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Maximal Dimension of Invariant Subspaces to
Systems of Nonlinear Evolution Equations*
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Abstract In this paper, the dimension of invariant subspaces admitted by nonlinear sys-
tems is estimated under certain conditions. It is shown that if the two-component nonlinear
vector differential operator F = (F', F?) with orders {ki,k2} (k1 > k2) preserves the in-
variant subspace W,il X Wﬁz (n1 > mn2), then n1 —na < ko, n1 < 2(k1 + k2) + 1, where
Wi, is the space generated by solutions of a linear ordinary differential equation of order
ng (¢ = 1,2). Several examples including the (141)-dimensional diffusion system and Itd’s
type, Drinfel’d-Sokolov-Wilson’s type and Whitham-Broer-Kaup’s type equations are pre-
sented to illustrate the result. Furthermore, the estimate of dimension for m-component
nonlinear systems is also given.
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Dynamical system
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1 Introduction

Symmetry related methods are powerful in the study of nonlinear partial differential equa-
tions (PDEs) (see [1-2]). Group-invariant solutions stemming from symmetries play important
roles in the study of their asymptotical behavior, blow up and geometric properties etc. These
solutions can also be used to justify the numerical scheme of solving PDEs. The invariant sub-
space method (see [3]) was found to be very effective in seeking for exact solutions of nonlinear
PDEs. Indeed, various invariant subspaces to a number of nonlinear evolution equations have
been obtained (see [3-6] and references therein). Recently, Galaktionov and Svirshchevskii [3]
provided a systematic approach to invariant subspaces of nonlinear evolution equations, and
they obtained many interesting exact solutions of nonlinear evolution equations in mechanics

and physics.
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Let us give a brief account of the invariant subspace method. Consider the (1 + 1)-

dimensional nonlinear evolution equation

Ut:F(J?,U/7UI,"' auk$)7 (11)
where F(z,u, Uy, - ,uk;) is a given sufficiently smooth function of its arguments and
&
ijzauj’ 3217’]{

Let
{fj(x) |.7: L2,--- 7n}

be a finite set of linearly independent functions and W,, denote their linear span

W, = L{fl(x),f2(x)’ T 7fn<x)}

The subspace W, is said to be invariant under the given operator F, namely, F is said to

preserve W, if F(W,,) C W,,, which means
F[YCify@)] = Y 05(C1, G )y @)
j=1 j=1

for any (C1,Cs,--- ,Cy) € R™. Tt follows that if the linear subspace W, is invariant with respect
to F', then (1.1) has an exact solution of the form

n

u(w, ) = C;(b) f(x),

j=1
where the coefficients {C}(t) | j = 1,2,--- ,n} satisfy the n-dimensional dynamical system
dC;(t )
d]t( ) =0 (C1(t),Ca(t), - ,Cu(t)), j=1,2,--- ,n.

Assume that the invariant subspace W), is defined as the space of solutions to a linear nth-order

ordinary differential equation (ODE)
Lyl = y™ + ap1(2)y" ™Y + - + a1 (2)y’ + ao(x)y = 0.
Then the invariant condition with respect to F' takes the form
L{F[u]] |ty = 0,

where [H] denotes the equation L{u] = 0 and its differential consequences with respect to .
It turns out that the invariant subspace method is related to the Lie-Backlund symmetry and
the conditional Lie-Backlund symmetry. Some other related approaches were given in [7-11].

By using the invariant subspace method, many different types of exact solutions to nonlinear
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PDEs can be obtained. For instance in [5], Galaktionov utilized the invariant subspace method
to obtain exact solutions to nonlinear evolution equations with quadratic nonlinearities. He

showed that exact solutions to the quasi-linear heat equations

ol

up = (u +eu=Fi[ul, u>0,abceR

can be constructed in the linear subspaces of polynomial or trigonometric form, which are
admitted by the spatial operator F[u]. Interestingly, the N-soliton solutions to integrable
equations such as the KdV equation, mKdV equation, nonlinear Schrédinger equation and sine-
Gordon equation derived by the Hirota’s bilinear method (see [12]) belong to a linear subspace
of exponential functions in the sense of change of variables (see [3]). The linear superposition
principle for constructing N-solitons of Hirota bilinear equations is related to the invariant
subspace method (see [13-14]).

The invariant subspace method was also utilized to construct exact solutions to nonlinear
systems. In [15], the authors performed a classification to the systems of nonlinear parabolic

equations

ur = [f(u, v)uy + p(u, v)vg], + 7(u,v),

v = [g(u, v)ug + q(u, v)vg], + s(u,v)

based on the invariant subspaces defined by linear ODEs. Furthermore, in [16], the nonlinear

systems of the form
Ut:]F[U}E (Fl[U]7F2[U]7"' 7Fm[U]) (1’2)

are considered, where

and
Fq[U}:Fq(x,u1,~~-,um,~~,u,1€,'~7u’,:”) (1.3)

are given sufficiently smooth functions. Throughout the paper, we use the notations

q_ & ul(x,t)

ud = ui(z,t), ul

j O ) q21a"'7m7.7:1727"'

Let W denote a new linear subspace
Wél X x Wi

where

Wi =L@, @ = { > cif@} a=1m
j=1
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and

are linearly independent. If the above vector operator F fulfills the condition

. 1 m 1 m
F:W,, X - xW" - W, x--xXW,

N ?

that is,
FUWh X x W = Wi qg=1,--,m
satisfies
PSS @ Y o)
j=m J=nm
:igﬁ(g{... ,07111,... ,om .. ,Cg:”)f]%x)’
j=1

then the vector operator F is said to admit the invariant subspaces W, or W is said to be
invariant under the given operator F.
If the subspace W is admitted by the vector operator F[U], then (1.2) possesses the exact

solution of the form
ul = ZCg(t)ff(m), g=1,---,m
j=1

with C]q (t) satisfying the following system of ODEs:

dci(t)
dt

:qlg(cll(t)a ’07111(75)7"'0?1(7&)7"' Co (t))’ J=Lng qg=1--,m.

Assume that
Wi = L{fi (), £, ()}
is generated by solutions to the linear n4th-order ODE
Ly,] = ylra) + aiq,l(w)yé’”*l) + - +af(@)y, +ad(z)y, =0, ¢g=1,---,m. (1.4)

It follows that the invariant condition for the subspace W with respect to [F is

LUFNU g0 A#.) =0, g=1,-+-,m, (1.5)

where we denote by [H,| the equation L7[u9] = 0 and its differential consequences with respect
to .
The estimate of dimension for invariant subspaces of nonlinear systems plays an important

role in the approach. Once the maximal dimension of invariant subspaces is determined, we are
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able to provide a complete classification to the equation and obtain the corresponding exact
solutions to the equations under consideration. The problem of maximal dimension of invariant
subspaces was firstly posed and solved for the scalar case in [3]. For the scalar case, the maximal
dimension of invariant subspaces is not greater than 2k + 1, where k is the order of the operator
F in (1.1). For the m-component nonlinear system (1.2) with (1.3) under certain conditions

(see [16]), the dimension of invariant subspace

W=Wp x--x W np<ng<-- <y,

Nm?

satisfies
N1 —n; <k, t=1--- m—1n, <2mk+ 1.

Now a question arises: What is the maximal dimension of the invariant subspaces corresponding

to the following more generalized vector operator F[U]:
FU] = Fi(z,u', - u™, - up - ,uzz), g=1,---,m? (1.6)

In this paper, we estimate the dimension of invariant subspaces admitted by nonlinear
systems with different orders. The outline of this paper is as follows. In Section 2, we show
that if a two-component nonlinear vector operator F[U] with orders k1 > ko satisfies certain

conditions and admits the invariant subspace

W=W! x W?

ni no? ni Z n2,

then
nl—nggkg, ni1 SQ(k’l +k2)+1

A brief proof for m-component case will be given in Appendix. In Section 3, we provide some
examples for m = 2 to illustrate the application of the estimate. Section 4 presents some

conclusive remarks on this work.

2 Estimate of Dimension for Nonlinear Systems

In this section, we estimate the dimension of invariant subspaces W admitted by the two-

component nonlinear system

u%:Fl(x,ul,u2,~~~,u,lﬁ,uil), (2 1)
uf = F?(z,u,u?, - ,u}w,ué),

where the operators F'! and F? are respectively the k;th order and koth order operators, namely,
1 \2 132
(Fyp )™+ (Fys )" #0,

(F2, )+ (F% 2 #0 22
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That the vector operator F = (F!, F2) is really coupled means
(Fua)® + (Fo)* + -+ (F2 )2 #0,
1

(F2,)% + (2 4 (F2, )2 40, 23

The vector operator F = (F!, F?) is a nonlinear vector differential operator, i.e., for some
i0,j0,lo €{1,2}, po, g0 €{0,1,- -+ , ki, }, there holds
OF o
udy Ouly

Without loss of generality, we assume that

£0. (2.4)

k1 > ko.

If a nonlinear vector operator preserves the invariant subspace W specified in the introduction
and each component of W belongs to a different scalar subspace, then we have the following

theorem.

Theorem 2.1 Let F = (F1, F?) be a vector operator with assumptions (2.2)~(2.4), k1 > ko.
If the operator F admits the invariant subspace Wﬁl X Wﬁg (n1 > ng > 0), then there hold

ny — N9 S k?g, n1 S 2(k1+k2)—|—1 (25)
Proof We prove the theorem following the lines of the proof of Theorem 1 in [16]. We first

prove

ny —ng < ko
by contradiction. Assume that
ny —ng > kQ, i.e., np>ng+ ko

and F preserves the invariant subspace W, x W2 defined by (1.4). Then the following identities

D"F' = —lay, _(z)D"'F' + -+ aj(x)DF" + ag(x)F'], (2.6)
D™F? =—[a} _ (x)D"™ 'F* + .- + af(z)DF?* + aj(z) F?] (2.7)
hold on the solution manifold (1.4). Differentiating F*(x,u",u?,--- ,u) ,uf ) with respect to z

and keeping the leading linear and quadratic terms yield

2 .
. ; OF"
pF =S w0
itl o j ’
= Oy,
2 . 2 .
. ; OF" , O F?
D°F =) ul o=+ Y Ul U g
kit2 g g kit 18kt g 7o 0
i=1 Uk, ji=1 Uy, OUy,
2 i 2 2 i
S i g OF i OFF
D°F* = Uy, — + 3 Uy QU 4 —
ki+3 auj ki+2%ki+ 871/] 8Ul
j=1 k; gil=1 ki ki
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Here D denotes the operator of total derivatives with respect to . By induction, for any p > 4,

we have

2

; [(51-1
7 or" s,.7 l
TR SIS (O SECT IS
s=1

Jj=1 J,l=1

OF ] . (2.8)

l
+’VC k +p—[3 U ki"‘[%]) 8’1% 6u§€

where [£] denotes its integer part, and v = % for p even, v = 1 for p odd. In particular, for
p =ng and ¢ = 2, we have

72

2 2
na 2 l
D™F Z k2+7128 Z |:< Z n2uk2+n2 sUkoy+s
J,l=1 s=1

=1
0% F? }

j l
+'ch2 k tno—[22] %R+ 22 ]) 8uj 8uk (2.9)
2

Note that the term containing the derivative of u! with the maximal order ks + na(< ny) only
appears in D™ F? and does not appear in the derivatives DPF2, p < ny. Taking into account

(2.9) and using (2.7), equating the coefficients of uy__, with zero implies that

OF?

ui =0
U,

In a similar way to the above computation, we have

OF*?

I o
au}c?_l

By induction, it follows that

OF?

71_07 i=0,1, 7k2a

Ou;
which implies that F does not depend on uj (j = 0,1,- - , k). This contradicts the assumption
(2.3).

Next, we prove

ny S 2(k1 +k2) +1

by contradiction, that is, we have
ny > 2(]91 + kQ) +1, ie., ng> 2(k1 + kz) + 2.
By n1 — no < ko, we get

ng > 2k +k2+1, ie., ng> 2k + ko + 2.
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The sum in the square brackets in (2.9) is composed of the quadratic summands that exhibit

the maximal total order of both derivatives
(k2+n2—s)+(k2+s) = 2ks + no.

Keeping in (2.9) only the quadratical terms containing at least one derivative of the order not

less than ny — 1 gives

2 [

; 0%F?
D2 — Z {Z asufcﬁm_suﬁﬁﬁsij l } e (2.10)
=1 s=1 Duy, Oy,
J5t= 5= 2 2
where
n na
Oés:Cngv 321’27"'7{?2}717 CV["’TZ]:PYC’T[LQ2 :
By (1.4), “im—k for k > 0 can be linearly expressed in terms of u;ﬁl, coyub, i =1,2. Keeping
in the square brackets in (2.10) the terms containing ufm_l, we have
) 2 ) . 922
D™ B4 —= Z |:O[k2+1u'312_1’u2k2+1 ﬁ} (211)
j =1 Oy, Ouy,
Js 2 2

Clearly,
ng—1<mn;,, 2k+1<n;, =12

There exist the following quadratical terms in (2.11) of the maximal total order 2ks + ns:

. 92 F?
J l L -
kg1 Uy 1 Ugg, 41 T 7, 0=1,2.

8ui2 Ouy,,
It is easy to see that such terms do not appear in the derivatives DPF? (p < ny). In order to
make (2.7) valid, we should set
ﬂ =0, jl=1,2.
duy, dul,
Similarly, by induction, we get
0?F?

J Gyl
Qupou,

:07 j7l€{1,2}, pvqe{ovlv"'7k2}v

which implies that F? depends on uf; (1=12, p=0,1,--- ,k;) linearly.

Furthermore, for F', we have

2 oF! 2 -1
Ll j s j l
D™E = Zuil+nla 7t Z [( Z Oy Uy 4y —s Uk s
j=1 Uy ji=1 s=1
2 1
[, 5 ! ) O°F } ,
+YCnE oo il , (2.12)
1 1
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which can be written as

2 k1+ka+1

, 92F!
DU = ]',12:1 [ ; 58“’i1+n175“21+sm +o (2.13)
where
Bs=Cp,, s=12,-- k1 +ko
and
Chithatl o if ny > 2(ky + ko) + 2,
Bz = %Cﬁ;*k”l, if ny = 2(ky + ko) + 2.
Clearly,

ng—ko—1<mn;, 2ki+ke+1<n;, 1=12.
Note that the quadratical terms in (2.13) with the maximal total order 2k + n; are

82F1

_or =12
aufﬂ@ufﬂ

j !
Bher ko +1Un, gy 1 Uk, 4k 1

It is easy to see that such terms do not appear in the derivatives DPF! (p < n1). In order to
make (2.6) valid, we should set
O*F!
ﬁ = O7 j,l == 1, 2
Ouy, Ouy,
Similarly, by induction, it follows that

0’ F1

J Gyl
Qupouy,

207 j7l6{172}> p7q€{0717"'7k1}a
which implies that F' depends on ), (j = 1,2, p=0,1,--- , k;) linearly.
This completes the proof of Theorem 2.1.

Theorem 2.2 Let F[U] be a nonlinear vector operator (1.6) with different orders. Assume

that
k1> ke > > ky >0, (2.14)

and there exist some | € {0,1,--- ,k;}, q € {io,--- ,m} and j € {1,--- ,ig — 1} such that

OF1
au{

#0. (2.15)
If the nonlinear operator F[U] admits the invariant subspace

1 m
Wy, x - x W
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with
Ny >nNg >+ >Ny >0, (2.16)

then we have the following estimate:

m
ni_1—n; <k 1=2,---,m, n1§22kj—|—1. (2.17)
j=1

The proof for Theorem 2.2 is similar to that of Theorem 2.1. We will prove Theorem 2.2 in

Appendix to make the article more readable.

3 Invariant Subspaces Defined by Linear ODEs

In this section, we present several examples including the (141)-dimensional diffusion system
and It6’s type equation, Drinfel’d-Sokolov-Wilson’s type equation and Whitham-Broer-Kaup
type’s equation (see [3, 17-19]) to illustrate how to obtain invariant subspaces and construct

exact solutions to a given nonlinear system (2.1) by using the above results.

Example 3.1 (1+1)-dimensional diffusion system.

Consider the following two-component nonlinear diffusion system:

up = (ug + fovg)s + gv?,
(3.1)
VUt = Uy + PU + qU,

where the constant coefficients f and g are not simultaneously equal to zero. Theorem 2.1

implies that to give a full description of the above system admitting an invariant subspace

W, x W2, defined by (1.4) with constant coefficients, it suffices to consider the cases for

(n1,n2):
{(2,2), (3,2), (3,3), (4,3), (4,4), (54), (55), (6,5), (6,6), (7.6), (7,7)}.
First, for the invariant subspace W, x W3 defined by
Lily] =y" + a1y’ + aoy = 0

and

Lylz) = 2"+ b12" +bpz = 0,

we have the corresponding invariant criteria

(D*F + a1 DF + aoF)|m, 1 #,) = 0,
(D*G + b1 DG + boG)| (1,1 #12) = O,
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where

171

F = (ug + fovg), + guv?,

G = uyz + pu + qu.

After substituting the expressions of F' and G into the above equations and replacing g,

and vy, respectively by —aju, — apu and —bjv, — bgv, we have the following equations:
TF02 +aof + 29 — 4fbo — 3ay fby =0,
12fb1by — agfby — 4ay fbo + 2a19 — fb3 — 2gby + ay fb3 = 0,

4fb3 + aog — fbibo + a1 fbrbo — ao fbo — 2gbo =0, (3.2)
a% —pay —ag + b1p + by — bra; =0,
arag — pag — biag + bop = 0.
Solving the system, we arrive at the following classification result:
ug = (uz + fovg)z, Lilyl=vy" +py =0, 53)
Ve = Uy +pu+qu, Lolz] =2" =0; '
. fp2 2 o ’_
Uy = (um+fvvm)m ?U ) Ll[y] =y " +py =0, (3 4)
V¢ = Ug + PU + qU, L2[Z]:Z”+§z':0;
up = (ug + fovg)e — 2f030%,  Lilyl = y" + by’ =0, (3.5)
vt = Uy + pu + qu, Lolz] = 2" + b12' = 0; '
up = (ug + fovg)e — Qfa%vz, Lilyl = y" + a1y’ =0, (3.6)
v = Uy + qU, Lolz] = 2" — a2z = 0; .
2 3 2
w =t fou)s — 202 L=y + 2y Dy =,
18 2 22 (3.7)
vy = Ug + pu + qu, Lg[z]—z”—i-gz’—p—z:o;
3 12
/! 3 / p2
ur = (g + fovg)e, Lify]l =y +?y +7y:0, 3 8)
ve =uz +pu+qu, Lozl =2"+ gz’ = 0;
9fp? 3 2
up = (Uy + fovg)s — L o, Lyl =y + 2y + Py =0,
3 2 '
vt = Uy + pu+ qu, Lo[z] z”+zpz’+%z—0;
8fp? 5 2p?
Uy = (uac + fvvm)m - Jp ,U2’ Ly [y] = yll + £y/ =+ Ly =0,
9 3 3 (3.10)
5 .

Vg = Uy + PU + qU,

2
Lo[z] = 2" + p2’ + %z =0;
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2 5 2
up = (ug + fvvw):r fiUQ» Ll[y] =y + 7pyl - pfﬂ =0,
_ _ o, P, D

v = Uz + pu + qu, Lozl =2 +3z 157 = 0;

94287/ 7081 — 4851733 , 5 o
up = (g + fove)s 2039184 o,

269 + /7081 31+ /7081
Lilyl = y" + Py + P’y =0,
238 238 (3.12)

Ut = Ug + pU + qU,

5(275—/7081) ,  106y/7081 — 5129 ,

Lofe] = 2"+ 1428 bz = 42483 prz=1
4o + fous) 54287/T081 + 4851733,
Ut = (Uyg VUg )y — s
¢ 2039184 p
Ll = o+ 290 \/708 4B VST 5
W=y 238 YT (3.13)
UV = Uy +pu+qva
. 5(275+/7081) ,  106+/7081 4 5129 .
Lofs] = 2"+ 1428 bz = 42483 p==

By a similar calculation, we can give a description of the nonlinear operator F = (F,G)

admitting the corresponding invariant subspaces in other cases.

Case Wi x W2

ur = (ug + fovg), +gv?, Lily] =y + 3biy" + 2b3y' = 0,

3.14
v = Uy + 2b1u + qu, Lolz] = 2" + b12' = 0; ( )
up = (ug + fovg)e — 20707, Lily] =y + asy” + (a2by — 0})y’ = 0, (3.15)
vy = ug + (a2 — by)u + qu, Loz = 2"+ b2 =0 '
81b? 1152 203
wr = (g fov)e — T2 Lyfy) =y 4 2y + Sy P
9 o3 9 9 (3.16)
vy = Ug + biu + qu, Lo|z] :z”—i—blz’-l-?lzzo;
b2 9p2 0b3
uy = (Up + fo05)0 — %UQ, Lilyl =y + 4byy" + le’ — le =0,
2 (3.17)
v = Uy + 3biu + qu, Ls[7] :z”—i—blz’—TlZZO;
f . b, 145% , 8b3
up = (Ug + fovg)s — 7 2, Lilyl=vy" + 3y +Ty_77y_0’
) (3.18)

4b 2b
vt:ul—k?lu—kqv, LQ[Z]:ZI/+b1Z/+?IZ:O;
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up = (ug + fovg)e +2fbov?,  Lily] = ¢ +boy' = 0,
vy = Uy + qU, Lo[z] = 2" + boz = 0.
Case Wi x W2
ur = (g + fovg)e + 2fa1v?, Lify]l =" + a1y =0,
vy = Uy + pu + qu, Loz = 2" +a12 =0.
Case W] x W2

up = (ug + fovg)s +2fb10?, Lily] =y + agy” + biy” + azbyy’ =0,

Ut :ugg—|—a,3u-{—qv7 L2[z] :Z/I/+blz/ :0;
b2 b2 b3
u = (up + fovg)e — U202, Lify] = y@ + 2boy" + 52y + 2y =0,
2
Vi = Uy + bou + qu, Lg[z] = 2" 4 by + %2/ =0;

= (U + fov,)s — 2802, Lyfy] = y® + dboy + 2oy — Wayr — g,

2
vt = Uy + 3bou + qu, Lolz] = 2" + by2" — ?’%z’ = 0;
2 2 3
up = (g + fove)e — G202, Lify = y@ + T2y + 192y + T2y =0,
2
vt:ux—i—%u—i—qv, Lo[7] :z”’—i—bgz”—i—%z’zo.
Case Wi x W2
Uy = (uz + fvvz)za Ll[y} = y(5) = 07
vy = Uy + qU, Ly[z] = 2 = 0.

173

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Similarly, for other equations, we can get the following results by using Theorem 2.1. There

exist more systematical solutions of the above kind, for example, complexiton solutions, to

nonlinear evolution equations including typical soliton equations (see [14]).

Example 3.2 Itd’s type equation
U = —Uppy — 3(1“))307 Ll[y] — y/// =0,

Vg = Ug, Lg[z] = =

v = —Ulg, Lozl = 2" =0

Uy = 2g’U’U1$ — JUUg — PUgax, Ll [y] = y/l + %y =Y,
V= —Uly, Lo[z] = 2" + boz =

Example 3.4 Whitham-Broer-Kaup’s type equation

|
Qﬁ\

|
=)

Uy = fua:a: — GUgga — (Uv)z7 Ll[y

V= —VU; — Up — [Usa, Lylz] =2" =0.

(3.26)

(3.27)

(3.28)

(3.29)
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Next, we give two examples to illustrate how to construct exact solutions to corresponding

nonlinear systems. Firstly, we consider the system in (3.16)

U = (g +00g)z — 507, Lafyl =y +2y" + Yy + 2y =0,

) (3.30)
Ve = Uy + U+ v, Lozl = 2" +2' 4+ 52=0.
From
Lily) =0 and Ls[z] =0,
we get the invariant subspace
Wi x W2 =L{e 5% e 3% e™%} x L{e 5% o757},
Hence, we get an exact solution of the form
u=Cy(t)e 3% + Cy(t)e 3% + C3(t)e 2, aa)
3.31
v = Dy (t)e” 3% 4+ Dy(t)e 3.
Substituting the solution into (3.30), we have the following dynamical system:
Ch 4 2 7
Cr=-—, Cy=-Cy—=-D3? Ch=Cs— DDy,
17 27977 3Tl T s g
2 C
D, =2C,+Dy, Dy=-=2+4D,.
3 3
Solving this system, we obtain the exact solution (3.31) with
01 = cleé,
27 5 2 3 1 3 4
Cy = EC%egt + 501026?% - ;cge% + Cse§t,
81 5 2, 459 2, 129 10, 63 4
3 = (1—286:1)’63 st 50%62€9t - 4—0c1c§e ot 4 %61636 ol
1 ¢ 1 21 7
+ chc4e§ + TSCgGQt + %0203€%t — §CQC4et + c5>et,
3
Dy = (02 — icle_%t)et,
9 ¢ 81 1 3
Dy = (5610265 — Ec?e*%t — ?cget — 303e*gt + 04)et,
where ¢; (j =1,---,5) are arbitrary constants.
Furthermore, we consider the system from (3.19)
w = (ug +005)s +20%, Lyl =y" +y' =0,
v o (3.32)

vy = Uy + 0, Lo[z] = 2"+ 2z =0.

From L;[y] = 0 and Ls[z] = 0, we get the invariant subspace

W3 x Wi = L{1, cosz,sinz} x L{cosz,sinz}.
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Thus, we obtain an exact solution of the form

u = Cy(t) + Ca(t)cosr + Cs(t)sinz,

(3.33)
v = Dy (t)cosz + Ds(t)sinz.

Substituting the solution into (3.32), we arrive at the following dynamical system:

Cy=D?+4+ D2 Ch=-Cy Ch=-Cs,
D) =Cs+ Dy, Dj=Dy—Cs.

Solving the system, we obtain the exact solution (3.33) with

1 1
Cy = f(ci + c%)ezt - f(c% + cg)e_% + (c1e4 — c2c3)t + c5,

2 8
Cy = cie !,
Cy = coe™ !,
S P
D1 =cze’ — —coe™ ",
2
Lo t
Dy = icle + cq€”,
where c;, j =1,---,5, are arbitrary constants.

4 Concluding Remarks

In this paper, the dimension of invariant subspaces admitted by systems of nonlinear PDEs
is estimated. It is shown that if the two-component nonlinear operators (F'!, F?) with orders
{k1,k2} (k1 > ko) satisfy certain conditions (2.2)-(2.4) and admit the invariant subspace W1 x
W2 (ny > ng) defined by (1.4), then

ny—ng <k and n; < 2(k51 —l—k’g) + 1.

The maximal dimension for the m-component vector operators is also determined. The invariant
subspaces determined by linear ODEs for some nonlinear systems are presented.

At the end of this paper, we would like to pose two questions regarding this work. One is how
to describe the invariant subspace W = {1,271, ... | aJm} where j;—j;_1 =7, r € Z and how to
classify the scalar equation (1.1) admitting such an invariant subspace. The other one is how to
determine such an invariant subspace for m-component systems, namely, W = W,%l X x Wi
where W} = {1, .- &'}, ij —ij_y =1, 2 < j <mny r; €Z It is of interest to extend

the approach in this paper to studying nonlinear evolution differential-difference equations.
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Appendix The proof of Theorem 2.2

First, we note that if the nonlinear operator F[U] admits the invariant subspace Wﬁl X X

W, , then the following identities
D"F? = —[a! _,(2)D" ' FU4 -+ al(@)DF! 4 al(2)F7], q=1l---.m (A

hold on the solution manifold (1.4).
Now we prove (2.17) by contradiction. Assume that there exists an ig € {2,--- ,m} such

that

Nig—1 — Niy > Kig

Then
Ny >Ng > - > Nyg—1 > Ny, + ki,
Differentiating F'4(z,ut,--- ,u™,- - ,u}eq, e ,u’&) and keeping the leading linear and quadratic

terms yield

(na]-1
" j ul
Dqu_Zuk+nqa +Z[(Z qk+n—sk+s
kq 7,l=1 s=1
9*F1
l R — . — 9 e
+WC” k+nq [Tq]uqurTq)@uk 8%} . q=1lg, - ,m.
Clearly,
kg tng <mj, G=1,---io—1, g=ig,---,m.

It follows from (A.1) that the term containing the derivative of u/ with the maximal order k,+n,
only appears in D™ F and does not appear in the derivatives DPF? (p < n,). Equating the

coefficients of uiq_Mq (j=1,---,ip — 1) with zero leads to

oF1
8u§€q

:Oa q:iof"amaj:la'“viofl'

Taking into account (A.1) and doing computation in a similar way as above, we find

=0, g=jig,---,m, j=1,--,ig—1.
ug, 1

By induction, we immediately have

oF1

3320’ l20717"'7kjaq:i07"'am7j:1a"'7i0_1-
u
l

This contradicts the assumption.
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Furthermore, by using the first formula in (2.17) we get
N > Ng — (K + k1 + -+ kgy1), ¢=1,---,m
and
ng>ny—(ka+ks+---+ky), ¢g=1,---,m.

m
Similarly, we verify the second formula n; <2 Y k; + 1 by contradiction. Assume that
j=1

ny>2Y ki41, de, m>2> ki+2.

j=1 j=1

It implies that
ng > 2k +ke+ -+ kg +2(kgr1+ -+ k) +2, g=2,---,m.

Notice that the sum in the square brackets in

mo (31 . 2 g
" — s ol z [, 3 z ) OF }
D" F9 =+ ;1 [( 1 quukq+nq—sukq+s +70nq uquran[qu]ukﬁ“[an] 8’&% aui
J5t= = q q

is composed of the quadratical terms that exhibit the maximal total order of both derivatives
(kg +nq —s) + (kg + s) = 2kq + ng.
For s = kg + kgy1 + -+ -+ ky, + 1, we have

kg+ng—s=ng— (kg1 +--+kn+1)<n,—-1<n;, j=1,---,m.

kq+s=2ks+ ko1 +--+kn+1<n, <n; j=1,---,m.

Thus, from (A.1), the terms
j I 0?F1
Oélcq+kq+1+---+km+1unq_(kq+1+...+km+1)Uqu+kq+1+-~+km+1W for j,l=1,---,m
Uy, Ouy,

do not appear in the derivatives DPF? (p < ng). In order for (A.1) to be valid, we must have

0%F1 )
——— =0, jil=1--,m
aukq aukq
In a similar way to the above computation, we find that the functions F4(U), ¢ =1,--- ,m are

linear in its all arguments.

This completes the proof of Theorem 2.2.



