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Determinant Solutions to a (341)-Dimensional
Generalized KP Equation with Variable Coefficients*
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Abstract A system of linear conditions is presented for Wronskian and Grammian so-
lutions to a (3+1)-dimensional generalized vcKP equation. The formulations of these
solutions require a constraint on variable coefficients.
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1 Introduction

Although partial differential equations that govern the motion of solitons are nonlinear,
many of them can be put into the bilinear form. Hirota, in 1971, developed an ingenious
method to obtain exact solutions to nonlinear partial differential equations in the soliton theory,
such as the KdV equation, the Boussinesq equation and the KP equation (see [1-2]). The
multiple exp-function method, oriented toward the ease of use and the capability of computer
algebra systems, provides a direct and efficient way to search for generic multi-exponential
wave solutions to nonlinear equations including bilinear equations (see [3]). Interestingly, some
nonlinear equations even possess linear subspaces of their solution spaces (see [4]). Moreover,
a necessary and sufficient condition was given for Hirota bilinear equations to check whether
they possess linear combination solutions to exponential waves (see [5]).

Solitons and positons (a kind of periodic solutions) can be expressed as Wronskian deter-
minants (see [6-7]). Particular solutions combining exponential functions and trigonometrical
functions are presented and called complexiton (or briefly complexitons) (see [8]). Lattice
soliton equations have a similar situation (see [9]). Complexitons are also shown to exist for

source solution equations (see [10]) and soliton equations with sources (see [11]). For higher-
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dimensional soliton equations, there exist Grammian solutions and Pfaffian solutions (see [1]).
Grammian solutions to the KP equation were constructed by Nakamura [12]. Pfaffian solutions
to the BKP equation were presented by Hirota [13].

Recently, Wronskian and Grammian solutions, nonsingular and singular soliton solutions
and the Bécklund transformation in the bilinear form to a (3+1)-dimentional generalized KP
equation

Uggzy + 3(Uplly)p + Uty + Uy — Uzz =0

have been presented in [14], [15] and [16], respectively. This equation can be written in the
Hirota bilinear form and reduced to the KP equation by taking y = x, but does not belong to
a class of generalized KP and Boussinesq equations (see [17])

M
(Ugy oy, — OUUL, )y + E AijUz;z; =0, ag = constant, M € N.
ij=1

In this paper, we consider the following generalized KP equation with variable coefficients:
(ur + 01 () Uggy + 32 (B)uztty)s + ag(t)ury — aa(t)us, + as(t) (ue + as(t)u,) =0,

where «; (i = 1,2,3,4,5) are nonzero arbitrary analytic functions with respect to ¢t. Under
a certain constraint, we show that this generalized vcKP equation has a class of Wronskian
solutions and a class of Grammian solutions, with all generating functions for matrix entries
satisfying a linear system of partial differential equations. The Pliicker relation and the Ja-
cobi identity for determinants are the tools of constructing the corresponding Wronskian and

Grammian formulations. Two particular cases are discussed in Section 4.

2 Wronskian Formulation

Let us introduce the following helpful notation:

|N_J_177/1a 7Z]|
= 0@ oM ... LoD @) L ’q)(i.7)|

= det(@@ oM ... oWN=i=D o) ... i) 1<j<N-1, (2.1)
where 41, -+ ,i; are non-negative integers, and the vectors of functions @) are defined by
. - , Y
0 — (¢ ) .. pUNT G _ 9 .. 29
(¢1 a¢2 ) ,d)N) 9 d); 8$]¢ ( )
A Wronskian determinant is given by
We also use the assumption for convenience that if i < 0, the column vector ®* does not appear
in the determinant det(--- ,®( ...). We consider the following (3+1)-dimensional nonlinear
equation:

(ur + 01 (V) Upay + 32 (t)uzty)s + ag(t)uyy — ca(t)us, + as(t) (ue + as(t)uy) =0, (2.4)
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where «;,1 = 1,2, 3,4, 5 are nonzero arbitrary analytic functions with respect to t. When ai; = 1
fori=1,2,3,4, as =0 and z = y, the equation (2.4) is reduced to the KP equation. So we call
it a generalized vcKP. The KP equation was also generalized by constructing decomposition of
(241)-dimensional equations into (1+1)-dimensional equations (see [18]).

Through the dependent variable transformation

(651 (t
9 (t)

~—

(I f)z, (2.5)

u=2

the above (3+41)-dimensional generalized vcKP equation is mapped into the Hirota bilinear

equation
(a1 (t)D3Dy + Dy Dy + ag(t)Dy Dy — au(t) D7) f - f =0, (2.6)
under the constraint
ay (t) = Coag(t)e™ S as®dt, (2.7)
where Cy # 0 is an arbitrary constant, and D,, Dy, D, and D, are Hirota bilinear differential
operators (see [1, 19]), which are defined by
0 0 )"< 0 0

DDy gw ) fww) = (g~ g) (57~ 5) 9@ nI6y)

)
— ! =y’
T=T", Y=Y

where n,m > 0.

Indeed, the vcKP equation (2.4) is written in the form

a1 (t)(In f)zzaay + 6Coaz(t)e” / %(t)dt[(ln Paa(In flaylz + (0 f)iaz
+ Oég(t)(hl f)tTy - O[4(t) (111 f)mzz =0. (28)

By integrating with respect to x and taking the integration constant to be zero, we get

DiD,f-f  3a(t) (Dif : f) (DIDyf - f Dif- f) (DIDyf : f)

)+ 6as ()

ax(t) 212 9 2 72 22 212
DD, f - D,D;f - D%f.
+ 7%5 S agny 221 sz L aut) 25; Iy, (2.9)

from which the equation (2.4) can be written in the bilinear form (2.6).

Equivalently, we have

(0‘1 (t)fxamy + ftz + 043(t)fty - a4(t)f22)f - 3041(t)fa:xyfa: + 3al(t)fxyfxx
- al(t)fyfrr"c - fffz - O‘B(t)ftfy + a4(t)(fz)2 =0. (210)
In the next theorem, we would like to present a system of three linear partial differential

equations for which the Nth order Wronskian determinant solves the generalized Hirota bilinear
vcKP equation (2.6).
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Theorem 2.1 Let the set of functions ¢; =

differential equations:
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oi(x,y, z,t) satisfy the following linear partial

B a2a4( )
d)i,y - 30&1( ) ¢z x>
¢i,z = a¢i,xma (211)
¢i,t = B(t)¢z,zzm7
where
B(t) = da?a (t)ay(t)

3ay (t) — aag(t)ay(t)’
1 <i <N, a is an arbitrary nonzero constant, Z—‘l‘

equal to that constant % for all values of t. Then the Wronskian determinant fn = |J7-—\1|

defined by (2.3) solves the (3 + 1)-dimensional generalized bilinear vcKP equation (2.6).

s an arbitrary constant, and —3__ s not
) a?as(t)

Proof Using (2.11) and the following equality:

N

Z |A‘lk - Z AZj 88(111]7

7,7=1

where A =

differentiated ! times with respect to «, whereas A;; denotes the co-factor of a;;, we can compute

(aij)Nxn, and | Ay, denotes the determinant resulting from |A| with its kth column

various derivatives of the Wronskian determinant fy = |]7—\1| with respect to the variables z,

y7Z7t7
fne=IN=2,N|,
fnae =|N—3,N—1N|+|N—-2,N+1],
FNaee =|N—4,N—2 N—1,N|+2[N—3,N—1,N+1|+|N -2 N+2|,
2
fry =20 N N,
1(t)
fN,zy: 254((75)) |J7—\3,N—1,N|+|N/—\2,N+1|),
1
a’ay(t) |\~ — —
INaoy = =3 0 (|N—-4,N—-2,N —1,N|+2|N -3,N —1,N +1|+|N —2,N +2|),
1
aloy(t) , —— P
FN aay = — ga()(|N—5,N—3,N—2,N—1,N|+3|N—4,N—2,N—1,N+1|
1
+2IN—3,N,N+1|/+3|N—3,N—1,N+2/+|N—2,N +3|),
fyve=a(N—2,N+1]—|N—3,N—1,N]|),
fywe =N 4N 2N —1,N+1/+2|N 3, N,N+ 1| +|N 2, N +3]
+|N-B,N-3N—2N—1,N|—|N—3,N—1,N +2|),
fve=BH(N—4,N—2,N—1,N|—|[N—=3,N—1,N+1|+|N —2,N +2|),
Frge = BN =5,N=3,N—2,N—1,N|—|N =3,N,N+ 1|+ |N —2,N +3|),
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s _ a’ay(t)B(t)

Moty 3o (1)
—IN=3,N,N +1|+|N —2,N +3)).

(IN=5,N—3,N—2,N—1,N|

In these derivatives, we use the condition that %‘1‘ is an arbitrary constant.
In the above expressions, the column ®® =5 does not appear if N < 5, as we assumed

before. Therefore, we can now compute that

a1 () fNzeay + [Nte + a3(t) vy — ca(t) fn,z2
= —da’ay(t)|N — 3,N,N + 1],

=301 (t) fNaay SNz — 1) [Ny [N zee — [N N — a3(t) e fry
= da’ay(t)|N —2,N||[N —3,N — 1, N + 1],

3a1 (1) N ey Nz + a(t)(fn,2)?
= —4a2a,(t)N —=3,N — 1, N||N —2,N +1].

Furthermore, we obtain

(1 (t)DEDy + DD, + a3(t)Dy D,y — as(t)D?) fn - fn
=2(a1(t) [N azey + Nte + 3(t) frey — a(t) frzz) v — 1 (8)(6fN gy fN2
— 6N wy N we + 2fN g N gee) — 20N f N — 203 () NSy + 20a(t) (fN,2)?
= —8a2a,(t)(IN —1|[N =3,N,N+1|— [N —2,N||[N —=3,N — I, N + 1|
+|N—=3,N—1,N||N —2,N +1]|)
= 0.

This last equality is nothing but the Pliicker relation for determinants
|B, A1, As||B, As, Ay| — |B, A1, As||B, As, Ay| + |B, A1, A4|| B, A2, A3| = 0,

where B denotes an N x (N — 2) matrix, and A; (1 < i < 4) are four N-dimensional column
vectors. Therefore, we have shown that f = fy solves the (3+1)-dimensional generalized Hirota

bilinear vcKP equation (2.6), under the condition (2.11).

The condition (2.11) is a linear system of partial differential equations. It has an exponential-

type function solution

p 2
g a“ouy(t
¢i =Y dije",  mij = kijx — 3@14((15)) kijy + ak};z + k3 h(t), (2.12)
=1

where
) = [ Bityat. (2.13)

dij, ki; are free parameters, and p is an arbitrary natural number.
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3 Grammian Formulation

Let us now introduce the following Grammian determinant:

fN = det(aij)lgingN, Aij = Cij +/ d)i’(/)jdl‘, Cij = constant (31)
with ¢; and v; satisfying
a’ou(t .
d)i,y = - 4( )¢i,:c7 ¢'L,z = a’¢i,$3§7 ¢i,t = 5(t)¢i,xac3:7 1 <1< N, (32)
3(11(75)
a?oy(t) .
1#z}y = - wi,w7 1/11',2 = _awi,wwa '(/)i,t = 6(t)wz7wwwa 1 <1< Na (33)

3a1(t)
where 3, a1, a3, a4 and a are as in Theorem 2.1.
Theorem 3.1 Let ¢; and 1; satisfy (3.2) and (3.3), respectively. Then the Grammian

determinant fy = det(aij)i<ij<n defined by (3.1) solves the (3 + 1)-dimensional generalized

bilinear vcKP equation (2.6).

Proof Let us express the Grammian determinant fn by means of a Pfaffian as
fN:(]-72a"'7N7N*a"'a2*51*)7 (34)

where (4,7%) = a;; and (4, 5) = (i*,j*) = 0.
To compute derivatives of the entries a;; and the Grammian fy, we introduce the new

Pfaffian entries

n

(dnvj ): %"/}jv
(@ i) = 2o, (3.5)
n? - 8m" 79 .

(dm,dy) = (dn,i) = (dp,,5°) =0, m,n >0

as usual. In terms of these new entries, by using (3.2)-(3.3), derivatives of the entries a;; =

(i,7*) are obtained

0 .

%aij = ¢ﬂ/’y - (d07daalaj )7

a xT 2 t x

iyaij = / (i g5 + Githjy)de = %514(2)) / (9i xj + i 2 )d
o adPay(t) o a?oy(t) o
= - Bal(t) ¢Zw] - 30[1(t) (d07d0?z7.] )a

s = [ @ty + 0005000 =a [ (Gaat — )
= a(qsi’zwj - (bil/]]}l’) = a[_(d17d57i’j*) + (d07 dT7i7j*)]v
i = / (¢i,t¢j + (biwj,t)dx = ﬂ(t)/ (Qbi,rzzq;bj + d)z’l/)j,zz'r)dx

= /B(t)(éi,zx¢j - ¢i,x¢j,x + ¢i¢j,xa¢)
= /B(t)[(d27d37laj*) - (d17d>{7i7j*) + (d07d;717]*)]
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Then, we can develop differential rules for Pfaffians as in [1], and compute various derivatives

of the Grammian determinant fy = det(a;;) with respect to the variables z,y, z,t as follows:

fo - (d07d07 )’
foz*(dtha )+(d03di7.)7
fN,ma:r: (d27d0 )+2(d17d>{7.))+(d07d§7.)a
)

_ a oz4(t .
vay - 30[1( ) (d07d0’.)7
a’ay(t) . .
fN,:vy = - 30[14(t) [(d17d07.) + (d07d17 .)]7
a’ouy(t " " .
fN,xmy - — 3()414(Ef)) [(dQ,dO, .) + 2(d17d17 .)) + (dO,d27 .)L
a20z4(t) * * * * * *
fN,a:xacy = - 30[1(t) [(d37d07.) + 3(d27 17.) + Q(do,do,dl, 1a.) + 3(d15d27.) + (d07d3a.)]7

fne = a[—(dy, dj, 8) + (do, di, )],
I 2z = a?[(ds, di, @) — (d2, di, @) + 2(do, dg, dy, 7, 8) — (di, d3, @) + (do, d5, )],
Ine = B@)[(d2, dg, ®) — (di,dy, ®) + (do, d3, ®)],
fne = B)[(ds, dy, ®) — (do, dp, di, dy, @) + (do, d3, )],
2

fN,ty = W[(diﬁdév.) - (dOadSad17dTa.) + (d07d§7.)]7

where the abbreviated notation e denotes the list of indices 1,2,--- , N, N* --. 2% 1* common
to each Pfaffian.

Under the conditions on ay, a3, ay and a, we can now compute that

a1 (8) [N zzay + [Ntz + a3(t) v ey — aa(t) fn 2z
= —da’aq(t)(do, dg, dv, d3, @),

=31 () fNaay Nz — 1 () Ny N aoe — INifNg —as() NSy
= da”ay(t)(do, di, ®)(d1, d}, ),

3001 () [N oy [N ze + a(t)(fn,2)?
= —4a”au(t)(d1, dg, #)(do, d7, ®),

and further obtain that

(a1(t)D3Dy + DyD, + a3(t)D; Dy — as(t)D2) fn - f
=2(o1(t) [N zzay + [Ntz +03(t) [ty — 0a(t) fnzz) v — 200 (8) BfN 2y [Nz
— 3fNayfNaa + [Ny Naoa) = 20N N2 — 203(8) NNy + 204(t) (fN,2)?
= —8a’ay(t)[(e)(do, dg, i, dy, ®) — (do, dy, ®)(dv, di, @) + (di, g, 8) (do, d7, @)]
=0.
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The last equality is nothing but the Jacobi identity for determinants. Therefore, we have
shown that fy = det(ai;)i<ij<n defined by (3.1) solves the (3+1)-dimensional generalized
Hirota bilinear vcKP equation (2.6) under the conditions of (3.2)—(3.3).

The systems (3.2)—(3.3) have solutions

P 2
g a“oy(t
¢’L' = Z dijen”, Nij = ]{1”1} — 30414((t)) kzjy + CL]{:?]Z + kfjh(t), (36)
j=1
a 2
N a’ou(t) .
Yj = Z e, (i = ljiw — 3@14(t) Lisy — al};z + I;h(t), (3.7)

i=1

where

dij, eji, kij, lj; are free parameters, and p, ¢ are two arbitrary natural numbers.

4 Conclusions and Remarks

Under certain constraint on the variable coefficients, we have verified that the (3+1)-

dimensional generalized vcKP equation
(ur + 01 () uggy + 32 (B)ugty)s + a3(t)uy — aa(t)u,, + as(t)(ue + az(t)u,) =0

has two classes of exact determinant solutions. One is formulated in the Wronskian determinant
and the other in the Grammian determinant. Indeed, we have shown that the above vcKP
equation was reduced to the Pliicker relation for determinants and the Jacobi identity for
determinants in the cases of the obtained determinant solutions. In our solutions, there is a

free parameter a which satisfies
30 (t) — a*asz(t)au(t) #0 for all values of t.

Theorems 2.1 and 3.1 present the main results on these solutions.

We remark that in order to get more solutions to the above vcKP equation, we have tried
to replace this arbitrary constant with an arbitrary function with respect to t. But we faced a
problem with a compatibility condition of the system of the linear differential equations (2.11).
It is unavoidable that 3—‘1‘ must be a constant. Actually, if we computed the derivative fn iy

without this condition, the term
2
Fa(a )2
would appear and the vcKP equation could not be reduced to the Pliicker relation for determi-
nants or the Jacobi identity for determinants, in addition fy ity 7# fn .yt
In particular, if we put a3 = as = ag = a4 = 1 and a5 = 0, then we will get an equivalent
solution to the one given in [14, Theorem 2.1] with a condition on the parameter a, which

accepts any real number except ++/3 for a.
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On the other hand, if we choose a; = as = a3 = a4 = —1 and a5 = 0, then we will have
the equation

Ugzay + B(Uxuy)m — Utz + Uty — Uzz = 0.

Note here that the coefficient of the term wu;, is —1. By using Theorem 2.1, one can get the

following Wronskian solution:

UZQ(IHfN)xa fN:W(¢17¢27".3¢N)7

where
4q

p 2
g 1
0 =3 dige™,  miy = ke = gakizy + aklyz = =kt
j=1
d;; and k;; are free parameters, and p is an arbitrary natural number. There are not any
restrictions on our parameter a here.
However, it should be mentioned that this generalization is non-trivial. For example, the

KdV equation with the variable constraint
Ut + a1 (D) Ugge + 2 (t)uu, =0

is a trivial generalization of

Ut + Ugge + OuUy, =0

by a simple change of variables (x,t,u). In this paper, one can always set a;(t) = 1, ay = 3,
a5 = 0 under the constraint (2.7) by a similar change of variables. But introducing as(t), ay(t)

makes our generalization non-trivial.
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