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Abstract In this paper, Schwarz-Pick estimates for high order Fréchet derivatives of holo-
morphic self-mappings on classical domains are presented. Moreover, the obtained result
can deduce the early work on Schwarz-Pick estimates of higher-order partial derivatives
for bounded holomorphic functions on classical domains.
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1 Introduction

For notation, let D be the unit disk in C, and B,, be the unit ball in C™. A multi-index
v = (v11,* "+ ,Umn) consists of m X n nonnegative integers vij, 1 <i<m, 1 <j<n The

degree of a multi-index v is the sum

ol = Y vy

1<i<m
1<j<n
Denote v! = v11! - - vy !. Given another multi-index oo = (a11,*+ , Qmn ), let
[0 2 a11 (o 77%%
v = (Ull 3T 7UmTLn)'

For vectors Z = (2ij)1<i<m,1<j<n € C™*™, and the multi-index v, let

v Vij

1<i<m
1<5<n

Now we recall the definition of the four classical domains in the sense of [1]. The first
classical domain Ri(m,n) C C™*" consists of matrices Z € C™*" such that I,,, — 77" > 0,

. . . . —T .
where I, is the identity matrix of rank m, Z means the transpose and complex conjugate of
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Z, and the inequality sign means I, — 77" s positive definite. The second classical domain
Ri(n) € C™" consists of matrices Z € C"*", such that Z = Z7 and I,, — 77" > 0. The
third classical domain Ry(n) C C™*™ consists of matrices Z € C"*", such that Z = —Z"1 and
I, — ZZ" > 0. The fourth classical domain Riv(n) C C™ consists of vectors or 1 x n matrices
Z € C", such that |ZZT?+1-2|Z> >0, |2ZT| < 1.

Let R denote one of the four classical domains, and dyR be the distinguished boundary of
R. For R, we consider the Minkowski functional || - ||z (see [2]) instead of the Euclidean norm

in several complex variables
| Z||r = sup{|aZBT|: Z € C™*", a € OB,,, B € 0B,},

where R = Ri(m,n), Ri(n), Rui(n) (m =n for Ri(n), Rui(n)). When Ri(1,n) = B, the
Minkowski functional equals the Fuclidean norm.

Denote by Qx,y the space of holomorphic mappings from bounded domains X to Y, and by
Aut(R) the group of holomorphic automorphisms of R. If T'is a linear operator between normed
linear spaces, we denote by ||T'|| its norm. D f(Z) denotes the Fréchet derivative of f(Z) with
Z € Cm*" and Df(Z) - denotes the Fréchet derivative of f(Z) in the direction g € C™*™.
For a non-negative integer k, the kth order Fréchet derivative of f(Z) and its evaluation on
(Br, -+, Br), Bi € C™*" 4§ = 1,--- 'k are denoted by D¥f(Z) and D*f(Z) - (B1,-- ,Bx)
respectively. The norm of D* f(Z) is defined as

ID*f(Z)| = sup{|D*F(Z) - (B, , Bl = |Bullm = -~ = |Bll= = 1}. (1.1)

In addition, denote D¥f(Z) - (B,---,B) by D¥f(Z) - 8*. Then we have

| k
> H_OJE) g zew, gecm (1.2)

et vl Oz}t - Oz

D*f(2)- 8" =

In particular, when m = n = 1, we have
D¥f(z)- ¥ = f®(2)8", 2€D, BeC.

The estimate for the derivatives of mappings is an interesting topic in the geometry function
theory. There are many results on it (see [3-5] and references therein). The classical Schwarz-
Pick estimate for bounded holomorphic functions in the unit disk was given as follows:

1— |p(2)]?

!/
_ 1
W) < T <1,

where ¢(z) is a holomorphic function on D and |¢(z)| < 1. Furthermore, Anderson and Rovnyak
[6] proved the inequalities for operator valued functions, and discussed in detail the optimality
of the Schwarz-Pick inequality. Pan and Liao [7] first gave the Schwarz-Pick inequality of order

2,3,4 for bounded holomorphic functions in the unit disk. Later, the above inequality was
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generalized to the derivatives of arbitrary order in [8-14]. The following estimate is the best

one so far.

Theorem 1.1 (see [8, 14]) If p(z) € Qp b, then

2
e < SR @, < (13)
In the case of several complex variables, the authors [15] generalized the result of [14]
to bounded holomorphic functions on B,,. Using operator theory, Anderson, Dritschel and
Rovnyak [16] estimated derivatives of arbitrary order of functions in the Schur-Agler class
function on the unit ball and polydisc of C™, where the Schur-Agler class only contains the
bounded holomorphic functions satisfying a strict assumption. Later, Dai, Chen and Pan [17]
got a more precise Schwarz-Pick estimate than that in [15] for bounded holomorphic functions
in the unit ball.

Theorem 1.2 (see [17]) If p(z) € OB, D, then for any multi-index v = (v1,--- ,vy) # 0,

’UIU‘ — z 2 vl—1

Most recently, the authors have obtained the Schwarz-Pick estimates for the bounded holo-

"l p(2)

0z{' -+ Ozp"

morphic functions in classical domains (see [18]), which deduces the corresponding results in
the unit ball and disk (see [14-15, 17]).

Theorem 1.3 (see [18]) Let p(Z) € Qr.p, where R = Ri(m,n), Ru(n), Rui(n). Then

A+ 12]=)""

[De(2) - W < RO = o D) =gy

(1.5)

where Z € R and W € 0y'R.

The holomorphic self-mapping is an interesting and important topic for bounded domains
with several complex variables. Using homogeneous expansions of holomorphic mappings, Liu
and Wang got a Bohr’s theorem in classical domains (see [19]). In this paper, based on the
Minkowski norm of classical domains, we give a new generalization of Schwarz-Pick estimate to

holomorphic self-mapping of classical domains.

2 The Schwarz-Pick Estimate for Qp

We first give some important lemmas.

Lemma 2.1 (see [18]) Let R = Ri(m,n), or Ru(n), or Rix(n). For two given points
p,q €E R withq—p € R, let L(z) =p+ z(q — p) for z € C. Then

L(D*) C R,
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where
ab ‘2 1

D =freci|sr B < L
FELIET LR S TR

}, a=alg—p)Bt #0, b=apB’

for any given a € 0B,,,, 5 € 0B,,.

Lemma 2.2 Let f € Qp g, where R is one of the calssical domains and f(0) = P € R.
op € Aut(R) which maps P to 0. Then

D, (P)[D*£(0) - 2*]ll=
k!

<1, zeD.
Proof Without loss of generality, we assume R = Ri(m,n). Since R is convex, for a fixed

integer k, we can define

Then, h(z) € Qp g, h(0) = P. From the holomorphic expansion of the holomorphic mapping
f, we get

- M S I

This implies that

0 ik Lk
op(h(z) = op (P + 3 PO 20

0 ik Ik

0p(P) + Dop(P) (30 ) 4
=1

Dy (PYDHF(0) - 2] | Dy, (PYID™£(0) - 22

= il + 20! e (2.1)

and hence
k Lk 2 . .
D(bP(P)[D f(o) z ] _ i ¢p(h(ze19))e_’k9d0.

Since ¢p(h(z)) € Qp r, we can obtain

[1Dg, (P)[D*£(0) - 2*]llw
k!

<1, zeD.

Theorem 2.1 Let f € Qp g, where R = Ri(m,n), Ru(n), Rur(n) and f(z) = P € R.
opeAut(R) which maps P to 0. Then

K14 |z~

||D¢P(P)[‘Dkf(z) : 1k]||72 < W

(2.2)

holds for k > 1 and z € D.
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Proof Let ( € D and a positive integer k be fixed. We consider g = f(7¢) € Qp r, where

(—=z
1—-Cz

7c(2) =

It is easy to verify that

) 0, n < j,
d"(rc(2))| i
dzn = (-1)’¢ nl(n —1)!
(L= [¢P)™ (n = )5 — Y

n>j.

Let s
S )
A= R G - D

Since f = g(7¢), we have

k . .
D7g(0) - 17
Dhp(q)1h =Y IOy
Using Lemma 2.2, we can obtain

| D (P)D*£(C) - 1¥]|I =
sup{|a[Dy, (P)(D*f(¢) - 1M)]B'| : & € 9By, B € OB, }

sup{‘a[Dd,P (P)(Zk: MAj)}ﬁ/

4!

€ dB,,,B € 6Bn}

< sup{j max {‘Q[D¢P(P)<W>}BI

=1,k

LR LALICS IR }ZlA\

J=1,,

k
<> 1441, (2:3)
j=1

where the last inequality comes from Lemma 2.2 with z — dD.

On the other hand,

k
oI MY
21 ~ TS T G

J:1

}zk:l|Aj|:a€8Bm7B€8Bn}

At last, replacing ¢ with z, we complete the proof of Theorem 2.1.
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3 The Schwarz-Pick Estimate for Qz

Lemma 3.1 Let g(2) € Op.  , r, where D, = {2 € C: [z — z| <r}. Then

Klr(r + |z — zo|)F 1

15, (P)D*g(2) - Ml < =g

where z € D, » and g(z) = P.

Proof Let ¢(z) = g(rz + z) for z € D. By Theorem 2.1, we have

Do (PP (2) 141 <

For £ € D, ., r*D*g(&) - 1% = D¥g(¢) - vk = DFp(5220) . 1%, Let 2 = 5220, Then we have
o YU T

Elr(r + € — 2] )kt
(r2 — 1€ = z0[?)F 7

[Dg (P)[D*g(€) - 1¥]l|r < €Dz,

The proof is completed.
Now we give our main results.

Theorem 3.1 Let p(Z) € Qr r, where R = Ri(m,n), Ru(n), Riui(n). Then

A+ 12]lr)*"
A =11ZI%)*

|Dg, (P)[D*(Z) - WH][I=
Do (P)

< k(1= le(2)]%) (3-2)

where Z € R, o(Z) = P and W € OyR.

Proof For a given p € R, ¢ € R such that ¢ — p € R. Without loss of generality, assume
p,q € Ri(m,n). Let g(z) = ¢p(L(z)) for z € D*, where L(z), D* are defined in Lemma 2.1.
Apply Lemma 3.1 to z = 0. Then

Elr(r + |zo|)F1
Dy, (P)[D*g(0) - 1¥]||p < ———V
D6, (P)D*0)- 1) < o0
where r = IT:L\’ zo = f%, and a = a(q—p)BT #0, b = apBT for any given o € B,,,, 5 € OB,
by Lemma 2.1.
Note g(0) = ¢(p) = P, D¥g(0) - 1¥* = D¥¢(p) - (¢ — p)*, and furthermore,

r(r+1z0D)"" a1+ [b)*"
(r2 =z~ (1= p]2)*

So, we have

klal® (1 + [b])F—?
(T—fol2)x -

1Dy (P)[D*¢(p) - (¢ — p)*]I= <

Since ¢ — p € R, multiplying both sides of above inequality by W, we have
R

1= | MO e

HD¢P(P) [D¥e(p) - (m (L—[pp)x
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where ¢ = . Now, from the notations of a, b, ¢ for any given a € 9B,,, 5 € 9B, we

_a
llg—pll=
have

el * (D" _ A+ plle)*!
(T=pP)r = A=lplR)*

Hence, replacing p with Z, we have the following result from (3.3):

KL+ [ Z]lr)"

D6, (P 6(2)- WHl < S DB (3.4
where W € 9y R.
On the other hand, it comes from [19] that
1Dy (Pl = =
1—e(2)l%
Combining the above equality with (3.4), we have
IDee(PUDHAZ) Wl _ 1 iy (1210

Do (P) (1= [1Z%)*

The theorem is proved.

Remark 3.1 Especially, when ¢(Z) € Qg p, Theorem 1.3 can be easily deduced from
Theorem 3.1. Hence, we can also obtain the early work (see [18]) on Schwarz-Pick estimates
of higher-order derivatives for bounded holomorphic functions in D (see [14]) and in B,, (see
(15, 17]).

References

(1] Hua, L. K., Harmonic analysis of functions of several complex variables in the classical domains, Transla-
tions of Mathematical Monographs, Vol. 6, A. M. S., Providence, RI, 1963.

[2] Liu, T. S., The growth theorems and covering theorems for biholomorphic mappings on classical domains
in Chinese), Dissertation, University of Science and Technology o ina, Hefei, .
in Chi Di i Uni i f Sci d Technol f Chi Hefei, 1989

[3] Liu, X.S. and Liu, T. S., An inequality of homogeneous expansion for biholomorphic quasi-convex mappings
on the unit polydisk and its application, Acta Math. Scient., 29B(1), 2009, 201-209.

[4] Liu, X. S., On the quasi-convex mappings on the unit polydisk in C™, J. Math. Anal. Appl., 335, 2007,
43-55.

[5] Hamada, H., Honda, T. and Kohr, G., Growth theorems and coefficient bounds for univalent holomorphic
mappings which have parametric representation, J. Math. Anal. Appl., 317, 2006, 302-319.

(6] Anderson, J. M. and Rovnyak, J., On generalized Schwarz-Pick estimates, Mathematika, 53, 2006, 161-168.

[7] Pan, Y. F. and Liao, X., On the estimates of bounded analytic functions (in Chinese), J. Jiangzi Normal
University, 1, 1984, 21-24.

[8] Ruscheweyh, S., Two remarks on bounded analytic functions, Serdica, 11, 1985, 200-202.

[9] Beneteau, C., Dahlner, A. and Khavinson, D., Remarks on the Bohr phenomenon, Comput. Meth. Funct.
Theory, 4, 2004, 1-19.

[10] Avkhadiev, F. G. and Wirths, K. J., Schwarz-Pick inequalities for derivatives of arbitrary order, Constr.
Approz., 19, 2003, 265-277.

[11] Maccluer, B., Stroethoff, K. and Zhao, R., Generalized Schwarz-Pick estimates, Proc. Amer. Math. Soc.,
131, 2002, 593-599.



608

(12]
(13]

[14]
[15]
[16]
[17]
[18]

(19]

Y. Liu and Z. H. Chen

Zhang, M. Z., Generalized Schwarz-Pick lemma (in Chinese), Acta Math. Sin., 49(3), 2006, 613-616.

Ghatage, P. and Zheng, D. C., Hyperbolic derivatives and generalized Schwarz-Pick estimates, Proc. Amer.
Math. Soc., 132, 2004, 3309-3318.

Dai, S. Y. and Pan, Y. F., Note on Schwarz-Pick estimates for bounded and positive real part analytic
functions, Proc. Amer. Math. Soc., 136, 2008, 635-640.

Chen, Z. H. and Liu, Y., Schwarz-Pick estimates for bounded holomorphic functions in the unit ball of
C", Acta Math. Sin., 26(5), 2010, 901-908.

Anderson, J. M., Dritschel, M. A. and Rovnyak, J., Schwarz-Pick inequalities for the Schur-Agler class on
the polydisk and unit ball, Comput. Meth. and Funct. Theory, 8(2), 2008, 339-361.

Dai, S. Y., Chen, H. H. and Pan, Y. F., The Schwarz-Pick lemma of high order in several variables,
Michigan Math. J., 59(3), 2010, 517-533.

Liu, Y. and Chen, Z. H., Schwarz-Pick estimates for bounded holomorphic functions on classical domains,
Acta Math. Scient., 31(4), 2011, 1377-1382.

Liu, T. S. and Wang, J. F., An absolute estimate of the homogeneous expansions of holomorphic mappings,
Pacific J. Math., 231(1), 2007, 155-166.



