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On the Regularity Theories for Harmonic
Maps from Finsler Manifolds*

Wei ZHU!

Abstract The author studies the regularity of energy minimizing maps from Finsler
manifolds to Riemannian manifolds. It is also shown that the energy minimizing maps are
smooth, when the target manifolds have no focal points.
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1 Introduction

Harmonic maps between Riemannian manifolds are very important in both differential ge-
ometry and mathematical physics. One method to establish their existence is the direct method
of the calculus of variations (see [1-3]) and the regularity was proved by Morrey [1], Schoen
and Uhlenbeck [4-5].

Harmonic maps in Finsler manifolds were first considered by Mo [6], which were also defined
as the critical points of their energy functionals, and were extensively studied later (see [7-9]).
As the Riemannian case, it is also important to study their existence and regularity. Mo and
Yang proved the fundamental existence theorem for harmonic maps from Finsler manifolds to
Riemannian manifolds in 2005 (see [11]). von der Mosel and Winklmann showed that weakly
harmonic maps with the image contained in a regular ball are locally Holder continuous (see
[12]). Recently, Mo and Zhao proved that a weakly harmonic map from a boundless Finsler
surface to a sphere is smooth actually (see [13]). The key point of the treatment for the maps
from Finsler manifolds to Riemannian manifolds is to construct a Riemannian metric from the
fundamental tensor of the Finsler metric, so that the problem of these maps was transferred to
that from Riemannian manifolds with induced Riemannian metric and induced volume measure
to Riemannian manifolds.

In this paper, we use the above idea and follow Schoen and Uhlenbeck’s method to get the
interior and boundary regularity theories:

Theorem 1.1 Let (M,F) be a compact n-dimensional Finsler manifold (n > 3), and N be
a compact Riemannian manifold. Let ¢ : M — N be an E-minimizing map in W12(M, N).
Then dim(S NintM) < n — 3, where dimA is the Hausdorff dimension of a set A, and & is the
singular set of ¢. If n = 3, then & is a discrete set of points. Moreover, if there is an integer
1 > 3, such that every MTM from BRI — N is trivial, 3 < j <1, then dim(&NintM) < n—1[—1.
Ifn=10141, then G is a discrete set of points, and if n <1+ 1, & = @.
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Theorem 1.2 Let (M,F) be a compact n-dimensional Finsler manifold (n > 3), and N be
a compact Riemannian manifold. Let ¢ : M — N be an E-minimizing map in W12(M, N).
Suppose 1 € C**(OM, N) and ¢|larr = . Then the singular set & of ¢ is a compact subset of
the interior of M, in particular, ¢ is C* in a neighborhood of M.

Theorem 1.3 Any E-minimizing map ¢ € W12(M, N) between Finsler surface (M, F) and
compact Riemannian manifold N is smooth.

Remark 1.1 When (M, F) is a boundless Finsler surface and N is a sphere, Theorem 1.3
is a corollary of the theorem stated in [13].

The contents of this paper are arranged as follows. In Section 2, some definitions and
fundamental formulas which are necessary for the present paper are given. In Section 3, we
give the proof of the main theorems and get two corollaries as in [4, 14].

2 Preliminary

Let M be an n-dimensional (n > 2) smooth manifold, and = : TM — M be the natural
projection from the tangent bundle TM. Let (z,y) be a point of TM with x € M, y € T, M,
and let (z¢,y%) be the local coordinates on TM with y = y* a?w" A Finsler metric on M is a
function F': TM — [0, +00) satisfying the following properties:

(i) Regularity: F'(x,y) is smooth in TM\O0;

(ii) Positive homogeneity: F(z, \y) = AF(z,y) for A > 0;

(iii) Strong convexity: The fundamental quadratic form

- - 1
gy 1= gij (@, y)da’ @ da,  gij = Sy
is positively definite. Here and from now on, we use the following convention of index ranges

unless otherwise stated:
1 S Lja'“ S n, 1 S avﬁvV?'“ S m.

Let ¢ : (M, F) — (N,h) be a smooth map from an n-dimensional Finsler manifold (M, F)
to an m-dimensional Riemannian manifold (N, h). The energy functional of ¢ is defined as

E(¢) = ! /SM |do[*dVam

2Cn—l

_ 1 ij ol a(bﬁ
T 20, /SMg (@, y) 57 g e (@(2))dVan, (2.1)

where (¢"7) = (gi;) 7", dVem = Qd7 Adz, Q@ = det(22), dr = > (=1)yidy' A--- A d/y\l Aeee
i=1

Ady", dz = dz! A--- Adz™, and ¢,,_1 denotes the volume of the unit Euclidean sphere S~ 1.
Let

_ Js i 97 (2, y)det(gr (2, y))dr

9@ = T et A (22)

o(z) == — det(gu(z, y))dr, (2.3)
Cn—1 Js,M

(@) == (@)~ (2.4)
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Then g := g;;(z)dz’ ® dz? is a Riemannian metric on M (see [11]). Hence,

B0) =5 [ loots (25)

where |d¢|2 denote the norm by Riemannian metric g, i.e., [d¢|2 = 7" (x) Do g%fhag((b(x)).

By the Nash embedding theorem, we embed N isometrically in some Euclidean space R¥.
Let W12(M,R*) be the Sobolev space of the maps from M to R*, whose squares of weak
derivation is integral with Hilbert norm

el = [/M(|¢I§+ |dg[2)o(x)dz| . (2.6)
Define
WY2(M,N) = {¢p € W' (M,R*) : ¢(x) € N a.e. x € M}. (2.7)

As is known, W12 (M, N) is weakly closed in W12(M,R¥), while {¢ € WL2(M,N) : ||¢|| < C}
is weakly compact. Moreover, the energy functional is lower semi-continuous with respect to
the weak convergence in W12(M,RF).

We call ¢ € WH2(M, N) a weakly harmonic map, if it is a critical point of energy functional,
that is, ¢ satisfies the Euler-Lagrange equation for E in the sense of distributions, i.e.,

AO’¢ + TI'HA(d)) (d¢> d¢) = Ov (28)

where A, = ﬁ ‘2 (9”7 (x)o(m)%), and A(¢) is the second fundamental form of N in R*
(see [11]). An E-minimizing map means a map ¢ € W12(M, N), such that E(¢) < E(¢)) for
any map ¢ € WH2(M, N) with ¢ = 1) on M. It is easy to check that an E-minimizing map
¢ € WH2(M, N) is a weakly harmonic map.

A point x € M is a regular point if ¢ is continuous in a neighborhood of z. Let ;R = PR(¢) be
the set of all regular points and & = &(¢) be the complement of $3. A homogeneous harmonic
map with an isolated singularity at 0 will be referred to as a tangent map (TM). A tangent map

which is energy minimizing on compact subsets of R™ is a minimizing tangent map (MTM).

3 Proof of Main Results

In this section, we assume that (M, F) and (N,h) are compact. The existence of E-
minimizing maps can be obtained by the direct method in calculus of variations. We are
going to prove their regularity.

Let By be the unit ball in R™ with radius of A\. For A > 0, let A denote the class of
functionals £ on B; with metric g and volume measure o(z)dz, such that g,;(0) = d;;, and the
lower order terms satisfy, for z € By,

o ()
> ||+ X <4 (3.1)
irjok i
where w(z) := -ZZL which is a smooth function on M. Let Hy := {¢ € WL2(M,N) : ¢ is

Vdetg
E-minimizing for some E € F}. Let By(p) be a geodesic ball in M of radius A centered at

p € intM. Define a functional EP* on By, by setting
1 _
BAw) = 5 [ a0l ) )y et )y

= A27”E’(11Z))|Bx(p)a (32)
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where ¥(y) := d(\y), gjj (y) = g;;(Ay) and w*(y) = w(Ay). Then we can state the following
lemma.

Lemma 3.1 Given A > 0, there is \g = A\o(n, FyA) > 0, such that for 0 < X < Xy and
p € M, if ¢ is E-minimizing, then 1(y) := ¢(\y) is EP*-minimizing where EP> € Fy.

Proof Choose a normal coordinate around p. Since

9y (w) 97, () Ow ()
2 e ’ <o,
‘ Ok ’ ‘ Oxk =1 ork | = 72
. 99 9«*) . ow
where C} = sup | =551, Cy = sup ‘ azk m, forall 0 < A < Ao,
i,j,k=1,--,n k=1,---,n
we have
a.gz] (%J
Z' ot \ Z] ’<)\3nCl+nC2)7

(N

Since g,}‘J(O) = 7;;(0) = 6ij, EPA € Fa, by EPA() = AQ*"E(¢)|BA(Z,), we get that ¢(z) is
EP*-minimizing.

Thus from now on, we consider E € Fy, where A is sufficiently small.
For 0 < A <1, let
1
EA6) =5 [ ldolda, (33)
By

where § denotes the Euclidean metric, and let E) denote energy E taken over B,. By the
Taylor expansion, the following inequality holds:

|BEA(¥) = w(0)"Ex(¥)| < CLAN Ex(9) (3.4)
for any ¢ € WH2(M, N), where C is a positive constant depending on n and F. In fact, given
the Taylor expansion of g (z)w(z),/det(g,;)(x) around z = 0, using (3.1), we have
|[EA() — w(0) B3 (v)]

5 [ ) @ (e fdet(g,) (@) - 57w(0)) s
B

X ayi,g

/B S ANC[Eef e

X a,i,g

| /\

< CLIANEL ().

By the same arguments in [4] and using (3.4), we have the results as follows.

Lemma 3.2 Let ¢ € Hy for A sufficiently small. Then, we have
o [ oy < ot [ Jasay (3.5)
Bx(x) By ()

for any x € By and 0 < X < p < dist(x,0By), where Cy is a positive constant depending on n
and F.

Theorem 3.1 There exists a constant € = e(n, F, N) > 0, such that if ¢ € Hp, A < € and
SF1(¢) <€, then ¢ is Hélder continuous on B%,
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The proof of the above e-regularity theorem is almost the same as the proof of [4, Theorem
3.1]. We need to notice that in this case the Euler-Lagrange equation and the monotonicity
formula for E-minimizing map are in the form of (2.8) and (3.5). The following corollary is
proved as in [4, Corollary 2.7].

Corollary 3.1 If ¢ € WH2(By, N) is in Ha, then H*2(& N B%) = 0. More generally, if
¢ € WL2(M, N) is E-minimizing, then H"~%(& NintM) = 0.

Proof of Theorem 1.1 The direct consequence of Corollary 3.1 is that dim(GﬂB%) <n-2.
To refine the Hausdorff dimension, we need to show the compactness theorem firstly, which says
that weak convergent sequence {¢;} C Ha (in WH2(By, N)) with limit ¢ and uniform energy
bound is strongly convergent in WLQ(B%,N ) with limit ¢y actually. This proof is similar to
that of [4, Proposition 4.6] with the help of Lemma 3.2 and Theorem 3.1.

For ¢ € Ha, set ¢x(x) = ¢p(Az) for X € (0,1]. As a consequence of Lemma 3.2, we have

SEi(dn) = N> " Ex(¢) < CEr(¢) < M (3.6)

for all A € (0, 1] and some positive constant M. Therefore, we get a weakly convergent sequence
¢, with limit ¢o in W12(By, N). By the compactness theorem, {¢,,} is strongly convergent.
Since ¢ € Haa, it satisfies the Euler-Lagrange equation (2.8). Hence, ¢ is harmonic with
83% =0 a.e. in By, that is, ¢¢ is the tangent map if p € G NintM. At last, applying Federer’s
dimension reduction argument to this setting as the one in [4], we complete the proof.

Proof of Theorem 1.2 Choose coordinates (x%) centered at a point p € M, such that
locally M is the upper %—space R”? := {(z%) : 2™ > 0}. After scaling, we will deal with maps
¢ € WH2(BY, N), which are E-minimizing and ¢|r, = ¢ € C*%(Ty, N), where T\ = {z € By :
x, = 0}. For A > 0, let Fa denote the class of functionals E on By with metric § and volume
measure o(x)dz such that g;;(0) = d;;, and the lower order terms satisfy for z € B,

o]+ [ <. o1
k %

7,

Let H denote the space of maps ¢ € WLQ(B?',N), such that ¢ is E-minimizing for some
E € Fp and ¢ = ¢ on Tj. Proceeding as the proof of Lemma 3.2, we have the following
inequality for a given ¢ € Hp with a sufficiently small A:

/\2_"/ |de3dy < Cs [pQ‘"/ quz\?dyﬂ\p}, (3.8)

Ba(@) By (z)

where z € BT, 0 < A < p < %, a(a:’,xn) = —(p(a!, —xy) — Y(a’, —x,)) for z, < 0, and
2

o2 xy) = ¢(a,xpn) — (2, xy) for &, > 0, 2’ = (21, -+ ,2p—1) denotes the first (n — 1)-

coordinates. Then the e-regularity estimate on the boundary can be given: There exists a
constant € = €(n, F, N) > 0, such that if ¢ € Hx, A < e and °E (¢) < ¢, then ¢ is Holder
continuous on BY. Hence, H" 2(& N (Bf UT))) = 0. Given the compactness theorem, the
tangent map ¢g i2s established, which is nontrivial if p € &. The above proceedings are similar
to the interior case. However, ¢q is constant according the Geometric Lemma, which is proved
in [5, Proposition 2.6] with the help of (3.8) and the compactness theorem. It is a contradiction.
At last, since ¢ is continuous in a neighborhood of M and ¢ = ) on M, » € C*%(OM,N),
we have that ¢ is C% in the neighborhood of M.

Proof of Theorem 1.3 For any p € int M, consider ¥ (y) = ¢(Ay), where A is sufficinetly
small and y € B;(p). By Corollary 3.1 and H"~2(& N Bi) =0, we conclude that &N By = &,
when n = 2, i.e., p is a regular point of ¢. For p € M, the proof is the same.
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As mentioned in [14], c(t1) is called a focal point of p = ¢(0) along a geodesic c¢(t) in
a Riemannian manifold if there exists a nontrivial Jacobi field J(t) satisfying the following
conditions:

g(Vc/J(O), J(O)) =0, J(tl) =0. (39)

It is evident that Riemannian manifolds with nonpositive sectional curvature should not have
focal points.

Corollary 3.2 Let M be a compact Finsler manifold, and N is a Riemannian manifold
without focal points. Then any E-minimizing map ¢ € WH2(M, N) is smooth.

Proof By Theorem 1.2, it suffices to show that any tangent map ¢ : R/ — N, j > 3 is
trivial, that is, any harmonic map ¢ : $7=1 — N, w(ﬁﬂ) = ¢(z) is trivial, which was proved in
[14].

Corollary 3.3 Let (M, F) be a compact Finsler manifold with boundary and N a compact
Riemannian manifold without focal points. Then for a given map v : OM — N, there is a map
¢ € WH2(M, N) with $(OM) = 1), and ¢ is a smooth harmonic map in the interior of M.
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