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Abstract For a kind of partially dissipative quasilinear hyperbolic systems without
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1 Introduction

We consider the Cauchy problem for the following one dimensional quasilinear hyperbolic

system
ou ou
— 4+ Alu)=— =F R, t>0 1.1
AP = F(), z e, 120, (1)
t=0: u=up(z), zekR, (1.2)
where u = (ug, -+ ,u,)T is the unknown vector function of (¢,z), A(u) € C3 is an n x n
matrix and F(u) = (Fy(u), -+, F,(u))t € C3. By hyperbolicity, the coefficient matrix A(u)
has n real eigenvalues Aj(u),---,A\,(u) and a complete set of left (resp., right) eigenvectors
le(u) = (e (), -+ lkn(w)) (vesp., ri(w) = (rue(u), - rok(u)®) (=1, n) with assump-
tion A (u), lk(uw), ri(u) € C3 (k =1,--- ,n). Without loss of generality, we assume
F(0)=0 (1.3)
and
U (w)rp(u) = 0,7  for any small [u|, V1 <k, k < n, (1.4)

where 0,7 is the Kronecker symbol. The initial data ug(z) is supposed to be suitably smooth
with

def.
0 =" [uoll = < o, (1.5)
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where 6y > 0 is a small constant to be determined.

In this paper, we focus on the H? classical solution u = u(t,x) to Cauchy problem (1.1)-
(1.2), whose local well-posedness was well discussed in [9, 12]. Generally speaking, this local
H? classical solution would blow up in a finite time even for small and decaying initial data
(see [6, 12]). Weak linear degeneracy and dissipative inhomogeneous terms are two well-known
structures that could lead to the global existence of classical solution for small and decaying
smooth initial data.

There are mainly two kinds of results on the dissipative system. Hsiao, Li [4], Li [6], and Li,
Qin [7] used the method of characteristics to prove the global existence of C* classical solution
to the Cauchy problem for strictly dissipative quasilinear hyperbolic systems with small C*
initial data. On the other hand, Hanouzet and Natalini [3] applied the energy method to the
hyperbolic conservation laws, and got the global H? classical solution for small H? initial data
under Shizuta-Kawashima condition and the dissipative entropy condition. Then Zhou [19]
gave a different proof with slightly different hypotheses. The corresponding case of several
space variables and the asymptotic behavior were studied in [15] and [1-2], respectively.

For the homogeneous quasilinear hyperbolic systems with weakly linearly degenerate char-
acteristics, a series of results on global C! classical solutions for small and decaying initial data
were given in [6, 8, 10, 18, 20].

Besides, Zeng [16-17] discussed the global classical solution to one dimensional gas dynamics
in thermal nonequilibrium. This system is partially dissipative in which all the characteristics,
except a linearly degenerate one, are involved in the dissipation by Shizuta-Kawashima condi-
tion.

By all results mentioned above, it is natural to raise the following conjecture that for a
quasilinear hyperbolic system, if a part of the system is involved in the dissipation, while
the other part possesses weakly linearly degenerate characteristics, moreover, some suitable
conditions are imposed for interactions between these two parts, then the corresponding Cauchy
problem should admit a global classical solution for small and decaying smooth initial data.
The earliest version of this conjecture occurs in [13, 15]. Mascia and Natalini [13] also gave
a series of discussions on the systems of this kind. Then Liu and Qu [11] proved that for
systems one part of whose characteristics is involved in the dissipation in the sense of strict row
diagonal dominance, the other part of whose characteristics is weakly linearly degenerate, and
that moreover, the interactions of these two parts are restricted by some suitable conditions, the
corresponding Cauchy problem admits a unique global classical solution for small and decaying
initial data. In [11], it also provided the pointwise decay estimate of the solution and gave a

finite-time singularity for some examples with worse interactions.

We continue the study on this kind of partially dissipative quasilinear hyperbolic systems,
but to be different from [11], we focus on the case that the partial dissipation is in the sense
of positive definiteness other than diagonal dominance, and the number of weakly linearly
degenerate characteristics is only one.

The main result of this paper is presented in the rest part of this section, and then proved
in Sections 2-3, in which a new set of wave decomposition formulas are deduced and analyzed
in Subsection 2.3, that plays an important role in the proof. Finally, we give some remarks in
Section 4.
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Now, let us give the detailed description of our main result. As mentioned before, for Cauchy
problem (1.1)—(1.2), we study the case that one characteristic is weakly linearly degenerate.
Without loss of generality, let it be the nth characteristic A, (u), namely, we have

A (1™ (s)) = A, (0)  for any small |s|, (1.6)
where u = u(*) (s) is the kth characteristic trajectory passing through the origin,

du® (s)

— e (u® ) (0) — .
= @®(s), w0 =0, k=1,

Remark 1.1 The weak linear degeneracy (1.6) is weaker than the linear degeneracy pro-
posed by Lax,

VAn (w)ry, (u) = 0.

For more details of the weak linear degeneracy, one may refer to [6, 8].

For other n — 1 characteristics, we assume the following dissipation condition: there exists
a constant 9y > 0, such that

n—1 n—1
= EG0)g =00 Y G2 YE= (& b))t R (1.7)
i,p=1 i=1
with
G(u) = L(u)VF(u)R(u), (1.8)
where
ll(u)
L(u) = and R(u) = (ri(u), -, rn(u)) (1.9)
In(u)

are the matrices composed of left and right eigenvectors, respectively. By (1.4), we obviously
have
L(u)R(u) =1 for any small |u].

Moreover, we need the following condition to restrict interactions between these two parts
of characteristics:

F(u™(s)) =0 for any small |s|. (1.10)

Remark 1.2 Obviously, (1.10) implies (1.3).
Under these assumptions, we have our main result.

Theorem 1.1 Under hypotheses (1.4), (1.6)~(1.7) and (1.10), there exists a constant 6y > 0
so small that for any given 6 with 0 < 6 < 6y, Cauchy problem (1.1)—(1.2) admits a unique
global H? classical solution u = u(t,z) ont >0 for any initial data uo(x) satisfying (1.5).
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2 Preliminaries

In this section, we give some preliminaries for the proof of Theorem 1.1. First, the normalized
coordinates and the equivalent theorem of Theorem 1.1 in normalized coordinates are introduced
in Subsection 2.1. Then, the formulas of wave decomposition are reduced to a suitable form in
Subsection 2.2. Finally, a new set of wave decomposition formulas is presented and analyzed
in Subsection 2.3 for high-order derivatives of the solution.

2.1 The equivalent form of Theorem 1.1 in normalized coordinates

As in [6, 8, 10], we introduce (generalized) normalized coordinates in wu-space. Denote
@ = u(u) with %(0) = 0 as the corresponding C*-diffeomorphism, and
_Ou

J(u)f%

(2.1)
as its Jacobi matrix. By the properties of normalized coordinates given in [6, 8], we have

I (w(@))lz=0 = R(0) (2.2)
and

(Jrg)(u(se)) || €x  for any small |s|, V1 < k < n, (2.3)

where ¢, stands for the kth unit vector in the normalized coordinates .
As in [11], we list the equivalent forms of the formulas given in Section 1 in normalized
coordinates u. First, it is easy to see that the original system (1.1) can be rewritten as

ot ~,_0u ~, _
o TA@ - = F(@), (24)
where
A(tr) = J (u(@) Au(@)) ]~ (u(@)), 2.5
F (i) = J(u(@)) F(u(@)), 2.6

while, the eigenvalues and matrices of eigenvectors of Z(ﬂ) are, respectively,

(@) = Ag(u(u)), Vv

1<k<n, (2.7)
w)),

R(u) = J(u(w))R(u( 2.8)
L(@) = L(u(@)J " (u(@). 2.9)
Thus, (1.4) and (1.3) can be equivalently rewritten as
l}(ﬁ)%(ﬁ) =6,7 for any small ||, V1 < k,k < n, (2.10)
F(0) =0. (2.11)

Moreover, noting (2.2), we have
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For
G(u) = L(w)Va F(W)R(w), (2.13)
by (2.2), (2.6) and (2.11)—(2.12), we have
G(0) = VzF(0) = L(0)V,F(0)R(0) = G(0). (2.14)

Then (1.7) can be equivalently rewritten as

n—1 n—1
=D &Gp(0)& =00 Y Gl VE=(&, - L)t €RMTL (2.15)
i=1

i,p=1
By (2.3) and (2.8), without loss of generality, we can assume
Tr(sex) = e, for any small |s|, V1 < k < n. (2.16)

Thus, we have
u(u® (s)) = sé; for any small |s|, V1 <k < n.

So, noting (2.6)—(2.7), (1.6) and (1.10) are equivalent to

M (Unn) = An(0)  for any small |s|, (2.17)
F(uné,) =0 for any small |s|. (2.18)

Moreover, the initial condition (1.2) can be rewritten as
t=0:u=uo(x), z€R, (2.19)
where ug(x) = u(ug(z)) and
0 ol = < o, (2.20)

and furthermore, for suitably small 50, we have K 19, < 50 < Kby for a constant Koy > 1.
Through the above analysis, we get the following equivalent form of Theorem 1.1.

Theorem 2.1 In normalized coordinates, under hypotheses (2.10), (2.15) and (2.17)—(2.18),
there exists a constant 50 > 0 so small that for any given 6 with0 <6 < 50 and any initial data
to(w) satisfying (2.20), Cauchy problem (2.4) and (2.19) admits a unique global H? classical
solution u = u(t,z) ont > 0.

2.2 Formulas of wave decomposition and their reduction

In this subsection, we introduce the formulas of wave decomposition and reduce them to a

[3ash)

desired form. For convenience, we omit the sign in Subsections 2.2-2.3 and Section 3 for
all the functions in normalized coordinates.

As in [5-6, 8, 10], we introduce the formulas of wave decomposition. Setting

ou

ou —1.... 2.21
axv k ) 1, ( )

W = lk(u)
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by (2.10), we have

-z Zwrrr(U)- (2.22)

The corresponding formulas of wave decomposition are

) ]0) = =
o + ( kégz)Uk) - ;Bkr(u)wr + ZEkr(u)ukwr + Fk(u)a k=1,--,n, (2'23)

ot
Ok 4 n ()2 — Zn:B (Ww, + Fi(u), k=1,---n (2.24)
8If k Oz - kr r k ) — 4 s Iy .
8;% N 8(>\kéu)wk) = 3 Tw@uwaw + Y K (ww,, k=1, n, (2.25)
t r 1<r,i<n r=1
r#l
8wk 8wk - —_
5 T Ak (U)a— = Z it (w)wyrwy — Z Ekr (w)wiw,
r 1<r,i<n r=1
r;él
+ZK,W wWwy, k=1,---,n, (2.26)
where
Bir(u) = Mg (u) = A\ (u))rpe(u) € C3, kyr=1,--- ,n, (2.27)
Err(u) = Vg (u)r.(u) € c? kor=1,--.,n, (2.28)
Trri(w) = (A (w) — N(w) e (w) Ve (u)r, (u) € c?, krl=1---n, (2.29)
Kir(u) = Gir(u) — (W) Vrp(w)F(u) € C?, kyr=1,---,n (2.30)

To reduce these formulas, we need the following lemmas.
Lemma 2.1 Suppose that a function a(u) € C™* (m € N) satisfies

a(uger) =0 for any small |ug]

for an index k (1 <k < n). Then there exist functions bx(u) € C™ (k= 1,--- ,n), such that

Z bi(uw)ug  for any small |ul.
1<k<n
k#k
Proof It is a direct consequence of Hadamard’s formula.

Lemma 2.2 Suppose that a function a(u) € C™ 2 (m € N) satisfies
a(unen) =0 for any small |uy]. (2.31)

Then there exist functions by(u) € C™ (r,l =1,--+ ,n), such that

n—1
0
a(u) = 85 (0)up + Z bri(w)uruyg  for any small |u).

p=1 1<ri<n
(r.D)#(n.n)
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Proof Taking Taylor expansion to a(u) at the point (u,e, ), we get that there exist functions
bpp(u) € C™ (p,p=1,---,n — 1), such that

a(u) = a(uyen) + Z 5 (unen)up + Z bpp (W) upusp.
r p.p=1

Then the Taylor expansion to ,,a(une,) at the point 0 gives

da Ja
a—up(unen) = a—up(O) + bpn (W, V1<p<n-—1
with some functions b,,(u) € C™ (p = 1,--- ,n —1). Noting (2.31), these two formulas lead

directly to the conclusion of the lemma.

Remark 2.1 Lemma 2.2 is similar to [11, Lemma 3.2]. However, by a different proof, we
only need a weaker hypothesis on the regularity of function a(u).

As in [11], we reduce the coefficients in the formulas (2.23)—(2.26) by means of the above
lemmas. Our aims of the reduction are as follows:

(1) The coefficients of the first order terms are all constants.

(2) No second order term has the index pair (n,n), i.e., the index pair of every second order
term is of the form (p,p), (p,n) or (n,p) for p,p=1,--- ,n— 1.

In what follows in this subsection and in Subsection 2.3, we always take |u| to be suitably
small.

First, by (2.16) and (2.27), we have

Bir(urer) = (Mg (urer) — Ap(uper)) - 0pr =0, V1<Ekr<n.

Then by Lemma 2.1, there exist functions ¥y, (u) € C% (k,r,l = 1,--- ,n), such that
Br(ww, = > tpa(www,, Y1<kr<n. (2.32)
1<i<n
T#r

By Lemma 2.2 and noting (2.18), there exist functions ®y,;(u) € C* (k,r,l = 1,--- ,n), such
that

E
:Zak 0)up, + Z Dy (w)uruy, V1<k<n.

8“” 1<r,i<n
(r)#(nn)

Then, noting the first equality of (2.14), we have

E ka up + E (I)krl( )urul, V1 < k <n. (233)
1<r,i<n
(r.D)#(n.n)

Using (2.32)—(2.33), we can reduce (2.24) into
0 8
SE Uk = Y de@uwe+ D Pp(u)upu

1<r,i<n 1<r,i<n
r;él (r,1)#(n,n)

+3 GOy, k=1, .n.
p=1
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For the convenience of discussion, we split this formula into

% + Az(u)% = Y tm@uwe+ > Pi(u)urw
1<r,l<n 1<r,I<n
r A (r)#(nn)
n—1
+ GOy, =1, n—1 (2.34)
p=1
and
ou ou !
2t An(u) 5 = ST e, + > Cpp(wuyu+ Y Gup(0)u,.  (2.35)
1<r,i<n 1<ri<n p=1
r#l (rD)#(n,n)

Moreover, by (2.16)—(2.17) and (2.28), we have

0

So by Lemma 2.1, there exist functions 7,,(u) € C* (p =1,--- ,n — 1), such that

Enn(unen) = VA, (upen)rn(une,) =

n—1
Ean(u) = Z N (W) Up. (2.36)
p=1
Thus, by using (2.32)-(2.33) and (2.36), (2.23) can be reduced into

dui  O(Ni(uw)us o
Qi % - Z Virt (w)ww, + z_:lz”(“)uiwr + Z Rir(u)urw

ot 9 1<ri<n 1<ri<n
7l (rD)#(n,n)
n—1
+) GOy, =1, n—1 (2.37)
p=1

and

a . a )\n . n—1 _ n—1
T % = Z U1 (W) ugw, + pzz:l Enp(u)unwy, + Z(unnnp(u))upwn

ot
1<r,i<n p=1
r#l
n—1
+ Z q)nrl (u)urul + Z an(O)up (238)
1<r,l<n p=1

(rD)#(n,n)

Remark 2.2 In (2.38), we treat w,nnp(u) in the third order term n,,(u)u,upw, as a
coefficient. Then this third order term can be regarded as a second order one without the index
pair (n,n). We will use the similar tricks many times in what follows.

By (2.13), (2.16), (2.18) and (2.30), we have

Kin (Unen) = Gin (unen)

=l (unen)VF(unen)rn(unen)

0
= Zk(unen)aTF(unen)

=0, VI<k<n
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and

Kip(0) = Gip(0), V1<p<n-—-1,V1<Ek<n.

So by Lemma 2.1 and Hadamard’s formula, there exist functions &gq(u) € CY(k,r,l =
1,-+-,n), such that

n—1
Kin(w) =Y Gnp(w)uy, V1<k<n,
p=1
Kip(u) = Grp(0) + kapl(u)ul, Vi<p<n—-1,V1<k<n.
1=1

Thus, we have

n n—1
ZKkr(u)w,« = Z Ert (W) ugwy, + Z Grp(O)wp, V1<k<mn. (2.39)
r=1 1<r,l<n p=1

(r,)#(n,n)

Using this equality, we can reduce (2.25) into

8wi+m7;)wi): Z i (w)w,w; + Z Eirt (w)upw,

ot g 1<r,l<n 1<r,i<n
r#l (r,0)#(n,n)
n—1
+ 3 Gip(O)wyp, i=1,,n—1, (2.40)
p=1
ow, O\, (uw)w,
ot + ( éx) ) — Z Fnrl(u)wrwz + Z gnrl(u)ulwr
1<ri<n 1<ri<n
r#l (r,l)#(n,n)
n—1
+ ) Grp(0)wy. (2.41)
p=1

Moreover, using (2.36) and (2.39), we can reduce (2.26) into

n

8wi

8’(1}1‘

o T = Y Tm(wuww =) Ep(@wiwr+ Y Gn(u)mw,
1<r,l<n r=1 1<r,l<n
r#l (rD)#(n,n)
n—1
+> GipOw, i=1,-- n—1, (2.42)
p=1
8’(1} 8’(1} n—1 n—1
—atn + )\n(u)—a; = Z Lyt (w)wpwy — Z Enp(w)wpwy, — Z(wnnnp(U))upwn
1<ri<n p=1 p=1
r#l
n—1
+ Y Gm@uw, + Y Gop(0)wy. (2.43)
1<r,l<n p=1

(r,)#(n,n)
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2.3 Formulas of wave decomposition for higher order derivatives

In this subsection, we derive formulas of wave decomposition for higher-order derivatives of
the solution.

Let
0
po =5, k=1-.m, (2.44)
0
zk—%, k=1,---,n (2.45)
By (2.22), we have
Yk = Zwrrkr(u), V1<k<n. (2.46)
r=1
Noting (2.16), we have
Tin(Unen) =0, V1<i<n-—1.
So by Lemma 2.1, there exist functions ¢, (u) € C% (i,p=1,--- ,n — 1), such that
Tin() =Y Ginp(W)up, Y1<i<n-—1.
Substituting this into (2.46), we obtain
Y = Z rip(uw)wy + Z Ginp(Wupwy, V1<i<n-—1. (2.47)

In order to get the formulas of wave decomposition for z;, taking the derivative with respect
to x on both sides of (2.42), we have

0z; n O(\i(u)z

Vi QD) S () )+ Y (th

zrl )wrwl
1<r,i<n 1<r,i<n

r#l r;él
=Y () (ziwy +wiz,) — Z (Z Un gy )wiwr

r=1 r=1
+ Z Eirl(u) (ylwr + ulzr) + Z ( Z yh gw’l )ulwr

1<r,l<n 1<ri<n

(r,)#(n,n) (r,)#(n,n)

+2Gil)(0)zl)7 Zzla 7n_1- (248)
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Similarly, taking the derivative with respect to = on both sides of (2.43), we get

% + W - Z Fnrl(u) (erl + wrzl Z (Z Ynh7— m"l )wrwl

1<r,l<n 1<r,i<n  h=
r#l r;él

n—1

- S%(u)(znwp Funs) =3 (32

M:

o)

S
Lol
L

0
_ Z (Wi Nnp (W) (Ypwn + 2upzy,) — (wn Z Yn 8—Wnnp(u))upwn
p=1 =
+ Z fnrl(u) (ylwr + ulzr) + Z (Z Ynh7— fnrl )ulwr
1<r,I<n 1<r,i<n
(r,)#(n,n) (r,)#(n,n)
n—1
+ > Gnp(0)z,. (2.49)
p=1

Noting (2.28) and (2.36), we can easily use (2.48)—(2.49) to obtain another two formulas of wave
decomposition for zj as

%Zti +A 331 - Z Fzrl erl + wer Z (th Wl )wrwl

1<r,i<n 1<r,i<n
7"751 r;él

- \—*zr 2 iWr + W; r ‘—"LT’ i Wr
+ Z firl (’LL) (ylwr + ulzr) + Z ( Z yh fzrl )ulwr

1<r,i<n 1<r,i<n
(r,1)#(n,n) (r)#(n,n)
+3 Gip(0)zy, =1, n—1, (2.50)
0zp, ('9 Oz
% + - Z Pnrl erl + wrzl Z (Z Y — m"l )wrwl
1<r,i<n 1<r,i<n h=1
7"751 r;él
n—1 n a
_ Z Enp () (2zpwy + wpzp) — Z ( Z yh%Enp(u))wnwp
p=1  h=1 h
n—1 n )
- Z wnnnp ypwn + 3Upzn) - Z (wn Z Yn a—uhnnp(u))upwn
p=1 h=1

+ Z fnrl (’LL) (ylwr + ulzr) + Z ( Z Yh a;ihgnrl (U)) UgWy

1<r,i<n 1<ri<n h=1
(r,)#(n,n) (r,.)#(n,n)

+ i Gp(0)z,. (2.51)
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Remark 2.3 All the coefficients in formulas (2.48)—(2.51) have already matched the re-
quirements of reduction given in Subsection 2.2.

Remark 2.4 By taking the derivative with respect to « on both sides of (2.34)-(2.35) and
noting (2.36), we can similarly obtain the formulas of wave decomposition for y,. However,
since relations (2.46)—(2.47) can be simply used to establish corresponding a priori estimates
instead of these formulas, we omit them here.

3 Proof of the Main Theorem

In this section, we use the reduced formulas of wave decomposition, given in Subsections
2.2-2.3, to get a series of a priori estimates of the solution and complete the proof of Theorem
2.1, which leads to the validity of our main result, Theorem 1.1.

For any given T > 0, set

UDab(T) - 1<m<ax HU%HL"(OTL”(]R))) a = 15005 b= 27007 (31)
WDab(T) = 1<I’}l<aX Hw’L”L"(OTL”(R))a a = ].,OO, b= 27007 (32)
YDab(T) 1< < Hy’LHL“(OTLb(]R))v a = ].,OO, b:2,00, (33)
Zpap(T) = max |lzilleomrir2@), a=1,00, (3.4)
UL 0o p(T) = |lunlzo(o,1:20®)), b= 2,00, (3.5)
WLoob(T) HwnHLx(OTLb(R))a b= 2,00, (3.6)
Y7,006(T) = [|ynll L0, 1500 ), b= 2,00, (3.7)
Z1,002(T) = |20l o 0,7;02®)) (3.8)
Uoo,b(T) maX{UD,OO’b( ) UL %) b(T)}, b= 2, o, (39)
WOO b(T) maX{WD,OO b( ) WL ,00, b(T)}, b = 2, oo, (3.10)
Yoo,b(T) maX{YD,oo,b( ), YL,oo,b( )}, b= 2, oQ, (311)
ZOO’Q(T) maX{ZD,OO,Q( ) ZL,OO,Q(T)}, (312)
I(T) =Us2(T) + Uso,00(T) + Up.,1.2(T)
+ Woo,2( ) + Woo,oo(T) + WD,I,Q(T)
+ Yoo,Q(T) + Yoooo(T) + YD,l,Q(T)
+ ZOO’Q(T) + ZD’LQ(T). (313)
By (2.20)—(2.21) and (2.44)—(2.45), we have

1(0) < C0. (3.14)

Here and hereafter, C' stands for a positive constant independent of # and 7', but possibly
depending on 6.

Now, we use a bootstrap argument to prove that there exists a constant 6y (0 < 6y < 1) so
small that for any given 6 (0 < 0 < 6y) and any given T' > 0, we have

I(T) < Ch7, (3.15)
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i.e., for any given 7' > 0, we try to get (3.15) under the assumption

w\»—A

I(T)<6 (3.16)

First, by (3.16) and noting (2.44)—(2.45), the Sobolev embedding theorem can be easily used
to get

Ub.oo(T) < C(Up1o(T) + Yp12(T)) < CH?, (3.17)
Wpa.ee(T) < C(Wpa2(T) + Zpao(T)) < 09% (3.18)

Then by (2.47), we have

[\J\»—A

YD,1,00(T) <CWp1,00(T) + CWeo,00(T)Up 1,00(T) < CO (3.19)

Next, we estimate the dissipative part of the solution. Multiplying w; on both sides of (2.34)
and (2.37), summing up and integrating over z € R, we obtain

d =
a”ui(f'a')"%?(]}{) :/ ( Z Pir(u ulwr+z~:ir(u>uiwr+2 Z Dy (w)uruy

1<r,l<n r=1 1<r,i<n
T;él (r,l)#(n,n)
n—1
—l—ZZGip up)dx i=1, ,n—1
p=1

%(ﬁuz( >||L2<R>)+2éo(ZHw Niem)

i=1
n—1 1 n
<2 Z (”uz( |L2(]R) H( Z wzrl ulwr —+ 5 ZEiT’(U)uiwr
i=1 1<r,i<n r—1
r;él
(I)ir T ) t7 . ‘ )
+ D wyura ) (6]

1<r,i<n

(r, l);é(n n)

Similarly, by (2.40), (2.42) and (2.48), (2.50), we have

n—1

4
&@ ) ey ) + 20 > it M)
n—1 n
2 (sz ||L2 . H( Z Firz(u)w,«wl — %ZE” (u)wiwr
=1 1<ri<n o
r#l
t o2 )ulwr>(t )‘ L2(1R)>

(r.D)#(n.n)
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and
d n—1 n—1
S it ege)) + 280 X It Mo
i=1 i=1
n—1
<23 (st e - | (X0 Tanlw)zran +w,z)
i=1 1<r,i<n
r#l
- o) tL 3
+ (Z Yn 8—Firl(u)>wrwl =) Zi(u) (§ziwr + wizr)
1<mi<n  h=1 Uh —1
r#£l
n n 8
- ( yhaT\—*zr( ))wzwr+ Z gw’l( )(ylwr+ulzr)
=1  h=1 h 1<ri<n
(rD)#(n,n)

n

+ Z (Z yha;ihfirz(u))“l“”) (t,- )‘

1<r,i<n h=1
(r,1)#(n,n)

Y

o)

respectively. Summing them up gives

(Xt Mgy + st My + ity

n—1

200 ( 30 (st ey + i (t ey + 1206t ) F2(x) )

< C(1+ Yoo (1)) ((Use oo (T) + Wigy0(T) + Yox, (1)

(3 O My + oty + it ey + 2206 e
n—1 n—1
o Zn00 (D) 3200l az@) ) ( 2o itz + st )l )-

By the Sobolev inequality and (2.47), we have

i (t, ) oo ) + [wilt, )l L)
< C(lluilt, )2y + llwilt, )2y + 19 llL2@ + Iz -)lle2 @)

and
lya(t, Y22y < Clllwilt, llzaey + luilt, )l z2))-
Thus,
d n—1
(D Ut Mgy + it ey + 236t ) 2y))
z=1n_1
260 ( D2 Ut M3y + i (8 ey + 120l Fam)
=1

< C(1+ Yoo 1)) ((Use,o0(T) + Woo,o(T) + Yao,oo(T) + Z . 2(T)
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n—1

(D st ey + st ey + 1zt ) Ewy) ) )-

i=1

Noting (3.16), we have

St Wy + et Mgy + i, )
-l-%(i:(“’ui( )”Lz(R)-l-sz( )||L2(R)+||zl( )||%2(R)))§0.

Now we get the exponential decay of the dissipative part of the solution,

n—1 1
2

(D CUaatt, )y + st ) Faqey + l26CtEeqey))
i=1
<o (2 (lus0. ey + (0, Mooy + 12600, MFagwy) s V€ (0,71,

which obviously leads to

Ub,o2(T) +Wp,oo2(T)+ Zpoo2(T)+Up,12(T)+Wpa2(T)+ Zpa12(T)
< C(Up,00,2(0) + Wp,00,2(0) + Zp,00,2(0)) < C9. (3.20)

By (2.47), we have
YD’OO,Q(T) + YD’LQ(T) < (0. (321)

Then by the Sobolev embedding theorem, it follows from (3.20)—(3.21) that

UD,oo,oo(T) + UD,l,oo(T) é C97 (322)
WD,oo,oo(T) + WD,l,oo(T) < (4. (3.23)

Using (2.47) again, we get
YD,00,00(T) + Yp.1,00(T) < C6. (3.24)

At last, we estimate the nondissipative and weakly linearly degenerate part of the solution.
Multiplying wu,, on both sides of (2.35) and (2.38), summing up and integrating over z € R, we
have

d
< lumt, e

n—1 n—1
/ : (2 Z U (w)ugwy + Z Enp(u)unwp + Z(unnnp(u))upwn
1<r,l<n p=1 p=1
n—1
+2 Z Dy (v)upuy + 2 Z an(O)up> dz
1<r,l<n p=1

(rD)#(n,n)
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1 _ _ n—1
< 2t Mazeey - ([ (30 vty + 525 wtntty + 5 O (tntinp (1)
1<ri<n p=1 p=1
+ Z D, (u )urul)( )‘ . + H ZGn;D(O)U/p(t,-)‘ LQ(R)>.
1<r,l<n p=1
(rD)#(n,n)

Integrating with respect to ¢ from 0 to 7', we obtain

Uf oo 2(T) SUZ 0 2(0) + CUL o0 2(T)(Uso,00(T) + Woo,00(T))
p,1,2(T) + Wp,1,2(T)) + Up,1,2(T))

N)I(.«

(U
ok

IA

Similar calculations for (2.41), (2.43), (2.49) and (2.51) lead to

WL2,oo,2(T) < WLQ,oo,Q(O) + CWL@OQ(T)((UOO,OO(T) + WoopO(T))
“(Up,1,2(T) + Wpa2(T)) + Wp,2(T))
<083,
73 s02(T) < 77 1 5(0) + CZ1 00,2(T)(Uoo 00 (T) + Wo 00 (T) + Yoo,00(T))
“(Upa,2(T)+Wp12T)+ YD 12(T)+ Zp12(T))
+ Z1,00,2(T)(Up,1,00(T) + Wp1,00(T)) + Zp,1,2(T))
< Ch3.

Consequently, we have

UL oo 2(T) < COF, (3.25)

Wi .eo2(T) < CO7, (3.26)

Z1.002(T) < COY. (3.27)
Then by (2.46), we have

Yi002(T) < C(Wp oo a(T) + Wi o 2(T)) < CO1. (3.28)

Thus, we can use the Sobolev embedding theorem again to get

UL .oe.oo(T) < CO1, (3.29)

Wi 0,00 (T) < COF. (3.30)
Finally, by (2.46) and (3.23), we have

Y1000 (T) < COF. (3.31)

Inequalities (3.20)—(3.31) give our desired estimate (3.15) which finishes the bootstrap ar-
gument and completes the proof of Theorem 2.1 and so Theorem 1.1.
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4 Remarks

In this section, we give some remarks on several aspects of our main result, Theorem 1.1.

First, because of condition (1.10), as mentioned in [11], Shizuta-Kawashima condition pro-
posed in [14], which plays an important role in [1-3, 13—-18] et al., is violated. Moreover, from
the finite-time singularity of the classical solution to the following problem given in [11],

w1y = udu3,
1 m
u2t+u2x=—u2+§u1, m e N,
1
2121
t=0: u =< °° , el <1, ug = 0,
0, |z > 1,

we know that (1.10) is indispensable for our result.

We can also treat (1.10) as a part of null condition that (1.6) and (1.10) guarantee that
the nth characteristic satisfies the generalized null condition given in [6], i.e., in normalized
coordinates, each nth traveling wave solution

U= 3@ — M(0))Fn(0), et

to the linearized system
ou ~, Ou
24 A(0) =
ot +A( >8x

is also a solution to the corresponding quasilinear system (2.4).

=0

Secondly, besides a condition similar to (1.10), there is another hypothesis in [11] to restrict
the interactions between two parts of characteristics. In this paper, that hypothesis reads as

Ly (u D (s)F(u(s)) =0 for any small |s|, V1 <i<n—1, (4.1)

which can lead to one more reduction in Subsections 2.2-2.3 that no first order action from
dissipative waves to nondissipative one exists, i.e.,

Gnp(0) =0, V1<p<n-—1.

In this paper, we do not need such a hypothesis to get our result on the global well-posedness
of the classical solution.

At last, we compare Theorem 1.1 with other results on dissipative systems. Comparing
with [1-3, 13, 15, 19], we do not require the hypotheses on the structure of conservation laws
or strictly convex entropy, as well as Shizuta-Kawashima condition. Comparing with [4, 6-7],
we have only one characteristic that is not involved in the strict dissipation, and the dissipation
is in the sense of positive definiteness other than diagonal dominance. Comparing with [11],
we use the dissipation in the sense of positiveness other than diagonal dominance, and we need
fewer assumptions on the interactions between two parts of characteristics, but the number of
nondissipative wave is only one.
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