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Abstract A large class of stochastic differential games for several players is considered in
this paper. The class includes Nash differential games as well as Stackelberg differential
games. A mix is possible. The existence of feedback strategies under general conditions is
proved. The limitations concern the functionals in which the state and the controls appear
separately. This is also true for the state equations. The controls appear in a quadratic
form for the payoff and linearly in the state equation. The most serious restriction is
the dimension of the state equation, which cannot exceed 2. The reason comes from
PDE (partial differential equations) techniques used in studying the system of Bellman
equations obtained by Dynamic Programming arguments. In the authors’ previous work
in 2002, there is not such a restriction, but there are serious restrictions on the structure
of the Hamiltonians, which are violated in the applications dealt with in this article.
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1 Introduction

The regularity theory of systems of PDE is a remarkable technique to solve stochastic
differential games. These systems arise normally in a similar way as Bellman equation is derived
for stochastic control. There are some restrictions. The first one is that the control policies
of all players are defined by feedbacks on the state. For a single player, one can show that
such policies are optimal against any other. In stochastic control, the value function solution to
Bellman equation is the infimum of the cost objective, so uniqueness of the solution to the PDE
can be obtained under reasonable assumptions. In the case of games, the value function cannot
be defined in an intrinsic way. It is in general a saddle point, and depends on the feedbacks
of all players. So we cannot hope for uniqueness of solutions to the system of PDE. This is an
interpretation of the fact that no uniqueness result can be obtained from PDE techniques.

The regularity theory, which is essential to constructing optimal feedbacks for each player
and to giving a meaning to the controlled state equation, is not available as easily as in the
case of a scalar equation. In our problem, the controls act on the drift and not on the diffusion
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term. So we have quasi-linear differential operators, with nonlinearity concentrated on the gra-
dient. The nonlinear part is called the Hamiltonian. In previous publications, in particular in
the book mentioned above, we have made assumptions on the structure of the various Hamil-
tonians, which lead to useful regularity results. After having noted that we can combine the
equations with linear combination, we fix the set of equations with an order which is important.
Indeed the restriction concerns a smallness condition, which states that the dependence of a
Hamiltonian with respect to functions of order higher than that of its equation is small. In
applications, it is often nondependent. We have many useful examples in which this restriction
is satisfied. However, they all concern Nash equilibrium. In this article, following a previous
publication (see [2]), we consider structures of the Hamiltonian called non-market interaction
for which the smallness condition is not satisfied. We also consider Stackelberg games for which
it is not available either. So the techniques of this paper do not require any smallness condi-
tion. However, they remain so far limited to dimension two only. Higher dimension require
more sophisticated techniques, which are the objective of our current research. To the best
of our knowledge, there is no result in the literature of the existence of optimal feedbacks for
Stackelberg differential games. Another limitation, which we hope to waive in the near future,
is that we assume Neumann boundary conditions. This means that the evolution of the state is
modelled by a diffusion reflected at the boundary of a domain. Dirichlet boundary conditions
(diffusion stopped at the exit of the domain) yield technical difficulties.

2 Formulation of the Problem

2.1 Differential games

We formulate our differential game without the restriction of dimension. We will explain
where this restriction is used. There are N players and the space state is R (n = 1,2). Consider
a probability space (£2,.4, P) on which a standard Wiener process w(t) in R™ is defined. Let O
be a smooth bounded domain of R™ in which the state will remain. Its evolution is defined by
a diffusion reflected at the boundary of the domain. To simplify the notation, we will write the
equation of this reflected diffusion as if it were just an ordinary diffusion in R™. So we write it
as follows:

N
dy = (9w(®) + > Au(E)os(t))dt + VEdu(t), y(0) = . (2.1)

The stochastic processes v, (t) are the controls decided by the players. They will be defined
following the stucture of the game. For Nash differential games, they are simply defined by a
feedback on the state. For Stackelberg differential games, they are more involved and will be
discussed later. A feedback is a function v, (z) and one has

v, (t) = v, (y(1)).

Note that for stochastic differential equations measurability of the feedback functions is
sufficient. The solution y(¢) to equation (2.1) can then be defined in a weak sense. The diffusion
term is very simple. We can put a volatility term o(y) (Lipschitz) in front of the Wiener process,
provided that it does not depend on the controls, the matrix o(z) is bounded, invertible and its
inverse is also bounded. The coefficient /2 is for convenience. In the drift term, the important
property is the linearity with respect to the controls. Since in fact the reflected diffusion lies in
a bounded domain, we can assume with limited restriction that g(z) and A, (x) are bounded
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in O. The coefficients A, (z) are matrices. As we have said, we do not write the reflected part.
For full details we refer to [3]. The feedbacks v, (z) are not bounded functions, but they are
bounded on O. The initial condition € O. We also denote by v = (v1,--- ,vy) the vector of
all controls, with the corresponding notation v(t) and v(y) for the feedbacks. We also use the
notation v(-) to emphasize the function. Each player, v =1,--- | N, has a functional

TGeo(-) = [ e M (o) + 1l v(0))at] 22)

0

The part [, (y(t), v(t)) incorporates the direct interaction of the players since all components
of v(t) are involved. The interaction through the state y(t) is indirect. This indirect interaction
is called market interaction. The direct interaction is called non-market interaction. The
structure of the function I, (x,v) is very important and will be made precise later. The function
fu(x) is measurable and bounded on O.

2.2 Structure of controls

In a Nash differential game, as said before, each player chooses a feedback v, (z) and we
look for a saddle point, namely feedbacks v, () such that

JV(x’ﬁl(')a"' aﬁN()) < J,,(:L‘,@\l('),'-' 76i71(')avi(')aﬁi+1(')a'" ai)\N()) (23)

For a Nash game, the players are on equal footing. For Stackelberg games, there is a
hierarchy. Player 1 is the leader, and he chooses a feedback v1(x). The second player chooses a
feedback depending on the state and also on the decision of the leader. He is the first follower.
So his feedback is of the form va(x;v1) and the actual feedback will be vy (z;v1(z)). The third
player chooses a feedback vs(x;v1,v2) and the actual feedback is vs(x; v1 (), va(z;v1(2))).

The induction is clear although it is heavy. The optimization is done sequentially. Consider
simplifying notation of the case N = 3. Optimal feedback rules are defined as follows. We
begin with the 3rd player. He minimizes

J3((E,’l)1('),’l)2(~;1)1(')),03(',01('),02(',1)1('))))

over vg(-,v1(),v2(-,v1(+))) and defines in this way v3(-,v1(-),v2(-,v1(+))). The second
player uses this optimal feedback in his own objective function. So his objective function
becomes

Ja(@,v1(-),v2(501(+)), B (-5 01 (-, va (- 01 (),
which he minimizes in va(-;v1(-)). In this way, he defines his optimal feedback va(-;v1(-)).
The objective function of the first player becomes

Ji(@, o1 (), 02 501(+)), U3 (-, 01 (- ), 2+, v1(+)))),
which he minimizes to get the optimal feedback vy ().
3 Systems of Partial Differential Equations

3.1 Lagrangians and Hamiltonians

Let p, € R™. The Lagrangians are defined by the formulas

N
Lo(@.pus) = £o(@) +L(0,0) +p.(9(@) + Y Au(e)v, ). (3.1)

pn=1
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The Hamiltonians are defined by replacing the argument v by a function ‘A/(x, p), where

pP= (pla"' apN)

This function will depend on the structure of the game. The Hamiltonians are next defined
by the formulas

~

H,(xz,p) = L,(z,p,,V(x,p)). (3.2)

3.2 Bellman system

With the Hamiltonians constructed by (3.2), we define the Bellman system by
—Au, + M, = Hy(x,Du), z€0O (3.3)
with Neumann boundary conditions. Clearly, v stands for the vector uq,--- ,un and
Du = Duy,--- ,Duy.

If we consider the feedback vector

~

v(x) = V(x, Du(x)),
then the fundamental property which is desired is
uy(z) = J(z;0(+)). (3.4)

This formula connects the value function of player v with the solution to the vth equation
(3.3). When the solution is sufficiently smooth, like W24(0O) for ¢ sufficiently large, then the
proof is relatively easy and follows the so-called verification property. Regularity is used first
to solve the state equation in a convenient way, and then to apply Ito’s formula to the process
u, (y(t)). This is only possible for smooth u,. We will not reproduce the argument which is
standard. However, this stresses the importance of regularity theory for (3.3). Unlike the
situation of scalar equations, in which regularity can be waived by techniques like viscosity
solutions, this does not carry over for systems.

4 Main Result

4.1 Statement of the result

In this section, we make assumptions on the Hamiltonians H, (x,p) which will check later
on with the Lagrangians. We assume that

_I(|p|2 -K< H,,(i[,',p) épl/ : FV(xap) +K7

|F(2,p)| < K|B(z,p)| + K, (4.1)

where K is a generic positive constant and B(z, p) is a vector in some Euclidean space satisfying
Bl p)| < K(lp| +1). (4.2)

Also there exists a vector in R™, G(z, p), such that

> Hy(x,p) > a|Bx,p)|* + G(x,p) - Y p,— K (4.3)
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with
|G(z,p)| < K(|B(z,p)| + 1) (4.4)

Note that since only the norm |B(z,p)| plays a role, the space of the vector B(z,p) is
indifferent. From the previous inequalities, we will deduce an important property. We first
have, from the 2nd and 3rd inequalities in (4.1),

H,(z,p) < elp|* + Ce(|B(z,p)|* +1),

where € can be taken arbitrarily small and C, can be large. On the other hand,
Hu(l‘;p) = ZHH(J?,p) - Z Hu(x7p)
Iz HFV

> ol B(z,p)* = K(B(@,p)| + 1| Y pu| = K = elpl* = Ccl| Bl p) P + 1)

2

> —clpl* = C(IB(@, )P +1) = C| > ps

Collecting results, we can assert that

2

[H(2,p)| < elpl? + C(|B@,p)* + 1)+ C| Y p (4.5)

In this inequality, the constant C' does not depend on e.

As we shall see, these assumptions are satisfied for a large class of Hamiltonians derived
from differential games.

We state the following theorem.

Theorem 4.1 We assume (4.1), (4.3)~(4.4) and n = 2. Then there exists a solution to
(3.3) which belongs to W4(0), VYq > 0.

4.2 Verification of assumptions

We consider Hamiltonians defined by Lagrangians, as in (3.1)—(3.2). We assume
> (@) =) - K, a>0, (4.6)
L, (x,v)| < K|v|* + K. (4.7)

We also assume that the feedback strategies ‘7(3:, p) satisfy

Lo(x,py, V(2,p)) < py - Fy(2,p) + K, (4.8)
|V (z,p)| < K[p| + K, (4.9)
|Fy(z,p)| < K|p| + K. (4.10)

Then the assumptions (4.1) and (4.3)—(4.4) are satisfied with

B(w,p) =V(z,p), G(x,p) = Au(@)Vp(z,p) + g(x).
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5 Proof of the Main Result

5.1 Approximation

We start with an approximation scheme for (3.3). We define

H,(z,p)

5 _
H)(xz,p) = T+ ol

These approximate Hamiltonians are bounded. So we can solve

—Au + €l = H(z,Du’), €O

(5.1)

with Neumann boundary conditions. The solution is smooth. We begin with standard max-

0

imum principle arguments. Consider a point of maximum of u?,

written as x*. This point is

interior because of the Neumann boundary condition. From the second estimate (4.1), by using

Dul(z*) = 0, we deduce immediately \ud(z*) < K. Hence
Ml (z) < K, V.

Using (4.3), we next have

G(x, Du®) - Dud

—-A JNED o > - K.

(5.2)

If we consider a point of minimum of 3" u$, it is also an interior point, and hence > Du? (z*)

v

= 0. Therefore, A > ud(x*) > —K. Hence,
/\Zuf,(x) >-K, V.

Combining (5.2) and (5.3), we obtain easily the estimate

sup [u(2)] < K.

5.2 Estimates in Sobolev spaces

Let us use the following notation, by dropping the index § to simplify notation,

1

A TS DeE

and w(x) = Zu,‘z(x)

We consider a function ®y(x) > 0 such that

D®?
/@dwr/ |Bo|?da = C(®g) < 0.
o %o o

‘We have
—Aw+ I w = @ZHV(a:, Du).

(5.4)
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We test this equation with ®gexp(—ow). Note that exp(—ow) is bounded. We obtain
- a/exp(—aw)|Dw|2<I>odx + /exp(—aw) Dw - D®ydx + )\/w@oexp(—aw) dx
> /gz:<1>oexp(—aw)[oz|B(Du)|2 + G(Du) - Dw — Kldz
> /gp@o exp(—ow)[a|B(Du)|* — K|B(Du)||Dw| — K|Dw| — K]dz.
Hence, we have
a/gp@o exp(—aw)|B(Du)|2dx+a/exp(—aw) | Dw|*®oda
< K/ap@o exp(—ow)|B(Du)||Dw|dz + K/goCI)O exp(—ow)|Dw|dx
+ /(Kgp + M) P exp(—ow)dz + /exp(—aw) Dw - D®ydx
By taking o sufficiently large and independent of ®(, we deduce
/gotl)o exp(—ow)|B(Du)|2da:—|—/exp(—ow) | Dw|*®oda
< K/(I)Oda: + K‘ /exp(—ow) Duw - D‘bodm‘,

where the constant K depends on the L norm of w, but not on ®q. It follows, using the fact
that exp(—ow) is bounded below and above

/<p<1>O|B(Du)|2da: +/ |Dw|2Bydz < coC/(®) + c1. (5.6)
We next proceed by testing the vth equation with u, ®5. We obtain
/ | Du,, |*®oda + / u, Duy, - D®odx = / ©H, (v, Du)u, ®od. (5.7)
Summing up, we get

/|Du|2<1>0da: + Z/UVD’LLV - D®oydx = Z / ©H, (x, Du)u, Podz.

Using (4.5), we obtain
%/|Du|2<1>0dx < C/%dx+e/|Du|2@odx+CE/QDCI>0|B(Du)|2dx
+CE/<I>0dx+C/|Dw|2<I>0dx.
Choosing € < 3, we derive from (5.6) the inequality

/|Du|2<I>0dx < coC(®p) + 1. (5.8)
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We can apply this estimate first with &y = 1 and obtain
/|Du|2dx <C. (5.9)

A less trivial and important estimate is obtained as follows. Let 7(p) be a C! function on
R, such that

1
0<7(p) <1, 7(p)=0 ifp=>g, <C. (5.10)

For instance,
1 +2
() = (5-»)
satisfies the conditions. Then we take any point x¢ € O and set
®o(z) = 7(|x — z0|)|log |z — z0|[F, 0< k< 1.

From the condition on 7, we can restrict « so that |z —xg| < % So the only singularity is when
x = xg. It is easy to check that condition (5.5) is satisfied. Therefore, we get

/|Du|27(|x—x0|)|1og|x—x0||kdx <C. (5.11)
Note that the constant does not depend on xg.

5.3 Small Dirichlet growth and Cacciopoli inequality
We take R < Ry < % Define the function
1, if 0 <p<R,
Tr(p) = 1 +2 (5.12)

We adjust the constants a, b, so that
We get

We have, for R < p,
1 +
Tr(p) = —3a(§ - p) (p—R) <0,
and thus 0 < 7r(p) < 1. Moreover, for R < p < %, one has

(Th(0)? _ (o= RY? 36
e (R (- Rt (3 R))

IA

If we restrict R < Ry < %, we get

(Tr(p))? 36

IN
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We can use the function 7r(|x — xo|) in (5.11), and get a constant independent of R and z¢. In
particular, we obtain

/ | Dul?|log |z — zo||*dz < C, (5.13)
ONBRr(zo0)

where Bp(zg) represents the ball of radius R and centered in xg. We recall that k < 1, and
R<Ry< % The constant C' depends on Ry, but not on R or zy. Since

|z —z0| <R <1,

we have
|log |z — zo]| > |log R].

Therefore,

/ |Dul?dz < Lk
OQBR(I()) | 1OgR|

We deduce that

/ |Dul?dz < e, if R < R(e) (5.14)
OQBR(I())

with R(€) = exp ( — (%) %). We call this property the small Dirichlet growth. We can, without
loss of generality, assume that the condition R(e) < Ry is satisfied.

We next state the Cacciopoli inequality. Let 7 be in L N H(O).

We can test the vth equation with (u, — C,,)’TQ, where ¢, are constants to be defined later.
Using simply the quadratic growth condition of the Hamiltonian H, and standard inequalities,
we obtain easily

/|Du|272dx <y / lu — c|*|Dr|*dx + K/ lu — c||Du|*r?dx + K/T2d$, (5.15)
where Cy, K are constants. This is Cacciopoli inequality.

5.4 Use of Poincaré inequality

We will derive from Cacciopoli inequality the following inequality:

C
/ | Du|?dz < 0
B%(xo)ﬁo 1+ Co Ba(m41)r(20)NO

| Du|?dz

+ Kosclu)(Banyn(a) 1 0) [ |Dufdz

Bs(ma1yr(z0)NO

+ K, R™. (5.16)

In this relation, z( is any point of O, R is arbitrary, and m is a fixed integer depending only
on the domain and the dimension n (the result does not require n = 2). Moreover,

2
osclu](Ba(m+1)r(20) N O) = \/Z sup Uy — inf uu> .

v Bamt1)r(®e)NO Ba(m+1)r (20)NO

The constant K, depends on m. The constants K and Cy do not.
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The easy case is when Br(z9) C O. We apply (5.15) with
7(x) = wr(|lz — zol)

and R
1, ifp< =
9 lpra
0, ifp>R

wr(p) =

with @wp continuously differentiable, |@/;(p)| < % . We obtain

2
/ |Duf?dz < C Ju ;' de + K lu — c||Duf*dz + KR™
Bg(EO) BR(IO)*Bg(l’O) R

BR(I())

We then take .

|BR(x0) - B% ((Eo)| BR(zo)fBg (z0)

Cc

We can then use Poincaré inequality to obtain

/ |Duf?dz < C |Dul*dz + K lu — c||Du|?*dz + K R™.
B g (w0) Br(wo)=B g (v0) Br(wo)
Noting that

/ lu — ¢||Du|?dz < osc[u](BR(xo))/ | Du|?dz
Br(zo) Br(zo)

and filling the hole, we obtain (5.16) with m = 0.

When Bpg(zg) N O° # 0, the situation is more delicate and we need bigger balls. Let
Zo € Br(xo) NT, where T' = 90. We will use the sphere property (which holds for smooth
domains)

| Bampr(To) N O| > co(2mR)"™, (5.17)

where ¢ is a fixed constant, not dependent on the point g or the radius of the ball 2mR.
Therefore, if we consider the domain

AR = Bompr(Zo) — Bar(Z0),

then
ArNO :BQmR(%O) nNo — BQR(%{)) nao

and
|AR n O| > |BQmR(fo) N O| — |BQR(§0) N O| > Co(QmR)n — |BQR(EO)| > CO(QmR)"—wn(QR)”,

where w,, represents the volume of the unit ball. We deduce that for m large enough, com™ —
wy, > 0, one has

|ARQO| > agR™. (5.18)
We next choose numbers ¢, such that
1
Hxe ApNO|uy(xz)—c, >0} > §|AR nao|,

1
Hxe ApNO|uy(z)—c, <0} > §|AR|’1(’)|.
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Such numbers exist. Then, from (5.18), we can derive a Poincaré inequality, by using

/ARmo(uu(a:) — o)z = /ARQO[(uV(x) — ) Pde +/ () — )~ "de

ArNO

< COR2/ |Du,, |*da.
ArNO

Therefore, for this choice of ¢, we can assert that

327

2
/ @) =y, < o | Dul?dz. (5.19)
ArNO

2
R ArNO

We then apply (5.15) with
7(z) = wr(|lz — Zo|)

where
_J1, ifp<2R,
@r(p) = {0, if p > 2mR.

Using Poincaré inequality (5.19), we can write

/ |Du|?dz < C |Dul?dz + K |u — c||Dul*dz + K, R™.
BzR(io)ﬁo ArNO BZ'mR(EO)mO

Next we use

B (o) C B2r(Z0),  Bamr(To) C Bemi2)r(®0), Ar C Bm+2)r(2o) — Ba (o).

Therefore, one has

/ |Dul?*dz < C’o/ |Du|?dz
B%(xo)ﬂo (B(2m+2)R(£C0)—B§(xo))ﬁo

+ K lu — c||Du|*dz + K, R"™.

B2ma2)r(20)NO

In the integral involving |u — ¢|, we can use
4=l < coosclul Bagms1yr(20) N O).

It remains to fill the hole to obtain (5.16).

5.5 Morrey norm estimate

Remember that (5.16) applies in fact to «® which is a smooth function. So we can estimate

the oscillation of u with a C“-norm, with « arbitrary smaller than 1. We get

osclu] (Bygms1)r(20) N1 O) < KR|lu] g -

We now divide (5.16) by (%)_m. Set

Co
1+ Cy

0= (4(m + 1))
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We now choose « sufficiently small to have 8 < 1. We can then write

—2a
(5) / |Dul?dz < 0(2(m + 1)R)‘2“/ | Dul?dz
2 B%(xo)ﬂo By(ma1yr(z0)NO
KR ul ooy [ \Dufdz
Ba(m+1)r(0)NO
+ K, R" 2, (5.20)

We can write

R | Du|?dz

Ba(m41)r(z0)NO
— 26m+ 1)) ( [
B

Then, incorporating (2(m+1))* in constant K, we deduce from (5.20), with a slight increase
of 0, keeping it strictly less than 1, and changing R into 2R

|Du|2dx>%((2(m+ 1)3)—2“/ |Du|2dx)%.

2(m+1)R(20)NO By(ma1yr(z0)NO

R0 / \Dul?de < 0(4(m + 1)R) =2 / | Dul2de
Br(z0)NO

Byma1yr(z0)NO
+ Kl[u]| g0y Ym (o, R) + K (5.21)

with
U, (20, ) = / | Duda.

By(m41)r(z0)NO

We apply this inequality with

(W + D
and set . )
0 e 2
o () Dl
! (4(m+ 1)) B ry (w00
(a(m+1))7
‘We obtain
Pj+1 < 090j + KH“' éa(@)\ll(xoa RO) + Kmv
where
U (zo, Ry) = / | Duda.
BRO (Io)ﬂo
Therefore,

©0 KV (xo, Ro)
YisT T T 14

Km
||’U,||2 «(O) + 1T9 <K+ K\I’(xo,Ro)”uHQCQ(@)

Since j is any integer, this inequality implies

ED)
R<Rq

sup R*Q‘l/ |Dul?dz < K + K sup \Il(xo,Ro)HuHQCQ@). (5.22)
BR(IQ)QO xo
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We now use the condition n = 2. Note that it has not been used before. Consider the
Morrey norm

2 —2a 2

= R D .

@,

NulllZ o sup / |Dul|*dx
z0€O,R Br(zo)NO

Then one has

Jull2 5 < CllullZ 0. (5.23)
Also
lulll2.0 < sup R_Q"/ |Du|?dx + sup R_Q(’/ | Du|?da
R;%O BR(IQ)QO R;%O BR(IQ)QO
< sup R*Q‘l/ |Du|*dz + KRy >“.
R;%O BR(IQ)QO
Using this inequality in (5.22), we obtain
sup R*QO‘/ | Du|?dz
R;%O BR(Io)ﬂO
< K + Ksup \Il(xo,Ro)[ sup R*Q‘l/ |Dul?dz + KRy **|. (5.24)
zo 2%, Br(z0)NO

We now use the small Dirichlet growth property, from which we can assert that

sup U(zo, Ry) — 0, as Ry — 0.

Zo

We then fix Ry sufficiently small so that K sup ¥(zo,Ry) = ¢ < 1. It follows from (5.24)
o
that
K + eK Ry

sup R_Q"/ |Dul?dz <
) Br(z0)NO 1—e

R<Rg

This provides an a priori bound on sup R™2¢ fBR(xo)ﬂO | Du|?dz, from which we deduce an
z0
R<Rq

a priori bound on the Morrey norm and finally we obtain an a priori bound on C%(O).

5.6 Convergence and end of proof

From the previous sections, we have obtained the estimates

[«’llg0) <C 1wl gaoy < C-

We can then extract a subsequence which converges weakly in H'(O) and in C°(O) strongly
to u. Since HS(x, Du®) is bounded in L'(0), we deduce from the equation

Z/Dui.(Du,‘f — Du)dz — 0,

from which the strong convergence in H'(O) follows. We can then deduce, for a new subse-

quence
HS(x,Du®) — H,(x,Du) a.e.
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For any measurable subset A, in O, we have
/ |HS (2, Du®)|dz < K/ |Du’ |’z + K| A,
A Ae
and the right-hand side tends to 0 as |A¢| — 0, unifomly in §. Therefore, the left-hand side has
the same property which implies
Hi(x,Du®) — H,(x, Du) € L*(0).
Therefore, we have obtained a solution to (3.3) in the space H'(O) N C*(0). To go from

HY(O)NCY(O) to W24(0) is a standard result (see [4] or [1]).

6 Application to Nash and Stackelberg Games

6.1 Nash games

We assume

ll,(J? U) = —UV Qy 'Uu + vy, - Z Fuu 'Uua (61)
NF Y

where the matrices @, (x) are positive definite and bounded, with bounded inverse. The ma-
trices Iy, (z) are bounded. In the Nash game, the feedbacks are defined as Nash equilibrium of
the Lagrangians

L,,(l‘,pw )_l x,v +pv'(ZA U/L+g ))
So we make the assumption: the matrix Z with

Zvy = Qu, Zuu = Fuu; if H 7é v (62)

is invertible. The feedbacks v, (z,p) are defined by the system

2)o, + Y Tou(@)0, + Aj(x)py = 0. (6.3)
nAv

We can write the Hamiltonians in the form

Hy(z,p) = ——vy Qu(x Uu+pu'(2A z)ou +9(x ))+fu(a?)- (6.4)

The assumptions (4.8)—(4.10) are satisfied with

ZA )0 (2, p) + g(2).

Example 6.1 Cyclic non-market interaction
We take
0, if u=v-+1,

,=1 and T,, =
@ o a {0, if p#v+1.
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It is convenient to consider the index N + v with the meaning N 4+ v = v. It is an easy
exercise to check that the matrix (6.2) is invertible if |#] # 1 and one has the explicit formulas

1 N—-1

O (,p) = ———x D (O A (@)puy. (6.5)
p 1_(_0)]\[ =~ + Pv+

We next have
1 1
> bla,w) = o 03 v v = (5 - 101) ol

Therefore, the coercivity assumption (4.6) is satified if |§] < . We can state the following
proposition.

Proposition 6.1 The Nash differential game of Example 6.1, i.e., cyclic non-market inter-

action, has a saddle point if 0] < § and n = 2.

Example 6.2 Symmetric interaction
We consider the situation studied in the book [1], namely we take

_ _Jo, ifp#Fuy,
Q. =1, F”“_{o, if = 1. (6.6)

Then the matrix (6.2) is invertible provided that 6 # 1, § # — . We have the formulas
0> A% (x)pu

H ! / o A: (x)pu

1-6)(14 (N —1)0) 1—6 °

Uy (2, p) = ( (6.7)

We next check the coercivity assumption
1 _
> lla,w) = 3P 03 v, 7,
v v

with 7, = > v,. Therefore
NF Y

S l(z,v) = (% —9)|v|2+9‘2vy . |v|2{%—9+9‘2§,

with &, = 2. Note that >_[£,|? = 1. We then use the properties (easy to check)
v

[v]

2} (6.8)

We deduce that
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and to get coercivity we need to have 6 > —m. Therefore we can state the next proposition.

Proposition 6.2 The Nash differential game of Example 6.2, i.e., symmetric interaction,
has a saddle point if —m <0< % and n = 2.

Remark 6.1 In the book above, it is shown that we can have a saddle point for more values
of # and n in general. So Proposition 6.2 is not optimal. However, it is the best one within the
framework of the techniques of this article, in which we require the coercivity condition, that
is a strong condition.

6.2 Stackelberg games
We assume (symmetric interaction)
1 5 _
l(z,v) = §|v| + 6v, - T,. (6.11)
So the coercivity condition is the same as for Nash games. Therefore —m <f< % To
define the strategies, we have to solve Stackelberg hierarchical minimization for the Lagrangians.

The calculations turn out to be very messy. We have performed them for N = 3. We have to
define functions U3 (x;v1,ve;p), Va(z;v1;p), V1(z,p). We get successively

Uz = —0(v1 + v2) — A5ps, (6.12)
g+ SR 619
2 2
o= 29}1 - iZB - 692{ - (45— 91<1_ _ ;) 5~ 9(11__92;29 ) A3}
%(AS —0A3)p2 + 9(1%02;292)%13293}. (6.14)

We can check that for 6 in the interval (—1, 1) the assumptions (4.8)—(4.10) are satisfied.
We can state the proposition as follows.

Proposition 6.3 The Stackelberg differential game with (6.11), i.e., symmetric interaction
and N = 3,n = 2, has a solution if 0 € (—i, %)
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