where
A
I = 244 + Zpzaa + 6(6925 - gxx)zxx + sz
A
M = ét[zf + A%+ zix — 6(@ — Km)zﬁ] 44 2yt + 4(@ = 3l lyzpzy — Wz,
VATV 120502 — 30,0022, + 20,22, + 400 (02 — 30ps)zomeze + 200zl (4.3)

+20,[6(02 — 3000 ) (02 — Lyy) + 602, — A]22
+20 210200 + Vg 2ps — 120, (6925 - e;c;c)zx:czx
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and
V 2 20lizpme + 6(02 — L) lize — 200200t + 2nzos — La(02 — Blu) 22

+ [4Aly 2p0 — 4(Aly) 2z + 2(Aly ) oz + 2AL, (02 — 3lys)2

+3(WEE = Wliy)oz — 6 (03 — Log)ze — Vg2, (4.4)
and moreover,
A2 Bl 4+ (2 = ) — Al + 202, — W,
B2 (Al)y + 2(Aly) s + 2[ALo (12 — 3000)]s + AT + 3(WE2 — Wlyy)a, 45
E 2 —60u(02 — L) — 6(Aly), + 1263, — 60(62 — 0,,)

12000 (£2 = Blyz) (02 — Lan)]a-

Remark 4.1 If we assume that W = Wgg = 0 or w = w, = 0 on the boundary, noting that
z = fw, then we have [ Vydzdt = [,V -vdzdt = 0.

Remark 4.2 Unlike [13], we do not divide the plate operator into two Schréodinger opera-
tors. Here, we establish the point wise estimate for the fourth order plate operator directly.

Remark 4.3 Equation (4.2) can be regarded as a weighted identity. The main idea of (4.2)
is to establish a point wise identity (and/or estimate) on the principal operator wy; + wyzes in
terms of the sum of “divergence” terms M; + V., “energy” terms 22(-) 4+ 22(-) + 22, (-) + 22, (") +
22.(-) + z2(-) and lower order terms.

Proof The proof is long, so we divided it into several steps.
Step 1 Note that § = e, z = fw, it is easy to check that

Owy = zp — bz, Owy = 2z — 2z,
Owyy = 2y — 20124 + (&2 — L)z, (4.6)
OWay = Zow — 2uzg + (02 — Lpy)2.

Next, recalling (4.1) for the definition of ¢(¢, z) and noting that ¥ only depends on z, it is easy
to see that

Coze = Logpx = bz = ¥y = 0. (47)
By (4.6)—(4.7) and recalling the definition of A in (4.5), we have

+ (02 = ly) 20w — 2020 + (12 — L1z)2]
F[(02 = ) — 4ly 02 4202 2. (4.8)
Combining (4.6) and (4.8), recalling the definition of I; in (4.3), we get
9(wtt + wzzzz) = Il + 12 + I37 (49)
where

I2 é —2£tzt - 4£zzzzz; IS é _4£I(£925 - 3£9Cx)zm + V2. (410)
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By (4.9), it is easy to see that
O(wi + Wepwe) 1 = |1[* + 11 1o + I I3.
Step 2 Let us compute I;[5. First, by (4.10), we have
Ly = =20z (20 + Az) — 201220000 — 12&(6926 —luw)Zaz 2t
— My zpna (21 + Az) — Al Zoan Zoane — 240e (03 = Luz) 20w Zaan-
However,
—20yz (21 + Az) = —(thf)t + Zttzf — (AKtZQ)t + (Aly)z
Next, by (4.7), we have
—204 24 Zpgny = _2(£tztzxxa: - etzta:zzz)x - (ftzﬁx)t + gttzix
and

- 6[0,(02 — Cyn)22]e — 604 (02 — L,,)22.

On the other hand, by (4.7), we have

— Ay 2z (20 + A2)

= —d(lpzazozt)t + A(lozoarzt)s — Alawzarzt)e — 2(Lo2ty)e + 6lunzly
— 4(Aly2p02) s + 4[(Al, ) 22z)a — 2[(Aly )xxz Ja
+2(Al,22)0 — 6(ALy) 222 + 2(Aly) pun .

Further, it is easy to see that

— M Zpna Zamrs — 24, (6925 - Exx)zxxzx:c:c

= 20,22, Ve + 200022 — 12[00 (02 — L10) 22 )e + 12000 (302 — £40)22,.

Step 3 Let us compute I1I3. By (4.10), we have
LT3 = —40,(02 — 30,
— 40,02 —3¢

Veu (20 + Az) — 240, (02 — 3000) (02 — Lon) 20 Zaa

First, by using (4.7) again, we have

— 40, (02 = 3lpr) 20 (20 + A2)
—A[0, (02 — 3y 20 2e]t + 2[ln (02 — 3000) 22 )0 — 6Ly (02 — Loyn)2?
— 2[Al, (02 = 3000) 2?0 + 2[AlL (02 — 3lps)]a2
Next, it is easy to see that
— 240, (02 —
— 120, (02 -

30,
Bua) (2 — L) 22+ 12000(2 — 30,0) (2 — L)) 22,

ww) 2z Zeaze + VZ2(2n + AZ) + 6\11(83 — V)220 + V22ppan.
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(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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Furthermore, by (4.7), we have

= 4l (02 — 3lpp) 2 2ann)e + 12[loe(C2 — loz)2a2an)e — 12(0al?,22),
1203 22 4 200, (02 — 30,.)22 )0 — 1800p (02 — L) 22, (4.21)

On the other hand, noting ¥; = 0, we have

Wz(zy + Az) = (Wozy), — Wzl + AUz, (4.22)
Next,
6U (€2 — lug)22z0 = [6W(62 — log)222)e — B[(VOF — Wlyy)22]s
+3(W2 = Wl,,)nz® — 6U (02 — 0,,)22. (4.23)
Finally,
V2 Zprre = (W2zpae)e — (W2u2on)e + Vozpzew + V22, — U2 Zpms. (4.24)

Step 4 By (4.12)—(4.24), combining all “é—terms”, all “%—terms” and (4.11), we arrive
at the desired identity (4.2).

5 Carleman Estimate for the Plate Equation

Based on the point wise estimate (4.2) in Theorem 4.1, in this section, we shall establish
the global Carleman estimate for the 1-D plate equation. For given 0 < Ty < T] < T, denote
Q1 = (T1,T]) x Q. We have the following result.

Theorem 5.1 Let T > 0 and q1 € L>(0,T; Wh>(Q)), and let Ty be given by (2.1). Then
2

there is a constant Ao = Mo(%, [q1]|&) > 1 such that for any A > X and for all weak solutions
to (1.1), it holds that
)\/ 02 (NSw? + N2 4+ Nw?, + N2w? + w?,, +w?,))dtda
Q

7
gC[MT(Hqu|\go1)eCT<1+”q1HLw>E1(0)+Ae0*/T /F(wﬁm—kwfx—k)\“wﬁ)dxdt] (5.1)
1 0

Also, we have the following global Carleman estimate for system (1.2).

Theorem 5.2 Let T > 0 and gz € L>(0,T; Wh>(Q)), and let Ty be given by (2.1). Then

2
there exists a constant Ao = Xo(#, |lq2/l&) > 1 such that for any X\ > Ao and for all weak
solutions to (1.2), it holds that

Txrx

/\/ 0*(NOw? + Mw? + Vw2, + N2w] + w2, +wi,)dtdx
Q
{
<C [A7T(1 + |l ||z eCTOHllazllee) By (0) 4 AeC)‘/ / (AN2w?, +w?,)dzdt|.  (5.2)
T1 Fo

Remark 5.1 If we divide the plate operator into two Schrédinger operators, we can just
get the coefficient of order A6 before w? (see inequality (3.7) in [5]).
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Proof of Theorem 5.1 We borrow some ideas from [13]. The proof is long, so we divide
it into several steps.

Step 1 (Choice of weight functions) For simplicity, we assume zo € R\ Q. For the case
ro € Q, using the argument in [7], one can prove Theorem 5.1 similarly. Denote

Ry émal(|x—x0| > Ry émiI_1|x—x0|(> 0). (5.3)
€N €

Next, we choose the constant ¢ in ¢ defined by (4.1) as

92
From (4.1) and (5.4), for any A > 1, it is easy to see that
A cT? AR?
= < — 2 _— = — L . .
00,2) = U(T, ) < 2(R1 . ) L <0 vreo (5.5)

2
Therefore, there exists an 1 € (0, %) independent of T', close to %, and a constant rg = %(> 0)
such that

t,x) < —rg <0, V(t,z)e ((0,T1)U(T],T)) x Q, (5.6)
where T T
T, = 3 —eT, T|= 3 +eT.
Step 2 (Estimate of the “energy” terms) First, take
U(t,z) = IN3 |z — zo|% (5.7)
Recalling (4.5) for the definition of A and by using (4.1), it is easy to check that
A=z —zo|* + ON). (5.8)
Then, by (4.1), (5.7)—(5.8) and (4.5), we have
B =14\"|z — x0|® + O(\%), E =60)\°|z — zo|* + O(\). (5.9)
Similarly, by (4.1) and (5.7), it is easy to check that

[ + 602, 4+ U 4 180,,02]22, + [Lor + 602, — U — 60,,02] 2}
= [9N3]x — 20]® + O(N?)]22, + [3N%|2 — 20]? + O(N?)]22. (5.10)

Next, by using (4.1) again, there exists a constant ¢o > 0, such that

2401 w2420 + Voo 20 2o — Va2 Z00n

> —coN TRy (22 + 22) — coM\*22 — coA222, — coA\022 — co22,,. (5.11)

Noting that the lower order terms with respect to the power of A in (5.9)—(5.11) depend on

¢, therefore, one can find a )\1(%) > 1 such that for any A > A1, there exists a constant ¢; > 0,
such that

Left-hand side of (4.2) > ¢1[A\72% + N23 + N322, + N322 + \22,, + \22,]. (5.12)

rrx
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Step 3 (Estimate of the boundary terms) Integrating (4.2) on (1, using integration by
parts, by (5.9)—(5.10), it holds

)\/ (N2 - X122 N222 4+ N%22 4 22+ 22))dtde
1

/ /Q dexdt] (5.13)

Next, recalling (4.3) for the definition of M, noting z = w, by (5.6), (5.8) and Poincaré
inequality, we have

/

T
< C/ (22 + 22, + N2+ X522 + \22, ) de '
Q

T/
/ M(t,z)dz
Q T

T
Ty
< C’)\7/ 0 (w? + w?, + w? + w? +w?,,)dz .
Q 1
T
<oNe ™ [ pud, 0, )do
Q 71
< ON(1+ |quIZDE(T) + By (T))). (5.14)

Recalling (4.3) for the definition of V', by Remark 4.1, we arrive at

Ty
/ / Vdxdt
T Q

T
= / / U - V[2(502 — 30yp)22, + 222, + 402 — 30us) 2ann2e + 222, )dadt
T
Ty
+ 2/ / Co - V[6(02 — 3000) (02 — Lyy) + 602, — A)z2dadt
r

Ty
+ / /[2£tzmzm + W2y 2pn — 12£m(€i —lyz)Zan2e) - vdadt. (5.15)
r

However, by (4.1) and (5.8), we have

4(0% = 300y) Zpwnze + 2[6(£2 — 3lpe) (02 — lyy) + 602, — A]22
= |2Zawe — 2002 = 3lp) 22 )? — 22, + [6X 2 — 20]* + O(N3)]22 (5.16)

Further, noting that w = w,, = 0 on boundary and z = fw = e‘w, it is easy to see that
z2=2=0, zp=0w;, 24z =200, w,, on boundary. (5.17)
Thus, by (4.1) and (5.7), we have

Ty
/ /[2£tzmzm + W2 200 — 12£m(€i — Vo) Zaa 2a) - vdadt
T1

ly - v[400w 2, + 2\110211);% - 24£m(£i - ZM)GQwﬁ]dxdt

Co - V](2t0 + 20e20)? — 22, +2(=202 + U — 120,02 + 1202 )22]|dadt

I
e
e

3
h,\ﬂ\ﬂ\

Co - V](2t0 + 20:20)? — 22, — 6032 — 20?22 + O(N?)22]dadt. (5.18)

=
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Now, combining (5.15)~(5.18), one can find a A2(7) > 0 such that for all A > max{\1, A2},
and by (2.1), we have

T T
/ /Q Vydadt < C /F (A2, + 22, + N\°22)dtda. (5.19)
0
Combining (5.13)—(5.15) and (1.1), noting z = fw, we end up with
Ty
/ 02 (NOw? + Mw2 + Vw2, + N2w] + w2, +wi,)dtdx
< c{l0arull3zq) + A1+ el B (TL) + Bx(T))]
Ty
A / / 02(w2, . + w2, + \w? )dtdx}. (5.20)
T F()
Step 4 (End of the proof) By (5.6) and noting that = e, we get
/ 02 (\ow? + Mw2 + Vw2, + N2w] + w2, +wi,)dtdx

> A/ 0*(NOw? + Mw2 + Vw2, + Nw] + w2, +wi,)dtdx

T T
- A[/ +/ } / (MSw? + M2 + \2w2, + N2w? + wl,, + w?,)dtda. (5.21)
0 v 4 Ja

Combining (5.20)—(5.21), for all A > max{A1, A2}, by Lemma 3.1, we get for some C; > 0
that

)\/ 02 (NSw? + Nw? + Nw?, + N2w? + w?,, +w?,)dtdz
Q
< Cl{quHgoHewH%Q(Q) AT+ || )Tl By (0)
Ty
+ Ae”/ / (w2, + w?, + A%i)dtda:}. (5.22)
T To
Define
A 1 2 A 1 2
A3 =14+ C7[|q1l[&; Ao = max{A1, A2, A3} = /\O(Ta ||Q1||§o>- (5.23)
Then, for any A > )y, we obtain
A/Q 02 (NOw? + Mw2 + Vw2, + Nw] + w2, +wi,)dtdx
< C{NT( 4 a2 H ) B (0)
Ty
+ )\ec’\/T /F (W2, + Wiy + X%Ui)dtdx}. (5.24)
1 0

This gives the proof of Theorem 5.1.

Next, we shall give a brief proof of Theorem 5.2.



104 X. Y. Fu

Proof of Theorem 5.2 In a way similar to Theorem 5.1, we choose the same weight
functions, where the only different terms are the boundary terms. Noting that w = w, = 0 on
boundary, by recalling (4.3) for the definition of V', combining Remark 4.1 and noting z = fw,
we arrive at

Ut Ut
/ / Vedadt < C’/\/ (N222 + 22 )dtdz. (5.25)
Ty Q T 1—‘0

Proceeding exactly as in Theorem 5.1, we obtain the desired result immediately.

6 Proof of Theorems 2.1 and 2.2
In this section, we shall prove the sharp observability inequalities for the 1-D plate equation.

Proof of Theorem 2.1 Recalling (4.1) and (5.3) for the definition of £ and Ry, respectively,
we see that

£<§x) > %Rﬁ, Ve Q.

Then, one can find an ¢y € (0, %) independent of T', close to 0, such that

Lt z) > /\TR(Q), V(t,x) € Qo = (To, Tp) x Q, (6.1)
where
2l .1 = % +eoT. (6.2)
By (6.1)—(6.2) and Lemma 3.1, taking C; > 1 in (5.23), for any A > A9 > A3, we have

+ w?,)dtdz

/Q 92()\6102 + X‘wﬁ + )\2wg2m + >\2wt + w:c:c:c
R2
> GTO)\ / ()‘GUJQ + /\411}5 + /\Qw?gx + /\th + wa:xx + wm)dtdx
Q
LIy
> e g New? +w?, +w?,,)dtdx
0

R2
Z TO / 1+ quHOO ’U} +wt:c +w;c:c:c]dtdx
Qo

I \/

—CT(1+H(11\I1 )
/ el gy

= 2560‘Te%)‘70T(1+”‘hHl,oo)El(O). (6.3)

By (5.1) and (6.3), for any A > Ao, we get for some Co > 0 that

eC2T(1+lla1ll1,00) {GRT‘%/\%CzT(lJqul o) — (1 4 |‘q1H,1)C2>\6}E1 (0)
o 260

Ty
< 2C2561T_1e02k/ / (w2, +wi, +w?)dtdz. (6.4)
T To
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Now, let A4 be such that

B2\

2 20T (1 + [lg1][1,00)-
On the other hand, it is easy to see that

CaA® (Za )7

Ca A
260 7! '

250

bir _ _
e — (14 ) —2(1+ 1)
Put
1 z -1
ds = C(1+ 7 + ol + Tlarleo + sl )-

By (6.4), for any A > A5, we obtain

Ty
E\(0) < P(T.q1) / / (w? + w?, +uw?,,)dide.
o

Finally, combining (6.7) and Lemma 3.3, we get the desired result.

Proof of Theorem 2.2 In a way similar to (6.3), by (6.1)-(6.2), we have

/ 02 (NSw? + Nw? + Nw?, + N2w? +w?,, + w?,)dtdz
Q

> 25(/(1Te%3A70T<1+Hq2||1,M>E2(0),

Now, by (5.2) and (6.8), for any A > max{Ag, A1, A2}, we get

6
02T (1+(laz2]l1,00) {e%‘%/\%CzT(Hqulll,m) —(1+ quHgol)CQA :|E2(0)

260
< 209ey T e / / w2, )dzdt.
T1 FO

Now, one can find a Ay such that for any A > A4,

(RTS/\)7 Co S

> 2C,T(1+ ||g2]1.00)  and >2(1+[lqull =)
7! 2¢eq

R2\
4
Put

1
As £ max ho, M} = C (14 7 + laalle + Tlaalloe + larll )

By (6.4), for any A > A5, we obtain

E5(0) < P(T, g2 / / w?, +w?,)dtdz.
T To

Finally, combining (6.12) and Lemma 3.4, we get the desired result.
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(6.7)

(6.10)

(6.11)

(6.12)
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