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1 Introduction

In this paper, we consider the following Cauchy problem for 1-D first order quasi-linear
hyperbolic systems:

ou ou
Fn + A(U)% = F(u),

t=0, u=g(),

(1.1)

where u(t,x) = (u1(t,z), - ,un(t,x))" is the unknown vector function and A(u) = (a;;(u)) is
a given n X n matrix function of u € R™, F(u) is a given vector function of u € R™, and ¢(x)
is a vector function of x € R. All the given functions have certain regularity to be mentioned.

The Cauchy problem as a fundamental problem of quasi-linear hyperbolic systems was
investigated rather completely in the sense of C! classical solution (cf. [4-6, 9, 13, 15, 19] and
references therein). Generally speaking, in the nonlinear case, classical solutions to the Cauchy
problem exist only locally in time (cf. [13] and references therein).

So far, the corresponding results on the Lipschitz continuous solution are few (cf. [16-17,
1, 7, 10-11]). Douglis [6] conjectured that the Lipschitz continuous solution should be unique,
when he considered classical solutions. Moreover, Douglis [7] proved the uniqueness in a function
space stronger than Lipschitz continuous space. The later paper discussed the condition to
ensure the chain rule in the Lipschitz continuous space. By a method of approximation, Wang
and Wu [19] proved the existence of Lipschitz continuous solution in the sense that Lipschitz
continuous solution satisfies problem (1.1) almost everywhere.

Myshkis and Filimonov [16-17] considered the solvability of Lipschitz continuous solution to
quasi-linear hyperbolic systems of the diagonal form. They first defined the Lipschitz continuous
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solution in the sense that the solution satisfies the corresponding integral system of equations,
and then studied the Cauchy problem and the mixed initial-boundary value problem.

Using the framework of conservation laws, Hoff considered the Cauchy problem in several
independent variables. Hoff [10] established a condition which is both necessary and sufficient
for Lipschitz solvability based on the work of Kruzkov [12]. Hoff [11] also considered the life-
span problem. There still exist works on continuous solutions weaker than Lipschitz continuous
solutions (cf. [1]).

More recently, Peng and Yang [18] showed that in one space dimension, Lipschitz continuous
solutions to generalized extremal surface equations are equivalent to entropy solutions in L to
a non-strictly hyperbolic system of conservation laws. They obtained an explicit representation
formula and the uniqueness of entropy solution to the Cauchy problem of the system. Based
on this formula, they also considered the long-time behavior and L! stability.

In this paper, we consider the general first order quasi-linear hyperbolic system (1.1). Since
any given Lipschitz continuous function is differential almost everywhere, one can define the
Lipschitz continuous solution in the sense that it satisfies problem (1.1) almost everywhere,
and, by regarding [19], the Lipschitz continuous solution under consideration can be obtained
by approximation of C! solutions to more regular models.

For simplicity, we only consider the Cauchy problem (1.1) under the assumptions that the
coefficients A(u), F(u) are C! with respect to u € R, and ¢(z) is Lipschitz continuous with
respect to € R. All the results obtained are still valid for the case that A(u), F((u) are also
Lipschitz continuous.

This paper is organized as follows. In Section 2, we first recall some basic results about
Lipschitz continuous functions and ordinary differential equations, and give some extensions
of classical theorems. Section 3 is devoted to studying the existence and uniqueness of Lip-
schitz continuous solution obtained by approximation. Finally, the existence and uniqueness
of Lipschitz continuous solution in the sense of satisfying the corresponding system of integral
equations is considered in Section 4.

2 Preliminaries

In this section, we recall some results about Lipschitz continuous functions, ordinary differ-
ential equations and basic knowledge about first order quasi-linear hyperbolic systems in two
independent variables.

Firstly, we recall some basic results about Lipschitz continuous functions (cf. [8, 20]).

(1) Let E be a domain in R™. A function g : E — R™ is called Lipschitz continuous,
provided that

l9(z) = g(y)| < Clz —y|

for some non-negative constant C' and all x,y € E. The smallest constant C', such that the
above inequality holds for all x,y, is denoted by

l9(z) — g(y)|

x,yEE,x;«éy}.
|z -yl

Lip(g) = sup {

(2) A function g : E — R™ is called locally Lipschitz continuous if for each compact set
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K C E, there exists a non-negative constant Ck, such that
l9(z) —g(y)| < Cklz —y| forallz,y € K.

Lemma 2.1 (cf. [8]) Let g : R™ — R™ be a locally Lipschitz continuous function. Then g
1s differentiable a.e. with respect to the Lebesgue measure in R™.

For the function of one variable, a Lipschitz continuous function is also absolutely continuous.
Thus, the formula of integration by parts for absolutely continuous functions (cf. [20]) also holds
for Lipschitz continuous functions, namely, we have the following lemma.

Lemma 2.2 Let g and h be Lipschitz continuous functions on [c,d]. Then

d d
/1de@Mx=mmmmﬁ—/‘wwwwa

According to the properties of absolutely continuous functions, the derivatives of Lipschitz
continuous functions are locally Lebesgue integrable.

Any Lipschitz continuous function can be approximated by continuously differentiable func-
tions. We have the following result.

Lemma 2.3 Let g(z) be a Lipschitz continuous function on [c,d] (—oo < ¢ < d < 00),
lg(z)| < M < o0, Vz € [e,d] and L = Lip(g) < oo, where M and L are non-negative constants.
There exist g™ € Clle,d], m =1,2,---, such that as m — oo, g™ converges to g uniformly on
[e,d], and |g™(z)| < M, |g™'(z)| < L, Yz € [¢,d], m=1,2,---.

Proof Let
g(c0), z<c,
g(z) = g(x), =€ le,d],
g(d), x>d.

Then |g(x)| < M, Vx € R and Lip(g) < L.
Let J(z) be a mollifier function, J(z) € C2°[-1,1], J(x) > 0 and [ J(z)dz = 1. Let
Jo(x) = LJ (%), e > 0. We define

(@)= [ Ty pi) .
Then g™ are C' functions on R and
lg™ (x)] < M,

@< [ I pF el <t

1
— 00 m
The last formula is obtained by the formula of integration by parts given in Lemma 2.2.

Since ¢ is a Lipschitz continuous function on R, for any given € > 0, there exists a § > 0,
such that [g(z) — g(y)| < €, provided that |z — y| < 6. Hence, when m > [}] + 1, we have

9"@) — 9@ =| [ T3 -0 - ge) | <o Vo elod,

This completes the proof of Lemma 2.3.
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Remark 2.1 When the interval [c, d] is replaced by (—o0, 00), Lemma 2.3 still holds.

Secondly, in what follows, we will extend the classical theorems about continuous dependence
on parameters of solutions to ordinary differential equations (cf. [16]). Let D be a bounded
domain in R**", g(¢,z) a continuous function on D and Lipschitz continuous with respect to
x: K =Lip,(g) < oo, where K is a non-negative constant.

For the following ordinary differential equation:

dx

— =g(t 2.1
3 = It2), (2.1)
there exists a time interval I, such that (2.1) has a C* solution 2 = ¢(t) on I. Suppose that
7 € I and the distance between (7,¢) and (7,(7)) is sufficiently small. Then there exists a
unique C! solution z = ¢(t;7,€) passing through (7,€), and ¢ is continuously dependent on
parameters 7 and £. More precisely, we have the result as follows.

Theorem 2.1 (cf. [3, Chapter 7.1]) Let g(t,x) be a continuous function on D and Lipschitz
continuous with respect to x: K = Lip,(g) < oco. Suppose that x = 1(t) is a C' solution to
(2.1) on the interval I : ¢ <t < d. Then, there exists a § > 0, such that for any (1,€) € U =
{(r,€)|e <7 < d, |£—(T)| <8}, there exists a unique C solution x = ¢(t;7,€) to (2.1) on
I with o(1;7,8) =&, and ¢ is continuous on

V=A{tr18|c<t<d, (1, eU}.
Furthermore, we can prove that ¢ is Lipschitz continuous with respect to (1,£) € U. We
need only to prove this claim in R'*!.

Lemma 2.4 Suppose that g,v, ¢ are the functions given in Theorem 2.1. Then @(t;7,€) is
Lipschitz continuous with respect to (1,€) € U.

Proof We need only to prove the conclusion for the variable £, and the case for 7 is similar.
According to the classical theory of ODE (cf. [3]), we can construct the solution x = ¢(t; T, )
by Picard’s iterative scheme, and the convergence of iterative sequence is uniform.

We construct the following iterative sequences:

o= B(t) ~H(r) + €= €+ /Ttg<s7w<s>>ds,
Pj+1 =§+/:g(8,s0j(8;7,§))ds, j=0,1,---.
Then
1=l < [ (g5,16() — () + €) — gls,(s)))els| < Klé ()t — 7],

and by induction, we have

Kj+1|t _ T|j+1

Garor el i=01

lpjr — 5| <



Lipschitz Continuous Solutions to the Cauchy Problem for Quasi-linear Hyperbolic Systems 525

For any given (7,&1), (1,&2) € U, without loss of generality, we suppose that ¢ < 7 < t < d.
Then

loo(t; 7,61) — @o(t; 7,62)| < &1 — &,
t
lo1(t;7,&1) —@1(t;7,82)| < |61 — & +/ l9(s, 00(s;7,&1)) — g(s,00(s; 7,§2))|ds
<& — & + K& — &t —7),
J o\
esttim ) — st )l < 3 EEE g gy
pr !

SeK(dic)|£1_§2|7 j:Oaly .

Thus, all ¢;(t;7,€) (j = 0,1,---) are Lipschitz continuous with respect to &, and the cor-

K(d—c).

responding Lipschitz constants are bounded by e Because of the property of uniform

convergence, ( is Lipschitz continuous with respect to &, and Lipg(np) < efld=c),

For any given function g satisfying the conditions in Theorem 2.1, there exists a unique
solution = = (t;7,&; g).

Let

D={({tz)|0<t <4, |z| <M — At}
where 0, A, M (Ad < M) are positive constants. For any given t € [0, 4], let
D) ={(r,x) |0 <7<t |z| <M — At}
Lemma 2.5 Suppose that g1 and ga are continuous functions on D(8), |g;| < A, Lip,(g;) <
K (i=1,2), and x = p(t;7,&;91) and x = p(t;7,&; g2) are solutions to (2.1), passing through
point (1,€) € D(7) and corresponding to g1, ga, respectively. For any givent (0 <t < §), define
— t) = max s,&) —ga(s,8)|-
9=l = max [01(5.6) — g2(5.)

Then, there exists a positive constant C' depending on A, K and §, such that
[t 7,6 91) — 0(6 7,8 92)| < CTlgr — g2|(7), V(7,§) € D(6), 0<t <7 (22)

Proof According to the classical theory of ODEs, © = @(t;7,&;91) and z = o(t;7,&; g2)
satisfy the corresponding integral equations

So(t;ﬂf;gl):f*/ g1(s,@(s:7,& 91))ds,

t

o(t;7,& g2) :S*/ g2(s,¢(s;7,&: g2))ds,
t

respectively. Since (7,&) € D(7), (t,0(t;7,& 1)), (¢, 0(t; 7, 92)) € D(7) for any given t €
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[0, 7]. Hence
lo(t;7,8591) — p(t; 7,5 g2))|

S/t lg1(s, p(s;7,&:01)) — g2(s, p(s; 7, & g2))|ds
< / 1915, (57, €. 1)) — g2 (5, (537, £ 1)) ds
+ / g2 (s, (57 £ 91)) — ga(s, (5 7, & ga)) s

< (7 =1)]g1 — g2l(7) +K/t lo(s;7, & 91) — (557,65 92)|ds.

Using the Gronwall’s inequality, we get (2.2).

Remark 2.2 Suppose that g™ (m = 1,2,---) satisfy the conditions given in Lemma
2.5, and as m — o0, g™ converges to g uniformly on D(§). Then as m — oo, ¢(t;7,&;9™)
corresponding to g™ converges to (t; 7,&; g) uniformly on {(¢,7,£) | (7,€) € D(0), t € [0,7]}.

We now consider another metric on g. Let g1, go be functions satisfying the conditions in
Lemma 2.5 and

91 = 2l (t) = max lg1(t,z) — oot 2)], ¥t €0,0].

Similarly, we have the next lemma.

Lemma 2.6 Suppose that g1 and go are Lipschitz continuous functions on D(0): |g;| < A,
Lip,(9;) < K (i =1,2), and (t;7,&;,91) and o(t;7,&; g2) are solutions to (2.1), passing through
point (1,€) € D(0), and corresponding to g1, g2, respectively. There exists a positive constant
C depending on A, K and §, such that

Iw(t;r,é;gl)—w(t;ﬂf;gz)\SC/O lg1 — ga2l(s)ds, 0<t<7<94, (1,§) € D(0).  (2.3)

Finally, we recall some basic knowledge about first order quasi-linear hyperbolic system-
s in two independent variables. Let A;(u) (i = 1,---,n) be the eigenvalues of A(u), and
Li(u) = (lin(w), -+, lin(u)) be the left eigenvector corresponding to A\;(u) (i = 1,--- ,n). Cauchy
problem (1.1) can be equivalently reduced to the following Cauchy problem for first order quasi-
linear hyperbolic systems of the characteristic form (cf. [15, 19]):

;lij(u)(atuj + )\z(u)aaiu]> = fi(u)’ i=1-,m, (24)

t=0: u=¢(x),

where l;;, i, fi = > Li;F; (4,5 = 1,---,n) are C! functions of u € R", det(l;;) # 0, and
=1

¢i(x) (i =1,---,n) are Lipschitz continuous functions on [a,b] (—oco < a < b < 00).
In what follows, the absolute value of a vector is defined as the maximum absolute value of
all the components of this vector. Let

e

)

I¢llco &= max [¢(z)] <
z€[a,b]
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where 2 is a positive constant,

r £ {llj7)\l7fl7 7’7] = 17 7n}7
Ba(0) £ {u € R"|[u| < Q).

A domain
R(O)={(t,x) |0<t <6, z1(t) <x <zo(t)}

is called a strong determinate domain of [a, b], if
(1) z;(t) (i = 1,2) are C* functions on [0, 4],
(2) £1(0) = a, x2(0) = b,
(3) for any given Lipschitz continuous function u(¢,x) on R(J) with |u| < Q and u(0,z) =
¢(z), x € [a,b], we have
i (t) > sup N(u(t, z1(2))),

1=1,---,n
wh(t) < _inf Ni(u(t, 22(1))).

Obviously, if R(d) is a strong determinate domain of [a, ], so is R(7) for any given 7 € [0, d].
We define

A2 max |\(u)| < oo,

and assume that det(l;;) > « > 0 for |u| < Q. Obviously, for any given t € (0, ], the domain
D(t) in Lemma 2.5 is a strong determinate domain of [—M, M].

3 Lipschitz Continuous Solution Defined by Approximation, Its Exis-
tence and Uniqueness

We now consider Cauchy problem (2.4) for first order quasi-linear hyperbolic systems of the
characteristic form under the assumptions that all the coefficients are C* and ¢ is Lipschitz
continuous.

We first recall the existence of Lipschitz continuous solution (cf. [19]). From Lemma 2.3,
there exist

¢™ € C'R), [ <=, 6" (@) <Ly, VzER, m=1,2, -,

@
2
such that as m — oo, ¢™) converges to ¢ uniformly in R. Taking ¢(™ as the initial value, we
get the following Cauchy problem:

S 1 ™) 0™ + X (™)) = fi(u™), i=1, n,

j=1
t=0: ulm =gm (z),

(3.1)

where u(™) = u(™ (¢, x) is the C* classic solution.
According to the classical local theory of quasi-linear hyperbolic systems (cf. [4-6, 9, 15, 19]
and references therein), there exists a common number dy > 0, such that Cauchy problem (3.1)
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admits a unique C* solution u(™) = u(™(t, ) on [0, dg], and the C* norm of u(™ is uniformly
bounded,

[ul™|er < Ch.

Here and hereafter, C; (i =1,2,---) are positive constants depending possibly on Q, Ly, o and
the C! norm of I' on Bq/(0).
Furthermore, under the assumption that f(0) = 0, we have (cf. [2, 14])

™ o1 < Coll6™ lon.

According to Ascoli-Arzela lemma, there exists a uniformly convergent subsequence
{ulm)}2 on D(8y) (VM > 0). Denoting the limit function as u, u is Lipschitz continu-
ous on D(dp) with Lipschitz constant depending possibly on €2, Ly, « and the C! norm of " on
Bg(0). Moreover, it is obvious that

t=0: wu=¢x), VreR.
Theorem 3.1 The limit function u mentioned above satisfies (2.4) almost everywhere.
Proof By the uniform convergence, we have

o) = du, k= oo,
Dpul™) — dou, k — o0, (3.2)

in the sense of distribution. We now show that for any given g(¢,z) € C°(D(do)), we have

Jim // u(m)) 8u§m’“)gdtdx:// Lij(w)dyu;gdtdz, i=1,--- n.
> D(50) D(é0)

// lij (u(mk))atu§mk)gdtdx — // lij (U)atujgdtdx
D(do) D(60)
// u(me)) lij(u))atugmk)gdtd(b

D(5o)

// Zl]( ) (8tu (ma) 8tuj)dtdx.
D(d0)

By the uniform convergence of {u(™*)} and the uniform boundedness of the C' norm of {u(™},

In fact,

the first term on the right-hand side of the above equation converges to 0 as k — co. By noting
(3.2), the second term on the right-hand side of the above equation also converges to 0 as
k — oo.

Similarly, we get

lim // Lij (u(mk)))\i(u(mk))atugm’“)gdtdx = // Lij(u)Ai(u) Oy, gdtde.
D (o)

k—o0 D(tSo)

Then, multiplying both sides of (3.1) by g(t, z), integrating on D(dy) and taking m = my —

00, we have
n

> () (O + Ni(w)dpuy) = fi(w), i=1,---,n,

Jj=1



Lipschitz Continuous Solutions to the Cauchy Problem for Quasi-linear Hyperbolic Systems 529

almost everywhere on D(dg). Furthermore, as we said before, u = u(t, z) obviously satisfies the
initial condition ¢t = 0: u = ¢(x), Vo € R.

Now w = u(t, z) is a Lipschitz continuous solution to Cauchy problem (2.4) (namely (1.1))
in the sense that (2.4) is satisfied almost everywhere.

The above results are in the spirit of [19], the authors of which first established the bound-
edness of the C! norm of {u("™}, and then got the existence of the Lipschitz continuous solution
by means of Ascoli-Arzela lemma. But they did not mention the uniqueness of the Lipschitz
continuous solution and whether the Lipschitz continuous solution they obtained depends on
the choice of subsequence or not.

In what follows, we study the uniqueness of the Lipschitz continuous solution. For this
purpose, we prove that the sequence {u(’”)} itself is convergent.

Theorem 3.2 The whole sequence {u™} of solutions to Cauchy problem (3.1) is uniformly
convergent on [0,00]. Then, the Lipschitz continuous solution to Cauchy problem (2.4) defined
by approximation not only exists but is also unique.

Proof Let (I¥7) denote the inverse matrix of (;;), and

d 0 0]
A TR G
y (3.1), we have
m k m m
> i dmt (™ =) = f(u™) = fiu®) = 3 (1 (™) = 1 (u®)) 6Jt
j=1 i j=1
= Dl ()N = 1y (A () =
j=1 o
Hence
- d m m k
D gl (™) (™ = )]
j=1 "1
n (k)
= ()~ f®) = 3 ) (u<k>))8“j
j=1
. m m - m k
= D ™X (™) = 1 (@A @) +det W)yl — ),

j=1
Integrating it from 0 to ¢, we get
. k
Dl (™ (1 2)) (™ (8, 0) — (8, ))
j=1
= L (8" (&l
Jj=1

Lij (6™ (€:(0; 8, 3 u ™)) (84 (€05 2, 23 u™)) — 61 (€05, 2 u™)))
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# [ [ - st - 3 2]

j=1 at

ou (’f)
_Z/ WM™ 1y () () L

m m k
+Z/ Gl )™ )

Multiplying both sides of the above formula by 1"*(u(™)(t, z)) and summing up from i = 1 to
n, we have

.
(7,8 (75t,m5u(m)))

dr
(T,&i(T3t,m5u(m)))

-
(7 (rit,zu(m))

ul™ () — i (t, @)

= Z ™ (8, 2)) 5 (6™ (005 8, 25 u™))) (6™ (€503 8, a3 u™)) — ) (6,03 8, a3 u™)))

ij=1
n t
+ Zlhi(u(m)(ux))/ [fi(u(m)) _ fi(u(k))
i=1 0
ou (k)
— (k)
Z i R |
i (,(m) (M) ). (™) )y (0 (R) o
— l m .. m . m 7., ) j
szll tx)/(l](u M) =l () Au(w) Oox (T,ii(T;t,x;u(mU)dT
t
+ Z (™) (¢ 3:))/ ) ™ — 8 -
ij=1 7 o 4" ! / T (8 (rstymu(m)))

Noting ||[ul™)|c1 < C1, it is easy to see that

t
|w(m’k)|(t) < C3||¢(m) - éf’(k)”()o + C4/ |w(m’k)|(7)d77
0
where

w(m,k) (tv :L’) = u(m) (tv ’1}) - u(k) (tv x)7
w™P|() = max |u™" (¢ )],
h=mf~~ N

Then, from Gronwall’s inequality, we get
[w™M|(t) < Cs|¢™ — ") || o, Vi € [0, 0].

Hence, the corresponding sequence {u(m)} of solutions is convergent uniformly on [0, dg] for the
given approximation sequences {¢"™) (z)} of the initial data (b( )

For two approximation sequences {¢§m)},{¢> } of ¢, {(/) (1 ( ), g ,---} is also a
approximation sequence of ¢. Thus, we conclude that the limit functlon u is independent of
the choice of the approximation sequence of ¢.

Hence, the Lipschitz continuous solution to Cauchy problem (2.4) defined by approximation
is unique.
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4 Lipschitz Continuous Solution Defined by System of Integral
Equations, Its Existence and Uniqueness

It is well-known that Cauchy problem (2.4) for quasi-linear hyperbolic systems is equivalent
to the corresponding system of integral equations in the sense of classical solutions (cf. [6, 9, 15,
19] and references therein). In the framework of Lipschitz continuous solutions, it is not certain
whether there is still this kind of equivalence. In this section, by justifying this equivalence for
Lipschitz continuous solutions, we give another definition of Lipschitz continuous solution to
Cauchy problem (2.4) and prove its existence and uniqueness under certain assumptions.

Now, we show that the limit function u obtained in the previous section satisfies a system
of integral equations, which is independent of the choice of approximation sequence.

Let z = & (t;7,&;ul™) be the i-th characteristic of problem (3.1) with respect to u(™) (i =
1,---,m; m=1,2,---), satisfying

=A™ (t,2)),
t=71: xz=¢&,

where u(™) is the solution sequence in Section 3.

Let z = &(t;7;&u) be the i-th characteristic of problem (2.4) with respect to u (i =
1,--+,n), satisfying

& nult, ),
t=71: x=¢,
where v is the limit function of the solution sequence in Section 3.

By Remark 2.2, as m — oo, &(t; 7, & ul™)) converges to & (t; 7, &; u) uniformly on {(,,€) |
(1,€) € D(&), t € [0,7]} (i =1,---,n), and moreover, &(t;7,&u™)) and & (t;7,&; u) satisfy
the properties given in Lemmas 2.4 and 2.5.

By (3.1), we have

n

d_(m
D i (a1, 617 & u™)) ™ (8 (17, € u™))
j=1 :
= fi(W™ (& (T, Eu™))), i=1,-- ,n.

Then

> % IR ACENS u(m))))uy") (t, &ilt; 7, & ul™)]
j=1
= fl(u(M) (t7 Ei(t; 7, &; u(m))))

+ J; d:imtlij(u(m) (t,&(t; 7,85 u(m))))u§m)(t,§i(t; neu™)), i=1,-n.

Interchanging (¢,x) and (7, &), and integrating the above equation with respect to 7 from 0
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to t, we get

Zlij (u™ (t, x) uém)(t,z)

j=1
n

=31 (6™ (€ (0s s ul™)) U™ (€405 8, a5 u™))

j=1
n

t
n /0 () + Z ()™

=1

dr, i=1,--,n. (4.1)
(1,&: (T5t,zyulm))

Theorem 4.1 The limit function u satisfies the following system of integral equations
Db (ult m)uy(t2) = D 1 (6(€(051, 251)))65(6 (051, 23 w))
j=1

j=1
t n d
+/0 [fi<u)+jz_gcmlij<u)uj} dr, i=1,---,n, (4.2)

(7,&i (T3t,250))

which is independent of the choice of approximation sequence.

Proof Without loss of generality, we suppose that (™ converges to u uniformly as m — oo
By the uniform convergence of u(™ and &;(7; ¢, z;u(™), noting Remark 2.2 and taking m — oo

n (4.1), it is easy to see that on D(dp) we have that

Zl” u™(t, x) ( (t x) converges uniformly to Zl” (u(t, z))u;(t, x),
j=1

(&(0;t, x; u(m))))¢§-m) (£(0;, 2;u(™)) converges uniformly to

Zz” o™

Zlm gz O l,x; u)))¢j(£i(05t7$;u>)

and

/t fi(u(m) (1, fi(T;t,J);u(m))))dT — /t filu(r, & (73 t, @ u)))dr.
0 0

To justify (4.2), we need to prove that as m — oo, we have

fd o))
/Oﬁlij(“ Yul™ (. & (3 t, 250 dT—>/ i (W (1, & (73 8, 5 0) )dr.

%

t
/ A wm™u U (7, &(rs t o ut™)) — O (wuy (s € (s 1, )
0 dZ‘T
t
:/0 Lﬂili;‘(u(m)(ﬂ&(ﬁt,w;u(m)))) dlelz‘j(U(T,&(T;t,w;u)))}ugm)(ﬂ&(ﬂt,w;u(m)))dT
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t
d m
+ / dTTzijw(naw,x;u)mu; V(r, &t ™)) — (7, &(3 b w))dr
= [l (™ (7, &5 (3 t, 25 u™))) — L (u(r, & (3 b, ;)™ (7, € (st u ™)) |4

- / t[zij<u<m><r, (st ™)) — L, €3 (s £, 25 0)))] o™ (1, €4 (s £, 5 0
0

drr
fd (m)
+/0 dTTlij(U(ﬂEi(T;t,x;U)))[Uj (7, &3t s ul™)) =y (7, &i(73 8, w5 w))dr
=L +L+1.

Since [;; are C' functions, u(™ converges to u uniformly, & (t;7,&u(™)) converges to
& (t;7,&; u) uniformly and u(™) is uniformly bounded, it is easy to see that I; — 0 as m — oo.

Since the C' norm of {u(™} is uniformly bounded, u is bounded Lipschitz continuous,
and both u(r, & (7;t, x;u)) and & (75t z;u™) (m = 1,2,---) satisfy the properties given in
Lemmas 2.4 and 2.5, the Lipschitz constant of u(™) (7, & (7;t,z;u(™)) (m = 1,2,---) and
u(T, & (73 t, 2;u)) with respect to 7 is uniformly bounded. Therefore

t
o] < Cs/ ™) (7, &(75 8, 25u™)) = ulr, &(75t, 25 0)) |dr
0
t
<Co{ [ letritiaia™) - giritzijir
0
t
+ [ i) — alr (st w)lar
0

By the uniform convergence of & (7;t, ; u(m)) and u("™)| it is obvious that Iy — 0 as m — oo.
Similarly, Is — 0 as m — oo.

Thus, the limit function u satisfies system (4.2) of integral equations. Obviously, system
(4.2) of integral equations is independent of the choice of approximation sequence.

Therefore, system (4.2) of integral equations can be used to define the Lipschitz continuous
solution. From the above discussion, we have the existence of Lipschitz continuous solution
defined by the system of integral equations.

In the last part, we want to show that the bounded Lipschitz continuous solution to systems
(4.2) of integral equations is also unique.

Theorem 4.2 The bounded Lipschitz continuous solution u to system (4.2) of integral

equations (4.2) is unique.

Proof Suppose that u,v are bounded Lipschitz continuous solutions to system (4.2) of
integral equations on the interval [0, d]. We will show u = v on D(¢) for any given M > 0. To
this end, we define

alt)= max |u;(t,z) —vi(t,z)], 0<t <6

|z|<M—At
i=1,---,n

By (4.2), we have

n

> i (u) (uy(t, x) — vt ) =L + T,

j=1
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where
h=}]%@@mmmm»—mw@mmmmmw@mmmM)
+§)MW&M@MW%@@%%W-%@@%xW)

Then, by Lemma 2.6, we have
t
[Ty < (C/0 + Cg)/ a(s)ds, (4.3)
0

in which @ is the C° norm of ¢, while
t
= [ (i) = Flo(r (it ai0))dr

noopt
+ ]Z_:l/O %lij(u)(uj(ﬂ &i(rit s u)) — v (7, &(5 ¢, 250)))dT
+ ]Zl/o (alw(u) - alij(v))vj(ﬂ & (st a;v))dr
+ Z(lij(v) —lij(u))v;(t, x)
j=1
= IG + I7 + 187

in which Ig denotes the first term on the right-hand side, Iy the second term and Ig the last two
terms.
‘We have

|16| S (Cg + 0105)/0 OL(S)dS, (44)

L] < (Chy + C1a0) /0 a(s)ds. (4.5)

Moreover, by using integration by parts, it is easy to see that

n

Is =~ Z(lijw(&(omw; w))) = lij(¢(&i (0 8, 250)))) b5 (€:(0; 2, 75 v))
—Z/ (Lij(u) —lij(”))%va‘(ﬂfi(ﬂtw;v))df

Then
t
Is| < (C136 + Cra + 0155)/ a(s)ds. (4.6)
0

From the above arguments, we have

D OICHIRE ) §016(1+0+6)/0 a(s)ds, i=1,--n.
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Then
t
at) < Crr(1+0 + 5)/ a(s)ds. (@7)
0
Hence, from Gronwall’s inequality, we get
at) =0, 0<t<4,

which shows the uniqueness of the Lipschitz continuous solution.

Remark 4.1 Suppose that u is a bounded Lipschitz solution to system (4.2) of integral
equations on the interval [0,6]. Under the additional assumption f(0) = 0, we have

lu(t,x)| < Cis0, Vte[0,0], z €R, (4.8)

where 6 is the C° norm of ¢. Similar results for the C! solution can be found in [2, 14].

Remark 4.2 We can get the existence of Lipschitz continuous solution to system (4.2) of
integral equations through a fixed point theorem.
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