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Abstract The authors are concerned with a zero-flux type initial boundary value problem
for scalar conservation laws. Firstly, a kinetic formulation of entropy solutions is estab-
lished. Secondly, by using the kinetic formulation and kinetic techniques, the uniqueness of
entropy solutions is obtained. Finally, the parabolic approximation is studied and an error
estimate of order n% between the entropy solution and the viscous approximate solutions
is established by using kinetic techniques, where 7 is the size of artificial viscosity.
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1 Introduction

We are concerned with a zero-flux type initial boundary value problem for scalar conservation

laws
Ou~+divf(u) =0, (t,x) € Q:=(0,+00) x Q, (1.1)
u(0,z) = up(z), =z €, (1.2)
fu) - n=0, (t,x)€ X :=(0,+00) x 0f, (1.3)

where 2 is a bounded spatial domain in R? with deformable Lipschitz boundary 9 (see [8]),
and n is the unit outer normal vector to the boundary 9. u = wu(t, z) is an unknown function
that is sought. The flux f(u) is a smooth vector function which is genuinely nonlinear in the

following sense:

¥(r,¢) e RxRY, (7,¢) #(0,0): LUE| T+ f'(§) =0}) =0, (1.4)
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where £ denotes the one-dimensional Lebesgue measure.

Equation (1.1) arises in a variety of physical theories, primarily in dynamics, continuum
mechanics and optics. As the flux is nonlinear, solutions to (1.1) may blow up in finite time,
and it is also well-known that weak solutions to (1.1) are in general not uniquely determined
by their initial data. In order to find the physically relevant discontinuous solution to (1.1), we
should consider it in the sense of entropy solutions (see [14]).

A well-studied boundary condition is the Dirichlet boundary condition
u(t,r) =u’(t,x), (t,z) €%, (1.5)

where u” € L°°(X). Since the value of the solution to (1.1) is a constant along characteristics
and the characteristics from the interior of ) may intersect 9, (1.5) may not be assumed
pointwise, and we should read (1.5) as an entropy condition on the boundary. The first analysis
on existence and uniqueness of BV solutions to problem (1.1)—(1.2) and (1.5) is due to Bardos
et al [2]. The BV property ensures the existence of boundary traces, which is crucial for the
uniqueness result. In order to define a setting for more general data (namely, L> data), a new
definition has been given by Otto [20]. In this definition, the boundary condition is required
to be held in an integral form by introducing appropriate boundary entropy-entropy flux pairs.
These results were also extended to strongly degenerate parabolic-hyperbolic equations (see [7,
17-18] and the references cited therein). In [23], it is shown that L*° entropy solutions to (1.1)
always have traces at the boundary of @), no matter what initial and boundary conditions are
assigned. Thus, L entropy solutions to problem (1.1)—(1.2) and (1.5) can also be defined as
in [2], and the notion of entropy solutions used by Otto [20] can be avoided (see [15]).

Another kind of boundary condition that is prescribed to some physical problems is the
zero-flux boundary condition (1.3), such as the sedimentation of suspensions in closed vessels
(see [3, 5-6]) and the dispersal of a single species of animals in a finite territory (see [19]). R.
Biirger et al [4] utilized the existence of strong traces of L entropy solutions to (1.1) to give
the definition of L° entropy solutions to (1.1)-(1.3). They proved the uniqueness of entropy
solutions by using the Kruzkov’s device of doubling variables, and obtained the existence of
entropy solutions by using the vanishing viscosity method.

A kinetic formulation of entropy solutions for scalar conservation law was first obtained
by Lions et al [16] to the Cauchy problem, and Perthame [21] showed that the kinetic for-
mulation supplies a good technical framework to easily prove the L'-contraction property of
entropy solutions and the error estimate with regard to the parabolic approximation, with-
out using the Kruzkov’s device of doubling variables. For Dirichlet problem (1.1)—(1.2) and
(1.5), Imbert and Vovelle [12] got the kinetic formulation of entropy solutions and proved the
uniqueness of entropy solutions. An error estimate for the parabolic approximation of Dirichlet
problem (1.1)—(1.2) and (1.5) was obtained by Droniou et al [11] under kinetic framework. The
analogous results can be developed to the Cauchy problem of anisotropic degenerate parabolic-
hyperbolic equation (see [9-10]), as well as the Dirichlet boundary problem of isotropic degen-
erate parabolic-hyperbolic equation (see [13]).

In this paper, we develop a kinetic formulation of entropy solutions to problem (1.1)—(1.3),

and prove the uniqueness of entropy solutions. Meanwhile, we are also interested in the following
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parabolic approximation of problem (1.1)—(1.3):

8157]77 + din(Un) = nAvna (t,.l?) € Q7
v"1(0, ) = up(x), x €, (1.6)
(f(vn) - nvvn) = Oa (t,.l?) € 27

where 7 (> 0) is the size of artificial viscosity, and v" is called a viscous approximate solution to
(1.1)-(1.3). We use the kinetic formulation and kinetic techniques to obtain an error estimate
of order 77%, which is the first result about the error estimate between the viscous approxi-
mate solution v” and the entropy solution u. Hereafter, for narrative simplicity, we drop the
superscript n in v".

The remaining part of this paper is organized as follows. Section 2 is devoted to some
notations and assumptions. In Section 3, we introduce the definition of entropy solutions to
problem (1.1)—(1.3) and establish the kinetic formulation of entropy solutions. In Section 4,
the uniqueness of entropy solutions is proved. Section 5 is devoted to the study of the error

estimate between the viscous approximate solution v and the entropy solution w.

2 Preliminaries

In this section, we give some notations and some assumptions that are used throughout the

paper.
For Kruzkov entropy |u — k|, the entropy fluxes are defined by

F(u, k) = sgn(u — k)(f(u) — f(k)).
Set

1, r>0,
sgnt (1) = 0 r<o

-1, r<0,
sgn~ (r) =

0, r >0,
and r* = sgn®(r)r. The semi-Kruzkov entropies are the convex functions defined by
MEr) = (u—k)*, keR,
and the corresponding entropy fluxes are defined by
F*(u, k) = sgn®(u — k) (f (u) — f (k).
We define a kinetic function y,, associated with the function v as in [12]:
1, 0 <& <ult,x),
Xult,z, &) =< —1, wu(t,z) <£<0,
0, otherwise.

Such a kinetic function is a so-called equilibrium function. Let

Xf(taxag) = Sgni(u(tvx) - f)
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Then

Xults,€) = Xy (£, 2,€) + sgn™ (). (2.1)

We assume that  is a C? bounded open subset in R?. Thus, we can find a finite open
cover {B;}¥ of Q and a partition of unity {\;}, on Q subordinate to {B;}}¥, with By C
and {B;}Y, an open cover of the boundary of Q, such that, for i > 1, up to a change of

coordinates represented by an orthogonal matrix T}, the set 2 N B; is the epigraph of a C?
function h; : R~ — R, that is,

Q,\i =QnNk; = {.13 cB;: (Til‘)d > hz(m)},
O, =00NB; = {z € B : (Tyx)g = hi(Tiz)},

where 7 = (Z,74) € R and T = (21, ,24_1). For simplicity, we suppose that the change of
coordinates is trivial: T; = Id. Below we will drop the index i for convenience. We also write
Qx = (0,400) x Qy, Ex = (0, +00) x I, IIy = {T : & € supp(A)NQ}, and O = (0, +00) x II,.
We denote by n(Z) the outward unit normal to 92y at a point (Z, h(T)) of 902y and by do(T)
the (d — 1)-dimensional area element in 9 as follows:
n(z) = (1+[Vzh(T)")"* (Vzh(z), -1),
do(T) = (1 4 |Vzh(T)[?) 2 dz.
We introduce as in [12] a right-decentered regularizing kernel 6, (s) = 16(£), where 6 €
C((0,1); RT) satisfies
/ 0(s)ds =1,
R

'Ya,e(t; x) = Ha(t)'ye(x) = ea(t)iel (5)962 (xd)v

where 0 < o < 1. Set

d—1 _
where Y, () = [] 0, (2;). Consider now a function H defined on @, and a function H defined
i=1
on Y. Their regularized functions are, respectively, defined by
H*(t,z) = (H x 19,) * Ya.c(t,x) = H(s,y)Va,e(t — s,z —y)dsdy,
Qx

Fa’e(t, 7) = (H x 1x,) * Yae(t, ) = F(s,y)’yme(t — s,z —y)dsdo(7),
PN

where 1x stands for the characteristic function of the set X. We expect that these two functions
vanish outside of Q*. For this purpose, in the proof of the uniqueness of entropy solutions, we
choose €; and e, to satisfy the condition pey > v/de;Lip(h) (see [12]).

3 Definitions of Entropy Solutions, Kinetic Formulation

In this section, we introduce three kinds of equivalent definitions of L>° entropy solutions
to problem (1.1)—(1.3) and establish a kinetic formulation of entropy solutions.

According to [4], entropy solutions to problem (1.1)—(1.3) can be defined as follows.



Kinetic Formulation for Scalar Conservation Laws 355

Definition 3.1 A function u € L*(Q) is called an entropy solution to (1.1)—(1.3) if the
following entropy inequality holds:

/ {|u — k|Op + F(u, k) - Vo}dtde + / |ug — k|(0, z)dx
Q Q
—l—/ sgn(u” — k) f(k) - nedtdo () >0 (3.1)
)
for any k € R and ¢ € C§°(Q) with ¢ > 0, where Q := [0, +00) x Q, and u” is the strong trace

of u on 3.

Definition 3.2 A function u € L*(Q) is called an entropy solution to (1.1)—(1.3) if the
following conditions are staisfied:
(D.1) (Interior Entropy Condition) Vk € R and Vo € C§°(Q) with ¢ > 0,

/ (Ju— kv + F(u, k) - Vip}dtda > 0. (3.2)

Q

(D.2) (Initial Condition) The initial condition is assumed in the following strong L sense:
esslim|lu(t, -) = uo(")|| L1 @) = O-

(D.3) (Boundary Condition) The boundary condition is satisfied in the following pointwise

sense:
f@W) - n=0, a.e. onX. (3.3)
Remark 3.1 The existence of strong traces for entropy solutions to (1.1) has been proved

in [23].

Similarly as in [12] for the case of Dirichlet boundary condition, we can define entropy

solutions to (1.1)—(1.3) with the aid of subsolution and supersolution.

Definition 3.3 Consider a function v € L>(Q).
(D.1) The function u is an entropy subsolution (resp. entropy supersolution) to (1.1)—(1.3)
if

/ {(u—Kk)E0po + FE(u, k) - Vildtdr + / (uo — k)T (0, z)dx
Q Q

—l—/ sgnt(u” — k) f(k) - npdtdo (z) > 0, (3.4)
b

Vk € R and Vo € C°(Q) with ¢ > 0.
(D.2) The function u is an entropy solution to (1.1)—(1.3) if it is both an entropy subsolution

and an entropy supersolution.

Remark 3.2 It is obvious that these three kinds of definitions of entropy solutions are

equivalent to each other.

Now we establish the kinetic formulation of entropy solutions.
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Proposition 3.1 Let u be an entropy solution to (1.1)~(1.3). Then there exists a bounded
nonnegative entropy defect measure m € M™(Q x R) such that m vanishes for |£] > 1, and for
any ¢ € C5°(Q x R),

/ Nt 2,€)(006 + a - Vod)didade + / oo (@, €)(0, 2, €)darde
QxR Q

xR

—|—/ Xur (t, 2, &) (—a - n)pdtdo (T)dE = Ocpdm, (3.5)
LXR QxR

where a = (@,aq) = f'.

Proof Let us fix k € R and define a linear form m% on C§°(Q):
mk () ::/ {(u—Kk)F0pp + FE(u, k) - Vo }dtdz + / (uo — k)% ¢(0, z)da
Q Q

—I—/ sgn® (u” — k) f(k) - npdtdo (7). (3.6)
)

Since u is an entropy solution, it is obvious that m% is nonnegative for any k and ¢ (> 0).

Define measures m™* (¢, x, £) by
[ om0, = [ m (o)
QxR R

for any ¢ € C§° (Q x R). Tt is easy to obtain that m® is nonnegative measures on Q x R and
m* vanish for [¢] > 1.
For any ¢ € C5°(Q x R), we have

/, Ded(t,x, €)dm* (¢, ,€)
QxR

= /Q R{(u — 6)F0,0c¢p + FE(u,€) - VOegp}dtdade + / (up — €)F 0 plimodzdé

QxR

4 / sgu (u” — €)£(€) - ndeddtdo (T)dE
xR

- /Q s (u—€)(010+ - Vo)ddads + [ sentua - 6li-adads

QxR

+ / sgn® (u” — €)(—a - n)odtdo(T)de
YxR

- / (12, €) (0 + a - V)didade + / X (,€) o
QxR QxR

4 / X (1,2, €)(—a - n)pdtdo (T)d.
xR

From property (2.1) of the equilibrium function, it is easy to deduce that m™ = m~. Thus we

take the entropy defect measure m = m™ = m~, and we have

/ Nt 2, )06 + & - Va)didade + / Yoo (2, )l —o e
QxR QxR

X

+/ xur(t,x,g)(—a-n)¢dtda(f)d£:/_ Ocpdmdg. (3.7)
LXR QxR
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Now we only need to prove that m|(g)xoxr = 0 and m|sxr = 0. For any ¢ € Cg°(Q x R),

from (3.7) we have

/ Xu(t, 2, &) (O + a - Vib)dtdzdE = O¢ipdm. (3.8)
QxR QxR

Let wy (t) = fot Oa(s)ds and ¢ € C5°([0,T)xQ2xR). Applying the test function w, (t)p(t, x, &)
to (3.8), we have

/ wa(t)xu(t, z,8)(0r¢ + a- Vo)dtdzdE + / Oa (t)xu(t, 7, §)Ppdtdrdd
QxR

QxR
:/ Wa (t)Ocpdm.
QxR

Letting @ — 0+ and using the Lebesgue dominated convergence theorem, we can obtain

/ Nult, 2,€) (B + a - Vo)didade + /
QxR

QxR

( tlg% Xul(t, T, §)) @|r—odzdg
:/ 3§¢dm. (3.9)
QxR

Next we set wq(x) = foxd_h(f) 0o(s)ds, ¢ € C5°(Q x R) and ¢* = ). Applying the test
function ¢*w, to (3.9), we have

/ wao () xu(t, ,§) (8t¢)\ +a- V(b/\)dtdxdf + / ¢)\Xu (t,z,8)a - Vw,(z)dtdrdd
QxR QxR

+ / wa(x)(lim Xu(t,x,f))d))“  dade = we (x)Dep*dm. (3.10)
Q)\ xR t—0 t=0 Q)\ xR
As a — 0, (3.10) implies that

/QMqu@, PO +a Vataac + [ (i 0)o| v

QxR
+/ ( lim Xu(t,x,f))aﬁ)‘(—a'n)dtda(f)d{ = e dm. (3.11)

LA xR N ra—h(T) QxR
By the existence of strong trace in [23] and the same arguments in [12], from (3.7) and (3.11),
we deduce that dem|rpyxaxr = 0 and dgm|sxr = 0, which implies that both m|{0}xoxr and
m|sxr are constants with respect to {. Along with the facts that m[{0) xoxr = 0 and m[sxr =0

as |{| > 1, we can deduce that m|{p1xoxr = 0 and m|sxg = 0. Thus we can obtain (3.5) from
(3.7).

Remark 3.3 It is obvious that

/ E (2, €)(006 + - Va)didade + / XE (2, ©)l_odade
QxR QxR

X
+/ X5 (t,z,€)(—a - n)gdtdo(T)dE = Ocpdm. (3.12)

xR QxR
In [11], a kinetic formulation was established for the viscous approximate solution to problem
(1.1)-(1.2) and (1.5), while we can obtain a kinetic formulation for the viscous approximate
solution to problem (1.1)—(1.3), namely, the solution to problem (1.6), in which the Dirichlet

boundary condition in [11] is replaced by the natural zero-flux boundary condition in (1.6).
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Proposition 3.2 Suppose that v is a solution to (1.6). Then for any ¢ € C§°(Q) and
¥ e Cgo(R),

/ XE(t, x,€)(8y¢ + a- Vpo)dtdzde — né(v — &)Vu - VodtdzdE
QxR QxR

+ / Eblodede + [ Guodtdo(®)de — / dcddp, (3.13)
QxR R QxR

PP

where ¢(t,$,£) = @(tax)w(f), gi(t,x,f) = (_a ’ n)Xv:t + 775(’0 - f)Vv ‘n and dp = 776(1} -
&)|Vv|?dtdzd€. Here 6 is the Dirac function.

Proof Let
E(0) = /R B(E)sen* (¢ - £)de,
H(C) = /R a(E)(©)sen*(C — E)de.

It is easy to know that £/ =1 and H' = E’a. Multipling equation (1.6) by o(t, ) (v(t, z)),

and integrating over @), we have
/Q (E(w)0up + H(v) - Vo)dtdz + /Q Eu0)e(0, z)de
- /2 H(v) - npdtdo(T) + /z: nE'(v)Vv - npdtdo ()
= /QnE’(v)Vv - Vedtdz + /Q E" (v)|Vo|*¢dtdz. (3.14)
Using the definition of E and H, (3.13) follows from (3.14).

4 Uniqueness of Entropy Solutions

In this section, we prove the uniqueness of entropy solutions to problem (1.1)—(1.3) under

the kinetic framework.

Theorem 4.1 Let u and v be entropy solutions to (1.1)—(1.3) with the initial data uo and

v, respectively. Then

/ lu(t, ) — o(t, 2)|dz g/ o () — vo(2)|dz (4.1)
Q Q
for a.e. t € (0,400). In particular, the entropy solution to (1.1)~(1.3) is unique.

Proof Since u is an entropy solution to (1.1)-(1.3), for any ¢ € C5°(Q x R), we have

/ (b2, €) (006 + a - Vo )didade + / b (2, ©)lodade
QxR QxR

X

4 / Xt €)(—a-n)pdtdo(@)de = [ degdm, (4.2)
xR QxR

where m,, denotes the entropy defect measure with respect to wu.



Kinetic Formulation for Scalar Conservation Laws 359

We choose ¢ * ¥, as the test function in (4.2), where ¥4 (¢, 7,£) = Ya.c(—t, —z, =€) and
¢ = ¢ with ¢ € C5°(Q x R) and ¢ > 0. Thus, (4.2) implies

/ (Ot (8,2, €) ¢ (9™ +a-Vz¢A)dtdxd£+/ (Xepo (2, €)) B dtdadg
Rd+2 R

d+2
+ / (X~ (t, 2, &) (—a - n))* e dtdrdé = / dep™dmae. (4.3)
Rd+2 R4+2

Similarly, for the entropy solution v, we have

/ (o (1,2, €)P (0,6 + - Vo )dtdadé + / (o (2.€)) 0 bl
Rd+2 R

d+2
+ / (Xyr (t, z,€)(—a - n))PH o dtdade = / e dmP . (4.4)
Rd+2 Rd+2

Next we take ¢ = —(x; )" and ¢ = —(x;)*9 (0 < p € C(Q)) in (4.3) and (4.4),
respectively, and add them together. From the fact that —(x})®¢ and —(x,)”* are non-

decreasing with respect to &, it is easy to have

/W (=)™ 0D +a - Vi) dtdwds
* /W(_(Xio)e(xg )PH0(cr) — (i )M () *0) ™ dtdzd€

+ /Rd+2(—(x$(—a 1)) () = O (—a )P (x ) ) dtded€ > 0. (4.5)

Letting successively (3, u1 and pe go to 04, and using the facts that the right-decentered

regularized functions vanish at ¢ = 0 and on the boundary, we obtain

[ D)@ +a- Vaghdedode + [ (k) Bla)e dedadg
RA+2

Rd+2
+/ — (Xt (—a - n)) X, dtdadg > 0. (4.6)
Rd+2

Letting successively «, €; and €3 go to 0+, we have

/ (XX (O + - V) dtdade + / (b X ) (0, 2)darde
QxR Q) xR

+ / (—a- n)(—xE o )@ dtdo (T)de > 0.
Sa xR

Since
/ (=X Xy ) (0™ +a- Vit )dtdzdé = ((u— )T O™ + FF (u,v) - Vot )dtda,
QxR Qx
/ (—a-n)(—xix,r )P dtdo(@)dE = [ sgnT(u” —v")(f(u") — f(v7)) - nprdtdo(Z),
Sy xR N
/ (—xExa)e (0, 2)dade = [ (up — v0)* (0, 2)de,
QxR Qx

and f(u™) -n=0, f(v) -n=0a.e. on X, we have

/ (u— )T + F(u,v) - Vo )dtdz + / (uo — v0) (0, z)dx > 0. (4.7)
Qx Qx
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Summing over A in (4.7), we get

/ ((u—v)T O + FT(u,v) - Vyp)dtdr + / (ug — v0)T(0, z)dx >0 (4.8)
Q Q

for any ¢ € C§°(Q) with ¢ > 0.
Now we choose a sequence of functions 0 < ¢, € C5°((0,+00) x Q) which converges to

1(0,T)><§' It is easy to get
lm Oppn, = 0(t) — 6(t — 7), lim Oy, ¢, =0
n—-+00 n—+oo "

for 1 <¢ < d. Letting ¢,, be the test function in (4.8) and sending n — +oo lead to

- /Q(u(r, z) —v(r,x)) dr + / (up — vo)Tdx >0,

Q

i.e., for a.e. t € (0, +00),

/(u(t, z) —v(t,z))Tdr < /(uo(x) —vo(z)) " da. (4.9)
Q

Q

Similarly, we also have, for a.e. t € (0,400),

/(u(t, x) —v(t,z)) de < /(uo(x) —vo(z))” de. (4.10)
Q

Q

Therefore, (4.1) is proved.

5 An Error Estimate

In this section, we establish an error estimate between the viscous approximate solution v
and the entropy solution » under the kinetic framework.

In [4], the existence of entropy solution to (1.1)-(1.3) is obtained as the limit of solutions
of the corresponding regularized problems (1.6). Now, we want to consider the convergence
rate of the viscous approximate solution to the entropy solution. To this end, we make some
assumptions as follows.

Assumption 5.1 Let f € C?(R) and ug € C*(Q). There exists a constant C depending
only on (Q,uo, f,T), such that

(A1) Julle <C, ol < C,

(A.2) Vte (0,T), [, |0wu(t,z)|de < C and [, |0v(t, z)|dz < C,

(A3) Vte (0,T), |u(t,")| v < C and |v(t,-)|pvo) < C.

Hereinafter, C' is a generic positive constant.

Theorem 5.1 Let u and v be the entropy solutions to problem (1.1)~(1.3) and problem
(1.6), respectively, satisfying Assumption 5.1. Let T > 0. Then there exists a positive constant
C depending only on (2, ug, f,T), such that for a.e. t € (0,T),

u(t,) —v(t, Lo < Cns. (5.1)
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Proof Estimate in the interior of the domain can be obtained in a way similar to that of
problem (1.1)—(1.2) and (1.5) (see [11]), and then for a.e. t' € (0,T), we have

/Q(u(t',:c) —o(t', )T Ao (z)dz < Cnz + C/o /Q(u(t,:c) —o(t,z))Tdtdz. (5.2)

Now we only need to derive the estimate near the boundary of the domain. We choose a chart
(Qx, h,A), and for simplicity, we only consider the special case h = 0 and n = (0,---,0,—1).
General cases can be treated by using the same arguments as in [11].

Since w is an entropy solution to (1.1)—(1.3), from (4.3), we have

/ Ol (8,2, £) (00" + a- V¢ )dtdadg +/ (X (,€))0a (1) 9™ dtddé
Rd+2

RA+2

+/ (aaxt- (t,2,8)" 0, (za) ¢  dtdadg = Dedm™* (5.3)
Rd+2

Rd+2

for any ¢ € C5°(Q x R).

Similarly, from (3.13), we can also get

/ (o (t,2,6)7 (019" +a- V¢ )dtdwdg +/ (X (2, €))105 () ™ dtdzd€
Rd+2 Rd+2
+/ (adxyr (t,2,€) = nd(v7 = €)04,0)"116,,, (x4) ™ dtdadé
Rd+2
— / né(v —&)Vu - V(¢ * 45, )dtdzdé = / e dpH. (5.4)
Q,\ xR Rd+2
Suppose that ¢ € C§°(Q) with ¢ > 0, take ¢ = —(x; )% p and ¢ = —(xF)¥p in (5.3)
and (5.4), respectively, and add them together. By the fact that —(x;)®¢ and —(x; )?* are

non-decreasing with respect to &, it is easy to deduce that
/ (=)™ 00 ) ) (0™ + a- Vi )dtdadé
Rd+2
+ /R 12, (100X )06, 06)710% = (aaxyr = mO(7 = €)00,0) M 01 ()07 dtdade
O O 8 = (1) (D) 0) i
0 [ 8= V0 V(=0 « () 2 0 (55)
QAXR
Since (x;)®€ and (x; )?* vanish outside of Qy, letting /3, 1, 12 — 0, we have
/Q 06D (0™ + 2 V™) = (i) X ™ = (aaxir )™ e, Xy ¢ didads
A X
0 [ 8o 90 V(=) didads 2 0. (5.6)
QAxR
Now we choose a sequence of functions ¢* (that converges to A x 1¢ ) in (5.6) to have

T <Ty+Ts+Ty+Ts,
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where
Ti= [ (-0 N e A,
Q)\ xR
t/
T2=/ / (—(xH)™x, )a - VAdtdzdé,
0 Q,\XR
t/
T, = / / (= (0t )Xo Bardtdade,
0 QAXR
t/
= ‘”/ / §(v = Vo V(=(x§)™ N dtdad,
0 QA xR
_/ / (aaxt-)*0c, x, AdtdzdE.
0 QAXR
Now we estimate T; (i =1,---,5).

The estimates of Ty, Ts, T3 It is easy to see that
= / / —sgn’ (u(s,y) — &)sgn” (v(t', ) — )ba(t — s)ve(w — y)A(x)dsdydads
Q)\ xR Q)\

- / / (u(s,9) — v(t',2)) Bt — )7z — y)A(x)dsdydz
Qx JQx

/ / (', z) — v(t,2))* — (uls,y) — u(t', z))*)
Qx Qx
(' = 8)7ve(z — y)A(z)dsdydz

u(t',z) — v +
>/m< (t'2) - olt', ) Aa)da
— /Q (u(s,y) —u(t', 7)) 0.t — s)vc(z — y)\(z)dsdydz.
Since |u(t, )| py (o) < C and [, |0yu(t,-)|dz < C, we can derive that
/Q (u(s,y) —u(t',2) T 0., — 8)ve(z — y)A(z)dsdydz < C(a + €1 + €2).
Then
T > / (u(t', ) —v(t',2)) " ANz)dz — C(a + €1 + €2). (5.7)
Qx
Similarly,
n-[ [ s (s,9) vt D)) — STVl = sl — )y
<c[ [ ) = )00~ s — )y

t/
< C/ / lu(t,z) — v(t, z)|dedt + C(a + €1 + €2)
Qx
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and

= / /Q,\ XQx (uo (y) B U(t, {E))Jr)\ga (t)’)/e (1[,' - y)dydxdt

t/
<c [ [ ()~ v(t.0) Ot~ y)dydade
QA xXQx
< C(a+ e + e).
The estimate of T, For all (¢,z,£) € Q x R, we have
V()™ Nt 2, 6)

\ L s ) = 98t = )(Trelr — 9A) + VA )

1
< CIVyelrmey + CIVA| L= @ey < 0(61 g)

Since [v(t,-)|pv (@) < C, it is easy to get

The estimate of Ty We have

t/
5= / / Xy (t,2,8)®o(t, 2, &)dzdtds,
Q,\XR
where

Qo (t, 2, &) = aq(§)be, (xa) M) / sgnt (u” — &) (t — $)7e, (T — y)dyds.

Ox

Let

(I)(t, J),f) = ad(f)‘g@ (xd) / Sgn+ (uT - g)ea (t - S):};€1 (E - y))‘(y)dgds

O

Because A is Lipschitz continuous, we can deduce that
|¢(ta J),f) - (I)()(t, z, E)' S 0(61 + 62)962 (J?d)

Letting W, (24) = [ Oe,(r)dr, we have 0 < ¥, <1, ¥, =1 on [e3, +00], and

+oo
/0 (1 =T, (r))dr < es. (5.8)

Set
F(t7 T, g) = (1 - \IIEQ (xd)) /@ Sgn+(u7— - E)Ha(t - 5)%& (f - g)/\(g)dgds

It is obvious that aq(£)0,,T'(t,z,&) = —®(t,z,£). Thus we have

T5 < S5+ Cleg + €2),



364 Z. G. Wang and Y. C. Li

where ,
Ss :/0 /QAXRX;(t,m,f)ad(ﬁ)axdf(t,m,f)dxdtdg.

Now we estimate S5. By choosing the test function I'(¢,z,§)wg(t) in (3.13), where wg(t) =
ft v 0s(r)dr, and letting 8 — 0, we can see that

t,
[ [ owar e xm@Tar - i - Ve VI)dsdedt + [ (i T)lecrdadg
Q)\X]R

Q)\ xR
tl
+ / / (aaxge + 10 — €)(Doy0))ue0)T laseodTdide. (5.9)
0 @,\ xR

Since I' > 0 and x, < 0, we have

| aDlerdadg <o
Q)\ xR

From [9,I'(t,z,€)| < £(1 — ¥, (z4)), it is easy to have

t
- / / x5 9, Ddadedt < C2.
0 JOyxR «

Similarly, we also have

t’
- / / Xy a(§)Vzl'dzdedt < 0(62 + 6_2)
0 Q)\ xR 61

and

t/
/ / né(v — &)V - VIdzdédt < c(ﬁ + ﬂ).
0 QA xR 61 62
For the last term on the right-hand side of (5.9), we have

t/
/ / (GaXir + 16 — €)(Day0)|asm0)T |y modTdide
@,\ xR

/ /@ s (0 (.7) =7 (07 (Aa(07) = A7) + 10,0l -0)
ot — $)7e, (T — 9)A\(y)dsdydidz,

where A/,(-) = aq(-). Since f(u™) -n =0, and (f(v) —nVv)-n =0 on I, we obtain

t,
/ / (@axe + 18007 — €)(Bay0)]ym)TycodTdtdé = 0.
@)\ xR

Thus we arrive at

€
T5§C(e1+62+—2+1+£).
€1 €1 €2

Combining these estimates of T; (i = 1,---,5), we have
/ (u(t',z) — v(t', 7)) Mz)da
Qx

<C(a+61+62+—+ +C/ / u(t, z) — v(t, z)|dadt. (5.10)
€1 62 Q
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Minimizing on «, €; and €2, (5.10) implies that

w(t' . x) — o, )TN\ z)dz 3 ‘ w(t, z) — v(t, z)|dzdt. )
/mum (t',2))* A(z)dz < Cn +C/0 /m'“’) (t, )| dadt (5.11)

By (5.2) and (5.11), we get

/Q(u(t',x) — (', 2))Tde < Cns + C/O /Q|u(t,x) — v(t, z)|dzdt. (5.12)

By the Gronwall’s inequality, we have that (5.12) implies

/(u(t',x) —o(t,z))Tdz < Cnps.
Q

Similarly, we also have

ol

/(u(t/,x) —o(t',x))"dz < Cn
Q

Thus we complete the proof of Theorem 5.1.
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