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Abstract Consider the following heteroscedastic semiparametric regression model:
yi =X B+g(t:) + e, 1<i<n,

where {X;, 1 < ¢ < n} are random design points, errors {e;, 1 < i < n} are negatively
associated (NA) random variables, o7 = h(u;), and {u;} and {t;} are two nonrandom
sequences on [0,1]. Some wavelet estimators of the parametric component 3, the non-
parametric component g(t) and the variance function h(u) are given. Under some general

. . . 1
conditions, the strong convergence rate of these wavelet estimators is O(n~ 3 logn). Hence
our results are extensions of those results on independent random error settings.
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1 Introduction

Consider the following heteroscedastic semiparametric regression model:
yi = X B+g(ti) +oiei, 1<i<n, (1.1)

where {y;} are scalar response variables, 3 = (81,32, - ,34)" is an unknown d-dimensional
parameter vector, o2 = h(u;), g(-) and h(-) are unknown functions defined on [0, 1], {u;} and
{t;} are two nonrandom sequences on [0, 1], X; = (z;1, T2, -+ ,7;4) T are random design points
with d < n, and random errors {e;, 1 <14 < n} are negatively associated (its definition is given
by the following) random variables with Ee; = 0 and Fe? = 1.

Following [1], denote
Tip = fr(ts) +mir, 1<i<n, 1<r<d, (1.2)

where f,(-) is some unknown smooth function defined on [0, 1], {7,} is a stochastic sequence

with 7, = (9i1, - miq)T ii.d. and

B =0, Var(m,) =V, (1.3)
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where V = (V;;) (i, = 1,2,--- ,d) is a positive definite matrix with d-order. Moreover, {n;.}

and {e;} are independent of each other.

Definition 1.1 (see [2]) Random variables &1,&s,- -+ ,&,, n > 2 are said to be negatively
associated (NA) if for every pair of disjoint subsets By and By of {1,2,--- ,n},

COV(Z1(§i,i € Bl)a12(§i7i € BQ)) < 07

where [ and [y are increasing for every variable (or decreasing for every variable) such that this
covariance exists. A sequence of random variables {&;,i > 1} is said to be NA if every finite
subfamily is NA.

The definition of NA random variables is introduced by Alam and Saxena [3] and is carefully
studied by Joag-Dev and Proschan [4]. Because of its wide applications in the multivariate sta-
tistical analysis and the system reliability, the notion of NA has received considerable attention
recently. There are some fundamental convergence results for NA random variables, and we
refer to Joag-Dev and Proschan [4] for fundamental properties, Matula [5] for the three series
theorem, Shao and Su [6] for the law of the iterated logarithm, Wu and Jiang [7] for the law of
the iterated logarithm of partial sums, Liang [8] and Baek et al. [9] for the complete conver-
gence, Liang and Zhang [10] for the strong convergence for weighted sums of NA arrays, Su et
al. [11] for the moment inequality and the weak convergence, Jin [12] for the convergence rate
in the law of logarithm for NA random fields, and Roussas [13] for the central limit theorem of
random fields.

When {o;e;} are independent and identically distributed random variables, the model (1.1)
can be reduced to the usual semiparametric regression model. Chen [14], Qian and Cai [15],
Xue and Liu [16], Chai and Xu [17], Hu [18], Heckman [19], Green and Silverman [20], Hardle
et al. [21], Shi and Li [22] and Bianco and Boente [23] used various estimation methods (the
piecewise polynomial method, and the wavelet method, the ridge method, the spline method,
the penalized least squares method, the kernel smoothing method, the robust estimate method)
to obtain estimators of the unknown parametric components in (1.1) and discussed some prop-
erties of these estimators. However, the independence assumption for the errors is not always
appropriate in applications. Recently, the semiparametric regression model with correlated er-
rors has attracted attentions of many authors, such as Hu and Hu [24-25], You and Chen [26],
Wu and Jiang [7], Liang and Jing [27], Zhou et al. [28], and so on.

When {X;,1 < i < n} are fixed design points, a few authors studied the model (1.1) with NA
errors. For instance, Baek and Liang [29] discussed the strong consistency and the asymptotic
normality of weighted least-squares estimators; Liang and Wang [30] discussed the convergence
rate of wavelet estimator; and Ren and Chen [31] obtained the strong consistency of a class
of estimators. However, there are few asymptotic results for the estimators of parametric and
nonparametric components in model (1.1) with NA errors when {X;,1 < i < n} are random
design points.

By using the wavelet method, we continue to discuss the semiparametric regression model
with an NA error sequence, and obtain the strong convergence rates of wavelet estimators in

this paper. The organization of this paper is as follows. In Section 2, the wavelet estimators of
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parametric component 3, the nonparametric component g(¢) and the variance function h(u) are
given by the wavelet smoothing method. Under some general conditions, the strong convergence
rates of the wavelet estimators are investigated in Section 3. The main proofs are presented in

Section 4.

2 Wavelet Estimators

In the following, we apply the wavelet technique to estimate g, g(t) and h(u). Suppose that
there exists a scaling function ¢(x) in the Schwartz space S; and a multiresolution analysis

{Vin} in the concomitant Hilbert space L?(R), with its reproducing kernel E,,(t, s) given by

Ep(t,s) = 2™ Eg(27t,2™s) = 2™ ) $(2™t — k)$(2™s — k). (2.1)
kez
Let A; = [s;,—1, ;] denote intervals that partition [0,1] with ¢; € A; and 1 < ¢ < n. Then
we can define some wavelet estimators as follows:

Firstly, suppose that § is known. We define the estimator of g(-) by

n

ot 8) = D0 = X78) [ Blt5)ds. (2:2)

=1 4

In succession, we define the wavelet estimator Bn given by
B = axgmin 3 (v — X6 —Go(t,))* = (XTX)7IXTY, (2.3)

where X = (Xir)nxd7 Y = (yh' o 7yn)T7 S = (Sl] XM, z] fA tz,S dS X (I - S)X
Y =(-S)Y
Finally, we define the linear wavelet estimators of g(-) and h(-) given by

n

30(0) = (t.3.) = Do~ XTB) [ Boltis)ds, (24

i=1
ho(u) =Y (7 — X[ Bn)? E,.(u,s)ds. (2.5)
It is well-known that the weighted least squares estimator is superior to the least squares esti-

mator for a linear regression model with the heteroscedastic errors. Thus, the above estimators

are modified by the following estimators:

By = (XTSIX)IX TRy, (2.6)
Gn(t) = Go(t, Bn) = ;(y - X'B,) /A i Eonl(t, s)ds, (2.7)

I (1) = Z(g — XTBn)? /A | Ep(u,s)ds, (2.8)

where ¥ = diag(o?,03, - ,02).
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Since 02 = h(u;) are unknown functions, the above estimators (2.6)—(2.8) can not be directly
used. Because En(u) is a uniformly strong consistency estimator of h(u) (see the following
Theorem 3.1), it is very natural that h(u) is instead of hy(u) in (2.6)—(2.8). Thus, we obtain
the other estimators given by

B, =(XTS'X)"'XTS 1y, (2.9)

n

9,00 = (0= XI5,) [ Enlt5)ds, (2.10)

i=1 i
En(u) = Z(gz - X?Bn)Z/A Em(u, S)ds (211)
=1 i

To obtain our results, the following five conditions are sufficient:

(A1) g(), fr(-), h(-) € H* (Sobolev space), for some o > £, 1 < r < d.

(As2) g(), fr(-) and h(u) are Lipschitz functions of order v >0, 1 <r <d.

(A3) () belongs to S;, which is a Schwartz space for [ > «. ¢ is a Lipschitz function of
order 1 and has compact support, in addition to |$(§) — 1] =0(&) as & — 0, where g/b\ denotes
the Fourier transform of ¢.

(Ag) s; (i=1,---,n) and m satisfy max (si —si_1) = O(n~') and 2™ = O(n?), respec-
tively. o
< i ) < ) < .
(A5) 0<mp < 1rgnilgnh(uz) < lrglagxn h(u;) < My < 00

3 Statements of the Results

Theorem 3.1 Suppose that conditions (A1)—(A4) hold. If sup Ele;|P < oo for some p > 3
i>1
and En%j <oo (j=1,2,---,d), then for v > % and o > %,

~ 1
sup |Bni — Bil =O0(n~3logn), a.s., n — oo,
1<i<d

where Bm 1s the ith component of Bn

Theorem 3.2 Under the same assumptions in Theorem 3.1, we have

sup |g.(t) — g(t)| = O(n~3 log n), a.s., n— oo.
0<t<1

Theorem 3.3 Under the same assumptions in Theorem 3.1, and sup E|ei|4 < o0, we have
i>1

sup |En(u) — h(u)| = O(Tf% logn), a.s., n— .
0<u<1

Theorem 3.4 Under the same assumptions in Theorem 3.1, we have

sup |Bni — Bi| = O(n_% logn), a.s., n— oo.
1<i<d

Theorem 3.5 Under the same assumptions in Theorem 3.1, we have

sup |gn(t) — g(t)| = O(nié logn), a.s., n — 0.
0<t<1
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Theorem 3.6 Under the same assumptions in Theorem 3.3, we have

sup |hn(u) — h(u)| = O(Tf% logn), a.s., n— oo.
0<u<l1

Theorem 3.7 Under the same assumptions in Theorem 3.1, we have

sup |B,; — Bil = O(n_% logn), a.s., n — oo.
1<i<d

Theorem 3.8 Under the same assumptions in Theorem 3.1, we have

sup |g,,(t) —g(t)| = O(n_% logn), a.s., n— .
0<t<1

Theorem 3.9 Under the same assumptions in Theorem 3.3, we have

sup |k, (u) — h(u)| = O(n*% logn), a.s., n— oo.
0<u<1

Remark 3.1 Theorem 3.1 is the same as [15, Theorem 2|, where the errors are i.i.d.
random variables. In this paper, however, the errors are NA sequences. Hence the result is
an extension of Qian and Cai [15]. In addition, we easily obtain the strong consistencies and
a weak convergence rate of the wavelet estimators by the above results. Hence our results are
extensions of those results on independent random error settings, such as Qian and Cai [15],
Zhou and You [32], and so on.

Remark 3.2 From the following proofs, we know that Lemma 4.4 and Lemma 4.5 are
crucial results for investigating the above convergence rates. Thus the convergence rates of the
parametric and nonparametric components are the same under the same conditions. Qian and
Cai [15] obtained different convergence rates under different conditions. We think that we shall

obtain different convergence rates under different conditions by their technique.

4 Proofs of Theorems

Throughout this paper, let C' denote a generic positive constant which could take different
values at each occurrence. To prove the main results, we first introduce some lemmas.
Lemma 4.1 (see [33]) If condition (Az) holds, then
C 2'7”0
(D) |Eo(t,s)| < 7kk and |En(t, s)] < b > where k is a positive integer

(L+1]t—s]|) (1+2m|t — s|)
and Cy is a constant depending on k only.

(IT) sup |En(t,s)] =0(2™).
0<s<1

1
(I11) sup/ |E,.(t, s)|ds < C, where C is a positive constant.
¢ Jo

Lemma 4.2 (see [24]) Let 7, = 27"~ 2) when i<a<3 7=ym-27" when a =3,
and T, =27 when o > 2. If conditions (A1)~(A4) hold, then

sup ‘fj(t) - é (/A Enlt, s)ds)fj(tk)’ = O0(n™) + O(tm),
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sgp ’g Z ( m ( s)ds) (t )’ =0n™")+ O(7m).
=1
Lemma 4.3 (see [34]) Let {e;,i > 1} be an NA sequence with sup Ele;|’ < oo for some
i>1

n

p > 3. Assume that a,;(t) are nonnegative functions on [0,1] such that Zam(t) < ¢ and

i=1
max am-(t)n% < c for any t € [0,1], and max |an;i(t1) — ani(t2)| < clt1 — to| for any t1,t2 €
1<i<n 1<i<n
[0,1]. Then

= O(n_% logn), a.s., n — oo.

Lemma 4.4 Let {e;,i > 1} be an NA sequence with sup Ele;|’ < oo for some p > 3.
i>1
Suppose that conditions (Az) and (A4) hold. Then

sup ‘Zez/ E,.(t,s)ds :O(n_%logn), a.s., M — 00.
0<t<1

Proof Let a;(t) = [, En(t,s)ds. Then by Lemma 4.3,

1
sup Z)/ E,.(t,s)ds| < sup / |Epm(t,s)|ds < ¢

0<t<1 0<t<1Jo

and

sup max
0<t<1 1<isn

/ Em(t,s)ds‘n% < en~19mn 3 <e.

A;

Since Ey(t, s) satisfies Lipschitz condition with order 1 for any ¢, we obtain

/ Ep(tr, 5)ds — / Ep(t2, 5)ds] < / B (1, 5) — Evn(ta, 5)|ds
Aj A; Aj

<enT12M|Eo(2M,2™s) — Eg(2™ty,2™s)|

< enTR2m|2mty — 27| < ety — tal.

max
1<i<n

By Lemma 4.3, we obtain Lemma 4.4.

Lemma 4.5 (see [35]) Suppose that conditions (Ag) and (A4) hold, and Enfj <o (j=
1,2,---,d). Then

n
sup‘anj Em(t,s)ds) =O(n7%logn), a.s., n — oo.
L Ay

Lemma 4.6 (see [36]) Let {e;, i > 1} be a strongly mz:mng sequence wzth Ee; = 0 and

sup Ele; P < oo for some p > 2. Assume that ( a;; log n) < oo and ;
up e > (e et
Then

Zamei =o(1), a.s., n— oo.
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where a(n) are their mizing coefficients, and {an;,i = 1,2,---} is a real number sequence.

Lemma 4.7 (see [37]) Let {b,,n > 1} be a sequence of positive nondecreasing real numbers
2

oo
and let {e;,i > 1} be NA random variables with Z % < 00, where 02 = Var(e,). Assume
n=1 "

that 0 < b, T co. Then

n

G o(1), a.s., n— .

— by,
i=1

Proof of Theorem 3.1 Let £ = (I — S)e = (I — 9)Ze, e = (e1,e2,-+ ,en)t, g =

(g(t1), -+ ,9(t,))T, and g = (I — S)g. Then
Bu—B ="' X"X) (0 X G+ 0 X7E). (4.)

By the proof of Theorem 2.1 in [24], we obtain that

n ' XTX 25V (n— o). (4.2)
Next we shall prove that
(n'XTg); = O(n"3logn), as., n — . (4.3)

where (n"2X7T§); is the ith component of n='XTg . In fact,
I 1 n n
(n~'X"g); = o hz: Nhi (g(th) - Z; Shrg(tr)>

- % SN Shatni (g(th) -3 Shrg(tr))

h=1k=1
£ 5 (fltn) = 2 Swedit)) (9t0) — 3 Swgh))
h=1 k=1 r=1
= Ji+Js+J3 (44)

By using Markov inequality and Lemma 4.2, we obtain that

= -1 = EJ% = -1 -2
;P(Uﬂzn 310gn)§7;m§0;n (logn)™* < 0.
Hence, by Borel-Cantelli lemma,
Ji = O(n*% logn), a.s., n— oco. (4.5)

By Lemma 4.2 and Lemma 4.5, it is easy to obtain
Jy = o(n_% logn), a.s., n— oo. (4.6)
By Lemma 4.2, we obtain

J3=0n"2)+0(r%) = o(n*% logn), a.s., n— oco. (4.7)
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Hence, (4.3) follows from (4.5)—(4.7).

In the end, we shall show

(n"'XTE); = O(n~ 5 logn), a.s., n — oco. (4.8)
In fact,
(n1X"8),; = Z (Tlm Z Shkﬂm) (€h - Z Shk5r>
- Z (fi(th) - Z Shkfi(tk)> (€h - Z Shkfv-)
h=1 k=1 r=1
=T 4 Ts. (4.9)
Write

T, = %Xn: (77hi5h - (i: Shkmi)ﬁh - (z”: Shrgr)nhi)

h=1 k=1 r=1
1
+ E 2 (I; Shk:nk:z) (Z Shrgr)
—. Tgl) _ T§2) _ TEB) + T§4). (4.10)

Note that {ns;} and {e,} are independent of each other, E7j, = 0 and Ee; = 0. It is easy to
show that Cov(npien, nrier) = 0. Thus {np;ep, h =1,2,--- ,n} is a p-mixing random sequence,
which implies an a-mixing sequence (note that 0 < a(n) < p(n) = 0, see [2]).

Let a,; = n~3 log~!n. By Lemma 4.6 and a(n) =0, we can easily obtain
" = o(n*% lo
1= gn), a.s., n — 00. (4.11)

It is easy to show that {e;,i = 1,2,---,n} being NA implies {e;,i = 1,2,---,n} and
{e;,i=1,2,---,n} being NA also. By Lemma 4.7, we obtain that n=! Y e} = o(1), a.s.,n —
h=1

oo, and n=1 Y e, = o(1), a.s., n — co. Therefore, by |e;| = e +¢;

nt Z len| = o(1), a.s., n — oo. (4.12)
By Lemma 4.5 and (4.12), we obtain

T < max ’ Z Shkki

max|h up)| ( Z|eh\) =o(n"tlogn), as., n—oco. (4.13)
By Lemma 4.4 and the strong law of large numbers, we obtain

|T(3)| < max ‘ ZShreT

max|h2 up)| ( Z|77;”|) (n %logn), a.s., n— oo. (4.14)
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By Lemma 4.4 and Lemma 4.5, we obtain

|T(4)| < max ‘ (Z S;Lkmm) max |h up)| (Z Shre,«)

r=1

=o(n~ 3 logn), a.s.,n— oo.

(4.15)
Hence, from (4.10)-(4.15), we obtain
T, = O(n_% logn), a.s., n— oo. (4.16)

By Lemma 4.2, (4.12) and Lemma 4.4, we obtain that

fi(tn) ZShku i Hmax\h Z|eh| —|—max|h Uy |Zsh’"€’"}

<Cn’s. (4.17)

|Ty| < max

Thus, (4.8) follows from (4.9), (4.16)—(4.17).
By (4.1), we obtain

sup |Bni — Bil <d- sup |(n IXTX)U ‘ sup ‘(n_lfTﬁ)j+(n_1fTaj‘~ (4.18)
1<i<d 1<j<d 1<5<d

Hence, Theorem 3.1 follows from (4.2)—(4.3), (4.8) and (4.18).

Proof of Theorem 3.2 Note that

up (G (1) — g(0)] < sup [do(t. B) ~ a(1)| +sup | gxﬂﬁ — Bn) /A Ent $)ds|
= P ‘ zi;g(tj) /Aj Ep(t, s)ds — g(t)‘ + sup ‘ jzi;aj /Aj Em(t,s)ds‘
+i (1B - Bg\sup(ij ) [ Bateons]
+; (Ian —5j81tlp(§;mj /A Em(t,s)dsD

=:K; + Ky + K3+ Ky. (4.19)
By Lemma 4.2, we obtain
K; = O(n™") 4+ O(7m) = o(n~ 5 logn). (4.20)
By Lemma 4.4, we obtain
Ko = O(n_% logn), a.s.,n— oo. (4.21)

Let M =sup |f;(t;)|. Then by Lemma 4.1 and Theorem 3.1, we obtain

Jrti

1
Ks<d- Sup|fg( |'Slip/ |Em(t78)\d8'mfxlﬁnj - Bl
0

Jhti



618 H. C. Hu and L. Wu

< C max |an - Bjl = O(n~3logn), as., n— oo. (4.22)
1<j<d

By Lemma 4.5 and Theorem 3.1, we obtain
Ky <d su EW—B» max su ‘ z/ E,. t,sds‘
: 13;‘251‘ ! J|1Sde P ;% A (t:5)
=o(n"5logn), as., n — oo. (4.23)

From (4.19)—(4.23), the desired conclusion follows.

Proof of Theorem 3.3 By (2.5) and §; = XX 3 + §(t;) + &;, we obtain that

) = S2REG = B [ Enuss)ds + 3200 [ Bl

i=1 i

+Z /B “Sd8+22XT6 Bt [ Euts)a
+2;)~({f(ﬁ—ﬁn)a /A Em(u,s)d8+2;§(ti)gi /A Ep(u, s)ds

= Il —|— IQ —+ 13 + 214 + 215 + 216 (424)

By Theorem 3.1, Lemma 4.1, Lemma 4.2 and Lemma 4.5,

n d
|Il| = ‘ Z (Z‘/ffir(ﬂr - B\nr))Q/ Em(u, S)ds‘
=1 r=1 i
n d
< max |5, - ﬁnTIQ(Z; (; (fr(ts) + Tir) / Ep(u, s) dS(
n d
< o e P 2320200 + 78 /. Ents)as
n d
< Cn3log n(Cn %—&—ZZ?]?T/ E,.(u s)ds)
i=1r=1 Ai
= o(n*% logn), a.s.,n— co. (4.25)

By Lemma 4.1 and Lemma 4.2, we have that

sup |Ix] < sup Z‘/ B, (u, s)ds| max [g%(t;)]

0<u<1 0<u<1 1<i<n

2

=0 )+ 0(12) =0(n"3), as.,n— oo, (4.26)
In the following, we shall prove that

sup |Is — h(u)| = O(n*% logn), a.s.,, n— oo. (4.27)
0<u<1

By Cauchy inequality and Lemma 4.1, we obtain that

sup |Is — h(u)]
0<u<1



Convergence Rates of Wavelet Estimators in Semiparametric Regression Models Under NA Samples 619

0<u<l1 A;
+ su h(u; E,(u,s)ds —h ‘-max héue/E tl,sds
0<uI<)1 / 1<i<n ; I
1
su huze—l E,,(u,s)ds + hul/E usds2
0<u31‘{z / Z
1
1 2
- sup H / E,, u,sds( h2 u~e~/ Emt,»,sds) }
S ZA (u,5) Z (J)JAJ_ (tiss)
=: sup |Is1] + sup |Is2| + max s3]
0<u<1 0<u
1
+2 sup {Is; +134}% sup {Z/ Em(u,s)ds|133|}2. (4.28)
0<u<1 0<u<1 i—1 YA

Let & = e? —1 = (ef)2 — E(e)? — ((e])? — E(e; )?) = & — ¢&. Then {&,i > 1} and

(2

{&7,i > 1} are NA with E¢E = 0 and Var(¢F) < co. By Lemma 4.5, we obtain that

2

sup |Is1]| = O(n_% logn), a.s., n— oo. (4.29)
0<u<1

By Lemma 4.2, we have
sup |Is2] =O0(n™7) + O(1,) = O(n_%), a.8., n — o0. (4.30)

0<u<1

By Lemma 4.4, we have

_2 2

jnax, [Is3] = O(n™ 3 log“n), a.s., n — oo. (4.31)

By Lemma 4.1, we obtain that
1
Tas] < max |h(us)] / | (u, 5)|ds < C. (4.32)
1<i<n 0

Hence, (4.27) follows from (4.28)—(4.32).
By Cauchy inequality, (4.25) and (4.26), we obtain that

n n
B <D (XIG- 5P [ Bulwsds Y [ Enlusids =1 Lo
i=1 A i=1 Ai
Hence,
IL| = o(n~"3logn), as., n— occ. (4.33)

By Cauchy inequality, (4.25) and (4.27), we obtain that

Ig S Z()?zT(/B - Bn))2/ Em(ua S)dS : ng/ Em(u7 S)dS = Il . I3-
i=1 A i=1 Ai
Thus

Is| = o(n"3 logn), as., n — co. (4.34)
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By Cauchy inequality, (4.26) and (4.27), we obtain that

1
sup |Ig| < sup Z /E usds Z /E usds2

0<u<1 0<u<1

< sup \I§I§| =o(n"3logn), as., n— oo. (4.35)
0<u<1

Therefore, Theorem 3.3 follows from (4.24)—(4.27) and (4.33)—(4.35).

Proof of Theorem 3.4 Note (As5) and
571 - 8= (n—liTE—ly)—l(n—lyTE—lg_’_ n—1)~(TE—1g),
the proof of Theorem 3.4 is analogous with the proof of Theorem 3.1.

Proof of Theorem 3.5 Note that

sup [gn(t) — g(t)]

= S‘ip‘;(?ﬁ - Xi6) /A B (1. 5)ds — g(1)] +sgp\zn:XiT(6—Bn)/Ai Eyn(u, 5)ds|
< sttlp’ig(ti)/Ai Ep(t,s)ds — g ‘+Sup‘zh% (us)es /A By, S)ds’
d n
+ ; (1Bos - 851 sup ) ;fj(ti) /A Em(t,s)dsD
+Zd: (lgnj —Bjsgp)izf;mj /A Em(t,s)dSD,

j=1
From Lemma 4.1, Lemma 4.2, Lemma 4.4, Lemma 4.5 and Theorem 3.4, the desired con-

clusion follows.

Proof of Theorem 3.6 Note that

En(u) :Z(jz;r(ﬁ_gn))Q/E7n(u,5)dS+Z§2(t1)/AEm(u’s)ds
+Z /E usds-i-QZXTﬁ 5n /E (u, 5)d

X7 (B~ Bn)es u, s)ds T(t:E: w. $)ds

+2;Xi (8 ﬁn)&/AiEm( 5)d +2;g(tz)sz/AiEm( 9

The proof is similar to that of Theorem 3.3, and hence we omit it here.
Proof of Theorem 3.7 From Theorem 3.4, we only prove that
En - B, = O(n_% logn), a.s.,n— oco. (4.36)
In fact, by (2.6) and (2.9), we obtain that

Bu =B, = (X"T'X) XS G +8) - (XTETX) XS G+ 9)



Convergence Rates of Wavelet Estimators in Semiparametric Regression Models Under NA Samples 621
= (XTSI X) XTI (T -2 (G + )
+(XTEIX) = (XTSI X)) HXTE G+ 9)
=L +L+I+1. (4.37)

We first prove that

nIXTETIX 25 % (n— o0) (4.38)
and
nTIXTETIX 225, (n— o0), (4.39)

Ll D L -
where (31);; = n]ggo - };h 1(uh)77hi77hja (32)ij = nILH;o -~ ;hnl(uh)ﬂhmhj~ The two limits
exist because {npinnj, h =1,2,--- ,n} are independent random variables, and {h™*(us), h > 1}

are bound and h ! (up) = =1 (up).
R X R = Z = ) (filtn) = Z (/. Bnttnassic)))
. (nhj - kz::l ( s
1 i hz:lh L (f] th) — / Enm(th, )deJ(tk)))

: (nhi -3 (/A Em(th,s)ds)mm-)

1

E,.(tn, s)ds) nkj)

n n

£ ) (fiten) = S

h=1 k=1 A
(£ -3 (/. ‘Em(th,s)d{s’)fj(tk))
+%ih_ (un (th Z m(ths s dSTlm)

h=1

(nhj _,i/Ak Em(th,s)dsnkj)

=:U; 4+ Uy + U3z + Uy, (440)

Ep(tn, s)ds fi(tk)))

It is easy to show that

U, = O(Tliv) + O(Tm), Uy = O(n*A’) + O(’I'm)7

) ) (4.41)
Us=0(n""")+0O(77), as., n— oo.
By Lemma 4.5, we obtain that
1 n
Uy = ~ Z = (un)nninng +o(1) = (£1)i5,  a.s., n— 0. (4.42)

h=1



622 H. C. Hu and L. Wu

Then (4.38) follows from (4.40)—(4.42). With arguments in a way similar to (4.38), we get
(4.39).
By (4.3) and Theorem 3.3, we obtain that

(' XTY 1 XT); =n ! Zx,ﬂ Yug) — b (un)g(te)
= o(n"%logn), as., n— . (4.43)
By (4.8) and Theorem 3.3, we obtain that
(nYXTSTIX)L); = (' XT(E =S hE), = o(n_% logn), a.s., n— oco. (4.44)
Note that /h\n(u) 225 h(u) (n — 00), and with arguments similar to (4.43) and (4.44), we get

I = (X" X) = (XTE1X) HXTS g =o(n "3 logn), as., n — oco. (4.45)
L =(XTe1X) - (XTSI X)) HXTE e = o(n_% logn), a.s., n— co. (4.46)
The desired conclusion follows from (4.37)—(4.39) and (4.43)—(4.46).

Proof of Theorem 3.8 From Theorem 3.5, we only prove that

sup [g,(t) — gn(t)| = o(n*% logn), a.s., n— oo. (4.47)
0<t<1

In fact, by (2.7), (2.10), (4.25) and (4.36), we obtain that
sup_[7,(1) ~ Ga(t)] < € sup Z{X ~5,) [ Enfts)as
0<t<1 0<t<1 A;

= o(rf§ logn), a.s., n— 0.
Proof of Theorem 3.9 From Theorem 3.6, we only prove that

sup  |Ton (1) — iy (u)| = o(n~%logn), as., n— oo. (4.48)
0<u<1

In fact, by (2.8) and (2.11), we obtain that

sup [Fon (1) — i (w)|

0<u<l1

= sup ‘Z (25 — XT(B —Bn))()?iT(En—Bn))/AvEm(u,s)ds

0<u<l1

= o(rfg logn), a.s., n— oco.
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