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1 Introduction

A pseudo-Riemannian manifold is a manifold with an indefinite metric of index p (p ≥ 1).

Such structures arise naturally in the theory of relativity, and more recently, string theory

(for more details, see [11]). In this paper, we study the conformal submanifold geometry in

pseudo-Riemannian space forms.

Let RN
s denote a pseudo-Euclidean space, which is the real vector space RN with the non-

degenerate inner product ⟨ , ⟩ given by

⟨ξ, η⟩ =
N−s∑
i=1

xiyi −
N∑

i=N−s+1

xiyi, (1.1)

where ξ = (x1, · · ·xN
), η = (y1, · · · , yN

) ∈ RN . Let

Cn+1 : = {ξ ∈ Rn+2
p+1 | ⟨ξ, ξ⟩ = 0, ξ ̸= 0}, (1.2)

Qn
p : = {[ξ] ∈ RPn+1 | ⟨ξ, ξ⟩ = 0} = Cn+1/(R\{0}). (1.3)

We call Cn+1 the light cone in Rn+2
p+1 and Qn

p the conformal space (or the projective light cone)

in RPn+1. We know that the light cone has a degenerate symmetric 2-form (a semi-Riemannian

metric) h̃. In fact, there is an orthonormal decomposition of the tangent space of the light cone
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at a point u ∈ Cn+1:

TuC
n+1 = {ξ ∈ Rn+2

p+1 | ⟨u, ξ⟩ = 0} = Ru⊕ E⊥
u .

Along the line Ru, the two subspaces of Rn+2
p+1 , E

⊥
λu and E⊥

u are equal, where λ ∈ R\{0}. For

any vectors α, β ∈ E⊥
u , we may define

h̃(α, β) =
2

|u|2
⟨α, β⟩,

where | · |2 is the standard square norm of Rn+2.

The standard metric h of the conformal space Qn
p can be obtained through the pseudo-

Riemannian immersion

π : Cn+1 → Qn
p .

Define the metric h as follows: for any X,Y ∈ T[u]Qn
p , there exist horizontal lifts α, β of X,Y ,

such that

h(X,Y ) = h̃(α, β),

where α, β ∈ E⊥
u . This definition is well-defined. We can check that (Qn

p , h) is a pseudo-

Riemannian manifold. Topologically, Qn
p is Sn−p × Sp/Z2, which is endowed by the standard

pseudo-Riemannian metric h = g
Sn−p ⊕ (−g

Sp
) and the corresponding conformal structure

[h] := {e2τh | τ ∈ C∞(Qn
p )}.

We define the pseudo-Riemannian sphere space Snp and the pseudo-Riemannian hyperbolic

space Hn
p by

Snp = {u ∈ Rn+1
p | ⟨u, u⟩ = 1}, Hn

p = {u ∈ Rn+1
p+1 | ⟨u, u⟩ = −1}.

We call Rn
p , Snp and Hn

p pseudo-Riemannian space forms with an index p (p ≥ 1). When p = 1,

we call them de Sitter space Sn1 and anti-de Sitter space Hn
1 .

Denote π = {[x] ∈ Qn
p | x1 = xn+2}, π+ = {[x] ∈ Qn

p | xn+2 = 0}, π− = {[x] ∈ Qn
p | x1 =

0}. There exist three conformal diffeomorphisms

σ : Rn
p → Qn

p\π, u 7→
[( ⟨u, u⟩ − 1

2
, u,

⟨u, u⟩+ 1

2

)]
,

σ+ : Snp → Qn
p\π+, u 7→ [(u, 1)],

σ− : Hn
p → Qn

p\π−, u 7→ [(1, u)].

We may assume that Qn
p is the common compactification of Rn

p , Snp and Hn
p , where Rn

p , Snp and

Hn
p are the subsets of Qn

p under the conformal geometry. Therefore, we only need to study the

conformal geometry in the conformal space Qn
p with the index p.

When p = 0, our analysis in this text can be reduced to the Moebius submanifold geometry

in the sphere space (see [13]). For more details of Moebius submanifold geometry, see [2, 4–6,

12–14], etc. For some other results about the Lorentzian conformal geometry (when p = 1), see

[7–10], etc.

This paper is organized as follows. In Section 2, we prove that the conformal group of

the conformal space Qn
p is O(n − p + 1, p + 1)/{±E}. In Section 3, we construct the general
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submanifold theory in the conformal space Qn
p , and give the relationship between conformal

invariants and isometric ones for hypersurfaces in pseudo-Riemannian space forms. In Section

4, we give the first variation formula of the Willmore volume functional of regular pseudo-

Riemannian submanifolds in the conformal space Qn
p . In Section 5, we classify the conformal

isotropic submanifolds in the conformal space Qn
p .

2 The Conformal Group of the Conformal Space Qn
p

In this section, we will prove that the conformal group of the conformal space Qn
p is O(n−

p+ 1, p+ 1)/{±E}.
First we introduce the following lemma.

Lemma 2.1 Let φ : M → M be a conformal transformation on m (m > 2) dimensional

pseudo-Riemannian submanifold (M, g), i.e., φ is a diffeomorphism, such that φ∗g = e2τg, τ ∈
C∞(M). If M is connected, then φ is determined by the tangent map φ∗p and the value of

1-form dτp at one fixed point p ∈ M.

Proof For any point p ∈ M, suppose that (xi) is a local coordinate around p, and (yi) is

a local coordinate around φ(p).

For the pseudo-Riemannian metric g̃ = e2τg = φ∗g on M, we denote D̃ the connection of g̃,

R̃ the curvature tensor, and R̃ic the Ricci curvature tensor. With respect to g, the corresponding

operators are D,R and Ric, respectively. The relations between these operators are as follows:

D̃XY = DXY +X(τ)Y + Y (τ)X − g(X,Y )∇τ, (2.1)

R̃(X,Y )Z = R(X,Y )Z + g(X,Z)DY ∇τ − g(Y, Z)DX∇τ

+ [g(X,∇τ)g(Y, Z)− g(Y,∇τ)g(X,Z)]∇τ

+ [DY Z(τ) + Y (τ)Z(τ)− Y Z(τ)− g(Y,Z)g(∇τ,∇τ)]X

− [DXZ(τ) +X(τ)Z(τ)−XZ(τ)− g(X,Z)g(∇τ,∇τ)]Y, (2.2)

R̃(X,Y,W,Z) = e2τ{R(X,Y,W,Z) + g(X,Z)g(W,DY ∇τ)− g(Y,Z)g(W,DX∇τ)

+ [g(X,∇τ)g(Y, Z)− g(Y,∇τ)g(X,Z)]g(W,∇τ)

+ [DY Z(τ) + Y (τ)Z(τ)− Y Z(τ)− g(Y,Z)g(∇τ,∇τ)]g(W,X)

− [DXZ(τ) +X(τ)Z(τ)−XZ(τ)− g(X,Z)g(∇τ,∇τ)]g(W,Y )}, (2.3)

where X,Y, Z,W are smooth vector fields on M, and ∇τ is the gradient of τ with respect to g.

Locally, let

D ∂

∂x
j

∂

∂xi
=

∑
k

Γk
ij

∂

∂xk
, D ∂

∂yj

∂
∂yi =

∑
k

Γ′k
ij

∂
∂yk ,

gij = g
( ∂

∂xi
,
∂

∂xj

)
, (gij) = (gij )

−1, φ∗
∂

∂xi
=

∑
j

Aj
i

∂

∂yj
, dτ =

∑
i

Bidx
i.

First we have

g
(
φ∗

∂

∂xi
, φ∗

∂

∂xj

)
◦ φ = e2τg

( ∂

∂xi
,
∂

∂xj

)
. (2.4)
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Acting the both sides of (2.4) with ∂
∂xk , we get

2Bkg
(
φ∗

∂

∂xi
, φ∗

∂

∂xj

)
= g

(
Dφ∗

∂

∂xk
φ∗

∂

∂xi
− φ∗D ∂

∂xk

∂

∂xi
, φ∗

∂

∂xj

)
+ g

(
Dφ∗

∂

∂xk
φ∗

∂

∂xj − φ∗D ∂

∂xk

∂

∂xj , φ∗
∂

∂xi

)
.

Alternating the positions of i, j, k, and using

D ∂

∂xi

∂

∂xj = D ∂

∂x
j

∂

∂xi
, Dφ∗

∂

∂xi
φ∗

∂

∂xj = Dφ∗
∂

∂x
j
φ∗

∂

∂xi
,

one obtains

Big
(
φ∗

∂

∂xj , φ∗
∂

∂xk

)
+Bjg

(
φ∗

∂

∂xi
, φ∗

∂

∂xk

)
−Bkg

(
φ∗

∂

∂xi
, φ∗

∂

∂xj

)
= g

(
Dφ∗

∂

∂xi
φ∗

∂

∂xj − φ∗D ∂

∂xi

∂

∂xj , φ∗
∂

∂xk

)
and

Bkg
(
φ∗

∂

∂xi
, φ∗

∂

∂xj

)
= g

(
∇τ, ∂

∂xk

)
e2τgij = gijg

(
φ∗∇τ, φ∗

∂

∂xk

)
,

where

∇τ =
∑
ij

gijBi
∂τ

∂xj .

Therefore,

Dφ∗
∂

∂xi
φ∗

∂

∂xj − φ∗D ∂

∂xi

∂

∂xj = Biφ∗
∂

∂xj +Bjφ∗
∂

∂xk
− gijφ∗∇τ.

We collect the terms of ∂
∂yk and get

∂Ak
j

∂xi
= BiA

k
j +BjA

k
i + Γt

ijA
k
t − gij

∑
st

gstBsA
k
t −

∑
st

As
iA

t
jΓ

′k
st. (2.5)

Denote

rij = Ric
( ∂

∂xi
,
∂

∂xj

)
, r̃ij = R̃ic

( ∂

∂xi
,
∂

∂xj

)
.

On the one hand, from (2.3), we have

r̃ij = rij − gij△τ + (m− 2)
[
BiBj −

∂Bi

∂xj +
∑
t

Γt
ijBt − gijg(∇τ,∇τ)

]
, (2.6)

where △ is the Laplacian with respect to g. On the other hand, we have

R̃ic(X,Y ) = Ric(φ∗X,φ∗Y ) ◦ φ. (2.7)

Therefore,

r̃ij = R̃ic
( ∂

∂xi
,
∂

∂xj

)
=

∑
st

As
iA

t
jr

′
st, r′st = Ric

( ∂

∂ys
,
∂

∂yt

)
. (2.8)
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Combining (2.6) and (2.8), we have

∂Bj

∂xi
= BiBj +

∑
t

Γt
ijBt − g

ij

∑
st

gstBsBt

+
1

m− 2

(
rij − gij△τ −

∑
st

As
iA

t
jr

′
st

)
. (2.9)

Combining the first order PDEs (2.5) and (2.9), we get the first order PDEs

∂φk

∂xj = Ak
j ,

∂τ

∂xj = Bj ,

∂Ak
j

∂xi
= BiA

k
j +BjA

k
i + Γt

ijA
k
t − gij

∑
st

gstBsA
k
t −

∑
st

As
iA

t
jΓ

′k
st,

∂Bj

∂xi
= BiBj +

∑
t

Γt
ijBt − g

ij

∑
st

gstBsBt +
1

m− 2

(
rij − g

ij
△τ −

∑
st

As
iA

t
jr

′
st

)
.

If M is connected, by the existence and uniqueness theorem of initial values of PDEs, then

φ is determined by the tangent map φ∗ and 1-form dτ at one fixed point.

Theorem 2.1 Suppose that φ is a conformal transformation on Qn
p , φ

∗h = e2τh, and

x0 is a fixed point of φ. Then there is an A ∈ O(n − p + 1, p + 1), such that φ = ΦA and

ΦA([X]) = [XA].

Proof Let (U, xi) be a coordinate chart around x0 . At the point x0 , denote

∂φi

∂xj

∣∣∣
x0

= Ai
j ,

∂τ

∂xj

∣∣∣
x0

= Bj , hij = h
( ∂

∂xi
,

∂

∂xj

)∣∣∣
x0

, (hij) = (hij)
−1.

Suppose that

x0 = [u0 ], u0 = (u1, u2) ∈ Sn−p × Sp ⊂ Rn+p
p+1 , Ju0 = (u1,−u2).

For every ∂
∂xi |x

0
, there exists a unique ei ∈ E⊥

u0
, such that

π∗ei =
∂

∂xi

∣∣∣
x0

.

{u0 , Ju0 , e1, · · · , en} provides a basis of Rn+p
p+1 , and then there is an orthonormal decomposition

of Rn+p
p+1 ,

Rn+p
p+1 = span{u0 , Ju0} ⊕ span{e1, · · · , en}.

Define a linear transformation A : Rn+p
p+1 → Rn+p

p+1 on the basis of

A(u0) = e−τ(x0 )u0 , A(ei) = e−τ(x0 )
(∑

j

Aj
iej −Biu0

)
, (2.10)

A(Ju0) = eτ(x0 )Ju0 + 2e−τ(x0 )
(∑

ijk

hjkBjA
i
kei −

∑
ij

hijBiBju0

)
. (2.11)
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First, it is easy to check that A ∈ O(n−p+1, p+1). In fact, it is guaranteed by
∑
st
As

iA
t
jhst =

hije
2τ(x0 ) (it suffices to check it on the basis).

Furthermore, we have

ΦA(x0) = φ(x0) = x0 , (2.12)

ΦA∗

∣∣∣
x0

( ∂

∂xi

)
= π∗|Tx0

Qn
p
◦A ◦ (π∗|Tx0

Qn
p
)−1

( ∂

∂xi

)
=

∑
j

Aj
iej = φ∗

∣∣∣
x0

( ∂

∂xi

)
. (2.13)

Suppose that [u] ∈ Qn
p , for any X,Y ∈ T[u]Qn

p , and there are α, β ∈ E⊥
u ⊂ TuC

n+1, such

that

π∗α = X, π∗β = Y, h(X,Y ) =
2

|u|2
⟨α, β⟩.

Therefore, from the above, we have

(Φ∗
Ah)[u](X,Y ) = (Φ∗

Ah)[u](π∗α, π∗β) = (π∗ ◦ Φ∗
Ah)u(α, β)

= (A ◦ π∗h)u(α, β) = (π∗h)A(u)(αA, βA) =
2

|A(u)|2
⟨αA, βA⟩

=
|u|2

|A(u)|2
· 2

|u|2
⟨α, β⟩ = |u|2

|A(u)|2
h[u](X,Y ). (2.14)

Therefore, Φ∗
Ah = |u|2

|uA|2h. Next we prove that

∂

∂xi

∣∣∣
x0

( |u|2

|uA|2
)
= e2τ(x0 )Bi. (2.15)

Suppose that there is a local lift of Qn
p around x0 ∈ Qn

p , such that u : U ⊂ Qn
p → Cn+1. Then

π ◦ u =id, and

∂u

∂xi

∣∣∣
x0

= u∗

( ∂

∂xi

∣∣∣
x0

)
= u∗ ◦ π∗(ei) = (π ◦ u)∗(ei) = ei. (2.16)

Suppose that

u = au
0
+ bJu

0
+

∑
i

ciei,

where a, b, ci are local smooth functions. We may assume that

a(x0) = 1, b(x0) = 0, ci(x0) = 0. (2.17)

Using (2.10) and (2.11), we have

A(u) =
(
a− 2h(∇τ(x0),∇τ(x0))b−

∑
i

Bic
i
)
u0 + beτ(x0 )Ju0

+ e−τ(x0 )
∑
ik

(
2b

∑
j

Bjh
jk + ck

)
Ai

kei

:= a′u0 + b′Ju0 +
∑
i

c′iei. (2.18)
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It is easy to check that

∂a

∂xi

∣∣∣
x0

= 0,
∂b

∂xi

∣∣∣
x0

= 0,
∂cj

∂xi

∣∣∣
x0

= δji . (2.19)

Consequently,

∂

∂xi

∣∣∣
x0

(|u|2) = ∂

∂xi

∣∣∣
x0

(
2a2 + 2b2 +

∑
jk

cjck⟨ej , ek⟩
)
= 0. (2.20)

∂

∂xi

∣∣∣
x0

(|A(u)|2) = 4
⟨ ∂a′
∂xi

∣∣∣
x0

, a′(x0)
⟩
= −2e−2τ(x0 )Bi. (2.21)

Therefore

∂

∂xi

∣∣∣
x0

( |u|2

|A(u)|2
)
= −

|u0 |2 ∂
∂xi

∣∣∣
x0

(|A(u)|2)

|A(u0)|4
= e2τ(x0 )Bi. (2.22)

From Lemma 2.1, we have ΦA = φ.

Remark 2.1 Theorem 2.1 is a generalization of the Liouville theorem on Sn (see [15,

Chapter 6, Theorem 1.1]).

Suppose that for some fixed point x0 = [(a, b)] ∈ Qn
p , a conformal transformation φ : Qn

p →
Qn

p has

φ([a, b)] = [(c, d)],

where

(a, b), (c, d) ∈ Sn−p × Sp.

We can certainly find C ∈ O(n − p + 1), D ∈ O(p + 1), such that a = cC, b = dD. That is,

Ap = diag(C,D) ∈ O(n − p + 1, p + 1), such that ΦAp [(c, d)] = [(a, b)]. Clearly, the conformal

transformation ΦAp ◦ φ of Qn
p has a fixed point x0 . From the above theorem, there is an

A ∈ O(n− p+ 1, p+ 1), such that ΦAp ◦ φ = ΦA. Thus φ = ΦAA−1
p
. Because

Φ : O(n− p+ 1, p+ 1) → the conformal group of Qn
p , A 7→ ΦA

is an epimorphism and ker(Φ) = {±E}, we obtain the following theorem.

Theorem 2.2 The conformal group of the conformal space Qn
p is O(n−p+1, p+1)/{±E}.

Remark 2.2 Theorem 2.2 was proved by Cahen and Kerbrat in 1983 (see [3]).

3 Fundamental Equations of Submanifolds

Suppose that x : M → Qn
p (p ≥ 1) is an m-dimensional Riemannian or pseudo-Riemannian

submanifold with an index s (0 ≤ s ≤ p), that is, x∗(TM) is a non-degenerate subbundle of

(TQn
p , h) with the index s (0 ≤ s ≤ p). When s = 0, we call an M space-like submanifold.

When s > 0, we call M a pseudo-Riemannian submanifold. Especially, when s = 1, M is called

a Lorentzian submanifold or a time-like submanifold. From now on, we always assume that the

submanifold x has an index s (0 ≤ s ≤ p).
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Let y : U → Cn+1 be a lift of x : M → Qn
p defined in an open subset U of M. We denote by

∆ and κ the Laplacian operator and the normalized scalar curvature of the local non-degenerate

metric ⟨dy, dy⟩. Then we have the following theorem.

Theorem 3.1 Suppose that x : M → Qn
p is an m-dimensional Riemannian or pseudo-

Riemannian submanifold with the index s (0 ≤ s ≤ p). On M, the 2-form g := ±(⟨∆y,∆y⟩ −
m2κ)⟨dy,dy⟩ is a globally defined invariant of x : M → Qn

p under the Lorentzian group trans-

formations of Qn
p , where y : U → Cn+1 is a lift of x : M → Qn

p defined in an open subset U of

M.

Proof We should prove that for any T ∈ O(n+1, p+1), x̃ = ΦT ◦ x has the same 2-form

g.

First we check that the expression of g is invariant under different local lifts. Suppose that

y : U → Cn+1, and ỹ : Ũ → Cn+1 are different lifts of x : M → Qn
p defined in open subsets U and

Ũ of M. For the local non-degenerate metrics ⟨ , ⟩y = ⟨dy,dy⟩, we denote by ∆ the Laplacian,

by ∇f the gradient of a function f , and by κ the normalized scalar curvatures. For ⟨dỹ, dỹ⟩,
we denote by ∆̃ the Laplacian, and by κ̃ the normalized scalar curvatures. On U ∩ Ũ , we find

that ỹ = eτy, where τ is a local smooth function on U ∩ Ũ . Therefore, ⟨dỹ, dỹ⟩ = e2τ ⟨dy, dy⟩,
and they are conformal on U ∩ Ũ . We have

ω̃j
i = ωj

i + τiω
j − τ jωi + δji dτ, (3.1)

e2τ ∆̃f = ∆f + (m− 2)⟨∇τ,∇f⟩y, (3.2)

e2τ κ̃ = κ− 2

m
∆τ − m− 2

m
⟨∇τ,∇τ⟩y, (3.3)

where {ωj
i } and {ω̃j

i } are connection forms with respect to the local non-degenerate metrics

⟨dy,dy⟩ and ⟨dỹ, dỹ⟩.
It follows that

(⟨∆y,∆y⟩ −m2κ)⟨dy, dy⟩ = (⟨∆̃ỹ, ∆̃ỹ⟩ −m2κ̃)⟨dỹ, dỹ⟩. (3.4)

If there is an isometric transformation T ∈ O(n− p+ 1, p+ 1) of Rn−p+1
p+1 acting on Qn

p and

y : U → Cn+1 is a lift of x : M → Qn
p defined in open subsets U , then the submanifold x̃ = x◦T

must have a local lift like ỹ = eτyT . Since T perserves the pseudo-Riemannian inner product

and the dilatation of the local lift y will not impact the term (⟨∆y,∆y⟩ − m2κ)⟨dy,dy⟩, the
2-form g is conformally invariant.

Definition 3.1 We call an m-dimensional submanifold x : M → Qn
p a regular submanifold

if the 2-form g := ±(⟨∆y,∆y⟩ − m2κ)⟨dy, dy⟩ is non-degenerate. g is called the conformal

metric of the regular submanifold x : M → Qn
p .

Remark 3.1 If the regular submanifold x is a space-like hypersurface (n = m + 1) and

p = 1, then the conformal metric must be g := −(⟨∆y,∆y⟩ − m2κ)⟨dy,dy⟩. If the regular

submanifold x is a Lorentzian (or time-like) hypersurface (n = m + 1) and p = 1, then the

conformal metric must be g := (⟨∆y,∆y⟩ −m2κ)⟨dy,dy⟩. When the co-dimension n−m > 1,

the above two forms of the conformal metric g are both possible.
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In this paper, we assume that x : M → Qn
p is a regular submanifold. Since the metric g

is non-degenerate (we call it the conformal metric), there exists a unique lift Y : M → Cn+1,

such that g = ⟨dY, dY ⟩ up to sign. We call Y the canonical lift of x. By taking y := Y in (3.1),

we get

⟨∆Y,∆Y ⟩ = m2κ± 1. (3.5)

Definition 3.2 The two submanifolds x, x̃ are conformal equivalent, if there exists a con-

formal transformation σ : Qn
p → Qn

p , such that x̃ = σ ◦ x.

It is easy to check that the following theorem holds.

Theorem 3.2 Two submanifolds x, x̃ : M → Qn
p are conformal equivalent, if and only if

there exists a T ∈ O(n− p+1, p+1), such that Ỹ = Y T , where Y, Ỹ are canonical lifts of x, x̃,

respectively.

Let {e1, · · · , em} be a local basis of M with a dual basis {ω1, · · · , ωm}. Let gij = g(ei, ej).

If (gij) = (−Is) ⊕ (Im−s), we call {e1, · · · , em} an orthonormal basis with respect to g. If

(gij) = ( 0 1
1 0 ) ⊕ (−Is−1) ⊕ (Im−s−1), we call {e1, · · · , em} a pseudo-orthonormal basis with

respect to g. But in this section, we need not choose an orthonormal or a pseudo-orthonormal

basis.

Denote Yi = ei(Y ). We define

N := − 1

m
∆Y − 1

2m2
⟨∆Y,∆Y ⟩Y. (3.6)

In a similar way to the corresponding calculation of [12], we have

⟨N,Y ⟩ = 1, ⟨N,N⟩ = 0, ⟨N,Yk⟩ = 0, 1 ≤ k ≤ m. (3.7)

We may decompose Rn+2
p+1 , such that

Rn+2
p+1 = span{Y,N} ⊕ span{Y1, · · · , Ym} ⊕ V, (3.8)

where V⊥span{Y,N, Y1, · · · , Ym}. We call V the conformal normal bundle for x : M → Qn
p . Let

{ξm+1, · · · , ξn} be a local basis for the bundle V overM. Then {Y,N, Y1, · · · , Ym, ξm+1, · · · , ξn}
forms a moving frame in Rn+2

p+1 along M. We adopt the conventions on the ranges of indices in

this paper,

1 ≤ i, j, k, l, r, q ≤ m, m+ 1 ≤ α, β, γ, ν ≤ n. (3.9)

Let gαβ = ⟨ξα, ξβ⟩. If (gαβ) = (−Ip−s) ⊕ (In−m−p+s), we call {ξm+1, · · · , ξn} an orthonormal

normal basis of x. If (gαβ) = ( 0 1
1 0 ) ⊕ (−Ip−s−1) ⊕ (In−m−p+s−1), we call {ξm+1, · · · , ξn} a

pseudo-orthonormal normal basis of x.
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We may write the structure equations as follows:

dY =
∑
i

ωiYi, dN =
∑
i

ψiYi +
∑
α

ϕαξα, (3.10)

dYi = −ψiY − ωiN +
∑
j

ωj
iYj +

∑
α

ωα
i ξα, (3.11)

dξα = −ϕαY +
∑
i

ωi
αYi +

∑
β

ωβ
αξα, (3.12)

where the coefficients of {Y,N, Yi, ξα} are 1-forms on M.

Remark 3.2 If {e1, · · · , em} and {ξm+1, · · · , ξn} are both orthonormal basis, then

ωj
i + ωi

j = 0, 1 ≤ i, j ≤ s, ωβ
α + ωα

β = 0, m+ 1 ≤ α, β ≤ m+ p− s,

ωj
i − ωi

j = 0, s+ 1 ≤ i, j ≤ m− s, ωβ
α − ωα

β = 0, m+ p− s+ 1 ≤ α, β ≤ n.

It is clear that A :=
∑
i

ψi ⊗ ωi, B :=
∑
i,α

ωα
i ⊗ ωieα, Φ :=

∑
α
ϕαξα are globally defined

conformal invariants. Let

ψi =
∑
j

Aijω
j , ωα

i =
∑
j

Bα
ijω

j , ϕα =
∑
i

Cα
i ω

i. (3.13)

Denote the covariant derivatives of these tensors with respect to conformal metric g as follows:

∑
j

Cα
i,jω

j = dCα
i −

∑
j

Cα
j ω

j
i +

∑
β

Cβ
i ω

α
β , (3.14)

∑
k

Aij,kω
k = dAij −

∑
k

Aikω
k
j −

∑
k

Akjω
k
i , (3.15)∑

k

Bα
ij,kω

k = dBα
ij −

∑
k

Bα
ikω

k
j −

∑
k

Bα
kjω

k
i +

∑
β

Bβ
ijω

α
β . (3.16)

The curvature forms {Ωi
j} and the normal curvature forms {Ωα

β} of submanifold x : M → Qn
p

can be written as

Ωi
j =

1

2

∑
kl

Ri
jklω

k ∧ ωl = ωi ∧ ψj + ψi ∧ ωj −
∑
α

ωi
α ∧ ωα

j , (3.17)

Ωα
β =

1

2

∑
kl

Rα
βklω

k ∧ ωl = −
∑
i

ωα
i ∧ ωi

β . (3.18)

Denote

gij = ⟨Yi, Yj⟩, g
βγ

= ⟨ξβ , ξγ⟩, (gij) = (gij )
−1, (gβγ) = (g

βγ
)−1,

Rijkl =
∑
p

gitR
p
jkl, Rαβkl =

∑
ν

gανR
ν
βkl.
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Then the integrable conditions of the structure equations contain

Aij,k −Aik,j = −
∑
αβ

g
αβ
(Bα

ijC
β
k −Bα

ikC
β
j ), Bα

ij,k −Bα
ik,j = gijC

α
k − g

ik
Cα

j , (3.19)

Cα
i,j − Cα

j,i =
∑
kl

gkl(Bα
ikAlj −Bα

jkAli), Rαβij =
∑
klγν

gαγgβνg
kl(Bγ

ikB
ν
lj −Bν

ikB
γ
lj), (3.20)

Rijkl =
∑
αβ

g
αβ
(Bα

ikB
β
jl −Bα

ilB
β
jk) + (gikAjl − gilAjk) + (Aikgjl −Ailgjk). (3.21)

Furthermore, we have

tr(A) =
1

2m
(m2κ± 1), Rij = tr(A)gij + (m− 2)Aij −

∑
klαβ

gklg
αβ
Bα

ikB
β
lj , (3.22)

(1−m)Cα
i =

∑
jk

gjkBα
ij,k,

∑
ijklαβ

gijgklg
αβ
Bα

ikB
β
jl =

m− 1

m
,

∑
ij

gijBα
ij = 0, ∀α. (3.23)

From the above, we know that in the case m ≥ 3 all coefficients in the PDE system (3.10)–

(3.12) are determined by the conformal metric g, the conformal second fundamental form B and

the normal connection {ωβ
α} in the conformal normal bundle V. Then we have the following

theorem.

Theorem 3.3 Two hypersurfaces x : Mm → Qm+1
p and x̃ : M̃m → Qm+1

p (m ≥ 3) are

conformal equivalent if and only if there exists a diffeomorphism f : M → M̃ which preserves

the conformal metric and the conformal second fundamental form. In other word, {g,B} is a

complete invariants system of the hypersurface x : Mm → Qm+1
p (m ≥ 3).

Next we give the relations between the conformal invariants induced above and isometric

invariants of u : M → Rn
p . We also give a conformal fundamental theorem for hypersurfaces in

Rn
p . The pseudo-Euclidean space Rn

p has a non-degenerate inner product ⟨ , ⟩, whose signature

is (+, · · · ,+︸ ︷︷ ︸
(n−p)-tiple

, −, · · · ,−︸ ︷︷ ︸
p-tiple

). From the conformal map

σ : Rn
p → Qn

p , u 7→
[( ⟨u, u⟩ − 1

2
, u,

⟨u, u⟩+ 1

2

)]
, (3.24)

we may recognize that Rn
p ⊂ Qn

p . Let u : M → Rn
p be a submanifold, {e1, · · · , em} a local basis

for u with a dual basis {ω1, · · · , ωm}, and {em+1, · · · , en} a local basis of the normal bundle

of u in Rn
p . Then we have the first and second fundamental forms I, II and the mean curvature

vector H. We may write

I =
∑
ij

Iijω
i ⊗ ωj , II =

∑
ijα

hαijω
i ⊗ ωjeα,

(Iij) = (Iij)
−1, H =

1

m

∑
ijα

Iijhαijeα :=
∑
α

Hαeα.

From the structure equations

du =
∑
i

ωiui, dui =
∑
j

θjiuj +
∑
α

θαi eα, deα =
∑
j

θjαuj +
∑
β

θβαeβ , (3.25)
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we have ∑
j

ui,jω
j = dui −

∑
j

θjiuj =
∑
α

θαi eα, ui,j =
∑
α

hαijeα, (3.26)

where {θji } are the connection forms, {θαi } are the second fundamental forms, and {θβα} are the

normal connection forms of the submanifold u. Denote by ∆M the Laplacian, and by κM the

normalized scalar curvature for I. It is easy to see that

∆Mu = mH, κM =
1

m(m− 1)
(m2|H|2 − |II|2), (3.27)

where

|H|2 =
∑
αβ

IαβH
αHβ , Iαβ = (eα, eβ), |II|2 =

∑
ijklαβ

IαβI
ikIjlhαijh

β
kl.

For x = σ ◦ u :M → Rn
p , there is a global lift

y : M → Cn+1, y =
( ⟨u, u⟩ − 1

2
, u,

⟨u, u⟩+ 1

2

)
.

So we get

⟨dy, dy⟩ = ⟨du,du⟩ = I, ∆ = ∆M, κ = κM. (3.28)

It follows from (3.25) that

⟨∆Y,∆Y ⟩ −m2κ =
m

m− 1
(|II|2 −m|H|2). (3.29)

Therefore, we get the conformal metric of x

g = ± m

m− 1
(|II|2 −m|H|2)⟨du,du⟩ := e2τ I. (3.30)

Let

yi = ei(y) = (0, ui, 0) + ⟨u, ui⟩(1,0, 1), ζα = (0, eα, 0) + ⟨u, eα⟩(1,0, 1).

By a direct calculation, we get

Y = eτy, Yi = ei(Y ) = eτ (τiy + yi), ξα = Hαy + ζα, (3.31)

−eτN =
1

2
(|∇τ |2 + |H|2)y +

∑
i

τ iyi +
∑
α

Hαζα + (1,0, 1), (3.32)

where τ i =
∑
j

Iijτj , (I
ij) = (Iij)

−1, |∇τ |2 =
∑
i

τiτ
i, Hα =

∑
β

IαβH
β .

By a direct calculation, we get the following expression of the conformal invariants A, B
and Φ:

Aij = τiτj −
∑
α

hαijHα − τi,j −
1

2
(|∇τ |2 + |H|2)Iij , (3.33)

Bα
ij = eτ (hαij −HαIij), eτCα

i = Hατi −
∑
j

hαijτ
j −Hα

,i , (3.34)
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where τi,j is the Hessian of τ respect to I, and Hα
,i is the covariant derivative of the mean

curvature vector field of u in the normal bundle N(M) with respect to I.

Now we consider the case when u : M → Rn
p is a hypersurface. Observing the PDE system

(3.10)–(3.12), from Theorem 3.3, we have the following theorem.

Theorem 3.4 Two hypersurfaces u, ũ : M → Rn
p (n ≥ 4) are conformally equivalent if and

only if there exists a diffeomorphism f : M → M, which preserves the conformal metric and

the conformal second fundamental form {g,B}.

Remark 3.3 For the pseudo-Riemannian sphere Snp and the pseudo-Riemannian hyperbolic

space Hn
p , we know that their sectional curvatures are ±1. We have the similar equations about

the conformal invariants of the submanifolds u of a pseudo-Riemannian sphere space or a

pseudo-Riemannian hyperbolic space with an index p,

∆Mu = m(H− ϵu), κM =
1

m(m− 1)
(m2|H|2 − |II|2), (3.35)

Aij = τiτj −
∑
α

hαijHα − τi,j −
1

2
(|∇τ |2 + |H|2 − ϵ)Iij , (3.36)

Bα
ij = eτ (hαij −HαIij), eτCα

i = Hατi −
∑
j

hαijτ
j −Hα

,i , (3.37)

where ϵ corresponds to the sectional curvature of the pseudo-Riemannian sphere space or the

pseudo-Riemannian hyperbolic space with the index p. When ϵ = 1, the above equations are

due to the pseudo-Riemannian sphere space Snp ; when ϵ = −1, the above ones are due to the

pseudo-Riemannian hyperbolic space Hn
p .

4 The First Variation of the Conformal Volume Functional

Let x0 : M → Qn
p be a compact oriented regular submanifold with the index s (0 ≤ s ≤ p)

and a boundary ∂M. Suppose that the local basis {e1, · · · , em} on M satisfies the orientation.

Denote gij = g(ei, ej). We recall that if (gij) = (−Is) ⊕ (Im−s), we call {e1, · · · , em} a local

orthonormal basis with respect to g. In what follows, let {e1, · · · , em} be a local orthonormal

basis for g with a dual basis {ω1, · · · , ωm}.
We define the generalized Willmore functional W(M) as the volume functional of the con-

formal metric g:

W(M) = Volg(M) =

∫
M

dMg.

The conformal volume element dMg is defined by

dMg = ω1 ∧ · · · ∧ ωm,

which is well-defined.

Let x : M×R → Qn
p be an admissible variation of x0, such that x( · , t) = xt and xt∗(TpM) =

x0∗(TpM) on ∂M for each small t. For each t, xt has the conformal metric gt . As the similar

procedure in Section 3, for each small t, we have a moving frame {Y,N, Yi, ξα} in Rn+2
p+1 along
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M×R and the conformal volume W (t) = W(xt). Let {ξα} be a local orthonormal basis for the

conformal normal bundle Vt of xt. Denote by d̃ and d the differential operators on M×R and

M, respectively. Then we have

d̃ = d + dt ∧ ∂

∂t
, (4.1)

on T∗(M× R) = T∗M⊕ T∗R. We also have

d ◦ ∂

∂t
=

∂

∂t
◦ d. (4.2)

Denote P = (Y,N, Y1, · · · , Ym, ξm+1, · · · , ξn)T. Suppose that

dP = ΩP,
∂

∂t
P = LP,

where

Ω =



0 0 ω1 · · · ωm 0 · · · 0
0 0 ψ1 · · · ψm ϕm+1 · · · ϕn

−ψ1 −ω1 ω1
1 · · · ωm

1 ωm+1
1 · · · ωn

1
...

...
...

...
...

...
−ψm −ωm ω1

m · · · ωm
m ωm+1

m · · · ωn
m

−ϕm+1 0 ω1
m+1 · · · ωm

m+1 ωm+1
m+1 · · · ωn

m+1
...

...
...

...
...

...
−ϕn 0 ω1

n · · · ωm
n ωm+1

n · · · ωn
n


,

L =



w 0 v1 · · · vm vm+1 · · · vn

0 −w u1 · · · um um+1 · · · un

−u1 −v1 L1
1 · · · Lm

1 Lm+1
1 · · · Ln

1
...

...
...

...
...

...
−um −vm L1

m · · · Lm
m Lm+1

m · · · Ln
m

−um+1 −vm+1 L1
m+1 · · · Lm

m+1 Lm+1
m+1 · · · Ln

m+1
...

...
...

...
...

...
−un −vn L1

n · · · Lm
n Lm+1

n · · · Ln
n


.

From (4.2), it is easy to get

∂

∂t
Ω = dL+ LΩ− ΩL. (4.3)

Therefore, we have

∂ωi

∂t
=

∑
j

(
vi,j + Li

j −
∑
kαβ

gαβv
αBβ

kjg
ik
)
ωj +

∑
α

vαωi
α + wωi, Lα

i = vα,i +
∑
j

Bα
ijv

j , (4.4)

where {vi,j} is the covariant derivative of
∑
viei with respect to gt and {vα,i} is the covariant

derivative of
∑
vαξα. Here we use the notations of conformal invariants {Aij , B

α
ij , C

α
i } for xt

defined in Section 3. Furthermore, we have

∂ωα
i

∂t
=

∑
j

(
Lα
i,j +

∑
k

Lk
iB

α
kj −

∑
β

Bβ
ijL

α
β +Aijv

α − viC
α
j

)
ωj + uαωi, (4.5)
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where {Lα
i,j} is the covariant derivative of

∑
iα

Lα
i ω

iξα. Using (4.4) and (4.5), we get

∂Bα
ij

∂t
+ wBα

ij = vα,ij +Aijv
α +

∑
klγ

gklBα
ikB

γ
ljvγ + uαgij +

∑
k

Lk
iB

α
kj

−
∑
γ

Bγ
ijL

α
γ +

∑
k

vkBα
ik,j − viC

α
j . (4.6)

It follows from (3.19) and (3.23) that

m− 1

m
w =

∑
ijklαβ

g
αβ
gikgjlBβ

kl

(
vα,ij +Aijv

α +
∑
klγ

gklBα
ikB

γ
ljvγ

)
. (4.7)

Definition 4.1 For a regular submanifold x0 : M → Qn
p , the conformal volume functional

of an admissible variation x : M× R → Qn
p is denoted by

W (t) = vol(gt) =

∫
M

dMg,

where dMg is the volume for gt . When W ′(0) = 0 for any admissible variation x, we call x0 a

Willmore submanifold of the conformal space Qn
p .

Now we calculate the first variation of the conformal volume functional

W (t) =

∫
M

ω1 ∧ · · · ∧ ωm =

∫
M

dMg.

From (4.4), we get

W ′(t) =
∑
i

∫
M

ω1 ∧ · · · ∧ ∂ωi

∂t
∧ · · · ∧ ωm

=
∑
i

∫
M

ω1 ∧ · · · ∧
[∑

j

(
vi,j + Li

j −
∑
kαβ

gαβv
αBβ

kjg
ik
)
ωj+

∑
α

vαωi
α+wω

i
]
∧ · · · ∧ ωm

=

∫
M

∑
i

(
vi,i + Li

i −
∑
kαβ

gαβv
αBβ

kig
ik
)
dMg

−
∫
M

∑
i,j

∑
α,β

gαβg
ijvαBβ

ijdMg +m

∫
M

wdMg

=

∫
M

∑
i

vi,idMg +m

∫
M

wdMg. (4.8)

From the assumption that the variation is admissible, we know vi = 0, vα = 0 and vα,i = 0 on

∂M. It follows from (4.7) and Green’s formula that

W ′(t) =
m2

m− 1

∫
M

∑
α

vα
[ ∑
ijklβ

g
αβ
gikgjl

(
Bβ

ij,kl +AijB
β
kl

+
∑
rqγν

gγνg
rqBβ

irB
γ
qjB

ν
kl

)]
dMg. (4.9)

It follows from (4.9) that the following theorem holds.
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Theorem 4.1 The variation of the conformal volume functional depends only on the normal

component of the variation field ∂Y
∂t . A submanifold x : M → Qn

p is a Willmore submanifold

(i.e., a critical submanifold to the conformal volume functional) if and only if∑
ijklβ

g
αβ
gikgjl

(
Bβ

ij,kl +AijB
β
kl +

∑
rqγν

gγνg
rqBβ

irB
γ
qjB

ν
kl

)
= 0, ∀α. (4.10)

We call equation (4.10) the Euler-Lagrange equations or the Willmore equations. Using

(3.22) and (3.23), we can write the Willmore equations (4.10) as∑
β

g
αβ

[∑
ij

gijCβ
i,j +

∑
ijkl

gikgjl
( 1

m− 1
Rij −Aij

)
Bβ

kl

]
= 0, ∀α. (4.11)

Definition 4.2 (see [1]) A submanifold in a pseudo-Riemannian manifold is called station-

ary when its mean curvature vector is vanishing.

Theorem 4.2 Any stationary regular surface in the pseudo-Euclidean space Rn
p , the pseudo-

Riemannian sphere space Snp and the pseudo-Riemannian hyperbolic space Hn
p is Willmore.

Proof Let u : M → Rn
p be a regular surface, whether space-like or time-like. Let {e1, e2}

be a local basis of ⟨du,du⟩ and {eα}nα=3 a local basis for the normal bundle. If x is a stationary

regular surface, we have Hα ≡ 0, ∀α. From (3.33) and (3.34), we get∑
ijkl

gikgjlAijB
β
kl =

∑
ijkl

gikgjlBβ
kl(τiτj − τi,j) = e−3τ

∑
ijkl

IikIjlhβkl(τiτj − τi,j). (4.12)

Now we know from (3.34) that

−eτCβ
i =

∑
kl

Iklhβikτl :=W β
i . (4.13)

From (3.14), we have∑
j

eτCβ
i,jω

j = d(eτCβ
i )− eτCβ

i dτ +
∑
γ

eτCγ
i θ

β
γ −

∑
k

eτCβ
kω

k
i

= −dW β
i +W β

i dτ −
∑
γ

W γ
i θ

β
γ +

∑
k

W β
k ω

k
i . (4.14)

Combining

ωk
i = θki + τk

∑
j

Iijω
j − τiω

k + δki dτ

and (4.14), we get

eτCβ
i,j = 2W β

i τj +W β
j τi −

∑
k

W β
k τ

kIij −W β
i,j , (4.15)

where W β
i,j is the covariant differential of W β

i with respect to the first fundamental form I of

u. Therefore ∑
ij

gijCβ
i,j = e−3τ

∑
ijkl

IikIjlhβkl(τiτj − τi,j). (4.16)
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Whether the regular surface u is space-like or time-like, if we choose orthonormal {e1, e2}, then
a direct calculation leads to ∑

ijkl

gikgjlRijB
β
kl = 0. (4.17)

Thus we have (4.11) from (4.12), (4.16) and (4.17), which implies that u is Willmore.

One can verify that stationary regular surfaces in Snp and Hn
p are also Willmore.

5 Conformal Isotropic Submanifolds in Qn
p

In this section let x : M → Qn
p be an m-dimensional submanifold with the index s (0 ≤ s ≤

p).

Definition 5.1 We call an m-dimensional submanifold x : M → Qn
p conformal isotropic,

if there exists a smooth function λ on M, such that

A ≡ λg, Φ ≡ 0. (5.1)

From previous discussions in Section 3, one can easily verify the following proposition.

Proposition 5.1 If u : M → Rn
p is a stationary regular submanifold with a constant scalar

curvature, then x = σ ◦ u is a conformal isotropic submanifold in Qn
p .

Remark 5.1 The same conclusion holds for such submanifolds in Snp or Hn
p .

Suppose that x : M → Qn
p is a conformal isotropic submanifold. Then from (5.1) and (3.10),

we get

dN = λdY, dλ ∧ dY =
m∑
i=1

(dλ ∧ ωi)Yi = 0. (5.2)

Since {Y1, · · · , Ym} are linearly independent,

dλ ∧ ωi =
m∑
j=1

Ej(λ)ω
j ∧ ωi = 0.

If M is connected, we get

λ = constant, (5.3)

which implies by (3.22) that

κ = constant.

In fact, if we take the trace of the first equation of (5.1), we will find that

λ =
1

m
tr(A) =

1

2m2
(m2κ± 1). (5.4)

Combining (3.5) and (3.6), we get

N = − 1

m
∆Y − λY. (5.5)
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Therefore, by (5.2), we can find a constant vector c ∈ Rn+2
p+1 , such that

N = λY + c. (5.6)

It follows that

⟨Y, c⟩ = 1, ⟨c, c⟩ = −2λ = constant, ∆Y = −m(2λY + c). (5.7)

Then we distinguish three cases.

Case 1 ⟨c, c⟩ = −2λ = 0

By use of an isometric transformation of Rn+2
p+1 , if it is necessary, we assume

c = (−1,0,−1). (5.8)

Letting

Y = (x1, u, xn+2), (5.9)

by (5.7) and Y ∈ Cn+1, we have

Y =
( ⟨u, u⟩ − 1

2
, u,

⟨u, u⟩+ 1

2

)
. (5.10)

Then x determines a submanifold u : M → Rn
p with the first fundamental form

I = ⟨du,du⟩ = ⟨dY, dY ⟩ = g,

which implies that

∆M = ∆, κM = κ = ∓ 1

m
. (5.11)

From (5.5) and (5.6), we have

∆Y = −m(2λY + c) = (m,0,m), ∆Mu = 0.

It is implied by (3.27) that Hα = 0, i.e., u is a stationary submanifold in Rn
p . In this case, x

is conformally equivalent to the image of σ of a stationary submanifold with a constant scalar

curvature in Rn
p .

Case 2 ⟨c, c⟩ = −2λ = −r2 (r > 0)

By use of an isometric transformation of Rn+2
p+1 , if it is necessary, we assume

c = (0, r). (5.12)

Letting

Y =
(u
r
, xn+2

)
, (5.13)
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by (5.7), we have

xn+2 =
1

r
. (5.14)

So

Y =
(u, 1)

r
, ⟨u, u⟩ = 1. (5.15)

Then x determines a submanifold u : M → Snp with

I

r2
=

⟨du,du⟩
r2

= ⟨dY,dY ⟩ = g,

which implies that

r2∆M = ∆, κM =
κ

r2
= constant.

From (5.5) and (5.6), we have

∆Y = −m(2λY + c) = (−mr2u, 0), ∆Mu = −mu.

It is implied by (3.35) that Hα = 0, i.e., u is a stationary submanifold in Snp . In this case, x is

conformally equivalent to the image of σ+ of a stationary submanifold with the constant scalar

curvature in Snp .

Case 3 ⟨c, c⟩ = −2λ = r2 (r > 0)

By use of an isometric transformation of Rn+2
p+1 , if it is necessary, we assume

c = (−r,0). (5.16)

Letting

Y =
(
x1,

u

r

)
, (5.17)

by (5.7), we have

x1 =
1

r
. (5.18)

So

Y =
(1, u)

r
, ⟨u, u⟩ = −1. (5.19)

Then x determines a submanifold u : M → Hn
p with

I

r2
=

⟨du,du⟩
r2

= ⟨dY,dY ⟩ = g,

which implies that

r2∆M = ∆, κM =
κ

r2
= constant.

From (5.5) and (5.6), we have

∆Y = −m(2λY + c) = (mr2u, 0), ∆Mu = mu.
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It is implied by (3.35) that Hα = 0, i.e., u is a stationary submanifold in Hn
p . In this case, x is

conformally equivalent to the image of σ− of a stationary submanifold with a constant scalar

curvature in Hn
p .

So, combining Proposition 5.1 and Remark 5.1, we get the following theorem.

Theorem 5.1 Any conformal isotropic submanifold in Qn
p is conformally equivalent to a

stationary submanifold with a constant scalar curvature in Rn
p , Snp or Hn

p .
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