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Fermionization of Sharma-Tasso-Olver System*
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Abstract By applying the fermionization approach, the inverse version of the bosoniza-
tion approach, to the Sharma-Tasso-Olver (STO) equation, three simple supersymmetric
extensions of the STO equation are obtained from the Painlevé analysis. Furthermore,
some types of special exact solutions to the supersymmetric extensions are obtained.
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1 Introduction

In the field of mathematical physics, the research of supersymmetric integrable systems
(see [1-5]) is a very important direction. In nonlinear science, some supersymmetric integrable
systems of the soliton equations have been given, such as the Korteweg-de Vries (KdV) equation
(see [6-9]), the modified Korteweg-de Vries (mKdV) equation (see [9]), the Sawada-Kotera (SK)
equation (see [10]), the sine-Gordon (sG) equation (see [11]) and the two-boson equation (see
[12]). Furthermore, many effective methods have been proposed and developed to solve the
supersymmetric equations.

On the other hand, because the existence of anticommutative fiermionic fields brought some
difficulties in dealing with supersymmetric equations, the bosonization approach (see [13]) of
supersymmetric systems was proposed, which changes a supersymmetric model to a system of
equations with respect to bosonic fields. That means the fermion systems can be solved via
boson systems. Therefore, a natural interesting question arises:

Can the inverse procedure of the bosonization (which may be called fermionization) be
developed to find integrable fermion systems (integrable coupled fermion systems and/or su-

persymmetric systems)?
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In the next section, we propose a simple method to find possible integrable fermion exten-
sions from a known boson system. In Section 3, taking the Sharma-Tasso-Olver (STO) equation

(see [14-19])
us + Saui + 3auuy + 30utgy + QUpgr = 0 (1.1)

with the arbitrary constant « as a simple example, we find three types of supersymmetric STO

extensions. The last section is a short summary and discussion.

2 Fermionization Approach: General
In [13], the authors solved the supersymmetric KdV (SKdV) equation
By + Pypy + 3(DD,)® + 3(DP)D, = 0, (2.1)

where

(0, x,t) = &(x, t) + Ou(x, t),

0 is a Grassmann variable, and D = 0y + 00, is the supersymmetric covariant derivative, via
the bosonization approach such that the exact solutions to the SKdV equation with arbitrary
number of fermionic parameters can be obtained by only solving some suitable bosonic sys-
tems. Especially, by looking for the exact solutions to the SKAV equation with two fermionic
parameters {{1,&2}, it is enough to solve the following bosonic system with four bosonic fields

v1, Vg, g and uq:

U0t + Uogza + OUoUo, = 0, (2.2)

V1t + Vigas + 3UoV1z + 3ug,v1 = 0, (2.3)
Vot + Vogaz + 3UoU2s + 3uo,v2 = 0, (2.4)
Uty + Ut ggr + BUGUL, + BUug U1 = 3(V1V200 — V2V1ga), (2.5)

while the corresponding solutions to the SKdV read
Q(0,2,t) = v1&1 + vao + O(ug + u1&182). (2.6)

It is interesting that the boson system (2.2)—(2.5) possesses the following properties:

(i) The first equation for the field ug is just the original KdV equation which is not coupled
with other boson fields.

(ii) All other equations are only linear equations.

(iil) If the fields vy and vy are proportional to ug, then the vy and vy equations are satisfied

identically.
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(iv) The homogeneous part of the u; equation (2.5) is just the symmetry equation of the
usual KdV equation and the homogeneous part vanishes when vy and v, are proportional to

Uugp-

The above properties are similar in the exact solutions to the SKdV and other N = 1
supersymmetry systems with arbitrary fermionic parameters. For the higher N supersymmetric
models, the conclusion should be modified.

One of the important problems in soliton theory is how to extend an integrable boson system
to a supersymmetric one. The above bosonization procedure provides us with a new possible
way, the fermionization approach, i.e., the inverse procedure of the bosonization approach, to
find integrable supersymmetry extensions. The fermionization approach may be summarized

into the following three steps:

Step 1 For a given bosonic system

F(u7ux7ut7ux$7"')EF(U):Oa (27)

construct a four-boson system
F(UO) = 07 (28)
F1(ug)vr =0, (2.9)
F1(ug)ve =0, (2.10)
F'(ug)ur = G(v1,v2, uo) (2.11)

with
d

Fi(up)up = F(ug), Glug,ug,up) =0, F'(ug)f = &F(uo +ef) . (2.12)

Step 2 For a fixed operator Fj(ug) and the function G(v1,v9,ug), find some possible

integrable bosonic systems under some different senses.

Step 3 Use the bosonic fields ug, v1,v2 and uy to construct a superfield ®(0,x,t) via the

transformation (2.6).

In the next section, we take the STO equation as a simple example to construct some

possible N = 1 supersymmetric STO extensions.

3 Fermionization Approach: STO System

Step 1 According to the steps of the fermionization procedure described in the previous

section, for the STO equation (1.1), we select the following four-boson system as a starting



274 B. W. Yao and S. Y. Lou

point:

uge + 3augw + 3au(2)u0w + 3augUosr + QUozzz = 0, (3.1)

V1t + 3LV, + alaudvr, + (3 — a)ugug,vi]

+ abugzzv1 + (3 — b)ugvigs] + V1L = 0, (3.2)

Vot + 3oLV, + lauva, + (3 — a)uguo,ve]

+ a[bUOzz'UQ + (3 - b)uOU2zr] + Qv2ggy = Oa (33)
U1t + 6augz U1, + 3au(2)u1w + 6augUozpU + 30U UYgr + SAUGUL L2
+ QU zr + OéC[(’U]wUQ - ’U2wvl)u0]a: + ad(vlwwv2 - U2wwvl>z =0. (34)

It is clear that the conditions shown in (2.12) are valid for a and b being arbitrary functions
of ug and ¢ and d being arbitrary functions of ug, v; and ve. However, for later simplicity, we

only consider the special case with
a =const., b=const., ¢c=3-—a, d=0. (3.5)

Step 2 Now we use the well-known Painlevé analysis to select out some possible Painlevé
integrable models from (3.1)—(3.4). Let ¢(z,t) = 0 be the singularity manifold of the system
(3.1)—(3.4) and

o0 (o]
_ it _ it
Uy = E ugi ", vy = E vy P2,
i=0 i—0

o0 o0
vg = Zvuﬂﬁiwﬂ up = Zum"*@*,
i=0 i=0
where
ugo #0, w19 #0, v #0, w1 #0.
The leading singularities are determined by substituting
ug = ugod™,  v1 =010, w2 =v200”, w1 =ué™
into the system (3.1)—(3.4). This gives
ﬂl = _17 ﬂ? = _1a ﬁ?) = _17 64 =2

and two branches: (i) ugg = ¢z, (ii) ugo = 2¢-
Branch (i) ugp = ¢,. Substituting (3.5) into system (3.1)—(3.4), we can obtain the recursion

relations to determine the functions ug;, u1j, vi; and vo;

-\ 13
Pl (j)¢37 0 0 0 U()j Flj
P4(j)¢i’010 PQ(j)(f)i 0 0 vij | Fy; (3.7)
Py(j) 2020 0 Py(j)p3 0 v2; Faj |’ .
P5(j)¢2uro  Ps(j)diva0  Ps(j)divio  Ps(j)es) \“1 Fa
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where

P(j) =G+ - D —3),
Py(j) = jlj> — (b+3)j +a+3b—1],

P3(j) =3 —2)(7 —4),
P,(j), P5(j), Ps(j) are polynomials in j, and Fyj, Fyj, Fs;, Fy; are functions of
{U01aU027"' , U0,5—1,v10, V11, "+ ,V1,5—1,0V20, V21, " ,V2j—-1,U10, UL1, """ aul,j—l}-

It is clear that, the resonances, i.e., values of j for the recursion formula are not defined,

occur when

Py(5)¢3 0 0 0
dot Py(j)pavio  Pa(j)¢d 0 0
€
Py(j)¢2v20 0 Py(5)o3 0
Ps(j)¢aur0  Ps(j)d3vao  Po(j)davio Ps(j)¢d
= P(j)P3(§) Ps(j) ¢y’ = 0. (3.8)

In order for the system (3.1)—(3.4) to pass the Painlevé test (possibly under some conditions
on the parameters a and b), it is necessary that P»(j) should be written under the form j(j —

j1)(J — jo) for some integer values of j1, jo. The implicit expressions for these numbers are
Jitjz=b+3, jijo=a+3b-1 (3.9)

Therefore, a case by case analysis for resonance conditions yields in the following cases for ji,
J2<T:
Case A j1=1, jo=2—a=3, b=0,
Case B j1 =2, jo=4—a=0, b=3, (3.10)
Case C  j1 =4, jo=5—-a=3, b=6.

Branch (ii) ugp = 2¢,. For this auxiliary branch, the Painlevé analysis requires checking
additional resonance conditions in Case A, B and C, respectively.

In Case A, the resonances occur at j = -2, —1, -1, —1, =1, 0,0, 0, 1, 1, 3, 4.

In Case B, the resonances occur at j = -2, —1, —1,0, 0,0, 1, 1, 3, 4, 5, 5.

In Case C, the resonances occur at j = -2, -1, —1,0,0,0, 3,4, 5,5, 7, 7.

The detailed calculation shows that all the resonance conditions are satisfied and then all

the three cases possess the Painlevé property.



276 B. W. Yao and S. Y. Lou

Step 3 Finally, it is not difficult to verify that the above three cases lead to three super-
symmetric STO (SSTO) equations

®; + 300, DP, + 3a(DP)?®, + 3a(DP)P,, + aV,,, =0, (3.11)
®, + 3a®,DP, + 3a®DPDP, + 30®DP,, + aV,,, =0, (3.12)
®, + 3a®,DP, + 3a(DP)?®, 4+ 6aPDD,, — 3aDPD,, + aV,py = 0 (3.13)

with ® being given by (2.6).

The direct Painlevé tests for these three cases show that they are all Painlevé integrable.

4 Special Solutions

To obtain special solutions to these SSTO equations, we just study traveling wave solutions
of the system (3.1)—(3.4).

Introducing the traveling wave variable
X =x—ct+ Xy,

where ¢ and X are constants, the system (3.1)—(3.4) can be changed to the ordinary differential

equation system
— Ccupgx + 304ng -+ 3au(2)u0X + auguox x + Quoxxx = O, (41)

—cvix + 3augxvix + a[augle + (3 — a)uguoxv1]

+ Oz[b’u,()Xle + (3 — b)uO’lex] +avixxx =0, (42)

— cvax + 3augxvox + a[au%vzx + (3 — a)uguoxv2]

+ afbuox xv2 + (3 — b)upvax x| + avexxx =0, (4.3)

2
—cu1x + 6aupxurx + 3aujur x + 6auguoxur + 3auiuox x + 3auoul x x

+auixxx + Oé(-?) — a)[(levg — 'UQX'Ul)UO]X + Oéb('UlXXUQ — ’UQXle)X =0. (44)
We first solve out upx from (4.1), which can be changed to
c
8)((1,60 + 8x)<U()X + ug — a) =0. (45)
It is clear that (4.5) can be solved by
wox = —ud+ < (4.6)
0xX — 0 o . .
The linear inhomogeneous ODE (4.3) can be directly integrated once

—cuy + 3au3u1 + 3a(upur) x + aurxx +r(X) =0, (4.7)
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where the inhomogeneous term is
7(X) = a(3 — a)(v1xv2 — vaxv1)ug + ab(vixxvs — vaxxv1) + Ch.
From (4.6), it is known that the variable transformations
X — g
can be used. Under the transformations (4.9), we have
u(X) =Ui(up), v1(X)=WVi(ug), wv2(X)=Va(up).

Using the transformation and (4.6), the ODE system (4.2)—(4.4) becomes

8 d?v; dv;
1 1
(qug — ¢)? au? + a(b + 3)(aud — c)ug d + ?ug [(Zb +a— )uod—o — Vl} =0,
d3Va d2V;, dV
(qui — ¢)? du +a(b+3)(au0 — ¢)ug d + oug {(2b+a73)u0d—uz 7[/2} =0,
d3 d2U dU
(aui — ¢)? dugl + 3aug(aud — ¢)? duol — 3a(aul — ¢)? du; = a?R(uyp),
where
b d?V; d*Vy
R(UO):E(OCUO_C) (VQd w2 Vld 2)—|—(2b+a—3)uo
dv; dV,
2 —_— —_—
x (aug — ) <V2d " Vlduo) + (1.

Solving (4.11)—(4.13) yields

c R(ugp)u
d =08<a“%—c>+09uoW— Sl =0 [ g
0

auo—c/ do,
(qud — ¢)

where

§=1/b2—6b—4a+ 13
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(4.8)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

and C; (1 = 1,2,---,9) are arbitrary constants. Thus, we have obtained a special type of
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two-fermionic-parameter traveling wave solution to the system (3.1)—(3.4)

c R(ug)u
u = ug + flfg{Cg(au% —¢) + Cyugy/aug — ¢ — a(au% —0) / (047520)0(;2(1%
0

—um/auo—c/ (o — o) 0}, (4.18)

Cs(au? —c)i + Cylau? — ¢ -4
U=§1{CQUO+UO/ 3(auy () 5 4)(1+b0 ) duo}
u(aud —c)7x

s _s
C (au() - 6)4 - C7(?ﬁo —o) duo}, (4.19)
2( 02 b
ug(aug — )

+ fz{csuo + ug /

with the known solution ug to (4.6).

So, in Case A, u possesses the form of (4.18), and

v=E& [02 + Csug + Cyy/ aud — c] + & [05 + Cguo + C71/ aud — c] (4.20)

with R(ug) = C; being a constant.
In case B, u possesses the form of (4.18), and
v=~§& [Cguo + O3/ aud —c+ 07;1} + & [Cg,uo + Co/aud — c+ L} (4.21)
v il —c v Vo —c
with
dvi dVs

+3u0(au0 fc)<V2—0 7V1d ) + C1.

d?v; Vld Vg)

R(ug) = 2 (o - 0 (Vo g5

In Case C, u possesses the form of (4.18), and

2 / 2 _

v=2¢& [C’zuo + Cs(20u5 —c) 3C’4au0arctanh(\/@uo) + Ca ca(?;auo 26)}

Vaoul —c c aud — ¢
20u2 — V/ v/ 2 _9
+ & [C’5u0 + C%(aiuzoc) — 3C’7au0arctanh(ﬂuo) + Cr coz(?;ozuo C)} (4.22)
Vaud —c¢ c aug —c
with
6 9 d?v; d?V, dVi dVs
R(ug) = a(auo c)? (‘/2 0 - Vi— @ ) + 12ug (oug — )(ng 0 Vld ) + .

In addition, in Case A, by making a dependent variable transformation
® = Dln f(z,t,0), (4.23)

we find that (3.11) is transformed into

D(L;‘fm’”) ~0. (4.24)

Therefore, we can obtain the following N-soliton solution:

N
f — 1 + Z eknrfakit+§n9+mo’ (425)

n=1
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where k, (n = 1,2,--- ,N) and 2° are constants, &, (n = 1,2,---,N) are odd (fermionic)

constants. Using the transformation (4.23), we obtain the solution to (3.11)

(Gkn +§n)eknx—akit+fn0+x°

n=1
b= N . (4.26)
1+ Z eknw—akdt+£,0+z°

n=1

M=z

5 Summary and Discussion

In summary, we developed a new method, the fermionization approach which is an inverse
procedure of the bosonization approach, to find possible supersymmetric integrable extensions
of known integrable boson systems. Especially, taking the STO equation as a simple example,
three types of Painlevé integrable SSTO systems are found. The exact traveling wave solutions
to the SSTO systems in the usual space with two fermionic parameters can be obtained simply
by integration.

The fermionization approach shows us that arbitrary solutions to bosonic models can be
extended to those of the supersymmetric models simply by taking vy ~ ve ~ ug and u; = o(ug),
where ug is a solution to the original bosonic model and o(ug) is any symmetry of the original
bosonic system.

In this paper, we study only the possible fermionic extensions of the boson systems under
some constraints, for instance, the conditions (2.12) and (3.5). The possible other types of

integrable systems should be studied further.
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