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Abstract The paper is concerned with the system modeling the compressible hydrody-
namic flow of liquid crystals with radially symmetric initial data and non-negative initial
density in dimension N (N ≥ 2). The authors obtain the existence of global radially
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1 Introduction

In this paper, we consider the N (N ≥ 2) dimensional initial boundary value problem for
the hydrodynamic flow equations of liquid crystals:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ρt + div(ρu) = 0, (1.1a)

(ρu)t + div(ρu ⊗ u) + ∇(P (ρ))

= μΔu + (λ + μ)∇divu − νdiv
(
∇n�∇n − |∇n|2

2
IN

)
, (1.1b)

nt + (u · ∇)n = θ(Δn + |∇n|2n) (1.1c)

for (x, t) ∈ Ω× (0, +∞), where Ω is a bounded or unbounded annulus in R
N and the given data

are radially symmetric. More precisely, the domain Ω is given by Ω = {x ∈ R
N : a < |x| < b}

for some constants a and b with 0 < a < b ≤ ∞. The initial conditions are given by

(ρ,u,n)
∣∣
t=0

= (ρ0,u0,n0), in Ω, (1.2)

where n0 : Ω → S2 and

ρ0(x) = ρ0(|x|), u0(x) = u0(|x|) x
|x| , n0(x) = n0(|x|) for x ∈ Ω.

And the boundary conditions are imposed as follows:

u = 0,
∂n
∂v

= 0 for |x| = a or b, t > 0, if b < ∞,

u → 0, n → d0 as |x| → a or b, t > 0, if b = ∞
(1.3)

Manuscript received June 10, 2010. Revised January 5, 2012.
1School of Mathematical Sciences, South China Normal University, Guangzhou 510631, China.
E-mail: huangjinrui1@163.com dingsj@scnu.edu.cn

∗Project supported by the National Basic Research Program of China (973 Program) (No. 2011CB808002),
the National Natural Science Foundation of China (Nos. 11071086, 11001085) and the Special Research
Foundation for Doctoral Program in University (No. 20104407110002).



454 J. R. Huang and S. J. Ding

for some constant d0 ∈ S2. Here ρ ≥ 0 denotes the density function, u denotes the velocity
field, and n denotes the optical axis vector of the liquid crystal which is a unit vector (i.e.,
|n| = 1). v is the outward unitary normal vector on ∂Ω. μ and λ are the shear viscosity and
bulk viscosity coefficients of the fluid respectively, which satisfy the physical conditions μ > 0
and 2μ+Nλ ≥ 0. The constants ν > 0 and θ > 0 are competitive between kinetic and potential
energy, and microscopic elastic relaxation time respectively. P = Rργ , for some constants γ > 1
and R > 0, is the pressure function. The symbols ⊗ and � denote the tensor product, such
that

u⊗ u = (uiuj)N×N , ∇n �∇n = (nxi · nxj )N×N .

The main goal of this paper is to prove the global existence of radially symmetric solutions
to the initial boundary value problem (1.1)–(1.3), where the initial data satisfy the natural
compatibility condition

−μΔu0 + ∇(P (ρ0)) + νdiv
(
∇n0 �∇n0 − |∇n0|2

2
IN

)
= ρ

1
2
0 g (1.4)

for some radially symmetric g ∈ L2(Ω).
The hydrodynamic flow of compressible (or incompressible) liquid crystals was first derived

by Ericksen [6] and Leslie [13] in 1960s. However, its rigorous mathematical analysis had not
taken place until 1990s, when Lin [14], Lin and Liu [16–18] made some very important progress
towards the existence of global weak solutions and partial regularity of the incompressible
hydrodynamic flow equation of liquid crystals.

When the Ossen-Frank energy configuration functional reduces to the Dirichlet energy func-
tional, the hydrodynamic flow equation of liquid crystals in Ω ⊂ R

N can be written as (1.1)
(see [4, 14]).

The spherically symmetric Cauchy and initial boundary value problems for Navier-Stokes
equations have been studied by a number of mathematicians in the last decades. For isothermal
flows, Hoff [9] proved the global existence of spherically symmetric weak solutions with strictly
positive initial densities in annular domains. Then Jiang and Zhang obtained in [11] global
spherically symmetric solutions to the compressible isentropic Navier-Stokes equations for the
Cauchy problem for any γ > 1 with non-negative initial densities. Weigant [22] constructed a
radially symmetric strong solution (ρ,u) in (0, 1)×BR in the case a = 0 and 1 < γ < 1 + 1

N−1 ,
such that

‖ρ‖L∞(BR) → ∞, as t → 1,

where BR := {x ∈ R
N, |x| < R}. Choe and Kim [3] showed the global existence of strong

solutions to the Dirichlet boundary problem with non-negative bounded densities and the initial
data satisfying the natural compatibility condition, where the restriction γ ≥ 2 is requested in
order to get the higher regularity about densities. In 2009, Fan, Jiang and Ni [7] proved the
global existence of radially symmetric strong solutions for any γ > 1, improving therefore the
corresponding result in [3].

For the beginning, we construct the corresponding system for radial solutions. If we let
r = |x| and take

ρ = ρ(r, t), u = u(r, t)
x
r

, n = n(r, t),
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then the system (1.1)–(1.3) becomes⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ρt + (ρu)r +

m

r
ρu = 0, (1.5a)

(ρu)t + (ρu2)r +
m

r
ρu2 + Pr = κ

(
ur + m

u

r

)
r
− λ

2
(|nr|2)r − λ

m

r
|nr|2, (1.5b)

nt + unr = θnrr + θ|nr|2n + θ
m

r
nr (1.5c)

for (r, t) ∈ (a, b) × (0, +∞), where m = N − 1 and κ = λ + 2μ > 0. This problem is subjected
to the following initial boundary value conditions:

(ρ, u, n)
∣∣
t=0

= (ρ0, u0, n0), in [a, b], (1.6)

u = 0, nr = 0 for r = a or b, t > 0, if b < ∞;

u → 0, n → d0 as r → a or b, t > 0, if b = ∞ (1.7)

for some constant d0 ∈ S2

Before stating the main results, we explain the notations and conventions used throughout
this paper.

Notation 1.1 (1) QT = Ω × (0, T ], Qr
T = (a, b) × (0, T ] for T > 0.

(2) For p ≥ 1, denote by Lp = Lp(Ω) the Lp space with the norm ‖ · ‖Lp . For k ≥ 1 and
p ≥ 1, denote by W k,p = W k,p(Ω) the Sobolev space, whose norm is denoted by ‖ · ‖W k,p .
Furthermore, let Hk = W k,2(Ω).

(3) Dk,r = {v ∈ L1
loc(Ω) : ‖∇kv‖Lr < ∞}, Dk = Dk,2(Ω) and D1

0 = D1,2
0 (Ω).

(4) For simplicity, denote∫ b

a

f =
∫ b

a

fdr and
∫ t

0

∫ b

a

f =
∫ t

0

∫ b

a

fdrdt.

Theorem 1.1 Let 0 ≤ ρ0 ∈ L1 ∩ H1, u0 ∈ D1
0 ∩ D2, ∇n0 ∈ H2 and |n0| = 1 in Ω. If,

in addition, we assume that (ρ0,u0,n0) satisfies the compatibility condition (1.4), then for any
T > 0, there exists a unique radially symmetric strong solution (ρ,u,n) to the initial boundary
value problem (1.1)–(1.3) satisfying

ρ ∈ L∞(0, T ; L1 ∩ H1), ρt ∈ L∞(0, T ; L2), ρ ≥ 0,

u ∈ L∞(0, T ; D1
0 ∩ D2), ut ∈ L∞(0, T ; D1

0),
√

ρut ∈ L∞(0, T ; L2),

∇n ∈ L∞(0, T ; H2) ∩ L2(0, T ; H3), nt ∈ L∞(0, T ; H1) ∩ L2(0, T ; H2).

Theorem 1.2 Let 0 ≤ ρ0 ∈ L1 ∩H2, ∇ρ
γ
2
0 ∈ L4, u0 ∈ D1

0 ∩D2 and ∇n0 ∈ H2, |n0| = 1 in
Ω. If, in addition, we assume that (ρ0,u0,n0) satisfies the compatibility condition (1.4), then
for any T > 0, there exists a unique radially symmetric strong solution (ρ,u,n) : Ω× [0,∞) →
[0,∞) × R × S2 to the initial boundary value problem (1.1)–(1.3) satisfying

ρ ∈ L∞(0, T ; L1 ∩ H2), ρt ∈ L∞(0, T ; H1), ρ ≥ 0,

u ∈ L∞(0, T ; D1
0 ∩ D2) ∩ L2(0, T ; D3), ut ∈ L2(0, T ; D1

0),
√

ρut ∈ L∞(0, T ; L2),

∇n ∈ L∞(0, T ; H2) ∩ L2(0, T ; H3), nt ∈ L∞(0, T ; H1) ∩ L2(0, T ; H2).
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Remark 1.1 In addition, if ρ0 ≥ ε in Ω for some constant ε > 0, then the radially symmetric
solution to (1.1)–(1.3) under the hypothesis mentioned in Theorem 1.1 additionally satisfies the
following regularity:

ρ ≥ c(ε) > 0, u ∈ L∞(0, T ; H1
0 ∩ H2), ut ∈ L∞(0, T ; L2) ∩ L2(0, T ; H1).

Since the constants R, κ, ν and θ in (1.1) do not play any role in the analysis, we assume
henceforth that

R = κ = ν = θ = 1.

2 Existence of Local Strong Solutions

In this section, we employ the Schauder fixed point theorem to prove that there exists a
unique short time strong solution to the problem (1.5)–(1.7) when ρ0 has a positive lower bound.
We only consider the case 0 < a < b < ∞ in this section.

For simplicity, we let Lp
r = Lp(a, b), W k,p

r = W k,p(a, b), W k,p
0,r = W k,p

0 (a, b), Hk
0,r = Hk

0 (a, b)
and W 2k,k

2,r (Qr
T ) = W 2k,k

2 ((a, b) × (0, T ]) below.
Now we state the main result of this section.

Theorem 2.1 If ρ0 ∈ H2
r , 0 < c−1

0 ≤ ρ0 ≤ c0 for some c0, u0 ∈ H1
0,r ∩ H2

r , ∇n0 ∈ H2
r

and |n0| = 1 in Ω, then there exists a small time T ∗ > 0, a constant c depending on T ∗ and a
unique strong solution (ρ, u,n) to the initial boundary value problem (1.5)–(1.7), such that

ρ ∈ L∞(0, T ∗; H2
r ), ρt ∈ L∞(0, T ∗; H1

r ), 0 < c−1 ≤ ρ ≤ c,

u ∈ L∞(0, T ∗; H1
0,r ∩ H2

r ) ∩ L2(0, T ∗; H3
r ), ut ∈ L∞(0, T ∗; L2

r) ∩ L2(0, T ∗; H1
0,r),

n ∈ L∞(0, T ∗; H3
r ) ∩ W 4,2

2,r (Qr
T∗), nt ∈ L∞(0, T ∗; H1

r ) ∩ L2(0, T ∗; H2
r ).

To prove Theorem 2.1, we firstly introduce a new variable σ = ρrm, and we can rewrite the
problem (1.5)–(1.7) as an equivalent one⎧⎪⎪⎪⎨⎪⎪⎪⎩

σt + (σu)r = 0, (2.1a)

(σu)t + (σu2)r + rmPr = rm
(
ur + m

u

r

)
r
− 1

2
rm(|n2

r|)r − mrm−1|nr|2, (2.1b)

nt + unr = nrr + |nr|2n +
m

r
nr, (2.1c)

supplemented by the following initial and boundary conditions:

(σ, u,n)
∣∣
t=0

= (rmρ0, u0,n0), in [a, b], (2.2)

u(a, t) = u(b, t) = 0, nr(a, t) = nr(b, t) = 0, ∀t > 0. (2.3)

We prove the local existence of a unique strong solution to problem (2.1)–(2.3) by using a
standard fixed point argument. Now consider the following linearized problem:⎧⎪⎪⎪⎨⎪⎪⎪⎩

σt + (σv)r = 0, (2.4a)

(σu)t + (σvu)r + rmPr = rm
(
ur + m

u

r

)
r
− 1

2
rm(|nr|2)r − mrm−1|nr|2, (2.4b)

nt + vnr = nrr + |mr|2n +
m

r
nr, (2.4c)
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subjected to the initial and boundary conditions (2.2)–(2.3), where (v,m) are known smooth
functions which satisfy the boundary value conditions v(a, t) = v(b, t) = 0 for t > 0, and
mr(a, t) = mr(b, t) = 0, while σ(0) ≥ c−1

0 am > 0 on [a, b]. Now we begin to prove the local
existence of a strong solution to (2.1)–(2.3).

Define

RT∗ ≡

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(v,m)

∣∣∣∣∣∣∣∣∣∣∣
‖v‖2

H1
0,r∩H2

r
+ ‖vt‖2

L2
r
+

∫ T∗

0

(‖v‖2
H3

r
+ ‖vt‖2

H1
r
) ≤ K1,

‖m‖2
H3

r
+ ‖mt‖2

H1
r

+
∫ T∗

0

‖mt‖2
H2

r
≤ K2,

v(r, 0) = u0(r), m(r, 0) = n0(r), r ∈ [a, b]

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
,

where K1, K2 and T ∗ will be decided later. Without loss of generality, assume that K1, K2 > 1.
In this section, we denote by C the constant depending only on a, b and the initial data, but
independent of K1 and K2.

The existence of the unique strong solution to the hyperbolic equation (2.4a) is well-known.
Moreover, the solution σ satisfies the following estimate (see [21]):

sup
0≤t≤T

(‖σ(t)‖H2
r

+ K
− 1

2
1 ‖σt(t)‖H1

r
+ ‖σ(t)−1‖L∞) ≤ C exp(CK1T

1
2 ). (2.5)

If we choose T ∗ > 0 sufficiently small, such that T ∗ ≤ T1 = 1
K2

1
, then we get

exp(CK1(T ∗)
1
2 ) ≤ C. (2.6)

Furthermore, we can get the similar estimates about ρ. Note that (2.4c) is a linear parabolic
equation for n, and (2.4b) can also be written as a parabolic equation for u: ut + vur −
σ−1rm

(
ur + m

r u
)
r

= −σ−1rmPr − 1
2σ−1rm(|nr|2)r − mσ−1rm−1|nr|2. Then by the theory of

parabolic equations, we get the existence of the unique strong solution (u,n). Define the map
Φ

Φ : RT∗ → RT∗ , (v,m) �→ (u,n).

We need some a priori estimates for u and n.
First of all, multiplying (2.4c) by n, we can construct a parabolic equation for |n|2. Then,

using the facts that |mr|2 ≤ K2, |n0| = 1, and the maximum principle, we have

|n|2 ≤ exp(K2T
∗). (2.7)

Taking T ∗ sufficiently small such that T ∗ ≤ T2 = min
{
T1,

1
K2

}
, we have

|n| ≤ C. (2.8)

Then, multiplying (2.4c) by nrr and using integration by parts, we get

1
2

d
dt

∫ b

a

|nr|2 +
∫ b

a

|nrr|2

=
∫ b

a

v(nr · nrr) −
∫ b

a

|mr|2(n · nrr) −
∫ b

a

m

r
nr · nrr

≤ 1
2

∫ b

a

|nrr|2 + C
(
‖v‖2

L∞ +
m2

a2

)∫ b

a

|nr|2 + C‖n‖2
L∞

∫ b

a

|mr|4

≤ 1
2

∫ b

a

|nrr|2 + CK1

∫ b

a

|nr|2 + CK2
2 , (2.9)
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where we have used the Sobolev embedding H1 ↪→ L∞. Integrating the above inequality over
(0, t), we obtain∫ b

a

|nr|2 +
∫ t

0

∫ b

a

|nrr|2 ≤
∫ b

a

|n0r|2 + CK1

∫ T∗

0

∫ b

a

|nr|2 + CK2
2 t. (2.10)

By using the Gronwall inequality, we have∫ b

a

|nr|2 ≤
( ∫ b

a

|n0r|2 + CK2
2T ∗

)
exp(CK1T

∗) ≤ C (2.11)

for 0 < t < T ∗, where we have chosen T ∗ sufficiently small, such that T ∗ ≤ T3 = min
{
T2,

1
K2

2

}
.

Then (2.10) implies that
∫ T∗

0

∫ b

a
|nrr|2 ≤ C.

Secondly, differentiating (2.4c) with respect to r, multiplying the resulting equation by nrrr,
and then integrating it over (a, b), we obtain

1
2

d
dt

∫ b

a

|nrr|2 +
∫ b

a

|nrrr|2

=
∫ b

a

vr(nr · nrrr) +
∫ b

a

v(nrr · nrrr) − 2
∫ b

a

(mr ·mrr)(n · nrrr)

−
∫ b

a

|mr|2(nr · nrrr) +
∫ b

a

m

r2
(nr · nrrr) −

∫ b

a

m

r
(nrr · nrrr)

≤ 1
2

∫ b

a

|nrrr|2 + C‖vr‖2
L∞

∫ b

a

n2
r + C‖v‖2

L∞

∫ b

a

|nrr|2

+ C‖n‖2
L∞‖mr‖2

L∞

∫ b

a

|mrr|2 + C‖mr‖4
L∞

∫ b

a

|nr|2 + C
m2

a4

∫ b

a

|nr|2 + C
m2

a2

∫ b

a

|nrr|2

≤ 1
2

∫ b

a

|nrrr|2 + CK1

∫ b

a

|nrr|2 + C(K1 + K2
2 ). (2.12)

Then, integrating over (0, t), we get∫ b

a

|nrr|2 +
∫ t

0

∫ b

a

|nrrr|2 ≤
∫ b

a

|n0rr|2 + CK1

∫ t

0

∫ b

a

|nrr|2 + C(K1 + K2
2 )t. (2.13)

Then, by the Gronwall inequality, we have∫ b

a

|nrr|2 ≤
[ ∫ b

a

|n0rr|2 + C
(
K1 + K2

2

)
T ∗

]
exp(CK1T

∗) ≤ C (2.14)

for 0 < t < T ∗, where we have chosen T ∗ small enough, such that T ∗ ≤ T4 = min
{
T3,

1
K1+K2

2

}
.

Then (2.13) implies that
∫ T∗

0

∫ b

a
|nrrr|2 ≤ C.

On the other hand, differentiating (2.4c) with respect to t, multiplying the resulting equation
by nt, and then integrating over (a, b), we obtain

1
2

d
dt

∫ b

a

|nt|2 +
∫ b

a

|nrt|2 = −
∫ b

a

v(nrt · nt) −
∫ b

a

vt(nr · nt) +
∫ b

a

|mr|2|nt|2

+ 2
∫ b

a

(mr · mrt)(n · nt) +
∫ b

a

m

r
(nrt · nt)
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≤ C(‖v‖2
L∞ + ‖nr‖2

L∞ + ‖mr‖2
L∞ + ‖n‖2

L∞ + 1)
∫ b

a

|nt|2

+
1
2

∫ b

a

|nrt|2 + C

∫ b

a

|vt|2 + C‖mr‖2
L∞

∫ b

a

|mrt|2

≤ 1
2

∫ b

a

|nrt|2 + C(K1 + K2)
∫ b

a

|nt|2 + C(K1 + K2
2). (2.15)

Then, integrating over (0, t) and using (2.4c), we have∫ b

a

|nt|2 +
∫ T∗

0

∫ b

a

|nrt|2 ≤
∫ b

a

|nt(x, 0)|2 + C(K1 + K2)
∫ t

0

∫ b

a

|nt|2 + C(K1 + K2
2 )t

≤ C + C(K1 + K2)
∫ t

0

∫ b

a

|nt|2 + C(K1 + K2
2 )t. (2.16)

By the Gronwall inequality, one obtains∫ b

a

|nt|2 +
∫ t

0

∫ b

a

|nrt|2 ≤ C for 0 < t < T ∗. (2.17)

Thirdly, differentiating (2.4c) with respect to r, and then multiplying the resulting equation
by ntrrr, using integration by parts, we have

1
2

d
dt

∫ b

a

|nrrr|2 +
∫ b

a

|nrrt|2

=
∫ b

a

vr(nr · ntrrr) +
∫ b

a

v(nrr · ntrrr) − 2
∫ b

a

(mr ·mrr)(n · ntrrr)

−
∫ b

a

|mr|2(nr · ntrrr) +
∫ b

a

m

r2
(nr · ntrrr) −

∫ b

a

m

r
(nrr · ntrrr)

=
6∑

k=1

Ik. (2.18)

We utilize integration by parts and the Cauchy inequality to get

I1 = −
∫ b

1

vrr(nr · ntrr) −
∫ b

a

vr(nrr · ntrr)

≤ C‖vrr‖L2‖nr‖L∞‖ntrr‖L2 + C‖vr‖L∞‖nrr‖L2‖ntrr‖L2

≤ τ‖ntrr‖2
L2 + C(τ)K1,

I2 = −
∫ b

a

vr(nrr · ntrr) −
∫ b

a

v(nrrr · ntrr)

≤ C‖vr‖L∞‖nrr‖L2‖ntrr‖L2 + C‖v‖L∞‖nrrr‖L2‖ntrr‖L2

≤ τ‖ntrr‖2
L2 + C(τ)K1 + C(τ)K1‖nrrr‖2

L2,

I3 = 2
∫ b

a

|mrr|2(n · ntrr) + 2
∫ b

a

(mr · mrrr)(n · ntrr) + 2
∫ b

a

(mr · mrr)(nr · ntrr)

≤ C‖mrr‖2
L4‖n‖L∞‖ntrr‖L2 + C‖mr‖L∞‖mrrr‖L2‖n‖L∞‖ntrr‖L2

+ C‖mr‖L∞‖mrr‖L2‖nr‖L∞‖ntrr‖L2

≤ τ‖ntrr‖2
L2 + C(τ)K2

2 ,
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I4 = 2
∫ b

a

(mr ·mrr)(nr · ntrr) +
∫ b

a

|mr|2(nrr · ntrr)

≤ C‖mr‖L∞‖mrr‖L2‖nr‖L∞‖ntrr‖L2 + C‖mr‖2
L∞‖nrr‖L2‖ntrr‖L2

≤ τ‖ntrr‖2
L2 + C(τ)K2

2 ,

I5 = −
∫ b

a

2m

r3
(nr · ntrr) −

∫ b

a

m

r2
(nrr · ntrr)

≤ C‖nr‖L2‖ntrr‖L2 + C‖nrr‖L2‖ntrr‖L2

≤ τ‖ntrr‖2
L2 + C(τ),

I6 = − d
dt

∫ b

a

m

r
(nrr · nrrr) +

∫ b

a

m

r
(ntrr · nrrr)

≤ − d
dt

∫ b

a

m

r
(nrr · nrrr) + τ‖ntrr‖2

L2 + C(τ)‖nrrr‖2
L2 .

Then, choosing τ > 0 small enough, we have

d
dt

∫ b

a

|nrrr|2 +
∫ b

a

|ntrr|2 ≤ CK1‖nrrr‖2
L2 + C(K1 + K2

2 ) − d
dt

∫ b

a

m

r
(nrr · nrrr). (2.19)

Integrating over (0, t), we have∫ b

a

|nrrr|2 +
∫ t

0

∫ b

a

|ntrr|2 ≤
∫ b

a

|n0rrr|2 + CK1

∫ t

0

‖nrrr‖2
L2 + C(K1 + K2

2)t

−
∫ b

a

m

r
(nrr · nrrr) +

∫ b

a

m

r
[(n0)rr · (n0)rrr]

≤ C + C(K1 + K2
2)t + CK1

∫ t

0

‖ntrr‖2
L2 +

1
2
‖nrrr‖2

L2 . (2.20)

It yields from the Gronwall inequality that∫ b

a

|nrrr|2 +
∫ t

0

∫ b

a

|ntrr|2 ≤ C for 0 < t < T ∗. (2.21)

Finally, differentiating (2.4c) with respect to t, and then multiplying the resulting equation by
nrrt and using integration by parts, the Hölder inequality and the Cauchy inequality, we have∫ b

a
|nrt|2 ≤ C for 0 < t < T ∗.
Hence, it remains to prove the estimates for u. We first rewrite (2.4b) as

σut + σvur + rmPr = rm
(
ur + m

u

r

)
r
− 1

2
rm(|nr|2)r − mrm−1|nr|2. (2.22)

Multiplying the above equation by ut and then integrating over (a, b), we deduce that∫ b

a

σu2
t +

1
2

d
dt

∫ b

a

(
u2

r + m
u2

r2

)
rm

= −
∫ b

a

σvurut −
∫ b

a

rmPrut −
∫ b

a

rm(nr · nrr)ut − m

∫ b

a

rm−1|nr|2ut

≤ 1
2

∫ b

a

σu2
t + C‖ρ‖L∞‖v‖2

L∞

∫ b

a

rmu2
r + C‖σ‖L∞‖ρ‖2γ−4

L∞

∫ b

a

ρ2
r

+ C
∥∥∥1

ρ

∥∥∥
L∞

‖nr‖2
L∞

∫ b

a

|nrr|2 + Cbm−2
∥∥∥1

ρ

∥∥∥
L∞

∫ b

a

|nr|4. (2.23)
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We conclude that ∫ b

a

σu2
t +

d
dt

∫ b

a

rm
(
u2

r + m
u2

r2

)
≤ CK1

∫ b

a

rmu2
r + C. (2.24)

By using the Gronwall inequality, we deduce

‖u‖H1
0,r

+
∫ T∗

0

‖ut‖2
L2

r
≤ C for 0 < t < T ∗. (2.25)

Differentiating (2.22) with respect to t, multiplying the resulting equation by ut, and then
integrating over (a, b), we obtain from the Hölder inequality, the Poincaré inequality and the
Cauchy inequality that

1
2

d
dt

∫ b

a

σu2
t +

∫ b

a

(
u2

tr + m
u2

t

r2

)
rm

= −2
∫ b

a

σvuturt −
∫ b

a

σtvurut −
∫ b

a

σvturut + m

∫ b

a

rm−1γργ−1ρtut

+
∫ b

a

rmγργ−1ρturt + m

∫ b

a

rm(nr · nrt)urt − m

∫ b

a

rm−1(nr · nrt)ut

≤ C‖ρ‖L∞‖v‖L∞‖ut‖L2
r
‖r m

2 urt‖L2
r
+ C‖σt‖L∞‖v‖L∞‖ur‖L2

r
‖ut‖L2

r

+ C‖σ‖L∞‖vt‖L2
r
‖ur‖L2

r
‖ut‖L∞ + C‖ρ‖γ−1

L∞ ‖σt‖L2
r
‖ut‖L2

r
+ C‖ρ‖γ−1

L∞ ‖σt‖L2
r
‖r m

2 urt‖L2
r

+ C‖nr‖L∞‖nrt‖L2
r
‖r m

2 urt‖L2
r

+ C‖nr‖L∞‖nrt‖L2
r
‖ut‖L2

r

≤ 1
2
‖r m

2 urt‖2
L2

r
+ CK1‖ut‖2

L2
r
+ CK1. (2.26)

Then, integrating the resulting inequality over (0, t), we have

‖ut‖2
L2

r
+

∫ t

0

‖ut‖2
H1

0,r
≤ CK1

∫ t

0

‖ut‖2
L2

r
+ CK1t + C, (2.27)

where we have used the fact that
∫ b

a
σu2

t (0) ≤ C(‖ρ0‖H1
r
, ‖u0‖H2

r
, ‖n0‖H2

r
) which we derived

from (2.22). Then by the Gronwall inequality, we get

‖ut‖2
L2

r
+

∫ t

0

‖ut‖2
H1

0,r
≤ C for 0 < t < T ∗. (2.28)

From (2.22) and the previous estimates, we have

‖urr‖2
L2 ≤ C + C‖vur‖2

L2

≤ C + C‖v − u0‖2
L2‖ur‖2

L∞

≤ C + C
∥∥∥ ∫ t

0

vt(‖ · ‖, s)ds
∥∥∥2

L2
(1 + ‖urr‖2

L2)

≤ C + C0K1t(1 + ‖urr‖2
L2). (2.29)

Then we have ‖urr‖L2 ≤ C provided that T ∗ < T5 = min
{
T4,

1
2C0K1

}
. The remaining regular-

ity estimates for u can be derived in a similar way.
Thus we conclude that there exist some large positive constants K1 and K2, such that

Φ(RT∗) ⊂ RT∗ for T ∗ small enough.
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Now we utilize Schauder’s fixed point theorem to prove Theorem 2.1. Clearly, RT∗ is convex,
and it is easy to see that it is closed in X ≡ C([0, T ∗]; H1

r ) ×C([0, T ∗]; H2
r ). Moreover, in view

of a standard embedding result, RT∗ is relatively compact in X . Hence, we need only to prove
that Φ is continuous in X . Suppose that (vi,mi) ∈ RT∗ , (vi,mi) → (v,m) in X and set
(ui,ni) ≡ Φ(vi,mi), (u,n) ≡ Φ(v,m). Take the difference between the equations for (σi, ui,ni)
and (σ, u,n). By an energy argument and the Gronwall lemma, it is easy to show that (ui,ni)
converges to (u,n) in L∞([0, T ∗]; L2

r)×L∞([0, T ∗]; H1
r ). From the compactness of RT∗ , (ui,ni)

converges indeed to (u,n) in X . Hence, Φ is continuous, and it has a fixed point, which is the
solution to the problem (1.5)–(1.7) in QT∗ .

Finally, from the parabolic theory, we have n ∈ W 4,2
2,r (Qr

T∗). Furthermore, multiplying
(1.5c) by n, we can construct an equation for (|n|2 − 1), and then, multiplying the equation by
|n|2 − 1 and using integration by parts, we can prove |n| = 1 for (r, t) ∈ Qr

T∗ , by the Gronwall
inequality. The uniqueness of the solution can be proved by the standard method similar to [5].
This completes the proof of Theorem 2.1.

3 A Priori Estimates Uniform in b and inf ρ0

In this section, we derive a priori estimates for radially symmetric solutions to (1.1)–(1.3),
which are independent of b. As a corollary, we also prove a global existence result for problem
(1.5)–(1.7). Throughout this section, we denote by Ci (i = 1, 2, · · · ) some generic positive
constants depending only on the norms of the initial data N , a and T , but independent of b

and ε = inf ρ0.
We need the following lemma for the proof.

Lemma 3.1 (see [8]) There exists a positive constant C, such that the following inequality
holds for all f ∈ H1

0 (R0,∞) and rαf , rαfr ∈ L2(R0,∞) :

‖rβf‖Lp(R0,∞) ≤ C‖rαfr‖b
L2(R0,∞)‖rαf‖1−b

L2(R0,∞) (3.1)

if and only if the following relations hold:

1
p

+ β =
1
2

+ α − b,

α − σ ≥ 0, if b > 0,

α − σ ≤ 1, if b > 0, and α − 1
2

=
1
p

+ β,

where p > 0, 0 ≤ b ≤ 1, α > − 1
2 , β > − 1

p and β = bσ + (1 − b)α.

For 0 < T < +∞, let (ρ, u,n) : Ω× [0, T ) → [0,∞)×R×S2 be the strong solutions obtained
by Theorem 2.1. The first estimate we have is the energy law.

Lemma 3.2 (Basic Energy Equality) For any 0 ≤ t < T , it holds∫ b

a

rm
(ρu2

2
+

ργ

γ − 1
+ ρ +

|nr|2
2

)
(t)

+
∫ t

0

∫ b

a

rm
(
u2

r + m
u2

r2
+ |nrr + |nr|2n|2 + m

|nr|2
r2

)
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=
∫ b

a

rm
(ρ0u

2
0

2
+ ρ0 +

ργ
0

γ − 1
+

|(n0)r|2
2

)
. (3.2)

Proof Multiplying (2.1b) by u and integrating the resulting equation over (a, b), we get

d
dt

∫ b

a

rm
(ρu2

2
+

ργ

γ − 1

)
+

∫ b

a

rm
(
u2

r + m
u2

r2

)
= −

∫ b

a

rmu(nr · nrr) − m

∫ b

a

rm−1u|nr|2. (3.3)

Then, multiplying (1.5c) by rm(nrr + |nr|2n) and integrating over (a, b), we obtain

− m

∫ b

a

rm−1(nt · nr) − 1
2

d
dt

∫ b

a

rm|nr|2 +
∫ b

a

rmu(nr · nrr)

=
∫ b

a

rm|nrr + |nr|2n|2 − m(m − 1)
2

∫ b

a

rm−2|nr|2, (3.4)

where we have used the fact that |n| = 1 to get

(nt + unr) · |nr|2n = 0,
m

r
nr · |nr|2n = 0. (3.5)

Multiplying (1.5c) by mrm−1nr, we get

− m

∫ b

a

rm−1(nt · nr)

= m

∫ b

a

rm−1u|nr|2 +
m(m − 1)

2

∫ b

a

rm−2|nr|2 − m2

∫ b

a

rm−2|nr|2. (3.6)

Combining (3.4) and (3.6), we have

m

∫ b

a

rm−1u|nr|2 − m

∫ b

a

rm−2|nr|2 − 1
2

d
dt

∫ b

a

rm|nr|2 +
∫ b

a

rmu(nr · nrr)

=
∫ b

a

rm|nrr + |nr|2n|2. (3.7)

In conclusion, it follows from (3.3) and (3.7) that

d
dt

∫ b

a

rm
(ρu2

2
+

ργ

γ − 1
+

|nr|2
2

)
+

∫ b

a

rm
(
u2

r + m
u2

r2
+ |nrr + |nr|2n|2 + m

|nr|2
r2

)
= 0. (3.8)

Finally, we get (3.2) from conservation of mass.

Lemma 3.3 For any 0 ≤ t < T , it holds that∫ t

0

∫ b

a

rm|nrr|2 ≤ C1 (3.9)

for some C1 depending only on a, T and E0, where

E0 :=
∫ b

a

rm
(ρ0u

2
0

2
+

ργ
0

γ − 1
+ ρ0 + |(n0)r|2

)
denotes the total energy of the initial data.
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Proof By using Lemma 3.1, we have

‖r m
2 nr‖4

L4
r
≤ C1‖r m

2 nr‖3
L2

r
‖r m

2 nrr‖L2
r
. (3.10)

Since |n| = 1, one obtains∫ b

a

rm|nrr|2 =
∫ b

a

rm|nrr + |nr|2n|2 +
∫ b

a

rm|nr|4

≤
∫ b

a

rm|nrr + |nr|2n|2 +
1

am

∫ b

a

r2m|nr|4

≤ 1
2

∫ b

a

rm|nrr|2 +
∫ b

a

rm|nrr + |nr|2n|2 + C1

( ∫ b

a

rm|nr|2
)3

. (3.11)

This, combined with (3.2), yields (3.9). The proof of this lemma is completed.

In order to derive further estimates, we outline the following Sobolev inequalities for radially
symmetric functions (see [3]):

‖ρ‖2
L∞ ≤ C1‖ρ‖2

H1
r
≤ C1

∫ b

a

rm(ρ2 + ρ2
r), (3.12)

‖u‖2
L∞ ≤ C1(N)

∫ b

a

rm
(
u2

r + m
u2

r2

)
, (3.13)

‖nr‖2
L∞ ≤ C1‖nr‖2

H1
r
≤ C1

∫ b

a

rm(|nr|2 + |nrr|2). (3.14)

In order to prove the second one, we make use of the boundary condition u(a, t) = 0 and get

|u|rm =
∣∣∣ ∫ r

a

(usm)sds
∣∣∣ =

∣∣∣ ∫ r

a

(
us + m

u

s

)
smds

∣∣∣
≤

[ ∫ r

a

(
us + m

u

s

)2

smds
] 1

2
[( rm+1

m + 1

) 1
2 −

( am+1

m + 1

) 1
2
]

≤
[ ∫ r

a

(
u2

s + m2 u2

s2

)
smds

] 1
2 r

m+1
2

(m + 1)
1
2
. (3.15)

Then we obtain the following corollary by directly using (1.5c) and (3.13).

Corollary 3.1 For any 0 ≤ t < T , it holds that∫ t

0

∫ b

a

rm|nt|2 ≤ C1(N). (3.16)

Now we turn to prove the higher order energy estimates for n.

Lemma 3.4 For any 0 ≤ t < T , it holds that∫ b

a

rm|nrr|2(t) +
∫ t

0

∫ b

a

rm(|nrt|2 + |nrrr|2) ≤ C2 (3.17)

for some C2 depending only on a, T , N , E0 and ‖(n0)rr‖L2.
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Proof Differentiating (1.5c) with respect to r, multiplying the resulting equation by rmnrt,
and then integrating it over (a, b), we have∫ b

a

rm|nrt|2 +
1
2

d
dt

∫ b

a

rm|nrr|2

=
∫ b

a

rm[|nr|2(nr · nrt) + 2(nr · nrr)(n · nrt)] −
∫ b

a

rmur(nr · nrt)

−
∫ b

a

rmu(nrr · nrt) − m

∫ b

a

rm−2(nr · nrt)

≤ 1
2

∫ b

a

rm|nrt|2 + C1

∫ b

a

rm
(
|nr|6 + |nr|2|nrr|2 + u2

r|nr|2 + u2|nrr|2 +
|nr|2
r4

)
.

≤ 1
2

∫ b

a

rm|nrt|2 + C1

∫ b

a

rm|nr|6 + C1‖nr‖2
L∞

∫ b

a

rmu2
r

+ C1(‖nr‖2
L∞ + ‖u‖2

L∞)
∫ b

a

rm|nrr|2 + C1

≤ 1
2

∫ b

a

rm|nrt|2 + C1

∫ b

1

rmu2
r + C1

+ C1(N)
[
1 +

∫ b

a

rm|nrr|2 +
∫ b

a

rm
(
u2

r + m
u2

r2

)] ∫ b

a

rm|nrr|2, (3.18)

where we have used Lemma 3.1 to get

‖r m
2 nr‖L6

r
≤ C1‖r m

2 nr‖
2
3
L2

r
‖r m

2 nrr‖
1
3
L2

r
. (3.19)

This, combined with Lemmas 3.2–3.3 and the Gronwall inequality, implies that for any t ∈ [0, T ),∫ b

a

rm|nrr|2(t) +
∫ t

0

∫ b

a

rm|nrt|2 ≤ C2. (3.20)

By observing that

nrrr = nrt + urnr + unrr − 2(nr · nrr)n − |nr|2nr +
m

r2
nr − m

r
nrr, (3.21)

we can complete the proof.

Now we want to improve the estimation of the bound of ρ.

Lemma 3.5 For any T > 0, it holds that

‖ρ‖L∞(Ω×(0,T )) ≤ C3 (3.22)

for some C3 depending on ‖ρ0‖L∞, γ and the parameters of C2.

Proof This proof is quite similar to the discussion shown by Choe and Kim [3]. We
introduce the Lagrangian mass co-ordinates (y, τ) defined by

y =
∫ r

a

ρ(r, t)rmdr, τ = t. (3.23)
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Then (1.5) can be rewritten in Lagrangian coordinate as follows:⎧⎪⎪⎨⎪⎪⎩
ρτ + ρ2(rmu)y = 0,

r−muτ + Py = (ρ(rmu)y)y − 1
2
(r2mρ2|ny|2)y − mrm−1ρ|ny|2,

nτ = rmρ(rmρny)y + mrm−1ρny + r2mρ2|ny|2n.

(3.24)

Now we only have to show that ρ ≤ C for 0 ≤ t ≤ T and 0 ≤ y ≤ Y =
∫ b

a
rmρ0(r).

To begin with, we observe from (3.24) that

(log ρ)τy =
(ρτ

ρ

)
y

= −(ρ(rmu)y)y

= −r−muτ − Py − 1
2
(r2mρ2|ny|2)y − mrm−1ρ|ny|2

= −(r−mu)τ − m

rm+1
u2 − Py − 1

2
(r2mρ2|ny|2)y − mrm−1ρ|ny|2. (3.25)

Then, integrating over (0, t) × (0, y), we deduce that

log
ρ(y, τ)
ρ(0, τ)

= log
ρ0(y)
ρ0(0)

+
∫ y

0

((r−mu(z, 0))− (r−mu)(z, τ))dz +
∫ τ

0

(P (0, s) − P (y, s))ds

−
∫ τ

0

∫ y

0

( m

rm+1
u2 +

1
2
(r2mρ2|ny|2)y + mrm−1ρ|ny|2

)
dzds. (3.26)

From this identity, we derive a representation formula for ρ,

ρ(y, τ) = K(τ)Q(y, τ) exp
(
−

∫ τ

0

P (y, s)ds
)
, (3.27)

where

K(τ) =
ρ(0, τ)
ρ0(0)

exp
(∫ τ

0

P (0, s)ds
)
,

Q(y, τ) = ρ0(y) exp
(∫ y

0

((r−mu(z, 0)) − (r−mu)(z, τ))dz
)

× exp
(
−

∫ τ

0

∫ y

0

( m

rm+1
u2 +

1
2
(r2mρ2|ny|2)y + mrm−1ρ|ny|2

)
dydτ

)
.

Moreover, ρ can be represented only in terms of K(τ) and Q(y, τ). It follows from (3.27)
and P = ργ that

d
dτ

exp
(
γ

∫ τ

0

P (y, s)ds
)

= γργ exp
(
γ

∫ τ

0

P (y, s)ds
)

= γ(K(τ)Q(y, τ))γ , (3.28)

and thus

ρ(y, τ) =
K(τ)Q(y, τ)

(1 + γ
∫ τ

0
(K(τ)Q(y, τ))γds)

1
γ

. (3.29)

In order to estimate K(τ) and Q(y, τ), we convert back into the Eulerian coordinates and
use the previous lemma. Then we have∫ Y

0

r−m|u|dy =
∫ b

a

ρ|u|dr =
1

am

∫ b

a

rmρ
1
2 ρ

1
2 |u|dr

≤ 1
am

∫ b

a

rmρdr +
1

am

∫ b

a

rmρu2dr ≤ C(a, E0) for 0 ≤ τ ≤ T (3.30)
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and ∣∣∣ − ∫ T

0

∫ y

0

( m

rm+1
u2 +

1
2
|(r2mρ2|ny|2)y| + mrm−1ρ|ny|2

)
dydτ

∣∣∣
=

∫ T

0

∫ b

a

(m

r
ρu2 +

1
2
rmρ|(r2mρ2|ny|2)y| + mr2m−1ρ2|ny|2

)
drdt

=
∫ T

0

∫ b

a

(m

r
ρu2 +

1
2
|(|nr|2)r| + m

r
|nr|2

)
drdt

=
∫ T

0

∫ b

a

(m

r
ρu2 + |nr · nrr| + m

r
|nr|2

)
drdt

≤ C2. (3.31)

Hence, it follows from the definition of Q(y, τ) that∣∣∣ log
Q(y, τ)
ρ0(y)

∣∣∣ ≤ C2, (3.32)

or equivalently,

1
C2

ρ0(y) ≤ Q(y, τ) ≤ C2ρ0(y). (3.33)

Furthermore, to estimate K(τ), we observe∫ Y

0

1
ρ(y, τ)

dy =
∫ b

a

rmdr =
bN − aN

N
. (3.34)

Then we deduce from (3.29) and (3.33) that

bN − aN

N
K(τ) =

∫ Y

0

K(τ)
ρ(y, τ)

dy =
∫ Y

0

(
1 + γ

∫ τ

0
(K(s)Q(y, s))γ

) 1
γ

Q(y, τ)
dy

≤
∫ Y

0

1
Q(y, τ)

dy + γ
1
γ

∫ Y

0

(∫ τ

0

K(s)
Q(y, s)
Q(y, τ)

ds
) 1

γ

dy

≤ C3
bN − aN

N
+ C3

(∫ τ

0

K(s)γds
) 1

γ

. (3.35)

Therefore, using the Gronwall inequality, we get

K(τ) ≤ C3 exp
( C3

(bN − aN )γ

)
for 0 ≤ τ ≤ T. (3.36)

We assume that b ≥ a + 1. Hence, the estimate is independent of b. We complete the proof of
Lemma 3.4 by combining (3.27), (3.33) and (3.36).

Lemma 3.6 For any T > 0, it holds that

sup
0≤t≤T

∫ b

a

rm
(
u2

r + m
u2

r2
+ |nt|2 + G2

)
+

∫ T

0

∫ b

a

rm(ρu2
t + G2

r) ≤ C4 (3.37)

for some C4 depending only on
∫ b

a
rm(u2

0r + m
u2
0

r2 ) and the parameters of C3, where G(r, t) =
ur + mu

r − P denotes the effective viscous flux.
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Proof Multiplying (1.5b) by rmut, integrating the resulting equation over (a, b), and em-
ploying integration by parts, we have∫ b

a

rmρu2
t +

1
2

d
dt

∫ b

a

rm
(
u2

r + m
u2

r2

)
= −

∫ b

a

rmρuurut +
∫ b

a

rmργurt + m

∫ b

a

rm−1ργut

+
1
2

∫ b

a

rm|nr|2urt − m

2

∫ b

a

rm−1|nr|2ut

= I + II + III, (3.38)

where

I = −
∫ b

a

rmρuurut + m

∫ b

a

rm−1ργut

≤ 1
4

∫ b

a

rmρu2
t + C‖ρ‖L∞‖u‖2

L∞

∫ b

a

rmu2
r + C(a)‖ρ‖2γ−2

L∞

∫ b

a

rmρ

≤ 1
4

∫ b

a

rmρu2
t + C3‖u‖2

L∞

∫ b

a

rmu2
r + C3, (3.39)

II =
1
2

∫ b

a

rm|nr|2urt − m

2

∫ b

a

rm−1|nr|2ut

=
1
2

d
dt

∫ b

a

rm|nr|2ur −
∫ b

a

rm(nr · nrt)ur − m

2
d
dt

∫ b

a

rm−1|nr|2u

+ m

∫ b

a

rm−1(nr · nrt)u

≤ 1
2

d
dt

∫ b

a

rm|nr|2ur − m

2
d
dt

∫ b

a

rm−1|nr|2u + C2

∫ b

a

rm|nrt|2

+ C2

∫ b

a

rm
(
u2

r + m
u2

r2

)
, (3.40)

III =
∫ b

a

rmργurt

=
d
dt

∫ b

a

rmργur − γ

∫ b

a

rmργ−1ρtur

=
d
dt

∫ b

a

rmργur + mγ

∫ b

a

rm−1ργuur +
∫ b

a

rm(ργ)ruur + γ

∫ b

a

rmργu2
r

=
d
dt

∫ b

a

rmργur + m(γ − 1)
∫ b

a

rm−1ργuur + (γ − 1)
∫ b

a

rmργu2
r −

∫ b

a

rmργuurr

=
d
dt

∫ b

a

rmργur + m(γ − 1)
∫ b

a

rm−1ργuur + (γ − 1)
∫ b

a

rmργu2
r

−
∫ b

a

ργu
[
rmρut + rmρuur + rm(ργ)r − mrm

(u

r

)
r
+

1
2
rm(|nr|2)r + mrm−1|nr|2

]
=

d
dt

∫ b

a

rmργur + m(γ − 1)
∫ b

a

rm−1ργuur + (γ − 1)
∫ b

a

rmργu2
r −

∫ b

a

rmργ+1uut

−
∫ b

a

rmργ+1u2ur +
m

2

∫ b

a

rm−1ρ2γu +
1
2

∫ b

a

rmρ2γur + m

∫ b

a

rm−1ργuur
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− m

∫ b

a

rm−2ργu2 −
∫ b

a

rmργu(nr · nrr) − m

∫ b

a

rm−1ργu|nr|2

≤ 1
2

∫ b

a

rmρu2
t +

d
dt

∫ b

a

rmργur + C3

∫ b

a

rmu2
r + C3‖u‖2

L∞ + C3. (3.41)

Combining the estimates above, we obtain∫ b

a

rmρu2
t +

d
dt

∫ b

a

rm
(
u2

r + m
u2

r2

)
≤ 1

2
d
dt

∫ b

a

rm|nr|2ur +
d
dt

∫ b

a

rmργur − m

2
d
dt

∫ b

a

rm−1|nr|2u

+ C3(‖u‖2
L∞ + 1)

∫ b

a

rm
(
u2

r + m
u2

r2

)
+

∫ b

a

rm|nrt|2 + C3‖u‖2
L∞ + C3. (3.42)

Then, integrating (3.42) over (0, t), it yields from the previous lemmas that∫ t

0

∫ b

a

rmρu2
t +

∫ b

a

rm
(
u2

r + m
u2

r2

)
≤

∫ b

a

rm
(
u2

0r + m
u2

0

r2

)
+

1
2

∫ b

a

rm|nr|2ur − 1
2

∫ b

a

rm|n0r|2u0r +
∫ b

a

rmργur

−
∫ b

a

rmργ
0u0r − m

2

∫ b

a

rm−1|nr|2u +
m

2

∫ b

a

rm−1|n0r|2u0

+ C3

∫ T

0

(‖u‖2
L∞ + 1)

∫ b

a

rmu2
r + C3 + C3t

≤ C4 +
1
2

∫ b

a

rm
(
u2

r + m
u2

r2

)
+ C3

∫ t

0

(‖u‖2
L∞ + 1)

∫ b

a

rm
(
u2

r + m
u2

r2

)
+ C3t. (3.43)

This, combined with the fact that
∫ T

0 ‖u‖2
L∞ ≤ C1(N) and the Gronwall inequality, implies

(3.37) except for the estimates about nt and G. Furthermore, (1.5c) infers sup
0≤t≤T

∫ b

a
rm|nt|2 ≤

C4. Finally, the definition of G and (1.5b) imply

Gr = ρut + ρuur + nr · nrr +
m

r
|nr|2. (3.44)

We can finish the proof by the previous lemmas.

Lemma 3.7 For any T > 0, it holds that

sup
0≤t≤T

∫ b

a

rmρ2
r +

∫ T

0

‖ur‖2
L∞ ≤ C5 (3.45)

for some C5 depending only on ‖(ρ0)r‖L2 and the parameters of C4. If ρ0 ≥ ε > 0, then it
holds that

inf ρ ≥ εC5. (3.46)

Proof By the definition of G, we have∫ T

0

‖ur‖2
L∞ ≤ 3

∫ T

0

(
‖G‖2

L∞ +
m2

a2
‖u‖2

L∞ + ‖ργ‖2
L∞

)
≤ C1

∫ T

0

(
‖G‖2

H1
r

+
m2

a2
‖u‖2

L∞ + ‖ρ‖2γ
L∞

)
≤ C4. (3.47)
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To estimate
∫ b

a rmρ2
r, taking the derivative of (1.5a) with respect to r, multiplying the

resulting equation by rmρr, integrating over (a, b) and then employing integration by parts, we
have

1
2

d
dt

∫ b

a

rmρ2
r

= −
∫ b

a

rmρr(ρu)rr −
∫ b

a

rmρr

(m

r
ρu

)
r

= −rmρrρur|ba + m

∫ b

a

rm−1ρ2
ru + m

∫ b

a

rm−1ρρrur +
∫ b

a

rmρrρrru

+
∫ b

a

rmρρrrur −
∫ b

a

rmρr

(m

r
ρu

)
r

= −rmρrρur|ba + m

∫ b

a

rm−1ρ2
ru + m

∫ b

a

rm−1ρρrur − m

2

∫ b

a

rm−1ρ2
ru − 1

2

∫ b

a

rmρ2
rur

+ rmρrρur|ba − m

∫ b

a

rm−1ρρrur −
∫ b

a

rmρ2
rur −

∫ b

a

rmρρrurr + m

∫ b

a

rm−2ρρru

− m

∫ b

a

rm−1ρ2
ru − m

∫ b

a

rm−1ρρrur

= −m

2

∫ b

a

rm−1ρ2
ru − 3

2

∫ b

a

rmρ2
rur −

∫ b

a

rmρρr(Gr + Pr)

≤
( m

2a
‖u‖L∞ +

3
2
‖ur‖L∞ + ‖ρ‖2

L∞

)∫ b

a

rmρ2
r +

∫ b

a

rmG2
r, (3.48)

where we have used the fact

−
∫ b

a

rmρρrPr = −γ

∫ b

a

rmργρ2
r ≤ 0. (3.49)

Then (3.45) follows from (3.48), the Gronwall inequality and the previous lemmas.
In order to prove the lower bound of ρ, we recall the continuity equation (1.1a) that

ρt + u · ∇ρ + ρdivu = 0, (3.50)

which yields

inf ρ(t) ≥ (inf ρ0) exp
(
−

∫ t

0

‖divu‖L∞
)

= (inf ρ0) exp
(
−

∫ t

0

∥∥∥ur + m
u

r

∥∥∥
L∞

)
≥ (inf ρ0) exp

(
−

∫ T

0

(
‖ur‖L∞ +

m

a
‖u‖L∞

))
≥ εC5. (3.51)

This completes the proof.

Lemma 3.8 For any 0 ≤ t < T , it holds that∫ b

a

rm(ρu2
t + u2

rr + G2
r) +

∫ t

0

∫ b

a

rm
(
u2

rt + m
u2

t

r2
+ G2

rr

)
≤ C6 (3.52)
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for some C6 depending only on ϕ(ρ0,u0,n0) and the parameters of C5, where ϕ is defined by

ϕ(ρ0,u0,n0) =
∫ b

a

rmρ−1
0

∣∣∣ − (
u0r + m

u0

r

)
r

+ (ργ
0)r +

1
2
(|n0r |2)r +

m

r
|n0r|2

∣∣∣2.
Proof Differentiating (2.1b) with respect to t, multiplying the resulting equation by ut,

integrating over (a, b), and then using integration by parts, we have

1
2

d
dt

∫ b

a

rmρu2
t +

∫ b

a

rm
(
u2

rt + m
u2

t

r2

)
=

∫ b

a

rm(nr · nrt)urt − m

∫ b

a

rm−1(nr · nrt)ut − 1
2

∫ b

a

σtu
2
t −

∫ b

a

σtuurut

−
∫ b

a

σu2
t ur −

∫ b

a

σuuturt −
∫ b

a

rm(ργ)rtut

=
∫ b

a

rm(nr · nrt)urt − m

∫ b

a

rm−1(nr · nrt)ut +
∫ b

a

(σu)ru
2
t +

∫ b

a

(σu)ruurut

−
∫ b

a

σu2
t ur + γ

∫ b

a

rmργ−1ρturt + mγ

∫ b

a

rm−1ργ−1ρtut

=
∫ b

a

rm(nr · nrt)urt − m

∫ b

a

rm−1(nr · nrt)ut − 2
∫ b

a

σuuturt

−
∫ b

a

(σuu2
rut + σu2urrut + σu2ururt) −

∫ b

a

σu2
t ur

− γ

∫ b

a

rmργ−1
(
ρru + ρur +

m

r
ρu

)
urt − mγ

∫ b

a

rm−1ργ−1
(
ρru + ρur +

m

r
ρu

)
ut

≤ 1
2

∫ b

a

rm
(
urt + m

u2
t

r2

)
+ C‖nr‖2

L∞

∫ b

a

rm|nrt|2 + C‖ρ‖L∞‖u‖2
L∞

∫ b

a

rmρu2
t

+ C‖ur‖2
L∞

∫ b

a

rmu2
r + C‖u‖2

L∞

∫ b

a

rmu2
rr + C‖ρ‖L∞‖u‖4

L∞

∫ b

a

rmu2
r

+ C‖ur‖L∞

∫ b

a

rmρu2
t + C(γ)‖ρ‖2γ−2

L∞ ‖u‖2
L∞

∫ b

a

ρ2
r + C(γ)‖ρ‖2γ

L∞

∫ b

a

rmu2
r

+ C(γ)‖ρ‖2γ
L∞

∫ b

a

rm−2u2 +
C(m, γ)

a2
‖ρ‖2γ−3

L∞ ‖u‖2
L∞

∫ b

a

rmρ2
r + C

∫ b

a

rmρu2
t

+
C(m, γ)

a2
‖ρ‖2γ−1

L∞

∫ b

a

rmu2
r +

C(m, γ)
a2

‖ρ‖2γ−1
L∞

∫ b

a

rm−2u2. (3.53)

Therefore, by observing

u2
rr =

(
Gr − m

r
ur +

m

r2
u + Pr

)2

≤ C
(
G2

r +
m2

r2
u2

r +
m2

r4
u2 + ρ2γ−2ρ2

r

)
(3.54)

and by the previous lemmas and the Gronwall inequality, we have

∫ b

a

rmρu2
t +

∫ t

0

∫ b

a

rm
(
u2

rt + m
u2

t

r2

)
≤ C6, (3.55)
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where we have used the fact following from (2.1b) that∫ b

a

rmρu2
t (τ) ≤ C

∫ b

a

rmρu2u2
r + C

∫ b

a

rmρ−1
∣∣∣(ur + m

u

r

)
r
− (ργ)r − 1

2
(|nr |2)r − m

r
|nr|2

∣∣∣2
→ C

∫ b

a

rmρu2
0u

2
0r + Cϕ(ρ0,u0,n0) ≤ C6, as τ → 0. (3.56)

Then (3.52) follows by (1.5b) and the definition of G.

Lemma 3.9 For any 0 ≤ t < T , it holds that∫ b

a

rmn2
rrr +

∫ t

0

∫ b

a

rm(n2
rrt + n2

rrrr) ≤ C7 (3.57)

for some C7 depending only on ‖n0rrr‖L2 and the parameters of C6.

Proof Differentiating (1.5c) with respect to r, multiplying the resulting equation by
rmntrrr, and then using integration by parts, one obtains

1
2

d
dt

∫ b

a

rm|nrrr|2 +
∫ b

a

rm|nrrt|2 =
d
dt

∫ b

a

rm
[
(unr)r − (|nr|2n)r −

(m

r
nr

)
r

]
· nrrr

−
∫ b

a

rm
[
(unr)rt − (|nr|2n)rt −

(m

r
nr

)
rt

]
· nrrr, (3.58)

where direct calculation yields that∫ b

a

rm
[
(unr)rt − (|nr|2n)rt −

(m

r
nr

)
rt

]
· nrrr

=
∫ b

a

rm
[
urtnr + urnrt + ut · nrr + u · nrrt − 2(nrt · nrr)n − 2(nr · nrrt)n

− 2(nr · nrr)nt − 2(nr · nrt)nr − |nr|2nrt +
m

r2
nrt − m

r
nrrt

]
· nrrr

=
11∑

k=1

Jk. (3.59)

Then we use integration by parts, the Hölder inequality and the Cauchy inequality to get

|J1| ≤ C‖r m
2 urt‖L2‖nr‖L∞‖r m

2 nrrr‖L2 ≤ C2‖r m
2 nrrr‖2

L2 + C2‖r m
2 urt‖2

L2 ,

|J2| ≤ ‖r m
2 ur‖L2‖nrt‖L∞‖r m

2 nrrr‖L2 ≤ C4(‖r m
2 nrt‖L2 + ‖r m

2 nrrt‖L2)‖r m
2 nrrr‖L2

≤ τ‖r m
2 nrrt‖2

L2 + C4(τ)‖r m
2 nrrr‖2

L2 + C4‖r m
2 nrt‖2

L2 ,

|J3| ≤ C‖ut‖L∞‖r m
2 nrr‖L2‖r m

2 nrrr‖L2 ≤ C2

( ∫ b

a

rm
(
u2

rt + m
u2

t

r2

)) 1
2 ‖r m

2 nrrr‖L2

≤ C2

∫ b

a

rm
(
u2

rt + m
u2

t

r2

)
+ C2‖r m

2 nrrr‖2
L2,

|J4| ≤ C‖u‖L∞‖r m
2 nrrt‖L2‖r m

2 nrrr‖L2 ≤ τ‖r m
2 nrrt‖2

L2 + C4(τ)‖r m
2 nrrr‖2

L2 ,

|J5| ≤ C‖r m
2 nrt‖L2‖nrr‖L∞‖r m

2 nrrr‖L2 ≤ C2‖r m
2 nrt‖L2(1 + ‖r m

2 nrrr‖L2)‖r m
2 nrrr‖L2

≤ C2(‖r m
2 nrt‖2

L2 + 1)‖r m
2 nrrr‖2

L2 + C2‖r m
2 nrt‖2

L2,

|J6| ≤ C‖nr‖L∞‖r m
2 nrrt‖L2‖r m

2 nrrr‖L2 ≤ τ‖r m
2 nrrt‖2

L2 + C2(τ)‖r m
2 nrrr‖2

L2,
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|J7| ≤ ‖nr‖L∞‖nrr‖L∞‖r m
2 nt‖L2‖r m

2 nrrr‖L2 ≤ C4‖r m
2 nrrr‖2

L2 + C4,

|J8| + |J9| ≤ C‖nr‖2
L∞‖r m

2 nrt‖L2‖r m
2 nrrr‖L2 ≤ C2‖r m

2 nrrr‖2
L2 + C2‖r m

2 nrt‖2
L2 ,

|J10| ≤ C(a)‖r m
2 nrt‖L2‖r m

2 nrrr‖L2 ≤ C(a)‖r m
2 nrrr‖2

L2 + C(a)‖r m
2 nrt‖2

L2,

|J11| ≤ C(a)‖r m
2 nrrt‖L2‖r m

2 nrrr‖L2 ≤ τ‖r m
2 nrrt‖2

L2 + C(τ, a)‖r m
2 nrrr‖2

L2.

Thus integrating (3.58) over (0, t), choosing τ small enough, and then using the estimates above
and the previous lemmas, we get∫ b

a

rm|nrrr|2 +
∫ t

0

∫ b

a

rm|nrrt|2

≤
∫ b

a

rm
[
(unr)r − (|nr|2n)r −

(m

r
nr

)
r

]
· nrrr

−
∫ b

a

rm
[
(u0n0r)r − (|n0r|2n0)r −

(m

r
n0r

)
r

]
· n0rrr + C6

∫ t

0

(‖r m
2 nrt‖2

L2 + 1)‖r m
2 nrrr‖2

L2

+
∫ b

a

rm|n0rrr|2 + C6

∫ t

0

[
‖r m

2 urt‖2
L2 + ‖r m

2 nrt‖2
L2 +

∫ b

a

rm
(
u2

rt + m
u2

t

r2

)]
≤

∫ b

a

rm
[
(unr)r − (|nr|2n)r −

(m

r
nr

)
r

]
· nrrr

+ C6

∫ t

0

(‖r m
2 nrt‖2

L2 + 1)‖r m
2 nrrr‖2

L2 + C7. (3.60)

For the first term of the right-hand side of (3.60), we have∫ b

a

rm
[
(unr)r − (|nr|2n)r −

(m

r
nr

)
r

]
· nrrr

=
∫ b

a

rm
[
urnr + unrr − 2(nr · nrr)n − |nr|2nr +

m

r2
nr − m

r
nrr

]
· nrrr

≤ C(a)(‖r m
2 ur‖L2‖nr‖L∞ + ‖u‖L∞‖r m

2 nrr‖L2 + ‖nr‖L∞‖r m
2 nrr‖L2

+ ‖nr‖2
L∞‖r m

2 nr‖L2 + ‖r m
2 nrr‖L2)‖r m

2 nrrr‖L2

≤ 1
2
‖r m

2 nrrr‖2
L2 + C6. (3.61)

Then (3.60) and the Gronwall inequality imply that∫ b

a

rm|nrrr|2 +
∫ t

0

∫ b

a

rm|nrrt|2 ≤ C7 for 0 < t < T. (3.62)

Finally, (1.5c) and the previous lemmas imply that
∫ t

0

∫ b

a rm|nrrrr|2 ≤ C7 for 0 < t < T .

In order to get the higher regularity about ρ, we need the following lemma. The idea is
given by Fan, Jiang and Ni [7].

Lemma 3.10 For any 0 ≤ t < T , it holds that∫ b

a

rm|(ρ γ
2 )r|4 ≤ C8 (3.63)

for some C8 depending only on ‖(ρ
γ
2
0 )r‖L4 and the parameters of C7.
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Proof Multiplying (1.5a) by ρ
γ
2 −1, we obtain

(ρ
γ
2 )t + (ρ

γ
2 )ru +

γ

2
ρ

γ
2 ur +

γ

2
m

r
ρ

γ
2 u = 0. (3.64)

Differentiating (3.64) with respect to r, we get

(ρ
γ
2 )rt + (ρ

γ
2 )rru +

(
1 +

γ

2

)
(ρ

γ
2 )rur +

γ

2
ρ

γ
2 urr

− γ

2
m

r2
ρ

γ
2 u +

γ

2
m

r
(ρ

γ
2 )ru +

γ

2
m

r
ρ

γ
2 ur = 0. (3.65)

Thus, we have

(ρ
γ
2 )rt + (ρ

γ
2 )rru +

(
1 +

γ

2

)
(ρ

γ
2 )rur +

γ

2
m

r
(ρ

γ
2 )ru +

γ

2
ρ

γ
2 (Gr + Pr) = 0. (3.66)

Multiplying (3.66) by rm|(ρ γ
2 )r|2(ρ γ

2 )r, and then integrating over (a, b), we have

1
4

d
dt

∫ b

a

rm|(ρ γ
2 )r|4

=
m

4

∫ b

a

rm−1|(ρ γ
2 )r |4u −

(3
4

+
γ

2

)∫ b

a

rm|(ρ γ
2 )r|4ur − mγ

2

∫ b

a

rm−1|(ρ γ
2 )r|4u

− γ

2

∫ b

a

rm((ρ
γ
2 )r)3ρ

γ
2 (Gr + Pr)

≤
[( m

4a
+

mγ

2a

)
‖u‖L∞ +

(3
4

+
γ

2

)
‖ur‖L∞

] ∫ b

a

rm|(ρ γ
2 )r|4

− γ

2

∫ b

a

rm((ρ
γ
2 )r)3ρ

γ
2 Gr − γ

2

∫ b

a

rm((ρ
γ
2 )r)3ρ

γ
2 (ργ)r

≤ C6

∫ b

a

rm|(ρ γ
2 )r|4 + ‖ρ‖2γ

L∞‖Gr‖2
L∞

∫ b

a

rmG2
r, (3.67)

where we have used the Cauchy inequality and the following fact:

γ

2

∫ b

a

rm((ρ
γ
2 )r)3ρ

γ
2 (ργ)r = γ

∫ b

a

rm|(ρ γ
2 )r|4ργ ≥ 0. (3.68)

Finally, we can make use of the Sobolev inequalities for radially symmetric functions:

‖Gr‖2
L∞ ≤ C(a)

∫ b

a

rm(G2
r + G2

rr), (3.69)

the Gronwall inequality and the previous lemmas to complete the proof.

Lemma 3.11 For any 0 ≤ t < T , it holds that∫ b

a

rm(ρ2
rr + ρ2

tr)(t) +
∫ t

0

∫ b

a

rmu2
rrr ≤ C9 (3.70)

for some C9 depending only on ‖(ρ0)rr‖L2 and the parameters of C8.

Proof The following fact is the key to the proof of this lemma:

Prr = (ργ)rr =
4(γ − 1)

γ
|(ρ γ

2 )r|2 + γργ−1ρrr. (3.71)
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Then we have ∫ b

a

rmP 2
rr ≤ 8(γ − 1)2

γ2

∫ b

a

rm|(ρ γ
2 )r|4 + 2γ2

∫ b

a

rmρ2γ−2ρ2
rr. (3.72)

Now differentiating (1.5a) with respect to r twice, multiplying the resulting equation by rmρrr,
and then integrating over (a, b), one obtains

1
2

d
dt

∫ b

a

rmρ2
rr

= −
∫ b

a

rm(ρu)rrrρrr −
∫ b

a

rm
(m

r
ρu

)
rr

ρrr

= −rm(ρu)rrρrr|ba +
∫ b

a

rm(ρu)rrρrrr + m

∫ b

a

rm−1(ρu)rrρrr −
∫ b

a

rm
(m

r
ρu

)
rr

ρrr

= −rm(ρu)rrρrr|ba +
∫ b

a

rm(ρrru + 2ρrur + ρurr)ρrrr + m

∫ b

a

rm−1(ρu)rrρrr

−
∫ b

a

rm
(2m

r3
ρu +

−2m

r2
(ρu)r +

m

r
(ρu)rr

)
ρrr

= −m

2

∫ b

a

rm−1ρ2
rru − 5

2

∫ b

a

rmρ2
rrur − 2m

∫ b

a

rm−1ρrρrrur − 3
∫ b

a

rmρrρrrurr

− m

∫ b

a

rm−1ρρrrurr −
∫ b

a

rmρρrrurrr − 2m

∫ b

a

rm−3ρρrru + 2m

∫ b

a

rm−2(ρu)rρrr

= −m

2

∫ b

a

rm−1ρ2
rru − 5

2

∫ b

a

rmρ2
rrur − 2m

∫ b

a

rm−1ρrρrrur − 3
∫ b

a

rmρrρrrurr

+ 2m

∫ b

a

rm−2ρrρrru −
∫ b

a

rmρρrr(Grr + Prr)

≤
( m

2a
‖u‖L∞ +

5
2
‖ur‖2

L∞ +
2m

a2
+ 5 +

2m

a4

) ∫ b

a

rmρ2
rr + (2m + 3)‖ρr‖2

L∞

∫ b

a

rm(u2
rr + u2

r)

+ 2m‖u‖2
L∞

∫ b

a

rmρ2
r + ‖ρ‖2

L∞

∫ b

a

rmG2
rr + ‖ρ‖2

L∞

∫ b

a

rmP 2
rr. (3.73)

Then by the previous lemmas and the Gronwall inequality, we get that∫ b

a

rmρ2
rr ≤ C9, (3.74)

and (3.70) follows by (1.5a) and the definition of G.

Lemma 3.12 For any 0 ≤ t < T , it holds that

‖ρ‖L1∩H1 + ‖ρt‖L2 + ‖u‖D1
0∩D2 + ‖√ρ ut‖L2 + ‖∇n‖H2 + ‖nt‖H1

+
∫ t

0

(‖ut‖2
D1

0
+ ‖∇n‖2

H3 + ‖nt‖2
H2) ≤ C̃1 (3.75)

for some C̃1 depending only on N , γ, a, T , ‖ρ0‖L1∩H1 , ‖u0‖D1
0
, ϕ(ρ0,u0,n0) and ‖∇n0‖H2 ,

and

‖ρ‖L1∩H2 + ‖ρt‖H1 + ‖u‖D1
0∩D2 + ‖√ρ ut‖L2 + ‖∇n‖H2 + ‖nt‖H1

+
∫ t

0

(‖∇u‖2
H2 + ‖ut‖2

D1
0

+ ‖∇n‖2
H3 + ‖nt‖2

H2) ≤ C̃2 (3.76)
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for some C̃2 depending only on N , γ, a, T , ‖ρ0‖L1∩H2 , ‖∇ρ
γ
2
0 ‖L4, ‖u0‖D1

0
, ϕ(ρ0,u0,n0) and

‖∇n0‖H2 .
If, in addition, ρ0 ≥ ε > 0, then it holds that∥∥∥1

ρ

∥∥∥
L∞

+ ‖ρ‖L1∩H1 + ‖ρt‖L2 + ‖u‖H2∩H1
0

+ ‖ut‖L2 + ‖∇n‖H2 + ‖nt‖H1

+
∫ t

0

(‖ut‖2
H1

0
+ ‖∇n‖2

H3 + ‖nt‖2
H2) ≤ C̃3 (3.77)

for some C̃3 depending only on the parameters of C̃1 and ε, and∥∥∥1
ρ

∥∥∥
L∞

+ ‖ρ‖L1∩H2 + ‖ρt‖H1 + ‖u‖H2∩H1
0

+ ‖ut‖L2 + ‖∇n‖H2 + ‖nt‖H1

+
∫ t

0

(‖u‖2
H3 + ‖ut‖2

H1
0

+ ‖∇n‖2
H3 + ‖nt‖2

H2) ≤ C̃4 (3.78)

for some C̃2 depending only on the parameters of C̃2 and ε.

Proof By calculation about the radial symmetric functions defined as before, we have

∇ρ = ρr
x
r
, ∇i∇jρ = ρrr

xixj

r2
+ ρr

δijr
2 − xixj

r3
,

|∇u|2 = u2
r + m

u2

r2
, Δu = ∇divu =

(
ur + m

u

r

)
r

x
r

,

|∇Δu| =

√∑
i,j

(
∂xi

((
urr +

m

r
ur − m

r2
u
)xj

r

))2

≤ C(a)
(
u2

rrr + u2
rr + u2

r +
u2

r2

)
,

∇n = nr
x
r

, ∇i∇jn = nrr
xixj

r2
+ nr

δijr
2 − xixj

r3
,

|∇3n|2 ≤ C(a)(n2
rrr + n2

rr + n2
r), |∇4n|2 ≤ C(a)(n2

rrrr + n2
rrr + n2

rr + n2
r).

On the other hand, we get the elliptic estimates for the velocity u (see [2, Lemma 12]):

‖∇2u‖L2 ≤ C(‖ − μΔu− (λ + μ)∇divu‖L2 + ‖∇u‖L2)

≤ C(‖Δu‖L2 + ‖∇u‖L2). (3.79)

Then the lemma follows from the above calculations and the previous lemmas.

Remark 3.1 In view of Theorem 2.1 and all the lemmas in this section, we conclude that
the solutions obtained in Theorem 2.1 exist in [0, T ] for any T > 0.

4 Proofs of Theoroms 1.1 and 1.2

In this section, we establish the existence of global strong solutions for ρ0 ≥ 0 and b ≤ ∞.
The proof of Theorem 1.1 is based on several uniform estimates of the approximate solutions.
We consider only the case that b < ∞, while the remaining case can be obtained by passing to
the limit b → ∞ by means of the domain expansion technique, and one may refer to [2, 10] for
more details. We need the following proposition.
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Lemma 4.1 (see [20]) Assume that X ⊂ E ⊂ Y are Banach spaces and X ↪→↪→ E. Then
the following embeddings are compact:

(i)
{

ϕ : ϕ ∈ Lq(0, T ; X),
∂ϕ

∂t
∈ L1(0, T ; Y )

}
↪→↪→ Lq(0, T ; E), if 1 ≤ q ≤ ∞,

(ii)
{
ϕ : ϕ ∈ L∞(0, T ; X),

∂ϕ

∂t
∈ Lr(0, T ; Y )

}
↪→↪→ C([0, T ]; E), if 1 < r ≤ ∞.

Proof of Theorem 1.1 We only consider the case of b < ∞. Regularizing the initial
data, we construct a sequence ρε

0 of smooth radial functions, such that for each T > 0,

0 < ε ≤ ρε
0, ρε

0 ∈ H2
r , lim

ε↓0
‖ρε

0 − ρ0‖H1
r

= 0, ‖ρε
0‖L1∩H1 ≤ C̃1

for some C̃1 independent of b and ε, and ρε
0(x) = ρε

0(|x|). Let uε
0 ∈ H1

0,r ∩H2
r be the solution to

the boundary value problem

−
(
uε

0r + m
uε

0

r

)
r
+ ((ρε

0)
γ)r +

1
2
(|n0r|2)r +

m

r
|n0r|2 = (ρε

0)
1
2 g. (4.1)

Let (ρε, uε,nε) be the strong solution to (1.5) along with the initial condition (ρε
0, u

ε
0,n0) and

the boundary condition (uε, ∂nε

∂v )|∂Ω = (0, 0). If we define

ρε(t,x) = ρε(t, |x|), uε(t,x) = uε(t, |x|) x
|x| and nε(t,x) = nε(t, |x|),

then (ρε,uε,nε) is a global radially symmetric solution to problem (1.1) with the initial data
(ρε

0,u
ε
0,n0) and the boundary condition (1.3), where u0(x) = u0(|x|) x

|x| . Note that (ρε
0,u

ε
0,n0)

satisfies the same compatibility condition as (ρ0,u0,n0),

−Δuε
0 + ∇(P (ρε

0)) + div
(
∇n0 �∇n0 − |∇n0|2

2
IN

)
= (ρε

0)
1
2 g. (4.2)

We get uε
0 → u0 in H2 by elliptic regularity theory. Hence, the previous lemmas infer that

(ρε,uε,nε) satisfies the following estimate (uniform in ε and b):

‖ρε‖L1∩H1 + ‖ρε
t‖L2 + ‖uε‖D1

0∩D2 + ‖√ρ uε
t‖L2 + ‖∇nε‖H2 + ‖nε

t‖H1

+
∫ t

0

(‖uε
t‖2

D1
0

+ ‖∇nε‖2
H3 + ‖nε

t‖2
H2) ≤ C̃1. (4.3)

Thus, by using Lemma 4.1 and the Sobolev embedding for radially symmetric functions,
we can directly prove that a subsequence of approximate solution (ρε,uε,nε) converges (weakly
or weak∗ in the corresponding space) to a radially symmetric strong solution (ρ,u,n) to the
problem (1.1)–(1.3) in Ω× [0, T ]. The regularity mentioned in Theorem 1.1 can be obtained by
(4.3) and the lower semi-continuity of various norms. The uniqueness is based on that of the
local solution.

Furthermore, Theorem 1.2 can also be achieved by Lemma 3.12.
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