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Abstract The authors generalize the Cauchy matrix approach to get exact solutions to the
lattice Boussinesg-type equations: lattice Boussinesq equation, lattice modified Boussinesq
equation and lattice Schwarzian Boussinesq equation. Some kinds of solutions including
soliton solutions, Jordan block solutions and mixed solutions are obtained.
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1 Introduction

Partial difference equation (PAE) has been a major research target for many decades, and
substantial progress has been made (see [1-9]). The lattice Boussinesq (BSQ)-type equations,
which are the second member of the so-called lattice Gelfand-Dikii type hierarchies (see [10]),
have attracted many researchers’ attention (see [11-13]). These equations can be presented in
the form of the 9-point equations on the two-dimensional lattice. For example, the lattice BSQ
equation (see [10]) is

»— ¢ P — ¢

p—q + Sn+1,m+1 — Sn,m+2 p—q + Sn4+2,m — Sn4+1,m+1

=(p—q+ Sn4+1,m — 5n7m+1)(2p +q = Snt2,m+1 T Sn,m)
- (p —q — Sn+2,m+1 T 3n+1,m+2)(2p +q— Spt2,m+2 + Sn,m-i-l)a (11)
in which s = s, ,, denotes the dependent variable of the lattice points labeled by (n,m) € Z2.

In (1.1), the p, g are continuous lattice parameters associated with the grid size in the directions

of the lattice given by the independent variables n and m, respectively. For the sake of clarity,
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we prefer to use a notation with lattice shifts denoted by

S =Sn,m = S = Snt+1,m;
S =Sn,m = S = Sn,m+1,

in terms of which we also have

o~
~ o~ =

§: Sn+1,m+1, 52 Sn4+2,m+1, ?: Sn+1,m+2> §: Sn+2m+2-
Besides the one-component forms, the lattice BSQ-type equations can also be described as
three-component and defined on an elementary square of the 2D lattice, having 3D consistency
(see [14-15]). Recently, some extended cases are also considered (see [16-18]).

So far, there are many methods which have been developed to solve the lattice equations,
such as direct linearization method (see [8-9, 14, 18]), Bécklund transformation (see [19-20]),
Inverse Scattering Transformation (see [21]), Hirota bilinear method (see [15, 17, 22-24]), and
so on. Recently, by using Cauchy matrix approach, Nijhoff et al. researched soliton solutions
and elliptic soliton solutions to the ABS lattice equations (see [25-26]). Based on [25], some
kinds of solutions to the ABS lattice equations are obtained by the generalized Cauchy matrix
approach (see [27]).

In the present paper, we will generalize Cauchy matrix approach to obtain some kinds of
solutions to lattice BSQ-type equations: lattice BSQ equation, lattice modified BSQ equation
and lattice Schwarzian BSQ equation. Firstly, we show a system of equations which is called
condition equations set (CES). From the CES, one can get the lattice BSQ-type equations
by introducing some objects and considering their dynamic relationships. Furthermore, the
equivalent form of the CES is derived. Finally, by solving the new CES, some exact solutions
including soliton solutions, Jordan block solutions and mixed solutions are obtained.

The paper is organized as follows. In Section 2, we give the CES, starting from which one
can derive the lattice BSQ-type equations. In Section 3, a new CES is obtained by taking
the canonical form of the coefficient matrix K in the original CES. Through solving the new
CES, some kinds of solutions besides solitons are obtained. Some remarks are listed in the final

section of the paper.

2 Generalized Cauchy Matrix Approach of Lattice Boussinesq-Type
Equations

2.1 Condition equation set and recurrence structure
Consider the following CES:

~wMK + KM =r'c, (2.1a)
(pI — K)r = (pI —wK)r, (qI — K)r=(qI —wK)r, (2.1b)

— o~

(pI —-K)M = (pI —wK)M, (¢gI-K)M = (qI —wK)M, (2.1c)
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where
W4w+1=0, pqgeC
are lattice parameters, I is the N x N unit matrix, K is an N x N complex matrix with

Det(K) # 0 and two arbitrary eigenvalues k;, k; satisfy
ki—wkj;é(), i,j=1,2,~'~,N.

M and r are an undetermined matrix and a column vector, respectively, and both of them
are dependent on n, m, while ‘e is a row vector independent of n, m. Here ‘c does not mean
transposition of ¢ but just a notation, transposition is represented by T.

Firstly, we discuss the dynamics of M. Taking ~-shift and . -shift of (2.1a), respectively,
and then by using (2.1c), we have

M(pI — wK) — (pI —wK)M =7 ‘c, (2.2a)

M(pI — w*K) — (pI — K)M = wr ‘c. (2.2b)
Replacing p by ¢, and ~-shift by ~-shift in (2.2), we obtain

M\(qI —wK) — (¢ —wK)M =7 "¢, (2.3a)

M (qI — W’K) — (qI — K)]\/I =wr e (2.3b)
(2.2) and (2.3) encode all the information on the dynamics of the matrix M, w.r.t. the discrete
variables n, m, in addition to (2.1a) which can be thought as the defining property of M.

Now we introduce the following objects involving the matrix M, from which we can get

solutions to the lattice BSQ-type equations:

u) = (I+ M) 'K'r, (2.4a)
tul) = te K9 (I + M), (2.4b)
S50 —teKI(I 4+ M) 'K'r (2.4c)

for i, j € Z. Obviously, the latter objects can also be written as
S0 — teR T () = t,0) Kip. (2.5)
However, they are not symmetric here, w.r.t. the interchange of i and j, i.e., S(9) £ §U:0)

which is different from the lattice KdV-type equations (see [25]).
Taking . -shift and ~-shift of (2.4a), respectively, and noting (2.2) and (2.5), we obtain

(pI — wK)u) = pa® — g+ 4 G0 7©) (2.6a)
3 2
[ TIw1 - K)a®] = [ T] (1 -/ E2) [u
j=2 j=1

+ wl[ﬁ(p—ijl)g(i’o)] . [ H (p—ijg)}u(O), (2.6b)

1 j=2 j=l+1

M
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where we have used equation (2.1a) and expression (2.5), and F;, Es are two operators defined
as

By 800) = §Ud+l) — pogy () = 41,
Similarly, we get

(¢ —wK)u® = qu® — g+ 4 gG070) (2.7a)

{jli[Q(qI —ij)}ﬁ(i) = [

e[S

(al ~ ' By)|u

Il
—

J
2

w [ﬁ (g — W E)S ZO)} . [ H (q—ijg)} u®), (2.7b)

j=l+1

+

Mm

~

1

These equations constitute the dynamics of u(*). Furthermore, by using (2.1a) and (2.4a), we

have the following algebraic relation:

2
Kol = a9 = 3 0§00y, (2.8)
7=0
The recurrence relations of S(i, ) listed below can be derived by multiplying (2.6) and (2.7)

from the left by the row vector ‘cK? and using expression (2.5),

pS(i,j) — WSt — pg(i,j) _ gli+1y) + S(i,o)g(oﬂ-)’ (2.92)
3 2
[ IIw- wkEl)g(i,j)} — [ e wkEg)S(i,j)}
k=2 k=1
2 2
+ ! [H p— w’“El)g“’O)} : [ 11 (p—wkEg)SW)], (2.9b)
=1 k=2 k=i+1
qS(d) — Uit — q§(i,j) _ §l+Lg) 4 S(i,c))g(o,j)7 (2.9¢)
3 2
[ H(q ~whEy)S ’J)} [ H (q — " E3) S(M)]
k=2 k=1
2 2
+D [H q- wkEl)S“’O)} : [ 11 (q—w’“Eg)S(O’”], (2.94)
=1 k=2 k=141

where we have introduced operator E3 defined as
E3S(i,j) = §li+L3)

2.2 Three-component lattice BSQ-type equations

In the following, we choose the values of i, j to obtain the three-component lattice BSQ-type
equations. Let

i=7j=0.
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Then (2.9) becomes

ps —wSOD = p3 — S0 4 S8, (2.10a
p2§+pw§(0’1) + u125(0,2) _ p23 —l—pS(l’O) + 5(2,0) — p3s — §S(1’O) _ wg(o’l)s, (

gs —wSOY = g5 — S0y 4 S8, (2.10c
7’5+ qwg(o’l) + w2502 — ¢*s + g8 4 520 _ g5s — 55(10) _ w§(0,1)57 (2.10d

with s = S99, From (2.10a) and (2.10c), it is easy to get the following two equations:

510 _ S0 — (p — g+ §—35)s — ps + g5, (2.11a)
w(SOD —FOVY — () — g +5—3)5 — ps + ¢5. (2.11b)

Let us focus on (2.10b) and (2.10d). By substraction, one can delete S>9); and to delete S(*:?)

from the remains, one can make use of (2.9a) and (2.9¢), where taking
i=1 and j=0.

Then after some algebra handling, we can reach

~(0,1)

3 3
2 P —q
wS  —SU = —pg+(p+q-3)p+a+s) -

— = 2.12
p—q+5—3 (2.12)
Equations (2.10a), (2.10c) and (2.12) are referred to as three-component lattice BSQ equations.

In a similar way to [12], we can consider the dynamic relations of the objects St=1)
S=Lh) g(=1-1) g2-1) §(-1.2) and so on, from which the three-component lattice modified

BSQ/Schwarzian BSQ equation can be obtained as

So83 = p(T —x), 8283 =q(T — ), (2.13a)
=R 3~ 2\,_/\ 30 2_ ~
58y = PEZDE D) —g (@ - 2)@ 2 T) (2.13b)
pq(T — )
with
= —w?SCh7h 4 g + %, so=w—+ SOV 5o = (S0 1), (2.14)

2.3 One-component lattice BSQ-type equations

From the above three-component lattice BSQ-type equations, one can easily get the one-
component forms. The one-component lattice BSQ equation (1.1) can be derived from equations

(2.11), (2.12) and the identity

~(0,1 -~ 0,1 ~ —~ ~ ~ ~
(wEJ’( - SOy (wS( - SHOY = (SO — Oy (0 _ g0y (2.15)
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In a similar way to [11] (see [12]), by removing z, s3 from (2.13), we get the one-component

lattice modified BSQ equation

= 9= = 2 9= e
52 S2 52 52 b S2 —q~S2  S2 b s2 —q"S2  S2
W(F-F)-d5-2) =t e (2.16)
pPS2 — sy 52 pS2 —qse 52

~
N

PE-DG-H-FG-DGE-F _G-nG-DE-5 )
PE-DE-D - E-DE-D G-n)G-DE-5)

3 Explicit Solutions of CES

In a similar way to [27], we just need to discuss general solutions to the CES (2.1) according
to the coefficient matrix K which takes canonical forms. We replace K by matrix I' which is

similar to K, i.e.,

K=T"'TT,
and then (2.1) becomes
—wMT +TM, =7r‘c,, (3.1a)
(pI —T)r1 = (pI —wIl)r1, (¢ —T)71 = (¢ — wI)ry, (3.1b)
(pI —T)M; = (pI — wD)M;, (qI — )My = (I —wT)M;, (3.1¢)
with
M, =TMT™ ", ri=Tr, 'c =t (3.2)

where we denote

= (plap27"' apN)T and tcl = (claCQa"' 7CN) with {Ci 7é O}

Now, we turn to (3.1). According to the new CES, we can define the following new objects:

ugi) = (I + M) 'T'ry, (3.3a)
tu) = te, V(I + My) Y, (3.3b)
S8 = te 9 (T + My) ' Tiry, (3.3¢)

which are related to (2.4) through
u® = Tflugi), tul) = tugj)T, S(3) = Sy’j). (3.4)

Obviously,

Sii’j) — tcll—\jugi) _ tugj)l—\i,rl
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and objects S(7) and Sfi’j) lead to the same solutions to the lattice BSQ-type equations.

In the following we show the solutions related to T'.

Since the equation (3.1c) can be deduced from (3.1a) and (3.1b) (see [27]), in the following,
we just give explicit expressions of  and M in the equations (3.1a) and (3.1b), where I' takes
different canonical forms of the N x N constant matrix K, which corresponds to K having
different kinds of eigenvalues.

Case 1
I‘:F[D;N] :Diag(kl,k2,~-~ ,]CN), ki—wkjyéO (i,j=1,2,"' 7]\/v), (35)

where {k;} are distinct complex numbers and {k; —wk; # 0}. In this case, r in (3.1b) is given

by

o= ppnIy, IV =(1,1,---, D, (3.6a)
. p—wki\"/q— wk;\™
pp;n) = Diag(p1, p2,--- ,pN),  pi = ( p—k ) ( q— ks ) P?a (3.6b)

where {p;} are the plane-wave factors and {p?} are complex constants. Note that
T
ter = Iy Crpuy

with
Cip;n) = Diag(c1,c2,--- ,en),

and then M, in (3.1a) can be expressed as

1

el IR (3.7)

M = pip;n)G ;N Cipiny, - Gioivy = (

Obviously, Gp;n) is a Cauchy matrix. In this case, the corresponding solutions S(i, j) generate
soliton solutions.

Case 2 Jordan-block solutions can be got by taking

kk 0 O 0 0
1 kK 0 -~ 0 0
0 0 0 -+ 1 Kk N
where k1 # 0 is a complex number.
A special solution of 1 in (3.1b) is easily given by
ri=punIy, IY = (1,0, 00, (3.9a)
o1 0 0 e 0
i o 0 - 0
o ) e 0 () i
puNy = | 2 1 . P = 0,1, (3.9b)
pEN.—l) p(N.—Q) p(N‘—S)

N=DT (N=2 (N=3T Pl
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with p; defined by (3.6b). In order to obtain the explicit expression of M, we rewrite

‘er =17 Cu

with
C1 e CN—2 CN—-1 CN
Co s CN—-1 CN 0
C[J;N] =1 - CN 0 0 (3.10)
cCN v 0 0 0
and let

M, = ppy;nGrin Clsng:

Then (3.1a) becomes
_OJG[J;N]I‘T + ]‘-‘G[LN] = ](\?)I](\?)T (311)

Denote
G[J§N] = (Grlr7 va Tt 7G%)Tﬂ

i.e., Gj is the j-th row vector of G;,n). Then from (3.11), we obtain the following system of

equations:

—wGer + kG = IJ(\?)T, (3.123)
~wG; T+ G-, + k1G; =(0,0,0,---,0), j=2,3,---,N. (3.12b)

Through iteration calculation, we have
G = (-1 TP (ky Iy —wTT) 9, j=1,2,3,--- N. (3.13)

Furthermore, taking the j-th derivative of (3.12a) w.r.t. k1 and comparing it with (3.12b), we

obtain )
9, G1
o= i
Now we define
rkf]](kl) = Ary, MJ[{r]](k’l) =AM, (3.14)

where A is an arbitrary N-order lower triangular Toeplitz matrix (commuting with a Jordan
block (see [28-29]). In a similar way to [29], one can prove that r%] (k1) and M][\‘,]](kl) give
explicit expressions for all solutions to the CES (3.1) when T' = T'( 7, nj(k1).

Remark 3.1 If we define

tel =tey A, e (k) = Ary, M (k) = AMA, (3.15)
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then it leads to the same solution as (3.14) for the arbitrariness of A.

Case 3 Here we consider T' in two mixed cases: (i) Diagonal-Jordan block; (ii) Jordan
block-Jordan block. The corresponding solutions are called mixed solutions.

Subcase 3.1
I'= Ffrln)] = Diag(Lp;ny1: T'rva) (kv 1)) N v (3.16)
which corresponds to the N-order matrix K have N; distinct complex eigenvalues kq, ko, - -,
kn, and Na complex eigenvalues kn, 11 ({ki — wk; # 0}).

Special solutions of ;1 and M in this case are easily given by

= Diag(p[D;N1]7 p[J;Ng])(I](\}BT7I](\?2)T>T7 (3173')
tey = (IVT, 1P7) - Diag(C, C 3.17b
c1 = Iy, Iy, ) Diag(Cip;n,}, Cliine))s (3.17b)
M1 = Diag(p[D;Nl], P[J;Ng]) . GE;”Z] . Diag(C[D;Nl],C[J;NQ]). (317C)
Decomposing anlj] to

G =" =, (3.18)

and taking it into (3.1a), we get

~wG T p.ny) + Tipvy G = 19T, (3.19a)
~wG T o + Ty Gl = IV IS, (3.19b)
_WGSEF[D;Nl] + F[J;NQ]G% = I[(\Z)I](\}I)T, (3.19¢)
*WG;%F[TJ;NQ] + I‘[J;NQ]GS% = Iz(\z)I](\?;T- (3.19d)

The solutions Gﬂ, Gg%%, Géli and G(ng can be expressed as

G| = (M)i’j_l’zymwl, (3.20a)
G = (G20, G0%5. - GYN)T, (3.20D)
Gy = (17 I (ki — W), G=1,2, Ny, (3.20¢)
G =156 GHL)T (3.20d)
Ggg;j - IJ(\Z)T(kJ’INz - wF[TJ;NZ])ila J=12,-- Ny, (3.20e)
Géli = (Ggi;u Ggi;za e ,GSLM), (3.20f)
G, = IV (~whiIn, + Th) ™' G=1,2, Ny (3.20g)

Explicit expressions for general solutions to the CES (3.1) when T

[m]

is (3.16) can be given by

r%j;‘]] = Diag(«/, A)r1, MJ[\?;J] = Diag(«, A) M1, (3:21)
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where &7 is an arbitrary Nj-order constant diagonal matrix and A is an arbitrary Ns-order
lower triangular Toeplitz matrix.
Subcase 3.2
I'= FE;)] = Diag(T'7;n,)(k1), Tring) (R2)) v v, (3.22)
which corresponds to the matrix K having N; complex eigenvalues k1 and N complex eigen-

values ko.

Special solutions of 71 and M in this case are easily given by

r1 = Diag(p(s,n,) p[J;NQ])(I](\?l)Tv Iz(\Z)T)Ta (3.23a)
tey = (TG, 1) )Diag(Cly.ny ), Claona)): (3.23b)
M, = Diag(p(s.n,] PI:N2)) - fon)] - Diag(Cs;ny), Cling))- (3.23¢)
Decomposing Gfi)] to

G =" =, (3.24)

and taking it into (3.1a), we get a system of equations similar to (3.19). The solutions G’fi,

G%, GQ and Gé2% can be expressed as

G = (GG GEIN,) (3.25a)
GOl = (1 I Iy, — ol )™, G=1,2, Ny, (3.25b)
G =GN, 67%, - GUN)T, (3.25¢)
Gfg;j = (_1)j_111(\?3T(k11N2 - WF[J;NQ]T)_j7 j=1,2--- Ny, (3.25d)
Gy = (G Gl GEly,) (3.25¢)
Gyl = (1 UG (kaIn, — wTpyngr) ™, j =12, No, (3.25f)
G = (G5 Gy Gy, (3.25¢)
GO, = (~1 U (kay, — wTpypgr) ™, j=1,2--, Na. (3.25h)

Furthermore, it is easy to prove
8j_1G(2)
(2) _ Zk 1,211 - e
G1’2;j - (]71)' ) J _172a 7N1

and S
¥ G
@ % 1,2;1 .
215 = oy 0 T b3 M
Explicit expressions for general solutions to the CES (3.1) when I‘Efn)] is (3.22) can be given by
defining

r%;‘]] = Diag(A, B)ry, MJ[\}];J] = Diag(A, B) M, (3.26)
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where A, B are arbitrary N; and Na-order lower triangular Toeplitz matrices.
We end this section with some remarks.

Remark 3.2 For convenience, in Case 3 we just discuss two kinds of mixed forms of the
matrix I': diagonal-Jordan block and Jordan block-Jordan block. The calculation process can

be applied to more mixed forms.

Remark 3.3 We compare our work with [15, 18], in which the authors studied the soli-
ton solutions to the lattice BSQ-type equations through the bilinear method and the direct
linearization method. In these two references, the soliton solutions to the lattice BSQ-type
equations are consist of two kinds of the plane-wave factors (see one soliton solution). But

here, we can only use one plane-wave factor (see Case 1).

Remark 3.4 As

= Diag(F[J;Nl](kl)v I‘[J;Ng](kQ)a o 7F[J;N5](ks))7

we can consider its degeneration. If it degenerates to I' = Diag(ky, ko, --- ,ks), then the

corresponding solutions degenerate to solitons. If it degenerates to
r= Diag(klv ko, k81 ) I‘[J;Nsl+1] (k51+1)7 T 7I‘[J;Ns](k8))’ s1. <8,

then the corresponding solutions degenerate to the first kind of mixed solutions (see Subcase

3.1).

Remark 3.5 An interesting question is when K only has zero eigenvalue (see [29]), how
can one get the corresponding solution (a rational solution) to the lattice BSQ-type equation

by using the generalized Cauchy matrix approach?
Acknowledgment The first author thanks Prof. F. W. Nijhoff for providing [11-12].
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