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Abstract This paper establishes the global existence of classical solution to the system of
homogeneous, isotropic hyperelasticity with time-independent external force, provided that
the nonlinear term obeys a type of null condition. The authors first prove the existence and
uniqueness of the stationary solution. Then they show that the solution to the dynamical
system converges to the stationary solution as time goes to infinity.
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1 Introduction and Main Result

Points in R
4 are denoted by X = (x0, x1, x2, x3) = (t, x). Partial derivatives are written

as ∂l = ∂
∂xl , l = 1, 2, 3, with the abbreviations ∂ = (∂0, ∂1, ∂2, ∂3) = (∂t,∇). We study the

nonlinear dynamical system of homogeneous, isotropic hyperelasticity with time-independent
external force:

Lui ≡ ∂2
t u

i − c22Δu
i − (c21 − c22)∂i(∇ · u) = N i(u, u) + hi(x), i = 1, 2, 3, (1.1)

where u = (u1, u2, u3) is the displacement vector and h = (h1, h2, h3) is the external force. The
constants c1, c2 satisfy that c21 >

4c2
2

3 > 0 and the nonlinear term of system (1.1) is expressed
as follows:

N i(u, v) = Bijh
lmn∂l(∂mu

j∂nv
h)

with coefficients Bijh
lmn satisfying the symmetric properties Bijh

lmn = Bjih
mln = Bihj

lnm. Through-
out this paper, we use the summation convention that repeated indices are summed over
l,m, n, j, h = 1, 2, 3.

When the external force h(x) is equivalent to zero, it is well-known that there are two
conditions necessary for the global existence of solutions to system (1.1): first, the initial data
must be small; second, the nonlinear term must obey a compatible condition with respect
to the corresponding linear equations, which is a type of null condition. If one of these two
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assumptions is not satisfied, the solutions may blow up at finite time. When the initial data is
large, Tahvildar-Zadeh [8] provided a blow-up example for system (1.1). When the nonlinear
term of system (1.1) does not satisfy the null condition that we will introduce later, John
[3] proved that any spherically symmetric data can develop the singularities, no matter how
small it is. Moreover, John [4] proved the almost global existence for the solution to system
(1.1), provided that h(x) ≡ 0 and initial data is small enough (see also [5]). Zhou and Xu [9]
generalized the results in [5] to the case that h(x) is small in some sense. When h(x) ≡ 0 and
the nonlinear term obeys a type of null condition, Sideris [7], Agemi [1] and Sideris [6] proved
the global existence for system (1.1) with small initial data.

Now let us give the null condition introduced in [6]. For each direction ξ = (ξ1, ξ2, ξ3) ∈ S
2,

there are two families of elementary plane waves for the linear equation Lu = 0:

W1(ξ) = {ξφ(〈x, ξ〉 − c1t) : φ is a scalar function},
W2(ξ) = {ηψ(〈x, ξ〉 − c2t) : 〈η, ξ〉 = 0, ψ is a scalar function},

where plane waves in W1(ξ) represent longitudinal waves propagating in the direction ξ with
speed c1, and plane waves in W2(ξ) represent transverse waves propagating in the direction ξ

with speed c2. The null condition is that the quadratic interaction of elementary waves of each
wave family only produces waves in the other family.

Definition 1.1 If for all resonant triples (u, v, w) ∈ Wα(ξ) ×Wα(ξ) ×Wα(ξ), α = 1, 2,

〈u,N(v, w)〉 = 0, (1.2)

then we say the nonlinear term N is null with respect to the linear operator L.

By direct substitution, the null condition 1.2 is equivalent to

Bijh
lmnξiξjξhξlξmξn = 0 for all ξ = (ξ1, ξ2, ξ3) ∈ S

2, (1.3)

Bijh
lmnη

(1)
i η

(2)
j η

(3)
h ξlξmξn = 0 for all ξ, η(a) ∈ S

2 with 〈ξ, η(a)〉 = 0. (1.4)

From [6, Lemma 2.2], the null condition (1.2) holds for all isotropic materials.
The aim of this paper is to generalize the result of Sideris [6] to the case of the nonlinear

elasticity with time-independent external force. Precisely, we will prove that small initial dis-
turbance and external force give rise to global classical solution to system (1.1), when the null
condition (1.3) holds. Our problem is physically relevant, since for example the external force
can be the gravity. Our proofs rely on the generalized energy estimates and the techniques rep-
resent an evolution of the ideas in [2, 5–7, 9]. We first prove the existence and uniqueness of the
stationary solution. Then it suffices to prove the global existence of the original solution minus
stationary solution, by using the invariance of system (1.1) under translations, simultaneous
rotations and changes of scaling. This proof is carried out in line with Sideris [6].

The angular momentum operators are the vector fields Ω = (Ω1,Ω2,Ω3) = x ∧ ∇ with ∧
being the usual vector cross product in R

3, and the scaling operator is defined by S = t∂t +r∂r,
where r = |x| and ∂r = x

r · ∇. For the operator L, a central role is played by the generators of
simultaneous rotations. They are given as follows:

Ω̃i = ΩiI + Ui, i = 1, 2, 3
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with

U1 =

⎡⎣0 0 0
0 0 1
0 −1 0

⎤⎦ , U2 =

⎡⎣0 0 −1
0 0 0
1 0 0

⎤⎦ , U3 =

⎡⎣ 0 1 0
−1 0 0
0 0 0

⎤⎦ .
Then the operator L commutes with Ω̃, and Ω̃N(u, v) = N(Ω̃u, v) +N(u, Ω̃v). Let S̃ = S − 1.
Then [S̃, L] = −2L and S̃N(u, v) = N(S̃u, v) +N(u, S̃v) − 2N(u, v).

The eight vector fields (∂, Ω̃, S̃) will be written as Γ = (Γ0, · · · ,Γ7). The commutator of
any two Γ’s is either 0 or in the span of Γ, and in particular, the commutator of ∂ and Γ is
either 0 or in the span of ∂. By Γa, a = (a0, · · · , a7), we denote an ordered product of vector
fields Γa0

0 · · ·Γa7
7 .

To describe the solution space, we also introduce the time-independent analog of Γ. Let
Λ = (Λ1, · · · ,Λ7) = (∇, Ω̃, r∂r − 1). Then the Λ’s have similar commutation properties to the
Γ’s. The commutator of any two Λ’s is either 0 or is in the span of Λ, and in particular, the
commutator of ∇ and Λ is either 0 or in the span of ∇. By Λa, a = (a1, · · · , a7), we denote an
ordered product of vector fields Λa1

1 · · ·Γa7
7 .

Define the time-independent space

Hk
Λ = {f ∈ L2(R3)3 : Λaf ∈ L2(R3)3, |a| ≤ k}

with the norm

‖f‖Λ,k =
( ∑

|a|≤k

‖Λaf‖2
L2

) 1
2
, k = 0, 1, 2, · · · .

Let F k
Λ be the closure of the set C∞(R3,R3) in the norm ‖h‖F k

Λ
=

∑
|a|≤k

‖|x|Λah‖L2 .

We use the energy norm associated to the operator L

E1(u(t)) =
1
2

∫
R3

[|∂tu(t, · )|2 + c22|∇u(t, · )|2 + (c21 − c22)|∇ · u(t, · )|2]dx,

and the high-order generalized energy norms

Ek(u(t)) =
∑

|a|≤k−1

E1(Γau(t)), k = 2, 3, · · · .

And we will construct the solutions to system (1.1) in the space Ḣk
Γ(T ), which is the closure of

the set C∞([0, T );C∞(R3,R3)) in the norm sup
0≤t<T

E
1
2
k (u(t)). Thus,

Ḣk
Γ(T ) ⊂

{
u(t, x) : ∂u(t, ·) ∈

k−1⋂
j=0

Cj([0, T );Hk−1−j
Λ )

}
.

Define the orthogonal projections onto radial and transverse directions by

P1u =
(x
r
⊗ x

r

)
u =

x

r

〈x
r
, u

〉
,

P2u = [I − P1]u = −x
r
∧

(x
r
∧ u

)
.
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Employing the notation 〈A〉 = (1 + |A|2) 1
2 , we will use the weighted L2-norms

Mk(u(t)) =
2∑

α=1

∑
|a|≤k−2

‖〈cαt− r〉Pα∂∇Γau(t, · )‖L2 , k = 2, 3, · · · .

Now let us give our main result. Precisely, we obtain the following global existence theorem
for the Cauchy problem of nonlinear elastic wave equations with the time-independent external
force.

Theorem 1.1 Let k ≥ 11. Suppose that coefficients Bijh
lmn satisfy the symmetric properties

Bijh
lmn = Bjih

mln = Bihj
lnm and the null condition (1.3) holds. Then the Cauchy problem for system

(1.1) with external force h ∈ F k−1
Λ and initial data (u(0, · ), ∂tu(0, · )) satisfying ∂u(0, · ) ∈ Hk−1

Λ ,
admits a unique solution u ∈ Ḣk

Γ(T ) for every positive constant T , provided that ε is sufficiently
small and

E
1
2
k (u(0)) +

∑
|a|≤k−1

‖|x|Λah‖L2 ≤ ε. (1.5)

The rest of this paper is organized as follows. In Section 2, we present some Sobolev-
type inequalities and some estimates for the null condition. Then we prove the existence and
uniqueness of the stationary solution in Section 3, and the weighted L2(R3)-estimates of the
original solution minus the stationary solution are bounded by the corresponding generalized
energy estimates in Section 4, respectively. In Section 5, we complete the proof of the global
existence theorem by the generalized energy method and the continuity argument.

2 Preliminaries

First, we introduce some Sobolev-type inequalities that will be used in the generalized energy
estimates.

Lemma 2.1 For any smooth vector function v(t, · ) with sufficient decay in the infinity, if
the norms on the right-hand side are bounded, the following inequalities hold:

〈r〉 1
2 |Γav(t, x)| ≤ CE

1
2
|a|+2(v(t)), (2.1)

〈r〉|∂Γav(t, x)| ≤ CE
1
2
|a|+3(v(t)), (2.2)

〈r〉〈cαt− r〉 1
2 |Pα∂Γav(t, x)| ≤ C[E

1
2
|a|+3(v(t)) +M|a|+3(v(t))], α = 1, 2, (2.3)

〈r〉〈cαt− r〉|Pα∂∇Γav(t, x)| ≤ CM|a|+4(v(t)), α = 1, 2, (2.4)

〈r〉 1
2 τ(t, r)|∇v(t, x)| ≤ C

∑
|a|≥1

∑
|a|+|b|≤3

‖∇aΩ̃bv‖L2

+ C
∑
|a|≥2

∑
|a|+|b|≤3

‖τ(t, · )∇aΩ̃bv‖L2 , (2.5)

where

τ(t, r) =
〈c1t− r〉〈c2t− r〉

〈c1t− r〉 + 〈c2t− r〉 .
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Proof For the proofs of inequalities (2.1)–(2.5), see [6, Proposition 3.3]. And the proof of
inequality (2.5) is similar to that of inequality (4.2) in [2, Lemma 4.1] with τ(t, r) in the place
of 〈cjt− r〉.

Next, we give some estimates on the null condition that will also be used in the course of the
generalized energy estimates. Let Ñ(u, v, w) = Bijh

lmn∂lu
i∂mv

j∂nw
h and the set of nonresonant

indices N = {(α, β, γ) = (1, 1, 1), (2, 2, 2)}.
Lemma 2.2 Suppose that u, v, w ∈ H2

Λ and the null condition (1.3) holds. Then

|〈u,N(v, w)〉| ≤ C

r
|u|

∑
|a|≤1

[|∇Ω̃av||∇w| + |∇Ω̃aw||∇v|

+ |∇2v||Ω̃aw| + |∇2w||Ω̃av|]
+ C

∑
N

|Pαu|[|Pβ∇2v||Pγ∇w| + |Pβ∇2w||Pγ∇v|].

Proof See [6, Proposition 3.2].

Lemma 2.3 Suppose that u, v, w ∈ H2
Λ and the null condition (1.3) holds. Then

|Ñ(u, v, w)| ≤ C

r

∑
|a|≤1

(|∇u||∇v||Ω̃aw| + |∇u||Ω̃av||∇w| + |Ω̃au||∇v||∇w|)

+ C
∑
N

|Pα∇u||Pβ∇v||Pγ∇w|.

Proof This is a trivial modification of Lemma 2.2.

3 Existence and Uniqueness of Stationary Solution

Let w(x) = (w1(x), w2(x), w3(x)) be the stationary solution to system (1.1). Then w(x)
satisfies the following coupled system of elliptic equations:

Aw = N(w,w) + h(x), x ∈ R
3, (3.1)

where

Aw = −c22Δw − (c21 − c22)∇(∇ · w).

To assure the uniqueness of solutions to the nonlinear elliptic system (3.1), we assume for any
0 ≤ |a| ≤ k − 1, lim

r→∞ sup
θ∈S2

|Λaw(rθ)| = 0.

Now let us give the existence and uniqueness theorem of the solution to system (3.1).

Lemma 3.1 Let k ≥ 6 and Bijh
lmn be constants for i, j, h, l,m, n = 1, 2, 3. Then there exist

positive constants M and ε, such that system (3.1) admits a unique solution w(x) satisfying the
uniqueness condition and the bound

‖∇w‖2
Λ,k−1 ≤M2

∑
|a|≤k−1

‖|x|Λah‖2
L2 , (3.2)

provided that h ∈ F k−1
Λ and

∑
|a|≤k−1

‖|x|Λah‖L2 ≤ ε.
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Proof We prove this lemma by the standard contraction mapping theorem and generalized
energy estimates. For any φ = (φ1, φ2, φ3) ∈ DM , where

DM =
{
φ : ‖∇φ‖2

Λ,k−1 ≤M2
∑

|a|≤k−1

‖|x|Λah‖2
L2 ,

lim
r→∞ sup

θ∈S2
|Λaφ(rθ)| = 0 for any 0 ≤ |a| ≤ k − 1

}
,

we define a map Π: φ → w, where w = (w1, w2, w3) satisfies the following problem:

Aw = N(φ,w) + h(x). (3.3)

To assure the uniqueness of the solution to the linear elliptic system (3.3), we assume that
lim

r→∞ sup
θ∈S2

|Λaw(rθ)| = 0 for any 0 ≤ |a| ≤ k − 1. By using this uniqueness condition, we can

prove that system (3.3) admits a unique solution w(x) satisfying Λaw ∈ Ḣ1(R3,R3) for any
0 ≤ |a| ≤ k − 1, provided that h ∈ F k−1

Λ . This permits the integration by parts at the infinity.
The operators ∇ and Ω̃ commute with A, and [r∂r, A] = −2A, which implies

−AΛaw = −ΛaAw +
∑

|b|≤|a|−1

CabΛbAw (3.4)

for any 1 ≤ |a| ≤ k − 1 and with Cab being constants.
Taking the L2(R3)3 inner product of equation (3.4) with Λaw, employing equation (3.3) and

integrating by parts, we obtain the generalized energy estimates,∑
|a|≤k−1

(c22‖∇Λaw‖2
L2 + (c21 − c22)‖∇ · (Λaw)‖2

L2)

≤ C
∑

|a|≤k−1
|b|+|c|≤k−1

∫
R3

|∇Λbφ| · |∇Λcw| · |∇Λaw|dx

+ C
∑

|a|≤k−1

∑
|b|≤|a|

∫
R3

|Λbh| · |Λaw|dx. (3.5)

To deal with the first term of the right-hand side of inequality (3.5), we separate two cases:
either |b| ≤ [

k
2

]
or |c| ≤ [

k
2

] − 1. In the first case,∫
R3

|∇Λbφ| · |∇Λcw| · |∇Λaw|dx ≤ ‖∇Λbφ‖L∞‖∇Λcw‖L2‖∇Λaw‖L2

≤ C‖∇φ‖Λ,|b|+2‖∇w‖Λ,|c|‖∇w‖Λ,|a|,

where we use Hölder inequality and Sobolev Embedding Theorem H2(R3) ↪→ L∞(R3). Other-
wise, similarly, we obtain∫

R3
|∇Λbφ| · |∇Λcw| · |∇Λaw|dx ≤ C‖∇φ‖Λ,|b|‖∇w‖Λ,|c|+2‖∇w‖Λ,|a|.

For the second term of the right-hand side of inequality (3.5), by Hölder inequality, Hardy’s
inequality and Young inequality, for any δ > 0, we have∫

R3
|Λbh| · |Λaw|dx ≤ C‖|x|Λbh‖L2‖∇Λaw‖L2 ≤ δ‖∇Λaw‖2

L2 + C(δ)‖|x|Λbh‖2
L2 .
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Let δ be sufficiently small. Recalling k ≥ 6, we see
[

k
2

]
+ 2 ≤ k − 1. By inequality (3.5) and

the estimates obtained above, we have

‖∇w‖2
Λ,k−1 ≤ C

∑
|a|≤k−1

‖∇Λaw‖2
L2 ≤ C‖∇φ‖Λ,k−1‖∇w‖2

Λ,k−1 + C̃
∑

|a|≤k−1

‖|x|Λah‖2
L2 , (3.6)

where C̃ depends only on k.
Let M2 = 2C̃. By inequality (3.6), there exists a positive constant ε1 depending only on

M , such that for all 0 < ε < ε1, inequality (3.2) holds, provided that
∑

|a|≤k−1

‖|x|Λah‖L2 ≤ ε.

Hence w ∈ DM .
For any φ1, φ2 ∈ DM , define w1 = Πφ1, w2 = Πφ2. Similarly, there exists a positive

constant ε0 < ε1 depending only on M , such that Π is a strict contraction from DM to DM

for all 0 < ε < ε0, provided that
∑

|a|≤k−1

‖|x|Λah‖L2 ≤ ε. By the standard contraction mapping

theorem, there exists a unique fixed point w ∈ DM , such that Πw = w. Therefore w solves
system (3.1) and satisfies the estimate (3.2).

Next let us give two inequalities which will be used to deal with the terms involving w(x)
in the generalized energy estimates.

Lemma 3.2 Assume that the norm on the right-hand side below is bounded. Then∑
|a|≤k−2

‖〈r〉∇2Λaw‖L2 ≤ C‖∇w‖Λ,k−1.

Proof The formula ∇ = x
r∂r − x

r2 ∧ Ω implies that

〈r〉|∇w| ≤ C
∑
|a|≤1

|Λaw|.

By the commutation property between ∇ and Λ, and taking L2-norm, we have

‖〈r〉∇2w‖L2 ≤ C‖∇w‖Λ,1. (3.7)

Apply inequality (3.7) to Λaw, |a| ≤ k − 2. This completes the proof of Lemma 3.2.

Lemma 3.3 Assume that the norm on the right-hand side below is bounded for any smooth
vector function v(t, · ) with sufficient decay in the infinity. Then

〈r〉 3
2 |w(x)| ≤ C

∑
|a|≤2

‖Λaw‖L2 . (3.8)

Proof For r ≤ 1, by the standard Sobolev Embedding Theorem: H2(R3) ↪→ L∞(R3),
inequality (3.8) holds. Then it suffices to prove the case r ≥ 1. By using a standard Sobolev
Embedding Theorem on S

2: H1,4(S2) ↪→ L∞(S2), for any i = 1, 2, 3, we have

r
3
2 |wi(x)| ≤ r

3
2 sup

θ∈S2
|wi(rθ)| ≤ Cr

3
2

∑
|a|≤1

(∫
S2
|Ωawi(rθ)|4dθ

) 1
4
. (3.9)

By a straight calculation, we have

|Ωawi(rθ)|4 = −4
∫ ∞

r

(Ωawi(ρθ))3∂ρΩawi(ρθ)dρ. (3.10)
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By inequality (3.9) and inequality (3.10), Hölder inequality, Sobolev Embedding Theorem:
Ḣ1(R3) ↪→ L6(R3) and the formula ∇ = x

r ∂r − x
r2 ∧ Ω, we have

r
3
2

3∑
i=1

|wi(x)| ≤ C

3∑
i=1

∑
|a|≤1

(∫
S2

∫ ∞

r

|∂ρΩawi(ρθ)||Ωawi(ρθ)|3ρ6dρdθ
) 1

4

≤ C

3∑
i=1

∑
|a|≤1

(∫
R3

|r∂rΩawi||rΩawi|3dx
) 1

4

≤ C
∑
|a|≤2

‖Λaw‖L2 ,

which completes the proof of Lemma 3.3.

4 Weighted L2-Estimates

Let u be the local solution to system (1.1) and w be the solution to system (3.1). Let
v = u− w. Hence, v = (v1, v2, v3) satisfies{

Lv = N(v, v) + 2N(v, w), t > 0, x ∈ R
3,

v(0, x) = u(0, x) − w(x), ∂tv(0, x) = ∂tu(0, x), x ∈ R
3.

(4.1)

Then it suffices to prove the global existence for the solution to system (4.1). In this section, we
will prove that the weighted L2-norms Mk(v(t)) are controlled by the generalized energy norms
E

1
2
k (v(t)) for the small solution to system (4.1). To this end, we need the following lemma.

Lemma 4.1 Let v ∈ Ḣ2
Γ(T ). Then

M2(v(t)) ≤ C[E
1
2
2 (v(t)) + t‖Lv(t)‖L2 ]. (4.2)

Proof See [6, Lemma 3.4].

Next, we estimate the second term on the right-hand side of inequality (4.2).

Lemma 4.2 Let μ ≥ 2 and μ′ =
[

μ−1
2

]
+3. Suppose that v ∈ Ḣμ

Γ (T ) is a solution to system
(4.1). Then

Mμ(v(t)) ≤ CE
1
2
μ (v(t)) + CMμ′(v(t))(E

1
2
μ (v(t)) + ‖∇w‖Λ,μ−1)

+ CMμ(v(t))(E
1
2
μ′ (v(t)) + ‖∇w‖Λ,μ′−1)

+ CE
1
2
μ (v(t))‖∇w‖Λ,μ′−1 + CE

1
2
μ′(v(t))‖∇w‖Λ,μ−1.

Proof To prove this lemma, it suffices to estimate t‖LΓav‖L2 for |a| ≤ μ − 2. By the
commutation property LΓav =

∑
b+c=a

(N(Γbv,Γcv) + 2N(Γbv,Λcw)), where b + c = a means

that bi + ci = ai, ∀i = 0, · · · , 7, we only need to estimate terms of the form t‖∇2Γbv∇Γcv‖L2 ,
t‖∇2Γbv∇Λcw‖L2 and t‖∇2Λbw∇Γcv‖L2 for |b|+ |c| ≤ |a|. We separate it into two cases: either
|b| ≤ m− 1 or |c| ≤ m, where m =

[
μ−1

2

]
.

When |b| ≤ m− 1, we have

t‖∇2Γbv∇Γcv‖L2 ≤ C‖r∇2Γbv∇Γcv‖L2 + C
∑
α

‖〈cαt− r〉(Pα∇2Γbv)∇Γcv‖L2
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≤CE 1
2
μ′ (v(t))E

1
2
μ (v(t)) + CMμ′(v(t))E

1
2
μ (v(t)).

Similarly, when |c| ≤ m, we have

t‖∇2Γbv∇Γcv‖L2 ≤ CE
1
2
μ′(v(t))E

1
2
μ (v(t)) + CMμ(v(t))E

1
2
μ′ (v(t)).

In a similar fashion, we obtain

t‖∇2Γbv∇Λcw‖L2 ≤
{
C(Mμ′(v(t)) +E

1
2
μ′(v(t)))‖∇w‖Λ,μ−1, |b| ≤ m− 1,

CMμ(v(t))‖∇w‖Λ,μ′−1, |c| ≤ m.

Now it remains to estimate t‖∇2Λbw∇Γcv‖L2 . For this term, we have

t‖∇2Λbw∇Γcv‖L2 ≤ C(‖〈r〉∇2Λbw∇Γcv‖L2 + ‖τ(t, r)∇2Λbw∇Γcv‖L2). (4.3)

By inequality (2.2) and inequality (3.8), the first term on the right-hand side of inequality (4.3)
is estimated as follows:

‖〈r〉∇2Λbw∇Γcv‖L2 ≤ C

{‖〈r〉∇2Λbw‖L∞‖∇Γcv‖L2, |b| ≤ m− 1,
‖〈r〉∇Γcv‖L∞‖∇2Λbw‖L2 , |c| ≤ m

≤ C

{
‖∇w‖Λ,μ′−1E

1
2
μ (v(t)), |b| ≤ m− 1,

E
1
2
μ′(v(t))‖∇w‖Λ,μ−1, |c| ≤ m.

For the second term on the right-hand side of inequality (4.3), if |b| ≤ m − 1, by Hardy’s
inequality and inequality (3.8),

‖τ(t, r)∇2Λbw∇Γcv‖L2 ≤ C
∥∥∥τ(t, r)∇Γcv

r

∥∥∥
L2
‖r∇2Λbw‖L∞

≤ C(‖∇Γcv‖L2 + ‖τ(t, r)∇2Γcv‖L2)‖∇w‖Λ,μ′−1

≤ C(E
1
2
μ (v(t)) +

∑
α

‖τ(t, r)Pα∇2Γcv‖L2)‖∇w‖Λ,μ′−1

≤ C(E
1
2
μ (v(t)) +Mμ(v(t)))‖∇w‖Λ,μ′−1.

Otherwise, if |c| ≤ m, by inequality (2.5),

‖τ(t, r)∇Γcv‖L∞ ≤ C
∑
|a|≥1

∑
|a|+|b|≤|c|+3

‖∇aΓbv‖L2 + C
∑
|a|≥2

∑
|a|+|b|≤|c|+3

‖τ(t, · )∇aΓbv‖L2

≤ C(E
1
2
μ′ (v(t)) +Mμ′(v(t))),

which implies if |c| ≤ m,

‖τ(t, r)∇2Λbw∇Γcv‖L2 ≤ C(E
1
2
μ′ (v(t)) +Mμ′(v(t)))‖∇w‖Λ,μ−1.

Combining Lemma 4.1 with the above estimates shows that Lemma 4.2 holds.

The following lemma completes the argument of weighted-L2 norm estimates.

Lemma 4.3 Let v ∈ Ḣk
Γ(T ), k ≥ 11 be a solution to system (4.1) and ν = k−3. If E

1
2
ν (v(t))

remains sufficiently small for 0 ≤ t < T for any T , and
∑

|a|≤k−1

‖|x|Λah‖L2 is sufficiently small,

then

Mν(v(t)) ≤ CE
1
2
ν (v(t)), (4.4)

Mk(v(t)) ≤ CE
1
2
k (v(t)). (4.5)
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Proof Recalling ν ≥ 8, we see ν′ =
[

ν−1
2

]
+ 3 ≤ ν. Then inequality (4.4) is an immediate

consequence of Lemmas 3.1 and 4.2. Recalling k ≥ 11, we see k′ =
[

k−1
2

]
+ 3 ≤ k − 3 = ν.

Then inequality (4.5) is an immediate consequence of Lemmas 3.1, 4.2 and inequality (4.4).

5 Energy Estimates

In this section, we will complete the proof of Theorem 1.2 by the generalized energy estimates
and the continuity argument. The techniques of this proof represent an evolution of the ideas
in [2, 5–7, 9]. Let k ≥ 11 and ν = k − 3. Suppose that v(t, x) is a classical local solution to
system (4.1). In view of the local existence result, to extend the local solution to be a solution

belonging to Ḣk
Γ(T ) for any T > 0, it suffices to give a bound to sup

0≤t<T
E

1
2
ν (v(t)). We will prove

this by the continuity argument. By Lemma 3.1, for the initial data (u(0, x)−w(x), ∂tu(0, x)), if

E
1
2
k (u(0))+

∑
|a|≤k−1

‖|x|Λah‖L2 ≤ ε for a sufficiently small ε, then there exists a positive constant

C̃, such that E
1
2
k (v(0)) + ‖∇w‖Λ,k−1 ≤ C̃ε. By assuming that sup

0≤t<T
E

1
2
ν (v(t)) ≤ 8C̃ε for any

T > 0, it suffices to prove that sup
0≤t<T

E
1
2
ν (v(t)) ≤ 4C̃ε for any T > 0.

Following the energy method, we have

E′
μ(v(t)) =

∑
|a|≤μ−1

∫
〈∂tΓav, LΓav〉dx for any μ = 3, 4, · · · , k.

A straight calculation shows that∫
〈∂tΓav,N(Γav, v)〉dx = −1

2
d
dt
Bijh

lmn

∫
∂l(Γav)i∂m(Γav)j∂nv

hdx

+
1
2
Bijh

lmn

∫
∂l(Γav)i∂m(Γav)j∂t∂nv

hdx,∫
〈∂tΓav,N(Λaw, v)〉dx = − d

dt
Bijh

lmn

∫
∂l(Γav)i∂m(Λaw)j∂nv

hdx

+Bijh
lmn

∫
∂l(Γav)i∂m(Λaw)j∂t∂nv

hdx,∫
〈∂tΓav,N(Γav, w)〉dx = −1

2
d
dt
Bijh

lmn

∫
∂l(Γav)i∂m(Γav)j∂nw

hdx.

Let

Ẽμ(v(t)) = Eμ(v(t)) +
∑

|a|≤μ−1

Bijh
lmn

∫
∂l(Γav)i(∂m(Γav)j + 2∂m(Λaw)j)∂nv

hdx

+
∑

|a|≤μ−1

Bijh
lmn

∫
∂l(Γav)i∂m(Γav)j∂nw

hdx.

The perturbation is bounded by

(‖∇v‖L∞ + ‖∇w‖L∞)Eμ(v(t)) + ‖∇v‖L∞‖∇w‖Λ,μ−1E
1
2
μ (v(t)).

By the Sobolev Embedding Theorem, norms ‖∇v‖L∞ and ‖∇w‖L∞ are controlled by E
1
2
3 (v(t))

and ‖∇w‖Λ,2, respectively. Thus, if ε is small enough, for any μ ≥ 3,

1
2
Eμ(v(t)) ≤ Ẽμ(v(t)) ≤ 2Eμ(v(t)).
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By the commutation property LΓav =
∑

b+c=a

(N(Γbv,Γcv) + 2N(Γbv,Λcw)), we have

Ẽ′
μ(v(t)) =

∑
|a|≤μ−1

Bijh
lmn

∫
∂l(Γav)i(∂m(Γav)j + 2∂m(Λaw)j)∂t∂nv

hdx

+
∑

|a|≤μ−1

∑
b+c=a
b,c �=a

∫
〈∂tΓav,N(Γbv,Γcv) + 2N(Γbv,Λcw)〉dx

= V + VI. (5.1)

5.1 Higher-order energy estimates

For the first series of estimates, we take μ = k in equality (5.1).
By inequalities (2.2), (2.4) and Lemma 4.3, we have

‖∂∇v‖L∞ ≤ C(1 + t)−1
(
‖〈r〉∂∇v‖L∞ +

∑
α

‖〈cαt− r〉Pα∂∇v‖L∞
)

≤ C(1 + t)−1E
1
2
ν (v(t)),

which implies V≤ C(1 + t)−1(‖∇w‖Λ,k−1 + E
1
2
ν (v(t)))Ek(v(t)).

By Hölder inequality, IV is estimated as follows:

IV ≤ C
∑

|a|≤k−1
|b|+|c|≤|a|
|b|,|c|�=|a|

‖∂Γav‖L2(‖∇2Γbv∇Γcv‖L2 + ‖∇2Γbv∇Λcw‖L2 + ‖∇Γbv∇2Λcw‖L2).

We see simply but crucially
[

k
2

]
+3 ≤ k−3 = ν for k ≥ 11. In a similar fashion of the weighted

L2-norm estimates in Lemma 4.2, we obtain

IV ≤ C(1 + t)−1(‖∇w‖Λ,k−1 + E
1
2
ν (v(t)))Ek(v(t)),

where we have used Lemma 4.3. Thus we obtain the higher-order energy estimates

Ẽ′
k(v(t)) ≤ C(1 + t)−1(‖∇w‖Λ,k−1 + E

1
2
ν (v(t)))Ẽk(v(t)). (5.2)

5.2 Lower-order energy estimates

Now let us do the lower-order energy estimates, where we need to exploit the null condition
(1.3). Let μ = ν in equality (5.1). Then

Ẽ′
ν(v(t)) =

∑
|a|≤ν−1

∫
(Ñ(Γav,Γav, ∂tv) + 2Ñ(Γav,Λaw, ∂tv))dx

+
∑

|a|≤ν−1

∑
b+c=a
b,c �=a

∫
〈∂tΓav,N(Γbv,Γcv) + 2N(Γbv,Λcw)〉dx

=
∑

|a|≤ν−1

∫
ψ(Ñ(Γav,Γav, ∂tv) + 2Ñ(Γav,Λaw, ∂tv))dx

+
∑

|a|≤ν−1

∫
(1 − ψ)(Ñ (Γav,Γav, ∂tv) + 2Ñ(Γav,Λaw, ∂tv))dx
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+
∑

|a|≤ν−1
b+c=a
b,c �=a

∫
ψ〈∂tΓav,N(Γbv,Γcv) + 2N(Γbv,Λcw)〉dx

+
∑

|a|≤ν−1
b+c=a
b,c �=a

∫
(1 − ψ)〈∂tΓav,N(Γbv,Γcv) + 2N(Γbv,Λcw)〉dx

= I + II + III + IV, (5.3)

where ψ is a cut-off function defined as follows:

ψ(t, x) = ζ
( 4r
〈c2t〉

)
and ζ(θ) =

{
1, if θ < 1,
0, if θ > 2.

By Hölder inequality, inequality (2.3) and Lemma 4.3, we estimate term I as follows:

I ≤ C
∑

|a|≤ν−1

∫
ψ|∇Γav||∇Γav||∂∇v|dx+ C

∑
|a|≤ν−1

∫
ψ|∇Γav||∇Λaw||∂∇v|dx

≤ C(1 + t)−
3
2 (‖∇w‖Λ,ν−1 + E

1
2
ν (v(t)))

×
∑

|a|≤ν−1
α,β

(‖〈cαt− r〉Pα∂∇v‖L2‖〈cβt− r〉 1
2Pβ∇Γav‖L∞)

≤ C(1 + t)−
3
2 (‖∇w‖Λ,ν−1 + E

1
2
ν (v(t)))E

1
2
ν (v(t))E

1
2
k (v(t)). (5.4)

Now let us estimate III, provided that |a| ≤ ν − 1, |b| + |c| = |a| and |b|, |c| ≤ ν − 2. We
separate it into two cases:∫

ψ〈∂tΓav,N(Γbv,Γcv)〉dx

≤ C(1 + t)−
3
2 ‖∂Γav‖L2

∑
α,β

(‖〈cαt− r〉Pα∇2Γbv‖L2‖〈cβt− r〉 1
2Pβ∇Γcv‖L∞)

≤ C(1 + t)−
3
2Eν(v(t))E

1
2
k (v(t)), (5.5)∫

ψ〈∂tΓav,N(Γbv,Λcw)〉dx

≤ C

∫
ψ|∂Γav||∇Γbv||∇2Λcw|dx + C

∫
ψ|∂Γav||∇2Γbv||∇Λcw|dx. (5.6)

Then we estimate the right-hand side of inequality (5.6). By Hölder inequality, Hardy inequality,
Lemma 3.2, inequalities (2.3)–(2.4) and Lemma 4.3, since the first order partial derivatives of
ψ(t, x) are bounded by C(1 + t)−1, we have∫

ψ|∂Γav∇Γbv||∇2Λcw|dx
≤ C‖r∇2Λcw‖L2‖∇(ψ∂Γav∇Γbv)‖L2

≤ C(1 + t)−
3
2 ‖∇w‖Λ,ν−1

( ∑
α

‖〈cαt− r〉 1
2Pα∂Γav‖L∞‖∇Γbv‖L2

+
∑
α,β

(‖〈cαt− r〉 1
2Pα∂Γav‖L∞‖〈cβt− r〉Pβ∇2Γbv‖L2)
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+
∑
α

(
‖〈r〉〈cαt− r〉Pα∂∇Γav‖L∞

∥∥∥τ(t, r)
r

∇Γbv
∥∥∥

L2

))
≤ C(1 + t)−

3
2 ‖∇w‖Λ,ν−1E

1
2
ν (v(t))E

1
2
k (v(t)). (5.7)

By Hölder inequality, inequality (2.3) and Lemma 4.3, we have∫
ψ|∂Γav||∇2Γbv||∇Λcw|dx

≤ C(1 + t)−
3
2 ‖∇Λcw‖L2

∑
α,β

(‖〈cαt− r〉 1
2Pα∂Γav‖L∞‖〈cβt− r〉Pβ∇2Γbv‖L2)

≤ C(1 + t)−
3
2 ‖∇w‖Λ,ν−1E

1
2
ν (v(t))E

1
2
k (v(t)). (5.8)

The combination of estimates (5.5)–(5.8) shows that

III ≤ C(1 + t)−
3
2 (‖∇w‖Λ,ν−1 + E

1
2
ν (v(t)))E

1
2
ν (v(t))E

1
2
k (v(t)). (5.9)

Next we estimate II. By Lemma 2.3, we estimate the first term of II as follows:∫
(1 − ψ)Ñ(Γav,Γav, ∂tv)dx

≤ C(1 + t)−1
∑
|d|≤1

∫
(1 − ψ)(|∇Γav||∇Γav||Ω̃d∂tv| + |∇Γav||Ω̃dΓav||∇∂tv|)dx

+ C
∑
N

∫
(1 − ψ)|Pα∇Γav||Pβ∇Γav||Pγ∂∇v|dx

≤ C(1 + t)−
3
2Eν(v(t))

∑
|d|≤1

(‖r∂tΩ̃dv‖L∞ + ‖r 1
2 Ω̃dΓav‖L∞)

+ C
∑
N

∫
(1 − ψ)|Pα∇Γav||Pβ∇Γav||Pγ∂∇v|dx. (5.10)

To estimate the nonresonant terms, if β = γ, then∫
(1 − ψ)|Pα∇Γav||Pβ∇Γav||Pγ∂∇v|dx

≤ C(1 + t)−
3
2

∫
|Pα∇Γav||〈r〉〈cβ t− r〉 1

2Pβ∇Γav||〈cγt− r〉Pγ∂∇v|dx

≤ C(1 + t)−
3
2 ‖∇Γav‖L2‖〈r〉〈cβt− r〉 1

2Pβ∇Γav‖L∞‖〈cγt− r〉Pγ∂∇v‖L2

≤ C(1 + t)−
3
2Eν(v(t))E

1
2
k (v(t)), (5.11)

otherwise, if α = β,∫
(1 − ψ)|Pα∇Γav||Pβ∇Γav||Pγ∂∇v|dx

≤ C(1 + t)−
3
2

( ∫
|Pα∇Γav||〈r〉〈cβt− r〉 1

2Pβ∇Γav||Pγ∂∇v|dx

+
∫

|〈r〉〈cαt− r〉 1
2Pα∇Γav||Pβ∇Γav||Pγ∂∇v|dx

)
≤ C(1 + t)−

3
2Eν(v(t))E

1
2
k (v(t)). (5.12)
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By Lemma 3.3, the second term of II is estimated as follows:∫
(1 − ψ)Ñ(Γav,Λaw, ∂tv)dx ≤ C(1 + t)−

3
2 ‖∇Γav‖L2‖r 3

2∇Λaw‖L∞‖∂∇v‖L2

≤ C(1 + t)−
3
2Eν(v(t))‖∇w‖Λ,k−1. (5.13)

The combination of estimates (5.10)–(5.13) shows

II ≤ C(1 + t)−
3
2Eν(v(t))(E

1
2
k (v(t)) + ‖∇w‖Λ,k−1). (5.14)

Now it remains to estimate IV. Let |a| ≤ ν − 1, |b| + |c| = |a| and |b|, |c| ≤ ν − 2. For the
first term of IV, we apply Lemma 2.2. This leads to∫

(1 − ψ)〈∂tΓav,N(Γbv,Γcv)〉dx

≤ C(1 + t)−1‖∂tΓav‖L2

∑
|d|,|e|≤1

‖(1 − ψ)∇Γb+dvΓc+ev‖L2

+ C
∑
N

∫
(1 − ψ)|Pα∂tΓav||Pβ∇2Γbv||Pγ∇Γcv|dx

≤ C(1 + t)−
3
2 ‖∂tΓav‖L2

∑
|d|,|e|≤1

‖∇Γb+dv‖L2‖r 1
2 Γc+ev‖L∞

+ C
∑
N

∫
(1 − ψ)|Pα∂Γav||Pβ∇2Γbv||Pγ∇Γcv|dx. (5.15)

Now we estimate the nonresonant terms. If α = β, then∫
(1 − ψ)|Pα∂Γav||Pβ∇2Γbv||Pγ∇Γcv|dx

≤ C(1 + t)−
3
2

∫
|〈r〉〈cαt− r〉 1

2Pα∂Γav||〈cβt− r〉Pβ∇2Γbv||Pγ∇Γcv|dx

≤ C(1 + t)−
3
2 ‖〈r〉〈cαt− r〉 1

2Pα∂Γav‖L∞‖〈cβt− r〉Pβ∇2Γbv‖L2‖∇Γcv‖L2

≤ C(1 + t)−
3
2Eν(v(t))E

1
2
k (v(t)), (5.16)

otherwise, if α = γ, then∫
(1 − ψ)|Pα∂Γav||Pβ∇2Γbv||Pγ∇Γcv|dx

≤ C(1 + t)−
3
2

(∫
|〈r〉〈cαt− r〉 1

2Pα∂Γav||Pβ∇2Γbv||Pγ∇Γcv|dx

+
∫

|Pα∂Γav||Pβ∇2Γbv||〈r〉〈cγ t− r〉 1
2Pγ∇Γcv|dx

)
≤ C(1 + t)−

3
2Eν(v(t))E

1
2
k (v(t)). (5.17)

The combination of estimates (5.15)–(5.17) shows∫
(1 − ψ)〈∂tΓav,N(Γbv,Γcv)〉dx ≤ C(1 + t)−

3
2Eν(v(t))E

1
2
k (v(t)). (5.18)
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By Hölder inequality and Lemma 3.3, the second term of IV is estimated as follows:∫
(1 − ψ)〈∂tΓav,N(Γbv,Λcw)〉dx

≤ C‖∂Γav‖L2(‖(1 − ψ)∇2Γbv∇Λcw‖L2 + ‖(1 − ψ)∇Γbv∇2Λcw‖L2)

≤ C(1 + t)−
3
2Eν(v(t))(‖r 3

2∇Λcw‖L∞ + ‖r 3
2∇2Λcw‖L∞)

≤ C(1 + t)−
3
2Eν(v(t))‖∇w‖Λ,k−1. (5.19)

By inequality (5.18) and inequality (5.19), we have

IV ≤ C(1 + t)−
3
2Eν(v(t))(‖∇w‖Λ,k−1 + E

1
2
k (v(t))). (5.20)

Combining (5.3)–(5.4), (5.9), (5.14), (5.20), we have

Ẽ′
ν(v(t)) ≤ C(1 + t)−

3
2E

1
2
ν (v(t))E

1
2
k (v(t))(‖∇w‖Λ,k−1 + E

1
2
k (v(t))),

which implies

d
dt
Ẽ

1
2
ν (v(t)) ≤ C(1 + t)−

3
2 Ẽ

1
2
k (v(t))(‖∇w‖Λ,k−1 + Ẽ

1
2
k (v(t))). (5.21)

Now let us complete the proof of Theorem 1.2. By the higher-order energy estimates (5.2),
there exists a positive constant C(C̃) depending only on C̃, such that

Ẽk(v(t)) ≤ Ẽk(v(0))(1 + t)C(C̃)ε. (5.22)

The combination of inequality (5.21) and inequality (5.22) shows that

d
dt
Ẽ

1
2
ν (v(t)) ≤ C(1 + t)−

3
2 (Ẽk(v(0))(1 + t)C(C̃)ε + ‖∇w‖2

Λ,k−1),

which implies

1√
2
E

1
2
ν (v(t)) ≤ Ẽ

1
2
ν (v(t)) ≤ Ẽ

1
2
ν (v(0)) + C(Ẽk(v(0)) + ‖∇w‖2

Λ,k−1)

≤ √
2E

1
2
ν (v(0)) + CC̃2ε2, (5.23)

provided that ε is small enough, such that C(C̃)ε ≤ 1
4 .

By inequality (5.23), we have E
1
2
ν (v(t)) ≤ 2E

1
2
ν (v(0)) + 2C̃ε, provided that ε is sufficiently

small. Consequently

sup
0≤t<T

E
1
2
ν (v(t)) ≤ 4C̃ε for any T > 0.

This completes the proof of Theorem 1.2.
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