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Nonresonance and Global Existence of Nonlinear Elastic
Wave Equations with External Forces*
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Abstract This paper establishes the global existence of classical solution to the system of
homogeneous, isotropic hyperelasticity with time-independent external force, provided that
the nonlinear term obeys a type of null condition. The authors first prove the existence and
uniqueness of the stationary solution. Then they show that the solution to the dynamical
system converges to the stationary solution as time goes to infinity.

Keywords Nonlinear elasticity, Global existence, Null condition, External force
2000 MR Subject Classification 35L70, 35Q72

1 Introduction and Main Result

Points in R* are denoted by X = (2°,2',22,23) = (t,x). Partial derivatives are written

as 0 = %, [ = 1,2,3, with the abbreviations 9 = (Jy, 01, 02,03) = (¢, V). We study the
nonlinear dynamical system of homogeneous, isotropic hyperelasticity with time-independent

external force:
Lu' = 0%u' — EAu' — (& — c2)0i(V -u) = N'(u,u) + h'(z), i=1,2,3, (1.1)

where u = (u',u?,u?) is the displacement vector and h = (h', h%, h?) is the external force. The
2

constants ci, co satisfy that ¢ > 4% > 0 and the nonlinear term of system (1.1) is expressed

as follows:

Ni(u,v) = B (0’ 8,0")

lmn

with coefficients Bllf:n satisfying the symmetric properties Bfﬂnhn = B%Ln = Bzgin Through-
out this paper, we use the summation convention that repeated indices are summed over
l,m,n,j,h=1,2,3.

When the external force h(x) is equivalent to zero, it is well-known that there are two
conditions necessary for the global existence of solutions to system (1.1): first, the initial data
must be small; second, the nonlinear term must obey a compatible condition with respect

to the corresponding linear equations, which is a type of null condition. If one of these two
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assumptions is not satisfied, the solutions may blow up at finite time. When the initial data is
large, Tahvildar-Zadeh [8] provided a blow-up example for system (1.1). When the nonlinear
term of system (1.1) does not satisfy the null condition that we will introduce later, John
[3] proved that any spherically symmetric data can develop the singularities, no matter how
small it is. Moreover, John [4] proved the almost global existence for the solution to system
(1.1), provided that h(x) = 0 and initial data is small enough (see also [5]). Zhou and Xu [9]
generalized the results in [5] to the case that h(z) is small in some sense. When h(z) = 0 and
the nonlinear term obeys a type of null condition, Sideris [7], Agemi [1] and Sideris [6] proved
the global existence for system (1.1) with small initial data.

Now let us give the null condition introduced in [6]. For each direction & = (£, &9, £3) € S?,
there are two families of elementary plane waves for the linear equation Lu = 0:

Wi ()
Wa(§)

{€p({w, &) — e1t) ¢ is a scalar function},
{np((x,&) —cat) : (n,€) =0, 9 is a scalar function},

where plane waves in W, (§) represent longitudinal waves propagating in the direction ¢ with
speed c1, and plane waves in W (&) represent transverse waves propagating in the direction &
with speed ¢o. The null condition is that the quadratic interaction of elementary waves of each
wave family only produces waves in the other family.

Definition 1.1 If for all resonant triples (u, v,w) € Wq (&) X Wa(§) X Wa(§), a = 1,2,
(u, N(v,w)) =0, (1.2)
then we say the nonlinear term N is null with respect to the linear operator L.

By direct substitution, the null condition 1.2 is equivalent to

Bt €i€i€n&16mEn =0 for all € = (£1,6,8) € S, (1.3)
B P P €mntn =0 for all €9 € S? with (¢,7@)) = 0. (1.4)

From [6, Lemma 2.2], the null condition (1.2) holds for all isotropic materials.

The aim of this paper is to generalize the result of Sideris [6] to the case of the nonlinear
elasticity with time-independent external force. Precisely, we will prove that small initial dis-
turbance and external force give rise to global classical solution to system (1.1), when the null
condition (1.3) holds. Our problem is physically relevant, since for example the external force
can be the gravity. Our proofs rely on the generalized energy estimates and the techniques rep-
resent an evolution of the ideas in [2, 5-7, 9]. We first prove the existence and uniqueness of the
stationary solution. Then it suffices to prove the global existence of the original solution minus
stationary solution, by using the invariance of system (1.1) under translations, simultaneous
rotations and changes of scaling. This proof is carried out in line with Sideris [6].

The angular momentum operators are the vector fields Q@ = (Q1,Q2,Q3) = 2 AV with A
being the usual vector cross product in R?, and the scaling operator is defined by S = t; +r0,.,
where 7 = |z| and 0, = £ - V. For the operator L, a central role is played by the generators of
simultaneous rotations. They are given as follows:

Q=QI+U;, i=1,23
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with

Then the operator L commutes with ©, and ﬁN(u, v) = N(ﬁu7 v) + N (u, ﬁv) Let S =5 —1.
Then [S, L] = —2L and SN (u,v) = N(Su,v) + N(u, Sv) — 2N (u, v).

The eight vector fields (9, fNZ, §) will be written as I' = (I'g,--+ ,I'7). The commutator of
any two ['s is either 0 or in the span of I'; and in particular, the commutator of 9 and T is
either 0 or in the span of 9. By I'*, a = (ao, - ,a7), we denote an ordered product of vector
fields I'g° - - - T97.

To describe the solution space, we also introduce the time-independent analog of I'. Let
A=Ay, A7) = (V, Q,r0, — 1). Then the A’s have similar commutation properties to the
I’s. The commutator of any two A’s is either 0 or is in the span of A, and in particular, the
commutator of V and A is either 0 or in the span of V. By A%, a = (a1, - ,a7), we denote an
ordered product of vector fields A{* ---T'97.

Define the time-independent space
HY ={f € L*(R®)®: A°f € L*(R®)3, |a| < k}

with the norm

1

Ilas = (D2 IA%FI32) " k=0,1,2,--.

la| <k

Let F¥ be the closure of the set C°°(R? R?) in the norm IAllps = > lllz[A®h]| L.

la|<k
We use the energy norm associated to the operator L
1
B1(ut)) = 5 /RS[I@U(L P+ SVt )2+ (e = @)V - ult,-)ld,

and the high-order generalized energy norms

E(ut) = 3 Ei(Tult)), k=23,

la|<k—1

And we will construct the solutions to system (1.1) in the space HE(T'), which is the closure of
1
the set C>°([0,T); C>°(R*,R?)) in the norm sup E7 (u(t)). Thus,
0<t<T

k—1
H#(T) C {u(t,a:) : 8u(t7 ) c ﬂ Cj([O7T);Hﬁ_1_j)}.

Jj=0

Define the orthogonal projections onto radial and transverse directions by

P = (E ® f)u: §<§u>
r r rATr

Pou=1[I-Plu=—2A (fAu)
T T
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Employing the notation (A) = (1 + |A|2)2, we will use the weighted L2-norms

2
Z Z |(cat — 7Y PadVT u(t, )|z, k=2,3,---.
a=1|a|<k

Now let us give our main result. Precisely, we obtain the following global existence theorem
for the Cauchy problem of nonlinear elastic wave equations with the time-independent external
force.

Theorem 1.1 Let k > 11. Suppose that coefficients Blmn satisfy the symmetric properties
Bllf:n = B%Ln Bfﬁfn and the null condition (1.3) holds. Then the Cauchy problem for system
(1.1) with external force h € FY~' and initial data (u(0, ), 9;u(0,-)) satisfying du(0,-) € HY ™,
admits a unique solution u € H{E (T") for every positive constant T', provided that € is sufficiently

small and

BZ(0)+ > [lzlAh] 2 <e. (1.5)
la]<k-1

The rest of this paper is organized as follows. In Section 2, we present some Sobolev-
type inequalities and some estimates for the null condition. Then we prove the existence and
uniqueness of the stationary solution in Section 3, and the weighted L?(R?)-estimates of the
original solution minus the stationary solution are bounded by the corresponding generalized
energy estimates in Section 4, respectively. In Section 5, we complete the proof of the global
existence theorem by the generalized energy method and the continuity argument.

2 Preliminaries

First, we introduce some Sobolev-type inequalities that will be used in the generalized energy

estimates.

Lemma 2.1 For any smooth vector function v(t,-) with sufficient decay in the infinity, if
the norms on the right-hand side are bounded, the following inequalities hold:

(r) 2Tt 2)| < CBE 4 (0(t), (2.1)

(r)OTv(t, )] < CER,,(u(1)), (2.2)

(F){cat =) [PaBT 0(t, 2)| < CLBE 5(0(0) + Miga((®)], a=12,  (23)

(r){cat —1)|PoOVIv(t, )| < OMq44(v(t)), a=1,2, (2.4)
(Tt )|Vt o) <Y ST [Vt

la|>1 |a]+|b|<3

+C > > It )V, (2.5)

la|>2]al+[b]<3
where

{1t —r){cat — 1)
cit —r)y + (ot — )

T(tv T) = <
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Proof For the proofs of inequalities (2.1)-(2.5), see [6, Proposition 3.3]. And the proof of
inequality (2.5) is similar to that of inequality (4.2) in [2, Lemma 4.1] with 7(¢,r) in the place
of (c;t — ).

Next, we give some estimates on the null condition that will also be used in the course of the

generalized energy estimates. Let N(u, v, W) = B 9,ui,,07 0, w" and the set of nonresonant

lmn
indices N' = {(o, 8,7) # (1,1,1),(2,2,2)}.
Lemma 2.2 Suppose that u,v,w € H} and the null condition (1.3) holds. Then

C ~ ~
[(u, N(v,w))| < —Jul Y [VQ"0][Vw| + VO w]| Vo]
la]<1

+ V20l [ Q%] + [VEu] |00

+C Y |Paul[| PsV20| [Py V| + | PsVPw|| Py Vo).
N

Proof See [6, Proposition 3.2].
Lemma 2.3 Suppose that u,v,w € H3 and the null condition (1.3) holds. Then

\T C Oa Oa Oa
[N (u,v,w)| < — > (1Vul|Vol|2%w| + [Vul|Q%|[Vw| + Q%] Vo] Vuw))

la|<1

+CY [P Vul|[PsVo|| P, V).
N
Proof This is a trivial modification of Lemma 2.2.

3 Existence and Uniqueness of Stationary Solution

Let w(x) = (w'(x),w?(x),w?(x)) be the stationary solution to system (1.1). Then w(x)
satisfies the following coupled system of elliptic equations:

Aw = N(w,w) + h(z), =€R3, (3.1)
where
Aw = —c3Aw — (2 — E)V(V - w).
To assure the uniqueness of solutions to the nonlinear elliptic system (3.1), we assume for any
0<|a| <k—1, lim sup |A%w(rf)| = 0.
o0 pes?
Now let us give the existence and uniqueness theorem of the solution to system (3.1).

Lemma 3.1 Let k > 6 and Bl%hn be constants for i, j, h,l,m,n =1,2,3. Then there exist
positive constants M and e, such that system (3.1) admits a unique solution w(x) satisfying the

uniqueness condition and the bound

Vw3 51 < M? Z || A“Rl|F:, (3.2)
la|<k—1

provided that h € F¥™" and Y. |||z|A%h||L2 <e.
la] <k—1
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Proof We prove this lemma by the standard contraction mapping theorem and generalized
energy estimates. For any ¢ = (¢!, ¢%, ¢%) € Dy, where

Das = {6+ IVoIR emr < M2 Y [lalABllE:,
la|<k—1

lim sup [A%p(r0)| =0 for any 0 <|a| <k — 1},

T0pes?

we define a map II: ¢ — w, where w = (w!, w? w?3) satisfies the following problem:

Aw = N(¢,w) + h(z). (3.3)

To assure the uniqueness of the solution to the linear elliptic system (3.3), we assume that

lim sup |[A%w(rd)] = 0 for any 0 < |a| < k — 1. By using this uniqueness condition, we can
o0 ges?

prove that system (3.3) admits a unique solution w(z) satisfying A%w € H L(R3,R?) for any
0 <la] <k —1, provided that h € F]\“_l. This permits the integration by parts at the infinity.
The operators V and 2 commute with A, and [rd,, A] = —2A, which implies

—ANw = —A"Aw+ Y CuAAw (3.4)

[b|<[a|—1

for any 1 < |a| < k — 1 and with C,; being constants.
Taking the L?(R?)? inner product of equation (3.4) with A%w, employing equation (3.3) and
integrating by parts, we obtain the generalized energy estimates,

Y (EIVAw|Ge + (¢ — S)IV - (Aw)|Z2)
lal<k—1

<c > |VAY¢| - [VAw| - [VA%w|da
R3

la|<k—1
[bl+[c|<k—1

YD /R IAPR] - [A®w|da. (3.5)

la|<k—1[b|<|al

To deal with the first term of the right-hand side of inequality (3.5), we separate two cases:
either |b| < [£] or || < [£] — 1. In the first case,

/3 IVALG| - [VA W] - [VA“w|dz < [ VALG|| o | VAw]| 2| VA w]| 12
R
< OVlla o2l Vwl a e [ VWA, jals

where we use Hélder inequality and Sobolev Embedding Theorem H?(R?) < L*(R?). Other-
wise, similarly, we obtain

/W [VA®G| - [VA“w| - [VA wldz < C|IV@l|a I Vwlla, e 2l Vewllaja

For the second term of the right-hand side of inequality (3.5), by Holder inequality, Hardy’s
inequality and Young inequality, for any § > 0, we have

/}Rs [A%h| - [Aw|dz < Cl|z|A%h] L2l VA" w]| 12 < 6 VA w72 + C(O)]|2| AR 7.
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Let § be sufficiently small. Recalling k& > 6, we see [g} + 2 < k — 1. By inequality (3.5) and
the estimates obtained above, we have

IVolRjes <C Y IVA"w]i2 < CIVEasr|VolRioy +C D llA®h]Zz, (3:6)

la]<k-1 la]<k—1

where C' depends only on k.
Let M? = 2C. By inequality (3.6), there exists a positive constant €; depending only on

M, such that for all 0 < € < €7, inequality (3.2) holds, provided that >  |[|z|A%h|/z2 < e.
la|<k—1
Hence w € Dyy.

For any ¢1,¢2 € Dy, define wy = Il¢y, wy = Ilgy. Similarly, there exists a positive
constant €y < €1 depending only on M, such that II is a strict contraction from Dy; to Dy

for all 0 < € < €g, provided that > |[|z|A®h|/ L2 < €. By the standard contraction mapping
la|<k—1
theorem, there exists a unique fixed point w € D)y, such that ITw = w. Therefore w solves

system (3.1) and satisfies the estimate (3.2).
Next let us give two inequalities which will be used to deal with the terms involving w(z)
in the generalized energy estimates.

Lemma 3.2 Assume that the norm on the right-hand side below is bounded. Then

Y VA ]z < Ol Vw|ak-1.

la|<k—2

Proof The formula V = 20, — 75 A {2 implies that

(MIVwl <C Y [A%.

la|<1
By the commutation property between V and A, and taking L?-norm, we have
1) V2wl 2 < C[ Vs (3.7)
Apply inequality (3.7) to A%w, |a] < k — 2. This completes the proof of Lemma 3.2.

Lemma 3.3 Assume that the norm on the right-hand side below is bounded for any smooth
vector function v(t,-) with sufficient decay in the infinity. Then

() Flw@)] <Y A%, (3.8)

la|<2

Proof For r < 1, by the standard Sobolev Embedding Theorem: H?(R3) — L>(R3),
inequality (3.8) holds. Then it suffices to prove the case r > 1. By using a standard Sobolev
Embedding Theorem on §?: H4(S?) — L°°(S?), for any i = 1,2, 3, we have

riuwi(2)] < v sup [wi(rf)] < Cri Y ( |Q“wi(r9)|4d9)z. (3.9)
0es? lal<1 S?

By a straight calculation, we have

Q%W (r9)|* = —4 /Oo(Q“wi(pO))Bé‘pQ“wi(pQ)dp. (3.10)
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10), Holder inequality, Sobolev Embedding Theorem:

= 70, — 72 N, we have

By inequality (3.9) and inequality (3
H'(R3) — L5(R?) and the formula V

3 3 - B
rEY i@ <0y Y (/Sz/ |3p9“wi(P9)lIQ“wi(p9)|3p6dpd9)4
=1 =1 |a|<1 "
3 1
<C / 70, Q% w"||rQw* Pdx !
>3 (/. )

<C > Aw]ge,

la|<2

which completes the proof of Lemma 3.3.

4 Weighted L2?-Estimates

Let u be the local solution to system (1.1) and w be the solution to system (3.1). Let

v =u —w. Hence, v = (v!,v?,v3) satisfies

{Lv—N(v,v)—l—QN(v,w), t>0, z€R3, (4.1)

v(0,7) = u(0,z) —w(x), fv(0,z) = du(0,z), =€ R3.

Then it suffices to prove the global existence for the solution to system (4.1). In this section, we
will prove that the weighted L?-norms My (v(t)) are controlled by the generalized energy norms

Ek% (v(t)) for the small solution to system (4.1). To this end, we need the following lemma.

Lemma 4.1 Let v € HZ(T). Then

1
Ma(v(t)) < CIEZ (v(t)) + ][ Lo (@) 2] (4.2)
Proof See [6, Lemma 3.4].

Next, we estimate the second term on the right-hand side of inequality (4.2).

Lemma 4.2 Let > 2 and ' = [“771} +3. Suppose that v € Hl’f (T') is a solution to system
(4.1). Then

My (v(t)) < CEE (u(t)) + C My (0()) (B (0(t)) + [ Verl|a 1)
+ O M, (v() (B (0(t)) + Vo]l apr—1)
+ CEZ (w(®))[|Vw]lau—1 + CE2 (u(6) Vo]l y—1.

Proof To prove this lemma, it suffices to estimate t|LT%||z2 for |a] < p — 2. By the

commutation property LT'% = Y (N(I'’v,T¢) + 2N (T, A°w)), where b + ¢ = a means
b+c=a
that b; +¢; = a;, Vi = 0,--- , 7, we only need to estimate terms of the form ¢||V2I*vVT 0|12,

t[| V2T oV ACw| 12 and t]|V2A wVT v 2 for [b]+|c| < |a|. We separate it into two cases: either
bl <m —1 or |c| < m, where m = [£1].
When [b] <m — 1, we have

t| V2T VT 2 < ClIrVT VT2 + C Y [[{cat — 1) (Pa V2T 0) VI ] 12
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Similarly, when |¢| < m, we have
HIV2TP0VTel| e < CEZ (0(t) B (0(8)) + CM, (o(t) B2 (0(2)).

In a similar fashion, we obtain

V2T oVACw|| 2 <  CMuw (1) + BE () IVwlag-r, (b <m—1,
CM,,(v(®)[Vwlla,w -1, le] < m.

Now it remains to estimate ¢||V2A*wVI¢v|| 2. For this term, we have
t|VEA wVT ]| 2 < C(|(r)VEA wVT || 12 + ||7(E, 1) VEALw VT 12). (4.3)

By inequality (2.2) and inequality (3.8), the first term on the right-hand side of inequality (4.3)
is estimated as follows:
1) V2 A wl| oo [ VT 0] 2, [B] <m0 — 1,
) VT 0]l e |V A w] 22, [e] < m
{ W BR @), ol <m—1,
- E2 (v(t ))||Vw||A,u Lo e <m.
For the second term on the right-hand side of inequality (4.3), if [o|] < m — 1, by Hardy’s
inequality and inequality (3.8),

(1) V2ALwVT ]| 2 < C{

I7(t, P) VA w VT | 12 < CHLV”H

VA w]| g
< C(HVF%Hw + |7, ) V2T | L2) [ V|| a1
< C(EZ (v(t)) + Z [7(t, ) Pa V2T 0| 12) || V|| a1

< OB} (0(8)) + My (0(t) [ Vo[ 1.
Otherwise, if |¢| < m, by inequality (2.5),

7t )V <C > >0 VT2 +C Y DY 7t ) VT

lal>1 |a|+[b|<|c|+3 la|>2 |a|+[b|<|c|+3
< O(BE (u(t) + My (0(1))).
which implies if |¢| < m,
7 (¢, 1) VAWV o] 2 < C(EL (0(t)) + My (u(t))) [ Veo| 2 1.
Combining Lemma 4.1 with the above estimates shows that Lemma 4.2 holds.
The following lemma completes the argument of weighted-L? norm estimates.

Lemma 4.3 Let v € HE(T), k > 11 be a solution to system (4.1) and v = k—3. IfEl,% (v(t))
remains sufficiently small for 0 <t <T for any T, and >  |||x|A%h||L2 is sufficiently small,

la|<k—1
then
M, (v(t)) < CEZ (u(t)), (4.4)
Mi(u(t)) < CE} (u(t)). (4.5)
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Proof Recalling v > 8, we see v/ = [%1} + 3 < v. Then inequality (4.4) is an immediate
consequence of Lemmas 3.1 and 4.2. Recalling k > 11, we see k' = [k—gl} +3<k-3=v.
Then inequality (4.5) is an immediate consequence of Lemmas 3.1, 4.2 and inequality (4.4).

5 Energy Estimates

In this section, we will complete the proof of Theorem 1.2 by the generalized energy estimates
and the continuity argument. The techniques of this proof represent an evolution of the ideas
n [2, 5-7,9]. Let k > 11 and v = k — 3. Suppose that v(¢,x) is a classical local solution to
system (4.1). In view of the local existence result, to extend the local solution to be a solution

. 1
belonging to HE(T) for any T > 0, it suffices to give a bound to sup E; (v(t)). We will prove
0<t<T

this by the continuity argument. By Lemma 3.1, for the initial data (u(0, z) —w(z), 0;u(0, z)), if

1
EZ(u(0))+ > |/|z|A%h|/L2 < € for a sufficiently small €, then there exists a positive constant
a|<k 1

C, such that Ek (v(0)) + IVw||a, -1 < Ce. By assuming that sup E,,% (v(t)) < 8Ce for any
0<t<T

1 ~
T > 0, it suffices to prove that sup FEZ(v(t)) < 4Ce for any T > 0.
0<t<T

Following the energy method, we have

B (v(t Z / (0,0 %, LT *v)dx for any p = 3,4,--- , k.
la|<p—1

A straight calculation shows that

/(&I‘“v,N(I‘“v,v))dx = —§dtBllf:n/8l (T%0)" 0, (T0)? O v" dx
Bﬁfn/81(Fav)18m(Fav)j8t8nvhdx

/<8tfav,N(Aaw,v)>d B;ﬁn/(‘) (T0) Oy (A w) 90" da

+ B / Ay (1) 8y, (Aw)? 3,0 0" daz,

/((‘%F v, N(T'*v,w))dz = —EaBﬁfn/& (T%0)" 9, (T0)? 9, w" dz.

Let
E,(v(t) = Eu(u(®)) + Y B / O(T"0) (D (T"0) + 20, (Aw)? ) D" v
|</1, 1
Bl’ffn/(‘)l (T%0)" 9, (T0)? 9, w" dz.
| [<p—1

The perturbation is bounded by
(IVollpee + [[Vwllze) Ep(o(t) + [Vl Lo [Vl s p—1 Ei (v(2)-

By the Sobolev Embedding Theorem, norms ||Vv||r~ and ||[Vw|| = are controlled by E?,% (v(t))
respectively. Thus, if € is small enough, for any p > 3,

%Eu(v(t)) < E,(v(t) < 2B,(v(t)).
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By the commutation property LI'"v = > (N(I'’v,T) + 2N (I'*v, A°w)), we have

b+c=a
B (o(t)) = Bih / D(T0) (O (D) + 20, (A%w) ) Dy Dt
\a\<p, 1
+ Y Z/(‘),IUN by, T%) + 2N ([0, Aw))dz
la|<p— 1b+c a
— V4 VL (5.1)

5.1 Higher-order energy estimates
For the first series of estimates, we take ;1 = k in equality (5.1).
By inequalities (2.2), (2.4) and Lemma 4.3, we have

|0V~ < C(1 +t)_1(|\<r>8Vv||Lac +3 lleat — r}Pac?VvHLx)
< O(1 + 1) E} (u(t)),

which implies V< C(1 +¢) (|| Vwl|[a k-1 + Eé (v(t))Ex(v(t)).
By Hélder inequality, IV is estimated as follows:

V<C > 0| (VT VT | 2 + | VT 0 VA w|| 2 + VT 0V A w]|2).
la|]<k—1

bl +c|<|al
[bl,lcl#|al
We see simply but crucially [ } +3<k—3=vfork>11. In a similar fashion of the weighted
L?-norm estimates in Lemma 4.2, we obtain
1
IV < C(L+ )7 (IVwllak-1 + E2 (1) Bi(v(t)),
where we have used Lemma 4.3. Thus we obtain the higher-order energy estimates

Ej(u(t) < C(L+ )" (|Vwlla k1 + B (u(£) Ex (v(t)). (5.2)

5.2 Lower-order energy estimates

Now let us do the lower-order energy estimates, where we need to exploit the null condition
(1.3). Let p = v in equality (5.1). Then

E (v(t)) = Z /(N(F“U,I‘“v,é‘tv) + 2N (I, A%w, dyv))dz
o <o 1

+ Y > (o, NP0, T) + 2N (I, A°w))dz

la|<v—1b+c=a

,c#a
Z /w Iv, T%, 0w) + ZN(F“U,A“w,atv))dx
la|<v—1
+ Z / (1- %, D%, 8yv) + 2N (D%, A®w, 8yv))dz

la|<v—1
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+ ) / (0, 7%, N (I’v, T¢) + 2N (I'v, Aw))dx
ja]<v—1

b+c=a

b,c#a

+ ) /(1 — )8, T%, N (T, T) + 2N (Mv, A°w))dz

jal<v—1

=1+4+II+1I+1V, (5.3)

where 9 is a cut-off function defined as follows:

) .
o =¢(irs) mt c0={y 43y

By Hoélder inequality, inequality (2.3) and Lemma 4.3, we estimate term I as follows:

1<c Y /1/)|VI‘“U||VI‘“U||8V1}|dx+C > /1/)|VF“U||VA“w||8Vv|dx
la|<v—1 la|<v—1
< CA+ )72 (|Vllaw—1 + B (v(1)))
x> (leat = ) PadV|2]|{cst — 1) 2 PsVI ™0 1)

la|<v—1
B

< OO+ 8) H(IVuwllrwes + B (u(t)) B}

Rl
—~
=1
—
~
~—
~~
I ol

—
<
—~
~
~—
~

(5.4)

Now let us estimate III, provided that |a] < v — 1, |b| + |c| = |a|] and |b],|c|] < v — 2. We
separate it into two cases:

/ (0T, N (T’v, T))dx

<C(1+4)72]o0%] 2 > ([{cat = ) Pa V2T 0] 12| {cst — 7) 2 PsVT 0 g~ )
a,B

< C(1L+ )72 B, (u() B (v(t)), (5.5)

/w@r%, N (v, A°w))dx
< C/¢|8F“v||VFbv||V2ACw|dx + C'/w|8F“v||V2Fbv||VACw|dx. (5.6)

Then we estimate the right-hand side of inequality (5.6). By Holder inequality, Hardy inequality,
Lemma 3.2, inequalities (2.3)—(2.4) and Lemma 4.3, since the first order partial derivatives of
¥(t, ) are bounded by C(1 +t)~!, we have

/ Y|OT VT b0||VZACw|dz
< C||rV2Aw| 2 ||V (AT VT ) || 12
<C(1+1)2 ||vw||A,H(Z [{cat — r)Z PadT%|| oo | VT 0| 12

+ 3 " (IHeat = )% POl oo [[{cst — 1) P V2T 0| 12)
o,
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)

+Z (|| 1) Pa V]| Lo H (tr’r) Vl‘bv‘
<c(+o ||Vw||A,V71E§ (v(0)E] (v(1)).
By Holder inequality, inequality (2.3) and Lemma 4.3, we have
/¢|ar%||v2rbv||v1\cw|dx

<O+t 2| VA w22 Y ([[{cat = )2 PadT 0| Lo [|{cst — r)P5V>T?v|| 2)
a,B

< C(1+ )% | Vullrw1 B (v(t) B (u(2).
The combination of estimates (5.5)—(5.8) shows that
1< O+ )3 (Vo + B (0(0) B2 (1) B (u(1)).
Next we estimate II. By Lemma 2.3, we estimate the first term of II as follows:
/(1 — )N (I%, T%, dyv)dz

<C+1)- 2/1— )V | [ VD] [§90,0] + [VT0|[(9T0|| Vay0])de
<1

+C> /(1 — )| Py VT 0|| PsVT || P, 0V v|da
N

<CA+1) 2B, ) > ([raQ™ | L + 72 QT | 1)
[d|<1

+C> /(1 — )| Po VT 0|| Ps VT || P,V v|d.
N
To estimate the nonresonant terms, if 3 # -, then
/(1 — )| Py VI 0| | P VT *v|| P, OV v|dx

<C(+) /|P V| |(r) (cat — 1) PaVT|| (et — ) P, dVolda

< O(1+ 1) 3||VT%|| 2| (r) (cat — 1) % PaVT || 1< || (cyt — 1) Py OV 2

< C(1+1)" 2B, (0(t) BE (v(t)),
otherwise, if a # f3,
/(1 — )| P, VT %0|| Ps VT || P,OVv|d
<C+t)” /|P VI||[(r)(cagt — r) PgNTv||P,0Vv|dx

/| (cat—1)2P, F“v||PgVF“v||P78Vv|da:)

<O+ 173, (0(t) B} (u(1).
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(5.10)

(5.11)

(5.12)
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By Lemma 3.3, the second term of II is estimated as follows:

/(1 — )N (T%, A%, dpv)dz < C(1 + t)_% ||VI‘av||Lz||r%VAaw||Lac||8Vv||L2

< C+ )2 E (1) Veollaxr.
The combination of estimates (5.10)—(5.13) shows

1< C(1+1)"2 B, (o) (BE (0(t) + | Veollas-1)-

(5.13)

(5.14)

Now it remains to estimate IV. Let |a| < v — 1, |b] + |¢| = |a| and |b],|c| < v — 2. For the

first term of IV, we apply Lemma 2.2. This leads to

/(1 — )0, T %, N (T°v, Tv))dx

<O+ o0l S (1 =) VIt te|
d],le]<1

+0> /(1 — )| Pad:T%|| Ps V2T || P, VT 0| dz
N

<CA+H7H0T %2 > VDT pal[rE Tt | oo
ld],|e|<1

+0> /(1 — )| PadT || Ps V2T 0| | P, VT v|d.
N

Now we estimate the nonresonant terms. If a # 3, then

/(1 — )| PoOT || Ps V2T 0| | P, VT “v|da

(1+ )3 / [(r){cat — r>%Pa8F“v||<c[3t — 1) P3 V20| P, VT 0|da

<C
< C(+ 1) 3| () (cat — )7 PadT || oo || (st — ) PsV2T 0| 12| VT0|| 12
<C

(L + )" B, (0(6) B (u(2),
otherwise, if o # ~, then
/(1 — )| PoOT || P V2T 0| | P, VT “v|da
<C(1+ t)_% (/ [(r){cat — r)%Paf)‘F“vHPgVQFbM|P7VI‘CU|d:c
+ / |Pa8Fav||P5V2Fbv||<r)<cvt—r>%P7VFCv|dx)
(v(t))-

The combination of estimates (5.15)—(5.17) shows

El N

<C(1+t)"2E,(v(t))E

/(1 — )0 T %, N (T%v, T))dz < C(1 + t)ngl,(v(t))Eé (v(t)).

(5.15)

(5.16)

(5.17)

(5.18)
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By Holder inequality and Lemma 3.3, the second term of IV is estimated as follows:

/(1 — ) (0T, N (T, Aw))dx

< Cllor*v]| 2 (||(1 — ) VAT o VA“w]| g2 + [[(1 — ) VIV Aw] 12)
< C(L+1)"2E,wt)(||r? VAw| L= + ||r? V2AW]| 1)
<CA+t) 2 E,(v(t)|Vw|a k1. (5.19)

By inequality (5.18) and inequality (5.19), we have
IV < C(+1) 2B, (wt)(|Vwllar1 + EZ (u(t))). (5.20)

Combining (5.3)-(5.4), (5.9), (5.14), (5.20), we have

-

B (u(t)) < C(1+ )2 B (v() B (0(®) (| Veollaimr + BZ (u(t))),
which implies

S B (t) < 00+ 0 B @O Vullas + B 00). (5.21)

Now let us complete the proof of Theorem 1.2. By the higher-order energy estimates (5.2),
there exists a positive constant C(C) depending only on C, such that

Ee(v(t)) < Er(v(0))(1 + )C(Ox. (5.22)

The combination of inequality (5.21) and inequality (5.22) shows that

LB ) < 00+ 073 (Bu(w(0))(1 + O + IVl 1),

which implies

< V2EZ (v(0)) + CC2e2, (5.23)

provided that € is small enough, such that C(é’)e < %.

By inequality (5.23), we have E,,% (v(t)) < 2E,,% (v(0)) + 2Ce, provided that € is sufficiently
small. Consequently

sup El,% (v(t)) < 4Ce for any T > 0.
0<t<T

This completes the proof of Theorem 1.2.
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