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Backward Doubly Stochastic Differential Equations
with Jumps and Stochastic Partial
Differential-Integral Equations®

Qingfeng ZHU! Yufeng SHI?

Abstract Backward doubly stochastic differential equations driven by Brownian motions
and Poisson process (BDSDEP) with non-Lipschitz coefficients on random time interval
are studied. The probabilistic interpretation for the solutions to a class of quasilinear
stochastic partial differential-integral equations (SPDIEs) is treated with BDSDEP. Under
non-Lipschitz conditions, the existence and uniqueness results for measurable solutions
to BDSDEP are established via the smoothing technique. Then, the continuous depen-
dence for solutions to BDSDEP is derived. Finally, the probabilistic interpretation for the
solutions to a class of quasilinear SPDIEs is given.
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1 Introduction

Nonlinear backward stochastic differential equations with Brownian motions as noise sources
(BSDEs) were independently introduced by Pardoux and Peng [7] and Duffie and Epstein [4]. By
virtue of BSDEs, Peng [9] gave a probabilistic interpretation (nonlinear Feynman-Kac formula)
for the solutions to semilinear parabolic partial differential equations (PDEs). In [9], Peng
also gave an existence and uniqueness result of BSDEs with random terminal time. And then
Darling and Pardoux [3] proved an existence and uniqueness result for BSDEs with random
terminal time under different assumptions. They used their result to construct a continuous
viscosity solution to a class of semilinear elliptic PDEs.

A class of backward doubly stochastic differential equations (BDSDEs) was introduced by
Pardoux and Peng [8] in 1994, in order to provide a probabilistic interpretation for the solutions
to a class of semilinear stochastic partial differential equations (SPDEs). They proved the
existence and uniqueness of solutions to BDSDEs under uniformly Lipschitz conditions. Since
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then, Shi et al. [11] relaxed the Lipschitz assumptions to linear growth conditions. Bally and
Matoussi [1] gave a probabilistic interpretation of the solutions in Sobolev spaces to semilinear
parabolic SPDEs in terms of BDSDEs. Zhang and Zhao [16] proved the existence and uniqueness
of solution to BDSDEs on infinite horizons, and described the stationary solutions to SPDEs
by virtue of the solutions to BDSDEs on infinite horizons.

BSDEs driven by Brownian motions and Poisson process (BSDEP) were first discussed by
Tang and Li [14]. After then Situ [12] obtained an existence and uniqueness result for BSDEP
with non-Lipschitz coefficients, so as to give a probabilistic interpretation for solutions to par-
tial differential-integral equations (PDIEs). Barles et al. [2] and Yin and Mao [15] discussed
viscosity solutions to a system of PDIEs in terms of BSDEs with jumps. Recently BDSDEs
driven by Brownian motions and Poisson process (BDSDEP) with Lipschitzian coefficients on
a fixed time interval were discussed by Sun and Lu [15].

Because of their great significance to SPDEs, it is necessary to give an intensive investi-
gation to the theory of BDSDEs. In this paper, we study BDSDEP with non-Lipschitzian
coefficients on random time interval. Here the coefficients are assumed to be weaker than
linear growth, jointly continuous and to satisfy some weak “monotone” condition. BDSDEP
can provide more extensive frameworks for the probabilistic interpretations (so-called nonlinear
stochastic Feynman-Kac formula) for the solutions to a class of quasilinear stochastic partial
differential-integral equations (SPDIEs). First, we establish the existence and uniqueness re-
sults for measurable solutions to BDSDEP based on the smoothing technique. Then we discuss
the continuous dependence for solutions to BDSDEP. Finally, by virtue of BDSDEP, we show
the probabilistic interpretation for the solutions to a class of quasilinear SPDIEs.

The paper is organized as follows. In Section 2, the basic assumptions are given. In Section 3,
the existence and uniqueness of solutions to BDSDEP with non-Lipschitz coefficients on random
time interval is proved. In Section 4, the continuous dependence for solutions to BDSDEP is
discussed. Finally, in Section 5, the probabilistic interpretation for the solutions to a class of
quasilinear SPDIEs is given by virtue of this class of BDSDEP.

2 Setting of the Problem

Let (2, F, P) be a complete probability space, and [0,7T] be an arbitrarily large fixed time
duration throughout this paper. We suppose that {F;}:>¢ is generated by the following three
mutually independent processes:

(i) Let {W4;0 <t < T} and {B;;0 <t < T} be two standard Brownian motions defined on
(Q, F, P), with values respectively in R? and in R’.

(ii) Let N be a Poisson random measure, on R} x Z, where Z C R” is a nonempty open
set equipped with its Borel field B(Z), with compensator N(dzdt) = A(d2)dt, such that N(A x
[0,t]) = (N — J/\})(A x [0,t])¢>0 is a martingale for all A € B(Z) satisfying A(A) < oco. A is
assumed to be a o-finite measure on (Z, B(Z)) and is called the characteristic measure.

Let N denote the class of P-null elements of F. For each ¢t € [0,T], we define F, =
FVv FPp v FN, where for any process {n:}, F¢, = o{n. —ns;s <r <t} VN, F = F,.
Note that the collection {F:, ¢ € [0,T]} is neither increasing nor decreasing, and it does not
constitute a classical filtration.

Let 7 = {7(w)} be an Fi-measurable time on [0, 7], that is, {w; T(w) <t} € F, Vt € [0,T],
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and let F, = {Ae FV VFEVEN : An{r <t} € F,Vt €[0,T]}. We introduce the following
notations:

S%([0, 7]; R™) = {vt, 0 <t<r7:v is an R"valued, F;-measurable process
such that E( sup |vt|2> < oo},
o<t<r
M0, T; R™) = {vt, 0<t<7:vis an R"valued, F;-measurable process

such that E/ log|2dt < oo},
0

F%(0,7;R") = {kt, 0<t<7:k is an R"-valued, Fi-measurable process

such that E/ / ke (2)[PN(dz)dt < oo},
0 Jz

Li(,)(R”) = {k(z) : k(z) is an R"-valued, B(Z)-measurable function

1
such that |[k]| = (/ k() PA2)” < oo},
z
L*(Q, Fy, P;R") = {¢: £ is an R™-valued, F,-measurable random variable
such that E|¢]? < oo}.

Consider the following BDSDEP:

Po=c+ [ flsPoQu Ku)ds + / o(s, P, Qv K.) dB.
t

tAT AT
—/ QdeS—/ /Ks(z)ﬁ(dzds), t>0, (2.1)
tAT tAT JZ

where

Fx [0, T x R" x R**? x L3 |(R") — R,

g:Qx[0,T] x R* x R™*¥ x L% |(R") — R"*".

We note that the integral with respect to { B} is a “backward It6 integral” and the integral with
respect to {W;} is a standard forward It6 integral. These two types of integrals are particular
cases of the Itd-Skorohod integral (see [8]). We use the usual inner product (-, -) and Euclidean

norm | - | in R", R"*! and R"*4. All the equalities and inequalities mentioned in this paper
are in the sense of dt x dP almost surely on [0, 7] x €.

Definition 2.1 A solution to BDSDEP (2.1) is a triple of Fy-measurable stochastic pro-
cesses (P,Q, K) which belongs to the space S?([0,7]; R™) x M?(0,7;R"*?) x FZ(0,7; R") and
satisfies BDSDEP (2.1).

We assume that

(H1) € € L*(Q, Fr, PiR™);

(H2) f(t,p,q,k), g(t,p,q, k) are continuous in (p,q, k) € R™ x R"*4 x Li(_)(R");

(H3) f = fi+ fo, fi = filt,p,q, k) : @ x [0,T] x R™ x R**4 x Li(.)(R”) —R", i=1,2,
and g(t,p,q, k) are Fy-measurable processes, such that for all t € [0,7], p € R", ¢ € R"*4,
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ke L3 (R,

|f1(t,p, g, k)| < uld),
[f2(t:p, ¢ B)| < () (1 + [pl + lal + [IK[]),
lg(t,p, g, k)| < p(t),
where p(t) > 0 is a real and non-random function such that 71 = fo 2(t)dt < oo;
(H4) for all t € [0, T, p,p1,p2 € R™, q,q1,q2 € R, k, Ky, ko € L/\( )(R"), such that
(p1 =2, fi(t,p1, a0, k) = fi(t,p2, 20 k2)) < plp(lpr = p2?) + [p1 — p2|(lor — g2| + (k1 — K2[)),
[f1(t,p, q, k1) = fi(tp, @ k)| < pllky = Kal,
|f2(t, 1, g, kr) = fa(t, p2, g2, k)| < pllpy — p2l + g1 — g2 + [k — K2l]),
lg(t, pr, a1, k1) — g(t, P2, g2, k2)|* < pllpy — p2l® + [p1 — p2l(lqn — @2l + k1 — K2))),

NP

where 1 > 0 is a constant, and p(-) is a nondecreasing, continuous and concave function from

R, to Ry such that p(0) =0, p(u) > 0, as u > 0, and f0+ oy — +oo

Remark 2.1 Here the coefficients are assumed to be weaker than linear growth, jointly
continuous and to satisfy some weak “monotone” condition as follows:

(i) If p(t) = p > 0 is a constant, then (H3) implies that f is less than the linear growth
condition.

(ii) To see the generality of our result, let us give a few examples of the function p(-). Let
K >0, and let ¢ € (0, 1) be sufficiently small. Define

pi(u) = Ku, u >0,

wln(u=1), 0<u<y,
pa(u) = {5111(5 Y+ ph(0=)(u—46), u>34,
~ Juln(u=Y Inln(u™t), 0<u<sé,
pa(u) = {51n(5—1)1n1n(5 N o (5=)(u—13), u>o.

They are all concave nondecreasing functions satisfying f0+ % = +4o00. In particular, we see
clearly that if p(u) = Ku, then the condition of f; in (H4) reduces to the monotone condition. In
other words, the condition of f; in (H4) can be referred to as a weak “monotonicity condition”.

(iii) Since p is concave and p(0) = 0, one can find a pair of positive constants a and b such
that

plu) <a+bu forall u>0.
3 Existence and Uniqueness of Solutions to BDSDEP with
Non-Lipschitz Coefficients

In order to prove the existence and uniqueness results of solutions to BDSDEP with non-
Lipschitz coefficients on random time interval, we introduce the following lemmas and theorems.

Lemma 3.1 (A Priori Estimate) Under the assumption (H3). If (P;, Q¢, Ky) is a solution
to BDSDEP (2.1), then

E( sup |Pt|2+/ |Qt|2dt+/ | Pdt) < Cr < oo,
0<t<r 0 0
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where Cr > 0 is a constant depending on T, u(t) and E|£]? only.

Proof From (H3), we easily have

(p, f(t,p,q, k) < pu(t)(1 + 2|p* + Ipl(lq| + [|%])),

where 4(t) has the property stated in (H3). Applying Itd’s formula to |P;|?, we have
E(|Pt/\7|2+/ |Qs|2d5+/ HKS||2d5>
t t

AT AT
=E|¢]* + ZIE/

tAT
T

< El¢f + 2]E/ p(s) (A +2|P* + | P[(1Qs| + 1 K1)ds + .

tAT

T T

(Py, f(5, Py, Qs K3))ds + E / 19(s, P, Qu, K64 2ds

tAT

We deduce

T

1 1 /7
E<|PMT|2+§/ |Qs|2ds+5/ | K.1%ds)
tAT tAT

T
<E|¢P 4T+ 20 +E / (411(s) + 2422(5))| P 2ds.

tAT

By Gronwall inequality, we have

T

1 1 /7 ~
B(1Parl 5 [ 1QuPds+5 [ KdIPds) < G,
tAT tAT
where
_ T
Cr = (E|¢|* + T + 2@) exp (/ (4p(s) + 2u2(s))ds).
0
In particular,
1 /7 1 [7 ~
2 2 2
Z z < Cr.
B(IRF+5 [ QP+ [ 1KRs) <G
Applying Itd’s formula to |P;|? on [0, A 7], we have
tAT tAT -
|Pt/\T|2:|P0|2_2/ <P5,f(S,P5,QS,KS)>d8—2/ <P8ag(87P87Q87KS)> dBS
0 0
tAT tAT .
w2 [ pauawive [ [ ki) Rasay
0 0 z
tAT
_/ |g(57R€;QSaKS)|2d5+/
0 0

Taking supremum and expectation, we get

tAT

tAT
|Qs|2ds+/ [| K 4] %ds.
0

T T
Esup | Pinr|? < E|Pof? + 2E / () (1 + 2P + | Pal(1Qu] + | Ko ]))dls + / 12(s)ds
t<t 0 0

tAT -
/ <P5,g(S,PS,Q5,KS)> st
0

t<t

+E/ |QS|2ds—|—E/ | Ks||*ds + 2E sup
0 0

+ 2E sup
t<t

+ 2E sup
t<t

/0 " (P, Qs)dW, /0 o /Z <PS,KS(2)>N(dZdS)‘,
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By Burkholder-Davis-Gundy’s inequality, we deduce

/AT<P 9(s, Ps,Qs, Ks)) dB

)

E(sup
t<t

1
<CE / |P5A‘r| S PS?Q87K8)|2dS>2
< c&((sup|Ponr[?)” / 905, o Qu ) s) )
t<t 0

1 T
< —Esup |Piar|? + 202/ 12 (s)ds.
3 t<t 0

In the same way, we have

tAT T
Bswl [ (P.Q) +27E [ |Q.fas,
t<t
Esup/ /PS,K (dzds)‘< Esup|PtAT|2+202E/ | K, |%ds.
t<t t<t

Hence

Esup |Pias|? < 4E|Py|* 4 AT + 87 + 4E/ (4p(s) 4 242 (5))| Ponr|*ds
t<t 0

+4(1+ QCQ)E/ (1Qs|* + | Ks||*)ds < Cp < .
0

The proof of Lemma 3.1 is completed.
As a preparation for the study of BDSDEP (2.1), we first discuss a simpler BDSDEP as

follows:
P = §+/ f(s ds+/ (s)<173s—/ QudW,
tAT

Ko (2)N(dzds), t>0. (3.1)
[ L

Lemma 3.2 Given & € L*(Q, F,, P;R"), f(t) € M?(0,7;R"™) and g(t) € M?*(0,7; R**),
then BDSDEP (3.1) has a unique solution in S?([0,7]; R™) x M2(0,; R"*9) x F%(0,7;R").

Proof Uniqueness Let (P!, Q') and (P2, Q?%) be two solutions to (3.1). Applying Ito’s
formula to |P} — P?2|?, we have

QL — Q22ds + E/ 1K — K2|2ds = 0.

tAT

E|Pt1/\7' - Pt2/\7'|2 +E/

tAT

Then
BIF), — PA. =0, B[ 101~ @fds=0
tAT
and

IE/ |K! — K2|2Pds =0, 0<t<T.
t

AT
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Hence P} = P?, Q} = Q7 and K} = K? a.s. The uniqueness is obtained.
Existence We define the filtration (G;)o<¢<7 by

G=FYVvFEVvFN

and the G;-square integrable martingale

—5[(e+ [ soas+ [ oo dB. )

An obvious extension of It6’s martingale representation theorem (see [6]) yields the existence

G|.

of G;-progressively measurable process (@, K;) such that

M, = M0+/ Q.dW, +/ /K N(dzds)

and

T
E / (1Qu? + | K. ][2)ds < oc.
0

Hence

M, = Mynr + / QsdWy +/ /K dzds)
tAT

Replacing M, and M, by their defining formulas and subtracting fot n s)ds+ f MT dB
from both sides of the equality yields

Pipnr =€+ f(s)ds+/ dB —/ QAW — / /K N(dzds),
tAT t/\T tAT tAT

where

P =E[(6+ /t;f(s)der /t;g(é’) a8, )[Gin-].

This implies that (P, Q¢, K¢) solves (3.1).
By the similar arguments as Proposition 1.2 in [8], we show that {P;}, {Q:} and {K;} are
Fi-measurable. For P, this is obvious since for each t,

T

Por =E|(§+ t;f(s)der | a5, )fan]

AT

=E(O|Finr vV FE)),

where © = ¢+ [ f(s)ds + [ _g(s) dB is FV v F . ¢ v FN-measurable. Hence, F/[7_ is
independent of Fia, V 0(0), and

Pipnr = IE((9|-7—'.t/\‘r)

/ Q.AW, +/ /K N(dzds) g+/ (s ds+/ 9(s) dB, —Pins,
tAT tAT
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and the right-hand side is 7V \/fg\T_T V FN_-measurable. Hence from It6’s martingale represen-
tation theorem, {(Qs, Ks) : tAT < s < 7} is FIV \/.7:5\T7Tv.7{£v—adapted. Consequently, (Qs, Ks)
is FV v ngj V FN-measurable for any t A7 < s < T, so it is FIV v .FfT V FN-measurable,

that is, (Q¢, Kt) is Fi-measurable. The proof of Lemma 3.2 is completed.

In the following of this section, we derive the existence and uniqueness results for solutions
to BDSDEP on random time interval with Lipschitzian and non-Lipschitzian coefficients. The
first one, that is Theorem 3.1, deals with the case where f is Lipschitz continuous.

Theorem 3.1 Under the assumptions (H1)— (H4), if f1 =0, BDSDEP (2.1) has a unique
solution (Py, Qu, Ky) in S2([0,7]); R™) x M?2(0,7; R™*?) x FZ(0,7;R").

Proof We define recursively a sequence {(P}, Q%, K})}i—o1.... as follows. Let P? =0, QY =
0, K = 0. By Lemma 3.2, for any (P}, Q%, Ki) € S%([0, 7]; R™) x M?(0, 7; R™*%) x F2.(0, 7; R"),
i=0,1,---, there exists a unique (Pt Qi*', K;'), satisfying

Pri=cy [ f(s,PLQL K s + / o(s, P!, Q1 K7) dB,
t

tAT AT

—/ Q@“dWS—/ /K;‘“(z)ﬁ(dzds), t>0.
tAT tNT JZ

Moreover, by Lemma 3.2, (P, Qi Ki ) € S2([0, 7]; R™) x M2(0, 7; R™*%) x FZ(0,7; R™).
Applying the Tt6’s formula to [P/ — P}2e 8 we have

BIFL! — Py ® + 98 [ [P - Pife%as
AT
B[ I - Qe s E [ - K as
tAT tAT
= 2E/ <P;+1 - P;a f(S, P; 27 K;) - f(57 Psi_17 Qi_la Ki_l»e_ﬁsds
tAT
B [ Jgls, PLQL KD — gl P QL K Pe s
tAT
<2 [P PP - P Q) - Q3 K - K e s
tAT
il [ (PE= P (P P - Q2 K — K e as
S S S S S S S S
tAT
1 T . ) ) . ) )
= ZE/ (|1Ps =PI +1Q0 = QP + 1K — Kt *)e™Pds
t

AT
.

iz [ R pipe s v [ |- P e s
t

AT tAT

1 T . . . .
+3E [ Q8= QU I - K s,
t

AT
we deduce

E|PiL — Py PPe=? + (6 — 120)E / Pt piPe s

tAT

VB [ j0it - QuPe s + B [ KT - e s
t

AT tAT
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1 ! ‘ i— i i —Bs
< 3B [ Q- QU K - K P eds
tAT

1 o
+ (— + 3u)]E/ |Pi — P71 2e7Peds.
4 tAT

Now choose 8 =121 + %ﬂ, and define ¢ = 1*—212&

,
E|P; = Pip, e + E/ (@ P = PP +1Q0 = QU + | K = K|?)e7*ds

tAT

1 T i i i i i i —Bs

<GB [ @R P 41Q) - QU K] - K
tAT

It follows immediately that

B[ @RI - PP IQE - QU o 5T - KiPeas
t

AT

1 T ) ) . ) . )
< 5B [ @RI PP 1Q) - QU K] - K e
t

AT
and {(P},Q%, K})}izo,1,... is a Cauchy sequence in S%([0, 7]; R™) x M2(0, 7; R"*4) x FZ (0, 7; R"),
and that

{(P, Qu, Ki)} = ili{&{(Ptia Qza KZ)}
solves (2.1). The proof of Theorem 3.1 is completed.

The next theorem is the main result of this section, which generalizes the result of Theorem
3.1 to the case where f is continuous but not Lipschitz continuous.

Theorem 3.2 Under the assumptions (H1)-(H4), BDSDEP (2.1) has a unique solution
(P, Qu, Ky).

Proof Uniqueness Let (P!, Q! K}) and (P2,Q?, K2) be two solutions to (2.1). Applying
Ito’s formula to | P! — P2|%, we obtain

B(1Ph — PoP+ [ 101 - QiPas+ [ K- K2)Pas)

tAT AT

:2E/ <P3—P3,f(s,Pg1, .ivK;)_f(saPEv E,KE»(‘IS
t

AT

+E / lg(s, PL, QLK) — g(s, P2, Q% K2)ds
t

AT

< 2/AE/ (p(1P; = PZI?) + [P = P2|(1Qs — Q3 + 1K — KZ||))ds
t

AT

+uB [ (P = P2+ P = P2I(1Q} - @21 + KL - K3y
t

AT

From (H4), we have
1 (7 L[
X, =E(|Pt&T—PEAT|2+—/ Qs —Q§|2ds+—/ |K! = K2|%s)
2 Jinr 2 Jinr

<uE [ @p(P} = P2+ 111P) - P2P)ds
t

AT

T
< 11#/ p1(Xs)ds,
t
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where p1(u) = 2p(u) + 16u.
By the Bahari’s inequality, we obtain
B(1Ph, — A+ [ 1Qh - QPds [ K- K2ds) =0
tAT tAT

for all t € [0,T7.
It implies that for all ¢ € [0, T,

E[P., - PA,?=0, E / Q! - Q%Pds=0, E / | K — K2)%ds = 0.

Existence For simplicity, we assume that fo = 0. (In the case fo # 0, we can just smooth
out fi and proceed as follows.) Let us smooth out f to get f™, i.e., let

fm(tapanK) = / f(t7P - m_1ﬁ7Q - m_laa K)J(ﬁ7§)dﬁd§a

Rn+nx1
where J(P, Q) = J1(P)J2(Q) and J;(P) is defined for all P € R™,

_ Jeoexp(=(1—|PP*)71), as|P| <1,
Ji(P) = {0, otherwise,

such that the constant ¢q satisfies fRn Ji(z)dx = 1. J3(Q) is similarly defined for any Q € R™*,
It is easy to check that

|fm(ta7P17Q1;Kl) - fm(t7P27Q27K2)| S Cm/'[/(|P1 - P2| + |Q1 - QQ' + ||Kl - KQH))

as (P, Q;, K;) € R" x R4 x L?\(,)(R"), i =1,2. Hence by Theorem 3.1, foreach m =1,2,--- |

there exists a unique solution (P;™, Q7", K;™) to solve the following BDSDEP:

S / (s, P QL K™ds + / o(s, P, Q™ K™) dB,
tAT

tAT

_ /t:j@gldwg_ /MTT /Z K™(2)N(dzds). (3.2)

Applying Itd’s formula to |P/™ — Ptj|2, we have

P PPt / QT — QIPds + / |7 — K|Pds
tAT tAT
:2/M (P — P, f™(s, P, QK™ — fi(s, P, QI K7))ds

+ / lg(s, P2, Q7 K™) — g(s, P, QY K9 2ds — 2 / (P~ PIQT — QI)aW,
t

AT tAT

+2/ (P — P _g(s, P, Q™ K™) — g(s, P, QJ, K9)) dB,
t

AT

- 2/ / (P — PI, K™ — KI)N(dzds)
tANT J Z

5
=> L.
i=1
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Note that

w2 (Prepl | (feP T PQE - m QKD
AT Rn+nxl

A

~ [(s, Pl = j 7P, QL - j7'Q. K1))J (P, Q)dPdQ )ds

m . 1\TS12

< ‘Lt/t/\T ~/]R77+77><l |P Pj ( —J )P| )
+ [P = Pl = (m™ = 7P x (1QF = @) — (m ™ = ;7)Q
+IIK?—Kz||>>u<s>+|m — 5 [Pl244(5)) (P, Q)dPdQds.

Since by Lemma 3.1 for all m,

E(Sup|Ptm|2+/ |QZ”|2dt—|—/ HK{”Hth) < Cr < o0.
t<t 0 0

Hence
B(1P - Pl [ 100 - QiPds + / K7~ Ki|Pds)
tA tAT
< CT /J’ +M / / E’l s/\‘r s/\‘r - (m_l _j_l)ﬁ|2)
Rn+nxl
+E|P, — P, *)J(P,Q)dPdQds + Cr(m™" +57").
Note that

P(2EIPI, — Pl 2 +2(m~" = j=)?[PP) < p(4Cr +2|PP2).
But by the assumption, it yields that
/mu%+mﬂ%aﬁ@mﬁ@gp@@way<m
Hence by Lemma 3.1 and by the Fatou lemma, it is easy to see that

timsup B[P, — P 2+ lmsupE [ QI = QU + [ K2~ K *)ds
tAT

m,j— 00 m,j— 00

T
< Cr(p® + ,u)/ pl(limsup 2E|PT . — PSJAT|2>ds
t

m,j— 00

where p1(u) = p(u) + u. By the Bahari’s inequality, we obtain

limsup B[P — PJ,|>=0 foralltel0,T]

m,j— 00

and

iimsupE [ (17~ Q2 + K7~ K[P)ds =

5] 00

These, together with the Burkholder-Davis-Gundy’s inequality, yield

lim E sup |[P"—P/>=0
m,j—00  0<t<r
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By the completeness of Banach space, we know that there exists a unique (P, Q, K) € S*([0, 7];
R™) x M2(0,7; R"*4) x FZ(0,7;R"), such that as m — oo,

E sup |P™— P? — 0, IE/ Q™ — Q4|*ds — 0, IE/ K™ — K|[*ds — 0.
0 0

0<t<r
Therefore, we can take a subsequence {my} of {m}, denote it by {m} again such that almost
surely for (t,w) € [0,T] x §,

(P, Q7" K[™) — (P, Qu, Ky), in R™ x R™ x Ly . (R™).

Hence, by the continuity of f in (P,Q, K), (H3), Lemma 3.1 and the Lebesgue domination
convergence theorem, we have that

E/ £ (s, P Q7 K™ — f(s, Pay Qu, Ko)|ds — 0, m — ox.
0

It is easy to check that (P, @), K) is a solution to (2.1) by taking the limit on both sides of (3.2).
The proof of Theorem 3.2 is completed.

4 Continuous Dependence for Solutions of BDSDEP

In this section, we discuss the continuous dependence for solutions to BDSDEP (2.1). By
the similar method in the proof of Theorems 3.1 and 3.2, we have the following theorem.

Theorem 4.1 Form = Oa ]-7 2; cer, We have
(1) fm = fm(t,p,q, ]{}) : [OvT] < R™ x R*%d « [2

A (R™) = R are Fy-measurable, such that
P-a.s.

(p, ™ (.., k) < p(®)( + [pl* + [pl (gl + [1E[D),

where p(t) has the property stated in (H3);
(ii) for all p1,pa € R™, q1,q2 € R™* Ky ko € Li(_)(R"), such that P-a.s.

<p1 — P2, fo(tapla q1, kl) - fo(t7p27 q2, k2)>
< u(®)(p(Ipr = p2) + 1 = p2(la1 — a2| + [[k1 — K2[])),
where p(-) has the property stated in (H4);

(iii) g™ = g™(t,p,q, k) : [0,T] x R™ x R"*4 x Li(.)(R”) — R are Fi-measurable, such
that P-a.s.

9™ (8, g, k)| < p(t),
9™ (t:p1, a1, k1) = g™ (.2, a2, k)P < () (Ip1 = p2l* + [p1 = p2l(Jar — g2l + [[k1 = Ka])),
where p(t) has the property stated in (H3);

(iv) lim suﬂg) fOT lf™(t,p,q, k) — fO(t,p,q, k)|>dt = 0,
m—00 pe n

qeR™ X4
2 n
keLy . (R™)
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. T
lim  sup [ 9" (t,p, 4, k) — ¢°(t, p, g, k)|*dt = 0;

m— 00 pE]Rn

qe]RnXd
2 n
kEL3 () (R™)

(v) €™ is Fr-measurable and
E|l¢™ — %2 =0, asm — oo, E[¢™]* < cc.

If (P, Q)" K[™) are solutions to the following BDSDEP: as 0 < s < T,

TNAT

fm(r, P, :”,K:”)dr—l—/ g™ (r, P, Q7 K" dB,

TAT

pp = |
AT SAT

T/\f' TNAT _
- / QrAw, — / / K" (z)N(dzdr), m=0,1,2,---,
s SAT Z

SAT

then for all 0 < s < T,

TNAT
tim 5 sup [P~ PP+ [ 0Q - QU + K - KP)ar) =0,

m—eo s<r<T AT
We also have other useful continuous dependence for solutions to BDSDEP as follows.

Theorem 4.2 For m=0,1,2,---, we have
(i) f™(t,p,q, k) are Fi-measurable, such that P-a.s.

[f™ (&0, g, k)| < Co(1+ [pl +[al + |[E[D),

where Cy < 0 is a constant;
(ii) Vp1,p2 € R™, q1,q2 € R™ ky ko € Li(.)(R"), such that

<p1 _anfm(taplaqhkl) _fm(t7p27q25k2)>
< u@®p(lpr — p2l*) + [p1 — p2l(lqr — q2| + ||[k1 — K2l]),

where p(t) has the property stated in (H3) and p(-) has the property stated in (H4);
(iii) the same as (iii) in Theorem 4.1;
(iv) lim f™(t,p,q,k) = fO(t,p,q, k), P-a.s., lim g™(t,p,q.k) = g°(t,p,q,k), P-a.s.;
(v) tr}rtle ;’)Zme as (v) in Theorem 4.1. e

Then the conclusion of Theorem 4.1 still holds.

5 The Probabilistic Interpretation of SPDIEs

The connection of BDSDEs and systems of second-order quasilinear SPDEs was observed
by Pardoux and Peng [8]. This can be regarded as a stochastic version of the well-known
Feynman-Kac formula which gives a probabilistic interpretation for second-order SPDEs of
parabolic types. Thereafter, this subject has attracted many mathematicians (refer to [1, 5, 10,
16]). In [5], the authors got a probabilistic interpretation for the solution to a semilinear SPDIE,
via BDSDEs with Lévy process for a fixed terminal time under the Lipschitzian assumption.
This section can be viewed as a continuation of such a theme, and will exploit the above theory
of BDSDEP with non-Lipschitzian coefficients and random terminal time in order to provide a
probabilistic formula for the solution to a quasilinear SPDIE.
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Let D be a bounded domain in R™ with the boundary 0D = S, D¢ = R™\ D.
First, consider the following forward SDE with Poisson jumps in R™ for any given (¢,z) €
[0,T] x D,

X, —x—l—/ brX)dr—i—/. o(r, X, )dW,
t

// (r_,X,_,2)N(dzdr), t<s<T, (5.1)
where
b:[0,T] xR™ = R™, o:[0,T] x R™ — R™  h:[0,T] xR™ x Z — R™.

It is known that, if the coefficients are less than linear increasing, and satisfy the Lipschitz
condition, then SDE (5.1) has a unique solution (see [12]).
Now for any (t,z) € [0,T] x D, let

r=r,=inf{s>t: X'*¢ D} and T=7,=T for inf{¢}.

Consider the following BDSDEP (for simplicity, denote X, = X5*):

T

P, = ®(X / s Xy, P Qu K )dr+/ o(r. X, Pr.Qr, K,) dB,

AT

/ Q.dW, —l—/ /K 2) dzdr) t<s<T, (5.2)
where

F0,TIxR™ x R" x R™ x L3 | (R") — R",
g:[0,T] x R™ x R" x R™*% x L% |(R") - R,
@:Rm—ﬂR".

Suppose that f(t,z, -, -, ) and g(¢,z, -, -, - ) satisfy the conditions in Theorem 3.2 uniformly
for t and z, and suppose that E|®(X,)[? < oo, then by Theorem 3.2, BDSDEP (5.2) has a
unique solution (P, Qs, K;) € S2([0, 7]; R™) x M2(0, 7; R™?) x FZ(0,7;R").
We now relate BDSDEP (5.2) to the following system of quasilinear second-order parabolic
SPDIE:
Lu(t,z)dt
= f(t,x,u(t,x), Vu(t,z)o(t,x),u(t,z + h(t,z, -)) — u(t,z))dt
+g(t,x,ult, x), Vult,2)o(t,0),u(t,z + h(t,z, -)) - u(t,z)) dB,, (5.3)
Y(t,x) € [0,T] x D,
u(T, x
u(t,x

=®(z), VreD,
pe =U(t,z), Y(T,z)=®(z)pe,

where u : Ry x R™ — R",
Lu1
Lu :

Lu,
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with
Luy(t,x)
8uk uk 1 & % 82uk
7) + 5 .;1(00 )ig () 5 ()

+/ (uk(t,x—l—h(t,x,z) —ug(t,z) — Zh txz (,a:))/\(dz), k=1,---,n.
z

Now assume that ¢ is uniformly non-degenerate, i.e., there exists a constant § > 0, such that

1 _
= Z oa*)ii(t,x)&& > BIE[P for all € € R™ and (t,x) € [0,T] x D,

l\D

where D = the closure of D. Hence, SPDIE (5.3) is a true quasilinear type equation.
We can assert that

Theorem 5.1 Under the above related conditions, b, o, h, f and g are of class C3, and ® is
of class C?. Suppose that SPDIE (5.3) has a unique solution u(t,z) € C12(Qx [0, T] x R™; R").
Then, for any given (t,z), u(t,x) has the following interpretation:
u(t,z) = Py, (5.4)
where Py is determined uniquely by (5.1) and (5.2).
Proof Applying It6’s formula to u(t, X¢) (see [12, Theorem 6]) on [s A T, 7], we obtain

u(r, X7) —u(s A7, Xopr)

:/ —(r, X, dr—i—/ ZbrX rX)d

AT

0%u
/ Vu(r, X, )o(r, X, )dW, —l—/ Z o0*)j(r, X;) 5‘x ax](r,X,«)dr

3,7=1

—I—/S T/Z(u(r, X, + h(r,X,, z)) — u(r, X)) N(dzdr)

- ou

i=1 ¢

(r, XT)) A(dz)dr.

Because u(t, z) satisfies SPDIE (5.3), it holds that
(I)(XT) - ’LL(S A T, Xs/\‘r)

= /T flr, Xe,u(r, X,), Vu(r, X, )o(r, Xp, u(r, X;)), u(r, X + h(r, Xy ) — u(r, X,))dr

+/ g(r, Xp,u(r, X)), Vu(r, X))o (r, Xp,u(r, X)),
SAT
w(r, Xy + h(r, Xo, ) — u(r, X,)) dB,

+ Vu(r, X,)g(r, X, )dW,

SAT

+/SAT/Z(U(T,Xr+h(r,XT,z))—u(r,X,,))N(dzdr).
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It is easy to check that (u(t, X:), Vu(t, X¢)o(t, X¢), u(t, X¢ + h(t, Xy, -)) — u(t, X¢)) coincides
with the unique solution of BDSDEP (5.2). It follows that

u(t,x) = P;.

The proof of Theorem 5.1 is completed.

Remark 5.1 (5.4) can be called as a stochastic Feynman-Kac formula for SPDIE (5.3),
which is a useful tool in the study of SPDIEs.

Acknowledgement The authors would like to thank the anonymous referees for their
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this paper.
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