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Hausdorff Operators on Function Spaces*
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Abstract The authors mainly study the Hausdorff operators on Euclidean space R".
They establish boundedness of the Hausdorff operators in various function spaces, such
as Lebesgue spaces, Hardy spaces, local Hardy spaces and Herz type spaces. The results
reveal that the Hausdorff operators have better performance on the Herz type Hardy spaces
Hkg’p(R”) than their performance on the Hardy spaces H?(R™) when 0 < p < 1. Also,
the authors obtain some new results and reprove or generalize some known results for the
high dimensional Hardy operator and adjoint Hardy operator.
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1 Introduction

We begin this article by recalling the 1-dimensional Hausdorff operator

ho f(z) = /Ooo @f@)dt, (1.1)

where ®(t) is a locally integrable function in (0,00). The operator hg has a deep root in the
study of the 1-dimensional Fourier analysis. Particularly, it is closely related to the summability
of the classical Fourier series. The reader can see [9-12] to find details of the background and the
historical development of the Hausdorff operator. An easy computation involving the Minkowski
inequality and scaling shows that, for all 1 < p < oo,

Cd(t)| 1
e flzse) < [ 25t ey

Thus, the Hausdorff operator is bounded in the Lebesgue space LP(R), if
/ 1D(8)t P dt < oo.
0

Another important function space is the Hardy space HP(R) for 0 < p < 1. It is known that
LP = HP for 1 < p < oo and H! is a proper subspace imbedding in the space L!. In [12],
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Liflyand and Moéricz proved that the Hausdorff operator has the same bound on the Hardy
space H'(R) as that in the Lebesgue space L!(R),

1o ()1 iy = (/0 (01t £ 5o

However, the boundedness of he (f) in the HP(R), when 0 < p < 1, is significantly different from
the case of H!(R). This phenomena was discovered by Liflyand and Miyachi. In fact, Liflyand
and Miyachi [11] found a bounded function ® whose support is a compact set in (0, c0), such
that the operator he is not bounded in HP(R) for any 0 < p < 1. So some smoothness condition
on ® may be needed to ensure the boundedness of he in the Hardy space HP(R) if 0 <p < 1.
By this observation, as a corollary of main results in [11], Liflyand and Miyachi established the
following theorem.

Theorem 1.1 (see [11]) Let 0<p <1 and M = [% —3]+1. If ® € CM and its support
is a compact set in (0,00), then

Hh<1>(f)||HP(R) = ”fHHp(R).

Using the same idea, Zhong obtained a similar theorem on the Triebel-Lizorkin space F;fq
(see [5—6, 8, 15-16] for the definition of this space).

Theorem 1.2 (see [17]) Let 0 < p <1, 1 <¢g< oo, € R, J = m, o)+ =
max{0, [o]}. Suppose that ® € CLH2+1ls where L is the smallest integer that is larger than

max{J — 2,[J — 1 — al}.
Also, assume that the support of ® is a compact set in (0,00). Then

1ha (Pl o @) 2 1|0 m)-

Our next observation is that the operator hg has an important feature: the Hardy operator
and its adjoint operator actually are special cases of the Hausdorff operator if one chooses
suitable functions ®. To see this fact, if z > 0, by a change of variables, one has

haso) = [ 2 sar

So if one chooses

_ X(l,oo)(t)

1(t) = x(0,1)(t) and  D(t) PR

then one can obtain the adjoint Hardy operator

o t(e) = 1) = [ L0t

and the Hardy operator

heuf(o) = H£(2) = 5 [ fa)
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respectively. It is well-known that Hardy operators, particularly in high dimension, are im-
portant operators in harmonic analysis and they were attracted extensive research by many
authors, for instance, see [1, 4, 7], among many references. These observations motivate us
to study the high dimensional Hausdorff operators and their boundedness in various function
spaces, while the Hardy operators are our model case. With this purpose, we study three
Hausdorff operators on the Euclidean space R™,

Hof(a) = [ T25(L)ay, (1.2

lyl™ " Nyl
_ [ 2 .
Hoa(hte) = [ TH Ay (19
Hoofe) = [ a0 1w (1)

where A(y) is an n x n matrix and we assume det A(y) # 0 almost everywhere in the support of
®, and €(y’) is an integrable function defined on the unit sphere S"~1. We denote j‘ip’g = Hg
ifQ=1.

The operator Hg 4 was defined and studied by Lerner and Liflyand [9], and the operator
Hg in (1.2) is a direct extension of the 1-dimensional Hausdorff operator he and it is a special
case of Hg 4, since

He A(f)(z) = Ho (f)(x)
if

1 1
[yl [yl
Also, we obtain the n-dimensional adjoint Hardy operator
. fly
wie = [ g,
Y

1>l 1yl™

and the n-dimensional Hardy operator

1
fﬁ@=l&9f@w

[

— Xz (@)
‘yl”n
We also define a discrete Hausdorff operator

if we choose ®(y) = xjy|<13(y) and ®(y) , respectively, in the operator Heg.

Hg aisf(z) = Y ®(B8%) f(A(B*)x)
keZ
with a positive number 5 (8 # 1).

The aim of this paper is to establish the boundedness of Hausdorff operators in various
function spaces. In Section 2, we study the boundedness of Hg 4 in the Hardy space H'(R™)
and on the local Hardy space h!(R™). Our theorems and methods are different from those in [9]
and this method allows us to establish the boundedness of Hp 4 and Hg in the Herz-type Hardy
space HK;"I’(R”) and in the Herz space an’p(R"), respectively, for all 0 < p < co. We show
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that the operator Hg 4 is bounded in the space H[.(qo‘vp(R”) for all 0 < p < oo, only assuming
some size condition on ® (no smoothness condition). Comparing our results with Theorems
1.1-1.2, we find that the performance of the Hausdorff operators in the space HEK o7 is much
better than that in the Hardy space H? or in the Trieble-Lizorkin space F;, when 0 < p < 1.
In the third section, we study the boundedness of the operator Hg f(2) in the Lebesgue space
LP for all 1 < p < oo, and in the Hardy type Herz space HK,‘;‘J)(R”). As an application, we
reprove the LP boundedness of the Hardy operator and the adjoint Hardy operator and obtain
the sharp LP bounds that are known in [4]. We also obtain the boundedness of the adjoint
Hardy operator in the Hardy space H'(R™). In Section 4, we show that the discrete Hausdorff
operator Hg gisf is bounded on H? for all 0 < p < 1, if the function ® satisfies some size
condition depending on the index p. In addition, for some further extensions to multilinear or
multiparameter cases, one can see [2-3, 18].

In this paper, we use the notation A < B to mean that there is a positive constant C
independent of all essential variables such that A < CB.

2 Operator Hg 4

2.1 H'(R™) boundedness
We first observe that it is trivial to obtain the L? boundedness of Hg 4. In fact, if

([ e al - ay) < <,

ly|™

then by the Minkowski inequality and a change of variables, for any 1 < p < oo,

P y _1
IHea e < [ TN det A3 i) e
On the other hand, the same argument involving scaling and Minkowski inequality gives the

boundedness of the operator Hg in the Triebel-Lizorkin space F;fq(R”) for any p,q > 1,

LI —
1Dl ooy < ([ T8I 501 ooy

It is well-known that
F2a(R") = HY(R")

for all 0 < p < oo. However, the scaling argument fails for the more general operator Hg 4.
Thus, to establish the H! boundedness of Hg 4, we need to use the atomic characterization of
the Hardy space HP. Let ¥ € S(R"™) satisfy

/;W@My#&

Denote
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The Hardy space HP(R™) is the space of all distributions f satisfying

p(RnY ‘= v, ‘
17wy = || 5w sl

The local Hardy space h?(R™) is the space of all distributions f satisfying

< 00.

p(Rn) +— su \Ijs* ‘
70y = | s 12l

It is known that the definitions of h?(R™) and HP?(R"™) are flexible on the choices of the function
. It is also clear that
Il @ny 2 N fllne@ey < N lee ey,
so that we have the imbedding
HP C h? C L*.

We remark that H? = hP” = LP when oo > p > 1, while H? and h” are merely quasi-norm
spaces if 0 < p < 1. More details of Hardy spaces can be found in [13].

We recall that Lerner and Liflyand [9] established H'(R™)-boundedness of the operator
Hg 4 under the following condition:

[ 2@l w)du < .
R™

In the following, we will obtain another criterion of the H!(R") boundedness. Our method is
different from that in [9], and it allows us to obtain a further criterion in the local Hardy spaces
and in the Herz type Hardy spaces.

Theorem 2.1 For any 1 < q < oo,

(b _n4n _ 1
| Hoon (F) a2y = / 'w(f’,fmy) i det A7 (y) [ dy |1l ).

where
Bly)=[A"'WI7Y 1A W)l = Sl;lglA_l(y)wllwl_l-

To compare the theorem to a result in [9], we note that |det A| < ||A[™.

Proof We prove the theorem by using the atomic characterization of the Hardy spaces.
Any f € HP(R™) has the atomic decomposition

f= Z)\jajv

where

D NP = |l

and each a; is a (p, ¢) atom. Here, a (p,g)-atom a, 1 < ¢ < oo, is a function satisfying



542 J. C. Chen, D. S. Fan and J. Li

suppa C B(zg, p);
(i)

. Pi.(y)a(y)dy =0

for any polynomial of degree k < n[% - 1];
(iii)
lallg < p"(a ).
Thus,
Hea(f) = XjHg ala).
By the Minkowski inequality,
[Ho ANl <Y INIIHa alag) | @n).
Thus it suffices to show that
[Ha,a(a)| 1 @ny =1

uniformly for all (1, ¢)-atom a. Using the Minkowski inequality again, and noticing that |A(y)z|
> B(y)|z|, we obtain

[2(y)]

ol B(y)™"*% [det A7 (y)|7 llay () ey,

Hoa@lar e < [
where
ay () = a(A@y)x)By)" T [det A~ ()] 7.
It remains to show that
lay()lm@ny 21

for any atom a and any fixed y € R™. To this end, we only need to show that a, is also a
(1,¢)-atom. Also, by a shift argument, we may assume that the support of a is B(0, p). It is
obvious that a, satisfies the cancellation condition (ii). Next, we check that the support of
ay(z) is contained in B(0, B(y) 'p). In fact, if |z| > B(y)~'p, then

|A(y)z| = B(y)lz| = p,
which leads to a(A(y)z) = 0. Finally,
1
oy lleceey = B+ ([ et 471 a(Awa) )

< (pB(y)"Ha "

Thus a,(z) is a (1, g)-atom. The theorem is proved.
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2.2 h'(R™) boundedness

The following theorem is a modification of Theorem 2.1.

Theorem 2.2 Let B(y) be the same as in Theorem 2.1. We have

| Ho a(lln@ey < CIfllnt@nys

where
q) Yy _ n _ 1
= [P )y n+ | ger 4= )]y
B(y)~1>1 |y|
O(y pan _ 1
+/ | (73'3(1/) T4 |det A7 (y)|4 (1 4 logy B(y))dy.
By)-1<1 |Vl

Proof As same as an H' function, an f € h'(R") has the atomic characterization with
atoms and big atoms. We say that a function o is a big (p, ¢)-atom if a# satisfies (i) and (iii)
in the definition of (p, g)-atom, and the diameter 2p of the support of a* is larger than 1. We

can write

f=f+f

Here
fr=">_uja;,
J
where each a; is a (1, ¢)-atom.
fa=) Naf,
J
where each af is a big (1, ¢)-atom. They satisfy

DU+ L) = [ llas ze)-

J

By the proof for H! boundedness (see Theorem 2.1), it suffices to show that
|\H<I>,A(a#)||hl(w) =1

uniformly for all big (1, ¢)-atoms a#. By the Minkowski inequality, we have

o Yy —n+2 — i
1 Hoa () s oy < / PO By n+3 | dot A2 (g)]F 0 (- ) amy s

ly|"

where
n—n _ —1
ajf (z) = a* (A(y)z)B(y)" "« [det A (y)| 7.
Since aff (x) is again a big atom if B(y)™* > 1 and

llallprgny <1
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uniformly for all big atoms, we have

D(y —ntn _ 1
[ BB de A @l (e
B(y)~'>1 ly

(I) y _ n _ 1
5/ 2] gy nt5 | der A1 ()5 y
B(y)~t>1 |y|

uniformly on a*. To finish the proof of the theorem, it remains to estimate

B 5w | At
/ D 3y) % Jdet A= ) ()l el
B(y)~1<1 |y|

To this end, we only need to show
laZf ()[nr@ny = (141logy B(y)).

Since we can assume that the support of a* is contained in the ball B(0,p) with p > 1, the
support of a¥ is contained in the ball B(0, B(y)~'p). Let

Without loss of generality, we may assume
4B(y)~'p < 100p.
We have

laZ ()llnr @) =/ sup ‘/n U, (z — z)aj(z)dz‘dx

|z|<4B(y)~1p 0<s<1

+/4 sup ‘/n Us(z — z)af(z)dz’dx

B(y)~'p<|x|<100p 0<s<1

+ / sup ’ / Ue(x — z)af(z)dz’dx
100p<|z| 0<s<1 "
=L +L+1s.

By Holder’s inequality,

q L 1 .n
L < (/ sup ‘/ \Ils(x—z)ajf(z)dz‘ dx) (B(y)~'p)7
|z|<4B(y)~1p 0<s<1 n

2 (B) )7 1M (@) o,
where M (ajk) is the Hardy-Littlewood maximal function of a#. Thus
I =2 (B) )7 flaf oy < 1.
Note in I3,
|z — 2] > 90p.

Thus, for 0 < s < 1, we have

1 —
|\Ils<x—z)|:‘s—n\ll<xsz)’j|$_z|_n_13nj|$|_n_1'
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This gives

135/ |x|_n_1</ |aj(z)\dz)dx51,
|z|>90p R™

since p > 1.

Also, for any fixed x, the maximal value of

is achieved at s ~ |z|?. Thus

1
L= | de( [l 2)dz) <1+ log, B
4B(y) "

~1p<zi<100p 2]
The theorem is proved. By this theorem, we obtain the following corollary for the operator Hg.

Corollary 2.1

0 () = (|

ly|>1

B()|dy + /

ly

- |2(y)] (1 + log, (r;”))dy) 1F 1t e

By a direct proof using the maximum function definition of h'(R™), we can obtain the
following result for the operator Hg.

Theorem 2.3 If

/|y|§1 2611+ g, (ﬁ))dy - / |(y)ldy < oo,

then

1Dl = [ @@l + [ (@)I(1+ 1oz, () )yl

ly|<1

Proof Let U € S(R™) be a radial function satisfying that W(¢) is decreasing in the interval
(0, 00). By Minkowski inequality, we have
®(y)

[ Ho (f)lln2@ny < /Rn NG f(m)
o | e s (v

d
h1(R™) Y

By changing variables,

T = |ylz, u—lylu,
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we have

| He (£)]ln S/Rn 1B (y sup ]/ y““) (u)du‘dxdy

R» 0<s<1 Tul T

- / B [ sup
n R“0<s<1

/n Ue(x — u)f(u)du’dxdy

<[ e sw v,
ly|>1

0<s<1

+ / @)l [ sup [ # f(o)|dedy
ly|<1

n 1
R 0<s§|y

= [ eyl + L
ly|>1
To estimate I, we let

N = log, ﬁ] +1.

Then
sup |V, x f(2)] < S |‘1/ * flz |+Z sup U f(z)]
O<S<Eﬁ ke 02k<5<2k+1
N o~
< sup Ty % ()] + > (T x [ £]) (@),
0<s< k=0
where
- 1 y
Ui(y) = ﬁqj(QkH)'
This gives
[l [ sw jw sy
ly|<1 R™ 0<s< Lo

Ty

N
< D(y (H sup |Ug + H\Tf * f’ )dy
/y<1 W 22, ) kZ:O Wy
It is easy to check that there is a constant C' independent of k such that

1% [l ey < ClFlLrn)-

Therefore,

)y e [ 12

()| (1 + log, - o
AR

I < ”f”Ll(R")/

ly|<1

Yl

The theorem is proved.
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2.3 Boundedness on Herz spaces

Herz type spaces are important function spaces in harmonic analysis. It should be pointed
out that Lu and Yang made tremendous contributions to these spaces. Their book (jointly with
Hu) [14] is the unique research book on this topic. Below, we briefly recall the definition of the
Herz type spaces.

Suppose

B ={zx e R":|z| <2"}, Ej = By\Br1

and xi = xg, for k € Z, where x g, is the characteristic function of Ej.
(a) Let @« € R, 0 < p,q < co. The homogeneous Herz space Kg"p(R”) is defined by

KP(R™) = {f € Ly (R™N0}) ¢ ||l gesvany < o0},

where
+o0o 1
[0} P
Il ={ D 2P xullan b
k=—o0

(b) Let a« € R, 0 < p < o0, 1 < g < oo. The homogeneous Herz-type Hardy space
HKXP(R™) s defined by

HKg’p(R”) ={feSR"): Gf Kg’p(R“)}7
where

||fHHK;*vP(]Rn) = ||GfHngP(Rn)

and Gf is the grand maximal function of f. Similar to the Hardy spaces, the space HK e
has atomic decompositions. Suppose 1 < g < 00, n(l — %) <a<oo,and s > [a + n(% — 1)]
A function a(x) on R™ is said to be a central («, ¢) atom if

(i) suppa © B(0,p) = {x € R" : [z] < p};

(i) flall agary < [B(0, )| %;

(ili) [zn a(z)2zPdz = 0 for a multi-index B with |8] < s.

It is known that, for 0 < p < 00, 1 < ¢ < oo and n(1 — %) <a<oo f€ HKg"p(R") if
and only if there exist a sequence of numbers {A;} and a sequence of central (a, q)-atoms {ax}
with the support in By and ) |Ax|? < oo, such that

kez
= Mear,
k

in S’. Moreover,

1
1l g eeor (my = Inf { ( Z |)\k|p) " . all possible representations f = Z )\kak}.
k k

Theorem 2.4 If p,q > 1, then

B,
1ol = [ T2 bl 11



548 J. C. Chen, D. S. Fan and J. Li

Proof By the definition and Minkowski inequality,

a1y = S22 [ 1 p@)lrd0)
kEZ k
-2 S el
<> (2 /E, Tt Gl as))’

kEZ B
’f<|y|)’ Lq(Ek>dy))p'

<o (S,
,; j% E; |y|"

Li(By) (/ (\;)‘ dm)%

1
=Wt ( [ @)’ =l e
k—3j

pa
q

Note that for y € £},

il

Thus by Minkowski inequality,

1
I g 33 ( f, Sl {Z2a<k-j>p||fxEk+j||’zq}’“dy)

JEZ keZ
ak | n p %
={>X (X I I xm, ledy) )}
k€EZ jEZ
)] »
=/ WL % 1y edyll 7] onr
R |y| Kq

The theorem is proved.
Note that
11l gor = I F 1o (2t dz)-
We obtain the boundedness of Hg in the power weighted space.

Corollary 2.2 If p > 1 then

2l
10 ooy = | T 01 101 1 ey

Theorem 2.5 Let 0<p<l<g< oo, n(l — %) < a < oo, and B(y) be the same as in

Theorem 2.1. Then we have

LW - NP
[ Ha,a (f)HHKg"l(R") j/R ly[" B(y)™® |det A 1(y)|qdy ||f||Hf<gvl(Rn),

and for 0 < p < 1,

[Ha,a ()l g geer memy

(y —a 10k -
<l | T B |det A7 )1+ log B(3)"dy
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. 1—p
with o > T

Proof We only prove the case 0 < p < 1, since the proof for p = 1 is the same as that for
Theorem 2.2. By the central atomic decomposition, for f € H K o7, we write

= Mea,
K

where
D~ p
Z |>‘k‘ — ||f||HK;¥p
kez

Also, following the discussion of [14, Chapter 6], we may assume that each central («a, g)-atom
ay, is a regular function supported in B(0, p). Now

Ho a(f) =) MHo alar).
kEZ
To prove the theorem, it suffices to show that
He alar) = cxjak,
JEZ

where each ay ; again is a central (a,¢)-atom and

D lenslP =<1

JEL

uniformly on k € Z.

We write

P .
beste) = [ W) o (aw)aiay, je.
21 <B(y)<2i+1 |yl

So
Ha a(ar)(z) =) brj(@).
JEZL
It is easy to check that each by ; satisfies the same cancellation condition as aj. Also the size
of by ; is

|P(y)]
sl < [ - Wi,
2i < B(y)<2i+1 |y

0]
<o | WL e 41 (5] dy.
2i<B(y)<2itt |Y["

ar(A(y) )|l Lady

Now we check that supp(ay ;) C B(0,277p). In fact, if |x| > 277 p, then
|A(y)z| = B(y)lz| > p,

which leads to ax(A(y)x) = 0.
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Now we write

H<I>A ak ch,jak,]
JEZ
with
g =270 [ W ges 4-1(y) 4 dy
2 <B(y)<2i+1 |yl
and

-1
Ak, = Cj bk’j.

It is easy to check that ay ; is a central («, q)—atom and

Sl =3 ( ), B0 )0 et A1) )’

ez jez /2 <B(y)<2it ly|™

< [ Wb deeam )1+ 1og By

The theorem is proved.

3 IA{/@,Q and Hardy Operator
3.1 LP boundedness

In this section, we study the operator

Hoof) = [ 0 aw) )y

and
fofe) = [ ppa

Theorem 3.1 Assume that ® is a radial function. Let S™ ' be the unit sphere in R™.
We have, for 1 <p < oo,

(@), =
t

[HeofllLr@n) < ||Q||LP’(S"—1)‘S7171|5/0 v dt ||l Legn)-

Particularly, we have

| Ho ey < 1571 / POV 41 1411

where |S™~Y| denotes the volume of the unit sphere S™1L.

Proof Clearly, we only need to show the result for I;Ep,g f, since the operator Hy is a
special case of Hg o by letting 2 = 1. Using polar coordinates and changing variables, we obtain

Hoafo) = [ 2 a0 )

_ [T o ,
_/0 T/Sn,lf“z“ y )y )do(y')dt.
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Thus, by Minkowski inequality and scaling,

oaflee < [ S [ g0 )0w)ast)

0

e

Lr(R™)

dt.
Lp(R™)

FU-1y)2(y ) do (y)

Sn—1

Here, by Holder inequality,

[ s mewetn| < ([ 15 9 IPdo(6))” 120 sy

This shows

LT

| Faof oy < 19 (o 1) S™ 1|*/

/ r" 1/Sn ) fry")Pdo(y )dr) de

aih 2(0)],
— 1205l P lareny [ iR

The theorem is proved.

Corollary 3.1 The Hardy operator

Hi(r) = — / T

|z
satisfies, for all 1 < p < o0,

[S*7H
plefHLp(Rny

| H fllLr@ny <
Proof In the operator Hg f(z), choose
() = X(1,00) (1)
Then we obtain the Hardy operator
Hy f(x) = Hf(x).
Thus, by Theorem 3.1,

|S™ ! p

VE Fllny < 157 / 571 | fl oy =

Corollary 3.2 For the adjoint Hardy operator

ly

>z Y™

we have that, for all 1< p < oo,

* ‘Sﬂ—ll
||H fHLP(R”) <p n ||f||Lp(]Rn).

-1 I Nl e rry-

551
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Proof In the operator Hg f(z), choose

®(t) = X(O,l)(t>'

So, by Theorem 3.1,

) S,
I o <1571 [ 687200 1l =l 222

The corollary is proved.

It is known that the bounds in Corollary 3.1 and Corollary 3.2 are sharp (see [4]).

3.2 HKQ’P and H! Boundedness

Theorem 3.2 Suppose 1 < q < o0, n(l — 5) < a < oo, and [a—l—n(% — 1)] < 1. Let ®
be a radial function. Then

=~ 12|, asn
1 Hae ()l oo oy 5/]R WM Tadyl| fll g et ey

and for all 0 <p <1,

7 ‘q>( )| « o
(Dl = [ T (0L + 108 )"y 1 oy

1—
where o > Tp.

Proof Checking the proof of Theorem 2.5, it suffices to show that for any central (a,q)-
atom a,

fﬁpa j{:(%z4k
kEZ

where each Ai(z) is again a central (a, ¢)-atom and
D lexl” <1
keZ

uniformly for atoms a.

Write
H o a Z b Lk
kEZ
where
gk+1
D(t
i) = [ B el oty ar

2k t Sn—1
By the Minkowski inequality,

ok+1

'/ 11y | edor(y)dt.

6k || o (mm) S/
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Here, an easy computation shows

/S’ . Ha(| . |t71y')|Iqua(y') < t%|B(0,p) 7%.

Therefore,
ok+1
_a O(t)| =
||bk||Lq(R") S |B(0,p) n / | i )|t‘1dt
ok
- o Yy n
ak<|y|<2r+t |Vl

By polar coordinates and the Fubini theorem,

ok+1

Rn
2k+1

=S @(t)t"fz/ 5”71/ a(sy')do(y')dsdt
2k 0 gn-1

2k+1

—|sm ] / B(t)t"=2dt / a(y)dy = 0.
2k n
Also, the support of b, is contained in B(0, 251 p). Thus we write
bk(l‘) = ckAk(x)

with

N |(y)], | LI672]
cp = 2k+D / ly|ady ~ =yt dy
2k <|y|<2h+L 2k <[y|<2h+L

ly|" ly|"

and
Ag(z) = cglbk(x).
We now have

14k oy < o5 lbelloqeny < 1B(0, 254 p)| 5.

@ o0
bp(z)dz = [S™ ! ﬂ/ r"_l/ a(rt™ty")do(y')drdt
2k t 0 Sn—1
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Combining the support and cancellation conditions, we know that Ay is really a central (a,q)-

atom. Now following the same proof for Theorem 2.5, it is easy to check that

(P Y at+ o
Zick\pj/R W15 (1 4 10g Jy1)7dy,

= ly[™
where 0 =0 if p=1and o > 1%’ if 0 < p < 1. The theorem is proved.

Theorem 3.3 Let & be a radial function. We have

1o (f)] 2 ) < ||f||H1(Rn)/ [®(y)dy.

R™

Proof By the atomic decomposition, it suffices to show that

Hﬁé(a)”Hl(Rn) =1
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uniformly on all (1, ¢)-atoms a, where ¢ > 1. For a (1,¢)-atoms a with support in the ball
B(xg, p), using polar coordinates and changing variables, we write

Hya(z) ~ /000 o) /Sni1 a(|z|t™ "y )do (y)dt.

t

By the Minkowski inequality,

dt.
HI(R")

Ho@lmn < [ [ a- oty

So, by a shift we may assume that a is a central (1, ¢)-atom with support in B(0, p). Denote
Aw) = [ allaly)doly).
Sn-

We now claim that t%A(%) is again a central (1, ¢)-atom.

First, we check the support condition of 7 A(%). We see that

> p

z| ,
o

if and only if
x| > tp.

This implies that t%A(%) is supported in B(0,tp).
Second, an easy computation shows

[74(5)

< [ Mol 1) erdo ()
La Sn—1

I o b an
- ([ o tatre i) doy)ls

i Jos Uy

1 n—1 > n—1 -1 7 / %

—lsm( P Ha(rty)|tdrdo(y) )
sn-1.Jo

1
=

15771 ¥ el < ()

Finally, by polar coordinates and the Fubini theorem,

/n A(%)dx = |S"_1|/0 rnt /SH?1 a(rt™'y")do(y)dr
= |S"_1|t”/O s”_l/s B a(sy')do(y')ds
=157 [ty =o.

So, we show that 7 A(%) is a central (1, ¢)-atom. As a consequence, we obtain that

~ > |P(t
@ me = [ Emar [ ey
0 n

The theorem is proved.
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Corollary 3.3 The adjoint Hardy operator H* is bounded in HKg’p(R") forall 0<p<1
if 1<q<oo,n(1—%) <a< oo, and [a—|—n($—1)] < 1.

Corollary 3.4 The adjoint Hardy operator H* is bounded in the Hardy space H'(R™).

Corollary 3.5 For the modified Hardy operator

5 _L f(y)

T s Y
yl<lal [P0

HY is bounded in HKg"p(]R") forall 0<p<1if 1<q<oo, n(l — %) < a< oo, and [a—l—
n(% - 1)} < 1, provided that

6>a+ﬁ.
q

Proof In the operator

Hofte) = [ 28U pgpay,

no Jylm
we choose
X{|y|>1 (y)
Then
~ 1 f)
Hp f(x) = —/ d
YO =G Jycger W
and
o Y —d+a+2 o
T 1 toglyldy < .

So the corollary is proved.

We remark that in Corollary 3.4, we need 6 > n, while H"f(z) is the Hardy operator
Hf(z).
4 Discrete Hausdorff Operator

Recall that the discrete Hausdorff operator is defined by

Ho aisf () = Y ®(8") f(A(B")a),

keZ
where (3 is a positive number and 3 # 1.

Theorem 4.1 Assume

S (1 @(B7)|B(B*) 5T [ det ATH(BR)] )P < oo,

kEZ
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where B(y) is the same as in Theorem 2.1. Then

| Ho ais f | ze®ry =1 fllme ®e)

forall 0<p<1.

Proof By the atomic decomposition, for f € HP(R™), we write

f = Z)\jaj.
J

Thus

| o is g gy = S I P11 s (@) o
J

By a shift, we may assume that each atom a; has support in B(0, p). The rest of the proof is

similar to the proof of Theorem 2.5. We leave the details to the reader.
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