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Abstract This paper is a continuation of the study of the algebraic speed for Markov
processes. The authors concentrate on algebraic decay rate for the transient birth-death
processes. According to the classification of the boundaries, a series of the sufficient condi-
tions for algebraic decay is presented. To illustrate the power of the results, some examples
are included.
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1 Introduction

Consider a birth-death process on the nonnegative integers Z with birth rates b, > 0 (n >
1), bp > 0, and death rates a, > 0 (n > 1). Let (p;;(t)) be the corresponding transition
probabilities. If by > 0, i.e., the process has reflecting boundary at origin, we define
bO e bn—l

po=1, fin=———— n=1
al...an

or, if by = 0, the process has absorbing boundary at origin and we define

by---b,_
=1, pp=—""1 p>2
a/2"'an

then, the process is p-symmetric, p;p;;(t) = p;p;:(t) for all ¢, j and ¢.
From now on, we suppose that the following conditions hold:

o0 1 o)
Zﬁ < 00, Zunzoo. (1.1)
n=1 """ n=1

These conditions imply that the process is absorbed at co. And in fact they are the criteria
for the transient property of the birth-death process with reflecting boundary at origin. It is
well-known that in the transient case, the transition probabilities (p;;(t)) satisfy

tlggopij(t) =0 foralli,jeZy.
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The process corresponds in a natural way to a strongly continuous semigroup (P;) on L?(u)
with generator L and domain D(L). It is said that the process has algebraic decay in L?-sense
if there exists a functional V : L?(u) — [0, 0] and constants C' > 0, ¢ > 1, such that

IPfI? < CV(f)-¢179, ¢>0, fe L), (1.2)

where || - || denotes the L?-norm with respect to .

When the process is ergodic, the problem of the algebraic convergence was well studied (see
[1] for instance). For further development in diffusion processes, see [2-3]. Mao [4] used another
method to study the algebraic convergence for discrete-time ergodic Markov chain. Wang [5]
used functional inequalities to discuss the decay of semigroups. In this paper, we focus our
attention on the transient birth-death processes, and work out some explicit criteria for the
algebraic L2-decay of the semigroup with respect to special type of V(f).

The starting point of our study is the following result of Liggett [6], which provides some
necessary and sufficient conditions for L?-algebraic decay.

Theorem 1.1 (see [6]) Let 1 < p,q < oo such that %Jr % =1, and let V : L*(u) — [0, ]
satisfy V(cf) = 2V (f) for all constants c. Consider the following two statements:
(a) There exists a constant C' > 0, such that

IfI2 < C'D(f)sV(f)7 for all f € D(D), (1.3)

where D(f) := D(f, f) is the Dirichlet form of L with domain D(D);

(b) There exists a constant C > 0, such that (1.2) holds.

We have the following conclusions:

(1) If (a) holds and V satisfies the following contraction: there exists some constant ¢; > 0,
such that

V(Pf) < aV(f), feL?u), t>0. (1.4)

Then (b) holds.
(2) If (b) holds, then so does (a) when the process is reversible with respect to fi.

Remark 1.1 In the original Liggett-Stroock theorem in [6], the contraction property of
V is represented as V(P.f) < V(f). Here, we use V(P.f) < ¢V (f) instead of V(P.f) < V().
It is easy to check that the Liggett-Stroock theorem still holds.

In fact, the criteria for algebraic decay of this paper are some more explicit conditions for
(1.3) of the Liggett-Stroock theorem in the context of the transient birth-death processes.

2 Main Results

For the birth-death process with birth rates b, (n > 0) and death rates a, (n > 1), the
corresponding operator is Qf(¢) := b;(fix1 — fi) + ai(fi—1 — fi), @ € Z4. Denote the Dirichlet
form by (D, D(D)),

D(f) = piai(fi — fi-1)?

i>1
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with domain D(D) = {f € L?(u) : D(f) < oo}. If by > 0, we can also use the Dirichlet form
as D(f) = > wibi(fix1 — fi)?. Tt is necessary to discuss the regularity of the processes, since
i>0

the process will not be unique. But it is lucky for us to have already known from Chen [7] that
(D,D(D)) is regular under the situation discussed now, i.e., the reversible process is just the
minimal process.

In this paper, we construct new types of V(f), which is different from the ergodic case but
more convenient for us to discuss. Under these types of V(f), a series of necessary and sufficient
criteria for the transient birth-death processes is presented according to the classification of
boundaries.

We start from discussing the contraction property of V. Let ¢ be a positive function defined
on Zy. For § =0 or 1, define

fRub;
Vs(f) = sup pey (2.1)
i i
Then, we have the following criterion for the contraction of Vs(f).
Lemma 2.1 Let 9s(i) = —%i_ where § =0 or 1. If there exists an iy € Zy, such that

\/77
QW5) (1) <0 for all i > g,
then we have Vs(Pyf) < cVs(f) for some constant ¢ > 0.

Now, we discuss the birth-death process with absorbing (Dirichlet) boundary at infinity and
reflecting or absorbing boundary at origin. Let

) o T 5 S
o(i) = —, 1€Zy, o —, 1€Zy\{0}.
12:v/bi i o Vai g ¢

The main results are presented as follows.

Theorem 2.1 Suppose that the birth-death process satisfies the conditions (1.1). Let that
the functional Vs be defined as (2.1).

(1) Under the conditions stated below, the transient birth-death process with reflecting bound-
ary at origin has algebraic decay with respect to V= Vs (6 =0 or 1) and the same q, i.e., (1.2)
holds.

(a) There exists an ig € Zy, such that \/E g - a\/g is increasing for all 1 > ig;

(b) sup a(n) < oc;
nely

2(g+6-1)

< oo for some constant ¢ > 1.

(c)

Furtlr;;rmore, if the condition (b) is replaced by the condition (b') below, then the transient
birth-death process with absorbing boundary at origin has algebraic decay with respect to V =
Vs (6 =0 or 1) and the same q.

(b") sup o(n) <ocoor sup o(n)<oo.

neZ, nez /{0}

(2) Conversely, suppose that the process has algebraic decay with respect to Vs (6 = 0,1).
Additionally, suppose the function ¢ in the expression of Vs has the property that ¢ is increasing,
¢o > 0, and satisfies one of the following two conditions:
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(i) 0< hmlnf ¢N < h]{[nsup g’” <1;
(ii) There exists an R € Z", such that 0 < hm mf ¢fri < limsup ¢

N—o00
Moreover, if there exists some constant B > 0, such that

i v/ bib;
c(m) := sup (@197 — +197")

. 2m—20
z i+1¢i

then we have ) ﬁ ~¢F < oo forallk < 2(q—1)8+24.

<oo for allm € Z7,

Remark 2.1 (1) The process with absorbing boundary at 0 can be decayed at co (explosive)
or at 0 (extinctive). These two criteria in (b’) stand for the absorbing conditions on the infinity
and the origin respectively. we can use them to evaluate on which side the process is decayed
faster. It is convenient for us to calculate these two conditions separately.

(2) For the test function ¢; in Theorem 2.1(1), we can get it from condition (c). It may
have the form " or a’ for some n > 0, a > 0. Then check the conditions (a) and (b).

(3) A typical choice of ¢ in Theorem 2.1(2) is as follows: There exist constants o > 0, ¢; > 0
and ca < 00, such that ¢; < % < ¢g for all 4 > 1. Then the condition (i) holds. Otherwise, let ¢
satisfy the following: There exist constants o > 1, ¢§ > 0 and ¢}, < oo, such that ¢f < % < d,
for all i > 1. Then the condition (ii) holds.

To illustrate the power of our results, there will be several examples presented in the last
section.
Now, we consider another type of V(f). This construction of V' is due to Chen and Wang

[1]. Let u, be a positive sequence and denote p;; = | > ux — > ug|. Define
k<j k<i
~ i) — f(5))? k+ k)2
Vs(f) = supwzsup‘ﬂ )25 1 (k) , 0=0,1. (2.2)
i£j Pij k>0 Uy,

Going back to the work of Chen and Wang [1], we know that the contraction (1.4) works
automatically for V5 and a sufficient condition for (1.4) with V; is the following: There exists a
coupling operator €2, such that

Qp(i,j) <0 foralli#j and Qp(i,i) =0 for all .

See [1] for the proof. Then we have the following theorem.

Theorem 2.2 Suppose that the birth-death process satisfies the conditions (1.1). Let ‘71 be

Z i
defined as (2.2). Denote oy, := =2— u . Suppose that the following conditions hold:

(1) bpun — apun—1 is nonincreasing (u—1 = 0);
2
(ii) Zuz (3 )qu < oo for some g > 1.

Then the transient birth-death process has algebraic decay with respect to ‘N/l.

Remark 2.2 In fact, Theorem 2.2 is true for the transient birth-death process with reflect-
ing or absorbing boundary at origin, because what we consider is the absorbing rate by the
state co. The detailed proof will appear in the next section.
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It is much easier for us to consider the algebraic decay with respect to 170, as the contraction
is satisfied automatically. Using the similar method as in Theorem 2.2, we have the following
result.

Corollary 2.1 Consider the birth-death processes as in Theorem 2.2. If Z pibi (3= )q < 0o

i=

for some g > 1, then the processes have algebraic decay with VO and the same gq.

3 Proofs of the Main Results

Proof of Lemma 2.1 Due to Q(v5)(i) < 0 for all i > i, we have Eitps(X;) < cibs(i) for
some constant ¢ and for all ¢ € Z. Therefore, we get

P f(i) ’2 _ ’Eif(Xt) ‘2 _ E’( f(Xe) %(Xt))f

Y5(i) s (4) VYs(Xe)  ¥(d)
F(E) 12 (B (s(Xe))\2 _ o
_;élzli Vs (k )‘ ( Vs (1) ) = Valh). (3.1)

Taking the supremum over i on the left-hand side yields V5(P.f) < c?Vs(f).

Proof of Theorem 2.1 Some ideas of the proof are taken from [1].

(1) We prove part (1) of the theorem.

(i) Firstly, suppose that the process has reflecting boundary at origin. Let f satisfy || f|* =
1. As the process satisfies the conditions (1.1), it is easy to know that

= i —0, " = 00,
foo 1= lim fy asZu %0

Then we have

1=l =Yg =S ()6
i=0 i=0 v
{ Zui(ﬁ)Q};{ 3 M%b‘ (%)2 1i2b; ¢3<q+a_l>};
i=0 v i=0 i

IN

1__1
=:I»IIs.

Now, consider the first part I.

§2zﬂ (flc_karl)(fl fi+1)

=2) (fk = frr1) Vb b, —f
;0 k k+1 kOk Z ¢2 Z l+1
0 k

<2( DUk = fern) Nkbk)%(i (> &;‘ﬁ : fk)Q)%. (3.2)
i—0 i

k=0 k=0
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Here, we use the Schwarz inequality in the last step as

oo k 2 k
Hr P 1 Hiy®
kzo(lz;qszm ) kzof’“ o2 ukbk<;¢§>
= if;? : %g 10 (k) < T-sup (k). (3.3)
k=0

When sup o2(k) < oo, combining the above two inequalities (3.2)—(3.3), we see that
k

I1<2v/D(f) sgpaQ(k)I

Solving the inequality, we get I < C1D(f), where C; = 4sup a?(k) < oo.
k

Next, consider the second part II.

B L /fi? 2(g+6-1) L 2(grs-1)
II—Z@(@) i bi - SVJ(f)Z@QSi :

Hence,

I£1I> < CD(f)» Vs (f)7,

where C = CY (Z by ¢2(q+6 1)) < 0o by assumption. By the Liggett-Stroock theorem, the

process has algebralc decay.
(ii) Secondly, suppose the process has absorbing boundary at origin. Let f satisfy ||f||> =
1, fo =0 and f, = 0. As same as the proof of reflecting boundary case, we have

1= |fII* = me2

<{;m<¢;>2}%{§é - e o)

i=1 k=1 il Bt
oo o l
- L N M
=22 (- fo)Vima: ) g ) = fe-)
00 1 o) f2 0o » ) %
(;:'fl fi-1] Mlal) (;l;l(;(ﬁ> )

_ B8 (N i\ 2
2¢D(f)(;m¢ ()
< 2/D(f) - (I supo ))%
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The following discussion is similar to (i), and here we omit it.
(2) We now prove part (2) of the theorem. We select a particular function as

¢m
uk\ﬁ

for some positive natural number m > 3, where Ig, (k) is the indicator function of the set
Ey ={0,1,---,N}. Obviously, we have

(k) = Ex (k)

N
1 m
||fH2 Z/M 2 _ZﬁﬁﬁQ . (3.5)
i=0 i=0 7t

Then, by estimating the value of V5(f) and the Dirichlet form, we obtain

Vg(f) — max ¢z2m:u22bl = max ¢2m 25 <¢2m 28 (36)
0<i<N ufbi@?‘s 0<i<N

and

ol m
D(f) = ZﬂzbZ(ferl Zﬂz 2( fiis — ‘u(_b\l/g)g

i=0 Pit1y/bit1

_ XN: 1 ( pibidit, bz¢§">2 _ zN: 1 (a1+1¢1+1 f¢m)
=0 p’lbl Hi+14/ 2+1 \/E i=0 lu‘lbl vV bz+l
N

Sk o
i—0 Vi

Assume that the process has algebraic decay. By the Liggett-Stroock theorem, combining
(1.3) with (3.5)—(3.7), we get

N
Z ¢2’”: IF1? < C'D(f)»Vs(f)a
=0 'u
2ms) (N g 1
1 q (m—pB)\r
=c(m)r¢ ?;
2(m—5) B N m—p8

C(m)l/p¢N !

()™ () ™

Here, we use the Schwarz inequality in the last step. Solving the inequality, we get

N 1 9 2(m—9) . mp
Z ﬁ@'m <c(m)py © T (3.8)
i=0 7

N e
_om mp—m
where ¢y (m) = ¢(m)mp=—m+75 ( Zo #ilbi> :
=

Now, we consider separately the two cases (i) and (ii) listed in Theorem 2.1(2).
(a) Firstly, suppose that (i) holds. Then, there exist ¢; > 0, 0 < ¢y < 1, such that
N N

0<01<11m1nf—<11msup—<cz<1
N—oo ¢aN = Nooo P2N
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Due to the inequality (3.8) and the increasing property of ¢, for k < 2m, we have

2N 2N

1

Z ¢i€ — Z Q/)k 2m-+2m < ¢§N2m Z
— ;b :
=N i= N

<c 2m k¢§N2mZ 2m 2m k¢12€N2mZ Z

=N ,LLz 1 =0 ,Ufz 4
2 k2 2(m—5)_ mp
<c m— (b m 1 (m)d)QNq mp—m+B
=: ex(m)d3, (39)

where Cz(m) = c%mikcl(m) and —y = k—2m+ % is the power of ¢N' When m — o0,

—~ converges to k —2(q —1)3 — 25. Thus, when k < 2(q — 1) + 2§, we can fix m large enough
so that —y < 0. Combining (3.9) with the fact that limsup (- ¢N )7 < ¢y < 1 (ratio test), we

N —o00
obtain
[ee] 1 50
Z Z > ¢?7SCZ¢;L<OO for all k < 2(qg — 1)8 + 26,
i=0 /J"L Z 1=0 2l<j<2i+1 1 Hj04 =0

2m—k (& \mwrr

m— —m .

where C' = ;™ “c(m) mp=m+F ( E . #ibi> < +00.
1=

b) Secondly, suppose that (ii) holds. Then there exist ¢} > 0, ¢4 < 1, such that
1 2

0 < ¢} <liminf N < limsup oN

<dy <1
N—oo ON4R Nooco ON+R

Due to the inequality (3.8) and the increasing property of ¢, we get

(N+1)R 1 (N+1)R 1 (N+1)R 1
I.c _ k—2m+2m < k—2m 2m

Z Mibi(bz Z pibi il N Z Nibi¢l
i=NR NR i=NR

(N+1)R 1

r2m—k  k—2m 2m
<c ¢(N+1)R ‘ 11:b; b;
i=NR

< CB(m)(b(_]C[/Jrl)Rv

2m—k

where c3(m) = ¢} c1(m) and —~ is the same as in (a). By the same discussion as in (a),

for m large enough, we have

e oo (N+1)R—-1 1 o
Z Z Z _b,¢§§0/z¢(_]{,y+1)R<oo for all k < 2(q — 1) + 29,
i=0 ILLZ Z — j N NR /‘l’l i o
m & T
where C" = ¢} > F¢(m) w7 - ( > ;ulb) < 4o,
i=0" """

Proof of Theorem 2.2 Because the process satisfies conditions (1.1), which implies that
the process is absorbed at oo, the proof is concentrated on the absorbing rate by the state oc.
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Let f € L?(u), ||f|| = 1. Then fo = lim f, = 0. We have
n—oo

1= IfI2 = Zuz{z —p} < w{ Sl sl
i=0 j=i

=1

< 22#1 o U= fial - 1k = feral

i=0 i<j<k

= 22‘“2%‘ — Fial D1k — fogal

=i k=j
J
=23 |fi = firal D fx — feal - =
=0 . Hj

< 2{ IR EIRATEDD (Z | fre — fk+1|) Nj} :
3=0 =0 k=j
00 0 2 0
Thus we have ;)ui{ Z(fj — fjH)} <4 'Zo Ifi — fj+1|2o'_]2»,l,bj. Using the Schwarz inequality,
1= Jj=t J=
we have
1112 <4 1f5 = fialPofu;
3=0
00 1 02}1 1
P q
= 4{Zﬂjbj|fj - fj+1|2} {Z|f] fj+1| 1jb; - bq }
§=0
< C-D(f)Vi(h)*,
where

_4Z,ujb1 1 ? fq—4Zuj (—) u- < o0.

Finally, we need to test the contraction property of ‘71 We select the classical coupling Q
(see [1, Lemma 4.1] or [5, Theorem 3.3] for details), such that for all j > ¢ > 0,

Q(ﬁi]‘ = bjuj — QjUj—1 — biu; +a;u;—q <0, u_q:=1.

Thus, \71(Ptf) < ‘71(f) By Theorem 1.1, we get the conclusion.

4 Examples

In this section, we examine some examples. We note that the Vj in the following examples
is used as the first type given by (2.1).

Example 4.1 Let b; =1, a; =1 — %a (i >2), ag =1, where 0 < a < 1. It is known
that the process does not have exponential convergence rate due to [6]. By using Theorem
2.1, we see that the process has algebraic decay with respect to V7 in terms of the sequence

o =1i° (s > a).
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Proof It is easy to get f; ~ eT =" . So when 0 < a < 1, we have Zuk = oo and

> ﬂkbk < o0, that is, the process is transient. Take ¢; = i°* V 1 for s > a. Now we test the
E

conditions (a), (b) and (c) of Theorem 2. 1(1)

(a) For simplicity of notation, we write g(i) = \/bi—_1¢;—1— L’” =(i—-1)°"— % It is
g() =1.

gs—o

easy to test that g(4) is an increasing sequence when i is large enough because of iginm

7 1.
(b) Next, consider o(i) = Z g— Because ¢“—+1 ~ % is increasing with ¢ large
enough, by using the Stokes theore we get
-2
- 1 1
hm O'(’L) lim ¢Z -1 = hm 2:'—1‘5#1 = hm 2s - - < 00.
i—00 i—00 ,ul(b Mi—l‘éifl i—00 (iil)s — H:— i— (e Zs(l _ Zfo‘)

Thus, we obtain sup o (i) < co.
i
(c) Because ﬁqﬁ?q ~ mz@qﬂ we can get that ) ﬁqﬁfq is finite for all ¢ > 1.

Thus due to Theorem 2.1(1), the process has algebraic decay.
Example 4.2 Let b; =7+ «, a; = ¢, where a > 1. The process has algebraic decay rate

iff & > 2 with respect to V in terms of the sequence ¢; = i° (% <s< %)

It is easy to know that > ur = oo

Proof (1) Firstly, we can obtain that ug ~ kafl.
L. So the process is transient.

because of a € (1,+00), and > - bk < 00 because of - bk
Take ¢; = i V1 (1 < s < 22-1). Now, we test the conditions (a), (b) and (c) of Theorem
2.2(1).

(a) Tt is easy to check the monotony of 1/b;—1¢;—1 — %qﬁi.
(b) Now, consider the condition (b) of Theorem 2.1. We have

So Vi satisfies (1.4).

i —~ [k

o(i) = i+ a kzodTi - i (i

5 is increasing for ¢ large enough. Then, we have

.Z’fs'

When s < 2221y (i + a)2i~

i—2s

lim o(i) = lim n _l T < 00.
i—oo meo (it o)z it - B (ita—1)z - (i —1)7F

Hence, we get sup o(i) < oo.
(c¢) Finally, con51der the condition (¢) of Theorem 2.1. Because —¢2q ~q

obtainzﬁ@?q <ocofora>2and 1< ¢g< 2—;
Thus, due to Theorem 2.1(1), the process has algebraic decay. This finishes the proof of

j245=%  we can

sufficiency.
(2) We examine the necessary conditions. Take ¢; = i°.

B8 = 2% We have
(aiv16f11 — /bibit10]") — lim ((+1) ™ =i+ a)(i+a+1)-¢°m)° = (m+1)2

i—00 b2 %P i—00 (i + 1+ a) - §2s(m=p)

Then ¢ satisfies condition (i). Let
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Thus we get ¢(m) < co. According to Theorem 2.1(2), if the process has algebraic decay with
respect to Vi, we have

1 1
Za F< oo forallk<2(q—1)ﬂ+26—7+2
i

But we know this is impossible when 1 < o < 2, that is, the process does not have algebraic
decay when 1 < a < 2.

Example 4.3 Let b; =i (i > 1), a; = i — /i (i > 1), a; = 1. Then the process
has algebraic decay with respect to Vj in term of the sequences ¢; = p; with decay rate and
€ (1, %) And the discussed process does not have exponential decay rate.

Proof We can get uy ~ e2VE Ttis easy to see Y up = 0o and Z - < 00. So the process
is transient.
Firstly, let

N~ o —i -1
(i) = ooy = G = VT = = e

Obviously, ¢(4) is increasing for i > 1.

Secondly, take ¢ = jux (k > 1). Then we have 5 (i) = - It iseasy tosee lim o(i) =

1
,u 11— 400

%\
TIMS

0. So we get supo( ) < oo.

o0
Finally, we have 231 M%i¢?(q_1) = 2:1 W < 0o, when 1 —2(¢—1) > 0.
1= 1= i B
Thus due to Theorem 2.1(1), the process has algebraic decay when ¢ € (1, 3).
Example 4.4 Letb; =4 (i > 1), a1 =1, a; =i(1— %) (3 <a <1, i >2). Then the
process has algebraic decay with respect to V; in terms of the sequence of ¢; =i* (s > a — %),
and the processes discussed above do not have exponential decay rate.

Proof As in Example 4.1, we can check that the process is transient. Let ¢; = i* V 1
(s >a— f) It is easy to check that V[ does not satisfy the contraction condition, so we only
need to consider V7.

(a) Firstly, consider the monotonicity of \/ZZ Di1 —

aidi
N Let

(quj)‘ 11 1 1
1) = bi, i—1 — 2= 1—1 sta ié+§ +is_a+§.
) =Vbi—16i—1 NG (i—1)
It is easy to see that g(4) is nondecreasing when i is large enough.
(b) Then, we have

by - b, (k — 1)1 1 I
:1 = = ~ — 7]§ @ .
o TR — L) - ) keXp{l— }

Obviously, & \F is increasing when ¢ is large enough. Hence,
’l

I

A = lim 1

i—00 i—00 Ni(;/bi i— 00 wivhi Hi—14/bi—1 i— 00 124‘5 _ % . (Z _ 1)%_5 . g2s
¢ ®i Pi—1 ‘
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As B2l — (1 — =) we have

i i—17

. 1 . 1

,hm 1 - ; 1 o ,hm 1 ; ] T . < oo.
i—oo0 g3 ts — Hiz1l | (l _ 1)5—8 . q2s i—oo j3ts (1 _ Zf"‘) . (Z _ 1)—5—8 .25 +1

Hi

It is easy to see that supo(i) < oco.
i

o0
(c¢) Obviously, we have 231 ﬁ - 927 < o0.
=

Due to Theorem 2.1(1), the process has algebraic decay with respect to V;.
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