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Slowly Increasing Cohomology for Discrete
Metric Spaces with Polynomial Growth*

Xiaoman CHEN! Shuyun WEI?

Abstract The authors introduce a kind of slowly increasing cohomology HS*(X) for a
discrete metric space X with polynomial growth, and construct a character map from the
slowly increasing cohomology HS*(X) into HCZ,,;(S(X)), the continuous cyclic cohomolo-
gy of the smooth subalgebra S(X) of the uniform Roe algebra B*(X). As an application, it
is shown that the fundamental cocycle, associated with a uniformly contractible complete
Riemannian manifold M with polynomial volume growth and polynomial contractibility
radius growth, is slowly increasing.
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1 Introduction

Let M be a noncompact complete Riemannian manifold. The indices Ind(D) of a general-
ized Dirac operator D on M which lies in the K-theory of the uniform Roe algebra B*(M), i.e.,
the completed algebra of locally traceable operators with finite propagation, carry the topo-
logical and geometrical information of the manifold M. One of the approaches to detect the
indices of D is Connes’ pairing theory between cyclic cohomology and the K-theory for the
appropriate smooth subalgebra of the uniform Roe algebra B*(M). This approach was proved
to be successful in studying various problems in topology and geometry such as the Novikov
conjecture, the positive scalar curvature problem and the zero spectrum conjecture (see [1—
2]).The notion of coarse cohomology was introduced by Roe in [3] for the purpose of the index
theory on the noncompact manifolds. An important feature of the coarse cohomology is that it
can be considered as the cyclic cohomology of the precomplete uniform Roe algebra B(M), i.e.,
the algebra of locally traceable operators with finite propagation. Extending cyclic cocycles of
the precomplete uniform Roe algebra to the appropriate smooth subalgebra of the uniform Roe
algebra is crucial for the Connes approach and its applications. This paper focuses on studying
which cyclic cocycles from the coarse cohomology can be extended to the appropriate smooth
algebra of the uniform Roe algebra. The Schwartz-type space S(X) is an explicit smooth subal-
gebra of the uniform Roe algebra B*(X) for a discrete metric space X with polynomial growth
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(see [2, 4]). We will introduce a kind of the slowly increasing cohomology HS*(X), and show
that this cohomology can be considered as the continuous cyclic cohomology of the smooth
subalgebra S(X). An explicit character map from the slowly increasing cohomology HS™(X)
into HC?

uniform Roe algebra B*(X), will be constructed.

(S(X)), the continuous cyclic cohomology of the smooth subalgebra S(X) of the

Recall that a discrete metric space X is said to have polynomial growth if there exist positive
constants m and p, such that the number of points in the ball B(z,r) is less than m(1 + r)P
for all z € X. Throughout this paper, we always assume that X is a discrete metric space with
polynomial growth.

This paper is organized as follows. In Section 2, we introduce the definition of slowly
increasing cohomology. In Section 3, we show that this kind of cohomology is a coarse isometric
invariant. In Section 4, a character map from the slowly increasing cohomology HS*(X) into
HC;,

cont

(S(X)) is established. In Section 5, we consider the relationship between the slowly
increasing cohomology and the coarse cohomology. In particular, we get a sufficient condition
for a coarse cocycle to be slowly increasing. This paper ends with Section 6, where an application
is given. We recapture that Ind(D) is not zero in the K-theory of the uniform Roe algebra
B*(M) for a uniformly contractible complete Riemannian manifold M with polynomial volume
growth and polynomial contractibility radius growth, by proving that the fundamental cocycle
associated with M is slowly increasing.

2 Slowly Increasing Cohomology

In this section, we first give the definition of slowly increasing cohomology for a discrete met-
ric space X with polynomial growth. X"*! denotes the Cartesian product of n+ 1 copies of X,
and A, 11 € X"! denotes the multi-diagonal {(z,x, - ,x) : @ € X}. For T = (zg, 21, , )
and ¥ = (yo.y1, -+ ,¥n) in X™F 1 we define the distance

d(ja g) = max d(zia yz)

P(Ap41,k) denotes the set {z € X" : d(Z, A,q1) < k} for k > 0.

We shall define a kind of slowly increasing cohomology with coefficients in R. Given a
function ¢ : X"*t! — R, we say that ¢ is slowly increasing, if {¢z} is a slowly increasing
sequence, which means that there exist positive constants ¢ and [, such that ¢ < ¢(1 + k) for
all positive integer k, where

o= S lo@)

EEP(A71+1,]€)

Forn =0,1,2,---, we define
CS™(X) = {¢: "™ = R | ¢ is slowly increasing}

and
n+1

(6¢)($07$1,"' 7$n+1) = Z(—l)i¢($07$17~-- a/m\ia"' 7wﬂ+1)

=0
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for any ¢ € CS"(X). One can easily check that CS™(X) is a linear space. Since

> |0¢(x0, 21, T y1)]
(zos s Tnt1) EP(Anya,k)
n+1

SZ Z Z |p(z0, 21, Ty s Tpgr)|

1=0 (zo, -, @i, ,Tnt1)EP(Any1,k) {zil|d(zi,2;) <2k,Vj#i}
n+1

<> gpm(l + 2k)P
=0
n+1

< e+ k)'m(1+ 2k)P
=0

< (n+2)em(1 + k)1 2P,

we have that {(0¢);} is a slowly increasing sequence. So, @ maps CS™(X) into CS""!(X). Note
that 0 is the usual coboundary of Alexander-Spanier cohomology, % = 0. Thus, (CS*(X), ) is
a subcomplex of the acyclic Alexander-Spanier complex. Therefore, we have a cochain complex

(CS*(X),d).

Definition 2.1 The cohomology of the cochain complex (CS*(X),d) is called the slowly
increasing cohomology, and is denoted by HS*(X).

In the following, we give an equivalent description of a slowly increasing cochain. We also
show that any slowly increasing cohomology class can be represented by a totally antisymmetric
cocycle. These two results will be frequently used later.

Theorem 2.1 Let ¢ be a function from X"+ into R. Then ¢ € CS™(X) if and only if
there exists an s > 0 such that

> [O(zo, -+ @) (L + d(wo, 21)) 7" -+ (1 + d(@n, 20)) ~° < 0.

(IO’... ’mn)€X7l+1

Proof If ¢ € CS"(X), then, by the definition of CS™(X), there exist positive constants ¢
and [, such that ¢ < ¢(1+ k)'. Choosing s > 2 + [, one has

) @0, -+, ) [(1 4 d(z0,21)) ™" -+ (1 4 d(n, 20)) "
(0, ) EXTHL

o0

Z |P(z0, -+ an)|(1 + d(wo, 1)) ™" -+ (L + d(2n, 20))

(z0,,2n)EP(Ant1,k)\P(Ant1,k—1)

Z |¢($05 axn)|k_s

(z0,,2n)EP(Ant1,k)\P(Ani1,k—1)

> 6(z0, - )k

0 (zo, &n)EP(Any1,k)
=3 ok <D 1+ k)R <2%) (1+ k)
k=0 k=0 k=0

< 00.

>
Il
=)

IN

M T0e

IA
i
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For the converse, if there exists an s > 0 such that

Z |p(zo, -+ yxn)|(1+ d(zo,21)) "% -+ (L + d(zpn,20))"° = ¢ < 00,

(zo, -+ wn)EX™HL

then

b = > (w0, 1, ,x)]

(@0, xn)EP(Apy1,k)
<Y lmnan w0 daom) (1 d(a)
(zo, - ,xn)EP(Ant1,k)
(14 2k)% - (1 + 2k)°
n+1
< (1 + k)HnHDs,

It follows that {¢} is a slowly increasing sequence, i.e., ¢ € CS"(X).
Define

CSZ(X) = {(b € CSH(X) ‘ ¢(xd(0)7 e 7xo(n)) = (_1)U¢(x03 e 7$n)7 Yo € Sn+1}7

where S, 41 denotes the n + 1 order permutation group. It is easy to see that (CS},(X), 9) is a
subcomplex of (CS*(X), 9). Moreover, we have the following theorem.

Theorem 2.2 The inclusion
i: CS,(X) — CS*(X)
induces an isomorphism on cohomology. The operation of the complete antisymmetrization
A: CS*(X) — CSL(X)

defined by
1

(Ad)(o, o) = gy D (<1)7(w0, - saa)

a€Sp41

18 a cochain map and induces the inverse isomorphism on cohomology.

Proof It is easy to see that A is a cochain map and A oi =1Idy. In the following, we will
construct homotopy operators D,, by induction and show that i o A and Idx are homotopic,
ie,ioA~Idx. Let Dy =0, and for n > 1

(Dn¢)(x07 e ,.13”) = (IdX¢wo)($O7 T ,.Tn) - (A¢$O)($0, o ;xn) - (an—an—lcbwg)(an e ,J?n),

where ¢ (21, ,Tn) = &(xo, 21, -+ ,x,). It is straightforward to check that D, is a linear
map from CS"T!(X) into CS™(X), and

Dnan + 8n,1Dn,1 = IdX —io0A.

Thusio A ~ Idy.

A direct computation shows that HS*"*(X) = 0, HS*"(X) = R, ¥n > 0 for the space
X = {pt} with a single point, and hence for any compact discrete space X by its coarse isometric
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invariant (see Section 3). On the contrary, one has that HS?(X) = 0 for any noncompact discrete
metric space X. In the end of this section, we give an example to see that HS'(X) # 0.

Example 2.1 Let X = {£n?: n € Z} with the metric which inherits as a subspace of Z.
Then HS'(X) # 0.

Proof Let
¢g(x0,21) = g(21) — g(20), Vg €I17(X).

Then ¢, is a slowly increasing cocycle, since g is bounded and X is of polynomial growth. Thus
[¢py] =0« 3f € I'(X), such that 9f = ¢,

& 3f € 1'(X), such that f(z1) + g(wo) = g(21) + f(z0)), Vwo,21 € X
= 3f € I'(X), such that f(z)+ g(0) = g(z) + f(0), Vzxe€ X.

Now let g € 1°°(X)\!*(X), such that g(0) = 0, g(—n?) = 0. We claim that [¢,] # 0. Otherwise,
3f € I*(X) such that f(n?) = g(n?) + £(0), f(—n?) = f(0). Then f € I}(X) implies f(0) = 0.

Hence f(n?) = g(n?). Let
| f(z), ifx>0,
hiz) = {O, otherwise.

It is obvious that fi(z) € I*(X) while fi(x) = g(x) ¢ [}(X), a contradiction.

3 Coarse Isometric Invariant
We first recall some standard definitions coming from coarse geometry (see [5]).

Definition 3.1 Let X and Y be discrete metric spaces.
A map f: X =Y is said to be a coarse isometry, if there exist positive constants a, b and
¢, such that
a Mz, 2') — b <d(f(x), f(«) < ad(z,2') +b, Vr,2' €X

and
dly, f(X)) <¢, Vyev.

Two coarse maps f, f': X =Y are said to be close, if there exists a ¢ > 0, such that
d(f(z), f'(z)) <e¢, VreX.

Two metric spaces X andY are said to be coarse isometric, if there exists a coarse isometry
between X and Y.

Let X and Y be discrete metric spaces with polynomial growth, and let f be a coarse
isometry from X into Y. For any ¢ € CS™(Y), define f*(¢) by

f*((b)(xO?xl’ to "rn) = ¢(f(x0)7f(x1)7 T af(xn))'

Then f*(¢) € CS™(X). In fact, since f is a coarse isometry from X into Y, there exist constants
a > 0 and b > 0, such that

d(f(x), f(2')) < ad(z,2") +b
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for any z,z’ € X. Thus, for any s > 0, there exists a ¢ > 0, such that
(I+d(z,2"))" < c(l+d(f(z), f()) "

Hence,

Z |f*((b)(5(:0, e 7xn)|(1 + d(x()wrl))_s e (1 + d(l‘n,xo))_s

(w0, swn)EXHL

= > [6(f (o), -+ s flan))|(1 + d(20, 1)) ™" - - (1 + d(@n, 20))~*

(IOw'” 7mn)e)(n+1

<a ST 8ol )l d(f (o), f)) 7 (1 d(f ), f(0))

(w0, ywn)EXHL

<t N 160, w)l (L d(yo,yn) "+ (1 d(yn, o))

(o, yn)EY " F1

< o0.

It follows that f*(¢) € CS™(X).
It is straightforward to check that the diagram

csny) o os(x)
gl 19
csmtiy) LS csm(x)

is commutative. Hence, f* is a cochain map from CS*(Y) into CS*(X). Moreover, f* induces
a homomorphism from HS*(Y) into HS*(X).

Theorem 3.1 Let X and Y be discrete metric spaces with polynomial growth, and let f
and g be coarse isometries from X into Y. If f and g are close, then f* = g*.

Proof To prove f* = g*, it suffices to construct cochain homotopy operators D" :
CS" 1Y) — CS™(X) such that

D"d + oDt = f* — g*.
Put

D;(L(b(anml, e axn) = (b(g(x())ag(xl)a e 5g(xi)7f(xi)7f(xi+l)? T 7f(xn))

for any ¢ € CS"*(Y) and any n > 0. We claim that D¢ € CS"(X). Indeed, there exists a
¢ > 0, such that

d(f(z),g9(x)) <e¢, VzelX,
since f and g are close; and for any s > 0, there exists a ¢ > 0, such that
(1 +d(z,2")™" < (1 +d(f(2), f(2')) "

and
(1 +d(z,2")™* < e(1+d(g(x), g(2"))) "
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for all z, 2’ € X, since f and g are coarse isometries. Therefore, one has

> D (0, -+ 2n)|(1 4 d(zo,21)) ™ -+ (1 + d(an, 20)) "

(g, ,xn)EX N+
= > elg(@), - g(@), f@), f@ia), s )]
(w0, ) EX T
(14 d(zo, 1)) % - (L + d(xp,x0))"°
<c" > [6(g(x0), -+ s g(@a), f(@i), f(iga), -, fn))]
(g, ,xn)EXNtHL
(L4 d(g(wo), g(x1))) " -+ (1 + d(g(wi1), 9(:))) " (1 + dlg (i), f(w:))) "
(LA d(f (i), f(@i00))) ™" (LA d(f(@n-1), f(20))) 7" (14 d(f (@), 9(20)))
(L4 d(g(i), f(2:)))* (L +d(f(xn), 9(20)))" (1 + d(wn, 20))*
< M1+ )% Z |9(yo, Y1, s Yn+1)]
(Yo, Ynt1)EY H2

(I 4d(yo,y1)) *(1 +d(y1,92)) " (1 + d(Ynst1,%0)) " °

< 0.

It follows that D¢ € CS"(X) by Theorem 2.1. Let

It is straightforward to check that D™ are the desired cochain homotopy operators.

Theorem 3.2 Let X and Y be discrete metric spaces with polynomial growth. If X and Y
are coarse isometric, then HS™(X) = HS*(Y).

Proof Let f be a coarse isometry from X into Y. Then there exists another coarse isometry
g from Y into X as a coarse inverse of f, that is, go f and f o g are close to Idx and Idy,
respectively. It follows that g* o f* = Id}, and f* o g* = Id% by Theorem 3.1. Therefore,
HS*(X) @ HS*(Y).

4 Character Map

This section mainly concerns constructing continuous cyclic cocycles on the smooth sub-
algebra S(X) of the uniform Roe algebra B*(X) from the slowly increasing cohomology. We
first review some basic definitions, results concerning uniform Roe algebras and their smooth
subalgebras.

Let (X,d) be a discrete metric space, and [?(X) be the natural [?>-space of X. Given a
function k£ : X x X — C, k is said to be finitely propagated, if there is a constant ¢, > 0,
such that k(x,y) = 0 whenever d(z,y) > ci. k is said to be bounded, if it defines a bounded
operator on [2(X) by convolution, that is, k : 1>(X) — [2(X) defined by

kx&(x ijxy
yeX

is a bounded operator.
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Definition 4.1 (see [6]) Let (X,d) be a discrete metric space. The precompleted uniform
Roe algebra of X is defined to be

B(X)={k:X x X — C| k is bounded and finitely propagated}.

The norm closure of B(X) in 1?(X) is called the uniform Roe algebra, and is denoted by B*(X).

Definition 4.2 A dense Fréchet subalgebra A of a C* algebra A is said to be smooth, if
A s closed in A under holomorphic functional calculus.

Let S(X) be the Fréchet space of functions k on X x X satisfying

sup Y [k(z,y)]*(1+ d(x,))* < oo
yeX zeX

for all s > 0, where the seminorms are defined by

N

Hk”‘? = (Sup Z |k’($,y)|2(1 + d(xay))zs) y S= Oa 1727' .
yeX:DEX

It is clear that B(X) is contained in S(X). However, S(X) is not always contained in
B*(X). In [4], we showed that S(X) C B*(X) if and only if X has polynomial growth and in
the case that S(X) is a smooth subalgebra of B*(X).

It is the suitable position to recall some notations on the cyclic cohomology (see [7]). Let
A be a locally convex algebra. A®™ denotes the n-fold topological projective tensor product of
A. Let

CTL

cont

(A) = Homeon (A2 D) C)

be the space of continuous (n + 1)-linear functionals on A. ¢ € CZ . (A) is called an n-cochain.
A cochain ¢ € C? (A) is said to be cyclic if

¢(an7a07 e 7an—1) == (_1)n¢(a07a17 e aan)'

Clionia(A) denotes the space of continuous cyclic cochains on A. Define b : Cl; \(A) —
OZLO—;%,/\(A) by

(bg)(ag, -+ ,ans1) = Z(*l)"éf)(aow“ @it Gng1) + (=1 G (ans1a0, ar, - s an).
i=0
A direct computation shows that b is well-defined and > = 0. The complex

b b b
Coont,)\(A) - Cgont,)\(A) - Cgont,)\(A) —

C

is called the Connes (continuous) complex of A. The cohomology of this complex is called the
continuous cyclic cohomology of A and will be denoted by HC, (A), n =0,1,2,--- .

cont

Lemma 4.1 For any positive integer n, define a linear map

1:S(X)®" — §(X™)
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by
(k1 @k @ @kn)((T1, 22, ,%0), (Y1,Y2, -+ 1 Yn)) = k1(z1,y1)k2(22,y2) -+ - kn (T, Yn)-

Then 1 is continuous with respect to the projective topology, and furthermore l can be continu-
ously extended to the n-fold projective tensor product S(X)®™ of S(X).

Proof Without loss of generality, we assume that n = 2. Note that for any k1, ks € S(X)
and s > 0, one has

(k1 @ k2)[|2 = sup > Uk @ k)((21, 22), (1, 92))P(1+ d((z1,22), (y1,92))**
(z1,w2)€X? (y1,y2)€X?
= sup Z k1 (21, y1)ka (22, 52) [P (1 + max{d(z1,91), d(x2,y2)})**
(z1,22)€ X2 (y1,y2)€X?
< sup Z |1 (21, y0) P(1 + d(21,91))* sup Z |z (22, y2)[* (1 + d(w2, y2))*
mleXyleX ZzGXerX

Therefore, for any k € S(X) ® S(X) and any of its representations k = 3 k1; ® ko;, we have
i=0

HERs <D Mlae @ Kalls <D [1Rulls [ Eaill -
=0 1=0

It follows that ||i(k)||s < ||k||ls,s by the definition of the projective seminorms, which implies
that [ is continuous.

Now we construct a character map from the slowly increasing cohomology of X to the
continuous cyclic cohomology of S(X).

Define

X(¢)(k) = Z l(k)((xo,-~- 7xn71axn)v($17"' 7mn,x0))¢(x0,x1,~-- 7‘rn)

(wo,+ wn)EXHL

for any ¢ € CS"(X) and any k € S(X)®+D_ Then x(¢)(k) is well-defined and x(¢) is a
continuous linear functional on S(X)®+1) ie. x(¢) € O .(S(X)). Indeed, there exists an
s > 0, such that

cp = |(xo, -, xn)|(1+d(zo,21)) "% (1 + d(xn, 20))° < 00,

since ¢ € CS™(X) is slowly increasing. Therefore

|X(¢)(l€)| < Z ‘l(k‘)((wm 7$n*17xn)7(1‘1>"' ’mmxo))H(b(xval’”' ’xn)|

(3"07"' 71‘71)6X"+1

= Y k(@0 st (2, 20))| (L4 g, 21)°

(930,"',93n)€X”+1
(Lt d(zn, 20))°|¢(x0, -+ )| (1 + d(0, 1)) - (1 + d(n, 0)) ™"

< 1E 1) > [0(z0, -+ s wn)|(1+ d(2o, 1)) 77 -+ (1 + d(@p, 20)) ™"

(mo’... 7mﬂ)e){?rl»l

< C¢Hk”(n+1)s,(n+1)sa
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which implies that x(¢)(k) is well-defined and x(¢) is continuous on S(X )®("+1). Furthermore,
one can regard x(¢) as a continuous (n + 1)-linear functional on S(X), that is,

X(¢)(k07klv"' 7kn) Z kO(waTl)kl(xlaxZ)'"kn(xn;‘fO)(b(xO»xla'“ 7xn)~
(@0, an)EXTHL

Lemma 4.2 x defined as above maps CS,,(X) into CZ . \(S(X)).

cont, A

Proof By the assumption ¢ € CS(X), one has

d(x1, 22, ,&n,T0) = (=1)" (0,21, - ,Tn).

Hence

X(¢)(k7lr kOa o akn—l)
= > kin (20, 21)ko (21, 22) + * kn—1(zn, T0)$(20, 71, -+, Tn)

(fov... an)exvﬂrl

= > ko(x1, x2)k1 (22, 3) - -+ kn—1(2n, 20)kn (20, 21) - (=1)"@(z1, 22, -, Tn, T0)

(zo, - wn)EXntL

= (_1)nX(¢)(kUa k17 s 7kn)7
which implies that x(¢) € C2 . (S(X)).

cont, A

Theorem 4.1 x defined as above induces a homomorphism from the slowly increasing co-
homology HS* (X)) into the continuous cyclic cohomology HC, . (S(X)) of the smooth subalgebra
S(X).

Proof By Lemma 4.2, it suffices to show that for any ¢ € CS](X),
(x©0)(¢) = (=box)(¢),

where 0 and b are coboundary operators over the cochain complexes (CS)X,9) and

(Clonen(S(X)),b), respectively. In fact, by the assumption ¢ € CS;(X), one has
(71)n+1¢(‘xn+17 Ty, )xn) - 7¢)(§U1, T, ,l'n—&-l)
and

b(X(¢))(kOa klv e ,kn+1)

= Z(il)nx((ﬁ)(k(h e 7kiki+17 e 7kn+1) + (*1)n+1X(¢)(kn+1k07 kla T 7kn)
=0

= > ¢(To,T1,+ ,Tn) - { > ko(xo, vk (y, 21)ka (21, 22) - kpyr (20, 20)

($0,~'~,$W)EX"+1 yeX
- Z ko(zo, 1)k (z1, y)ka(y, x2) - kny1(2n, To) +
yeX
+ (-1)° Z ko(zo, z1)k1 (1, 22) - - ki (@i, Y)kiv1 (Y, Tig1) -+ ko1 (Tn, 20) + -+
yeX

+ (=)™ kg (o, v)ko(y, 21)k1 (21, 22) - - kin (20, 20)
yeX
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= > ko(wo, 1)k (1, 22)  « * kny1 (@41, o) - [$(20, T2, Tpt1) + -
(o, Tpt1) EXTF2
+ (_1)i¢(1.0’x1’ Ty L1,y 7xn+1) + -+ (_1)n+1¢(xn+171.17x27 e 7xn)}
n+1
= > ko(wo, w1)k1 (1, 22) - kni1(Tni1,0) D (=1)'@(x0,- -, Biy -+, Tns1)
(w0, \Tng1) EXTH2 i=0

= X(6¢)(k0a klv t 7kn+1)-

Therefore, x0= —by, which implies that y is a homomorphism from HS"(X) into HC, ,(S(X)).

5 Relationship with Coarse Cohomology

Recall that the coarse cohomology, which is introduced by John Roe in [3] as one of the tools
to study the index theory on the noncompact manifolds, is defined as the homology HX*(X)
of the cocomplex (CX*(X), 9), where CX"(X) is the space of functions ¢ : X"*! — R which
satisfy the following support condition: For each k > 0, the set

supp(¢) N P(Apt13k)

is finite in X™*!, and

n+1
6¢($0; T, 73;77,-‘,-1) - Z(_l)%ﬁ(an s, Ti—1, 53\1" L1, axn-‘rl)-
i=0
Roe proved that any totally antisymmetric coarse cochain ¢ € CXJ(X) can induce a cyclic
cochain x(¢) on the precomplete uniform Roe algebra as follows:

x(0)(ko, k1, kn) = Z ko(zo, 1)k (21, 22) - - - kn(@n, o) d(x0, 1, -+, Tn),

(W07“' v'L'n)EX"Jrl

where ko, k1, ,k, € B(X). Furthermore, the map x defined as above is a homomorphism
from HX*(X) into HC*(B(X)).

Let CS7(X) = CX"(X) N CS"(X) and CS7 ,(X) = CX(X) N CS;(X). Then (CS;(X), 0)
and (CS7 ,(X), 0) are subcomplexes of the coarse complex (CX*(X), J) and its antisym-
metrization (CX}, (X), 0), respectively. ¢ € CS(X) is called a slowly increasing coarse cochain.
Denote HS (X)) by the homology of the complex (CS}(X), 9), and call it the slowly increasing
cohomology with compact support. It is obvious that the inclusion

1:CSH(X) — CX™"(X)
induces a natural homomorphism
I* : HS?(X) — HX"(X),

and the map y defined as above gives a homomorphism from HS}(X) into HC . (S(X)) by

cont

Theorem 4.1. Moreover, the following diagram:
HS;(X) % HC*(S(X))

HX*(X) 2% HC*(B(X))
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is commutative.
In the end of this section, we will give a condition for a coarse cochain to be slowly increasing
in terms of the growth of the support of coarse cochains.

Theorem 5.1 Let (X, d) be a discrete metric space with polynomial growth, and ¢ be a
uniformly bounded coarse antisymmetric n-cocycle. If ¢ satisfies

#{suppé N P(Anp1, k) < c(L+K), VE >0

for some ¢ >0 and | > 0, then ¢ is slowly increasing.

Proof Since ¢ is uniformly bounded, there exists a ¢’ > 0, such that |¢(zg, - ,zn)| <
for any (zg,--- ,x,) € X" 1. Since the support of ¢ satisfies

#{suppp N P(Aps1,k)} < c(1+ k),

we have

O = Z |¢(xo, w1, - - ,xn)| < c/c(l + k)l7

(zo,+,@n) EP(Any1,k)

which implies that {¢} is slowly increasing.

Theorem 5.2 Let X be a discrete metric space with polynomial growth. If ¢ satisfies the
conditions in Theorem 5.1, then x(¢) is a continuous cyclic cocycle on the smooth subalgebra
S(X) of the uniform Roe algebra B*(X).

Proof It immediately follows from Theorems 4.1 and 5.1.

6 Application

Let M be a uniformly contractible manifold of dimension m, and X be a separate net in M.
It is well-known that the uniform Roe algebra B*(M) is isomorphic to B*(X) ® K(H), where
K (H) is the algebra of compact operators on an infinitely dimensional separable Hilbert space
H. If M has polynomial growth, then S(X)®L'(H) is a smooth subalgebra of B*(X), where
L'(H) is the algebra of trace class operators on H.

Theorem 6.1 Let M be a uniformly contractible complete Riemannian manifold of dimen-
ston. m with polynomial volume growth and polynomial contractibility radius growth, and X be
a separate net in M. Let ¢ be an antisymmetric slowly increasing cocycle on X. Define

$(k0®007k71®017'“ hn ®cp) = Z ko(zo,z1)k1 (21, 22) - - - kn(@n, o)
(zo, -+ ywn)EXntL
: tr((pr‘OCO()O&L‘1cl e <pwncn)¢(x0, Ty, axn)a

where { @z trex 1S a partition of unity subordinate to a uniformly bounded open cover {Oz}pex-
Then ¢ defined as above is a continuous cyclic cocycle on the smooth subalgebra S(X)&L'(H)

of B*(X).

Proof Since ¢ is slowly increasing, there exist s > 0 and ¢ > 0, such that

|0(z0, -+ s an)|(1+ d(zo, 1)) 77 - - (1 + d(@n, 20))™° < c.
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Hence
|p(ko @ co, k1 @1y s kn @ ca)| < cllkolls - |Enllslicollr - lenllss

which implies that ¢ can be extended as a continuous n + 1 linear functional on S(X)RL(H).
It is straightforward to check that 5 is a cyclic cocycle.

Next, we will consider the fundamental cocycle on M. Recall that one can define a contin-
uous map from the Rip complex P(X) to M, such that

(1) f(z) =« for all z € X

(2) f is smooth when it is restricted to a simplex in P(X);

(3) for any d > 0, k > 0, there exists a dj, > d, such that f([zo,---,xy]) is contained in
B(zg,: -+ ,xpn,dg) for any k-simplex [zq, - ,zk] in Py(X).

Let w be a compactly supported differential form representing the generator in H* (M),
such that [,, w = 1. Define

T(xo, + , Tm) = / frw.
[107...71"”]

It is easy to see that 7 is an antisymmetric m-coarse cocycle, which is called the fundamental
cocycle on M (see [12]). Moreover, one has the following theorem.

Theorem 6.2 Let M be a uniformly contractible complete Riemannian manifold of dimen-
ston. m with polynomial volume growth and polynomial contractibility radius growth, and X be
a net in M. Then T defined as above is a slowly increasing m-cocycle with compact support.

Proof It suffices to show that 7 satisfies the condition of Theorem 5.1. Denote R(r) by
the contractibility radius of M. Let yo € suppw. There exists an r > 0, such that d(x,yo) <r
for any x € suppw, since w is compactly supported. Now, for any (zg,---,z,) € X", we
may assume that 30 < [ < p < m, such that d(z;,z,) > d(x;,z;) for any 0 < 4,5 < m. We
claim that f([zo, -+, 2m]) Nsuppw # 0 implies d(z;,yo) < 3R(d(zy,xp)) + 7 for any 0 < i < m.
Otherwise, d(yo,x;) > 3R(d(z,x,)) + r for some j. Since {zo,---,zm} C B(x;,d(x1,zp))
for i =0,1,---,m, we have that f([zo, - ,zm]) C B(zs, R(d(z,zp))) for i = 0,1,--- ,m. It
follows that

d(yOaxi) > d(yo, z]) d(zjvx’b)

> 3R(d(x1, xp)) + 1 — d(z;, z:)
> R(d(x1,2p)) + 1,

i=0,1,---,m. So f([zo, - ,Tm]) Nsuppw = . It is a contradiction. Therefore,
suppT N P(An+1vk) - {(LCO7£E1, e 7xn) ‘ d(xzvyo) S 3R(k) + T}
C {(Jjval, e axn) ‘ d(xﬂyo) S C(l + k)s}

for some ¢ > 0 and s > 0, since the contractibility radius of M has polynomial growth. It follows
that #{suppr N P(Aps1, k)} < (1 + k)*, since the volume of M has polynomial growth.

Theorem 6.3 (see [2]) Let M be a uniformly contractible complete Riemannian manifold
with polynomial volume growth and polynomial contractibility radius growth, and D be the gen-
eralized Dirac operator on the Clifford bundle over M. Then IndD is nonzero in Ko(B*(M)).
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Proof It follows from Theorem 4.1 in [2], together with Theorems 6.1 and 6.2.
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