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Rigid Properties of Quasi-almost-Einstein Metrics*
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Abstract In this paper, quasi-almost-Einstein metrics on complete manifolds are studied.
Two examples are given and several formulas are established. With the help of these
formulas, the author proves rigid results on compact or noncompact manifolds, in which
some basic tools, such as the weighted volume comparison theorem and the weak maximum
principle at infinity, are used. A lower bound estimate for the scalar curvature is also
obtained.
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1 Introduction

Let f be a smooth real-value function on an n-dimensional complete manifold M. When
considering the weighted measure dyu = e~f dz, we always use the m-dimensional Bakry—Emery

curvature
Ricy,, = Ric + Hess f — %
to replace the Ricci curvature, where m > n and m = n if and only if f is a constant (see
[1-2]). There is an active interest in the study of the weighted measure under conditions about
the m-dimensional Bakry-Emery curvature (see [3-4]).
We call a metric g m-dimensional quasi-Einstein with potential function f, if for some

constant A,
Rictm = Ag. (1.1)

This definition can be found in [5-7]. A quasi-Einstein metric becomes Einstein when the
potential function is constant. Quasi-Einstein metrics were studied in some literature, and we
can refer to [5-10] and the references therein. Some rigid results for quasi-Einstein metrics are
obtained in [7]. The scalar curvature estimates, L?—spectrum estimates and diameter estimates
for quasi-Einstein metrics are considered in [8], [9] and [10], respectively.

An oco-dimensional quasi-Einstein metric satisfies

Ric + Hess f = \g (1.2)
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for some constant A\, which is a gradient Ricci soliton. Many people consider the generalization of
the gradient Ricci soliton in different directions, and we can refer to [5, 11-12] and the references
therein. In particular, the authors of [12] introduced the gradient Ricci almost soliton, which
is a natural extension of the gradient Ricci soliton. A gradient Ricci almost soliton means that
(1.2) holds for the potential function f and some smooth soliton function A. Inspired by the

gradient Ricci almost soliton, we propose an extension of the quasi-Einstein metric.

Definition 1.1 We call a metric g m-dimensional quasi-almost-Finstein with potential
function f, if (1.1) holds for some smooth soliton function A\. Moreover, we say that a quasi-
almost-Einstein metric is shrinking, steady or expanding, if \ is positive, null or negative,

respectively. If A has no definitive sign, the quasi-almost-Einstein metric will be called indefinite.

In Section 2, we give two examples of quasi-almost-Einstein metrics on some product man-
ifolds. These two examples show that a certain flexibility on the quasi-almost-Einstein metric
is allowed, and the reason is that the smooth soliton function A is not necessarily constant.

We generalize the formulas in [7] for the quasi-Einstein metric to the quasi-almost-Einstein
metric in Section 3. With the help of the moving frame in a local orthonormal coframe, we
derive the expressions of A|Vf|?, VR and AR, respectively, where R is the scalar curvature.
It is proved in [7] that for a quasi-Einstein metric with potential function f and constant A,

there exists some constant u, so that

—n-1
R+ N Uf2 4+ (m—2n)\ = perad (1.3)
m—n

which generalizes a classical identity
R+|Vf?=f=p (1.4)

for the gradient Ricci soliton. We also derive a formula similar to (1.3) for a quasi-almost-
Einstein metric satisfying A(z) = F(f(z)).

For a gradient Ricci soliton, by adding constant u to f, we can assume that 4 = 0 in
(1.4), which means that p can be neglected when we study a gradient Ricci soliton. From
this observation, the authors of [13-14] proved that there does not exist a nontrivial expanding
gradient Ricci soliton on a closed manifold. In [7], the author proves some rigid results for
quasi-Einstein metrics on closed manifolds by using (1.3). If we add an integral condition to A,
we can get a rigid result for a closed quasi-almost-Einstein metric with A < 0. Moreover, when
A= F(f), we can also derive a rigid result by using a formula similar to (1.3). We do these in
Section 4.

The weak maximum principle at infinity is a basic tool in studying quasi-almost-Einstein
metrics on noncompact manifolds. In Section 5, we prove a weighted volume monotone for-
mula when the m-dimensional Bakry—Emery curvature is bounded from below. This monotone
formula implies the weak maximum principle at infinity. In this section, we also introduce the
weighted Laplacian comparison theorem (see [2, 4, 7]), which will be used in this paper.

We prove two rigid results for quasi-almost-Einstein metrics on noncompact manifolds in

Section 6. The first one states that an expanding quasi-almost-Einstein metric is trivial if the
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potential function f satisfies a certain integral condition. The second one is a generalization of
a rigid result for the quasi-Einstein metric.

In [15-16], the authors study the lower bound estimates of the scalar curvature for gradient
Ricci solitons. These estimates are very useful in studying the geometry of gradient Ricci
solitons (see [16-18]). The authors of [5] got some estimates of the scalar curvature for closed
quasi-Einstein metrics. Recently, the author of [8] has obtained lower bound estimates of the
scalar curvature for noncompact quasi-Einstein metrics. In Section 7, we prove a lower bound

estimate of the scalar curvature for a noncompact quasi-almost-Einstein metric with A < 0.

2 Examples of Quasi-almost-Einstein Metric

In this section, we construct product manifolds with quasi-almost-Einstein metrics. We
begin with a product manifold M = R x N"~! endowed with the warped product metric

ds?, = dt* + ©*(t)ds%,

where ¢(t) : R — [0,40oc] is a smooth function and ds% is a metric on N. Consider the
orthonormal coframe {0,,2 < o < n} on N"~! while {w; = dt, wa = @(t)ba, 2 < a < n}is
the orthonormal coframe on M", and we also use was5 (1 < 4,5 <n)and wnap (2 <a,B <n)
to denote the connection 1-form on M and N, respectively. The Einstein summation convention

will be in force throughout this section. By the first structure equation, we have

O:dwl :wM’lj /\OJJ', (21)
dw, = WM, N\ Wy (2.2)
(2.2) can be rewritten as
¢'(t) _
<p(t) w1 ANwa +WN,ap ANwWg = —w1 AWM a1 + Wir,ap N\ Wg-
Together with (2.1), we have
©'(t)
= — = 2.3
WM, 1a WM,al go(t) Wa s ( )
WM,af = WN,as- (24)

Differentiating (2.3) and (2.4), along with the second structure equations, we conclude that
1
[(log (£))” + ((log (1)) )*Jwn Awa = =5 Rar1aijwi Aw, (2.5)

1 1
((log go(t))')zwa ANwg + iRM,aﬂijwi ANwj = iRN,ag,ygt% A Gy, (2.6)

where Ry ik and Ry o5 denote the Riemannian curvature tensors of M and NN, respectively.
By (2.5)—(2.6), we conclude that

~(ogp(t))" — ((log p(1)))*, i=1,j=a

Raraaij = § (log (1)) + ((log(t)))?,  i=a, j=1, (2.7)
0, otherwise,

-2 N2 . .
_ JeT D) BN apye + ((log (t)))*(0a00sy — dardpe), =7, j =10,
Ratapis = {O, otherwise. (2:8)
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If we use Ry op to denote the Ricci curvature tensor on N, then by (2.7)-(2.8), the Ricci

curvature tensor of M can be expressed as follows:

Ry = —(n — 1)[(log ¢(t))" + ((log (t))")?]61:, (2.9)
Rarap = ¢ 2(t)Rn,ap — [(log ¢(t)” + (n — 1)((log (t))")*]6as- (2.10)

Example 2.1 For m > n, we assume that N is an Einstein manifold with

BN,ap = —mbag. (2.11)
Choose
f(t,xz) = f(t) = —(m — n)logsinht
and
©(t) = sinh .
A few calculations show that
(')

= (n = D)[(log ()" + ((log ¢(1))")] + (1) - - =—(m-1), (2.12)

¢ (RN a0 — [(log o(1))" + (n = 1)((log ¢(t)))’] + f'(t)(log (1)) = —(m —1).  (2.13)
(2.9)—(2.13) show that

fif;
Ruij + fij — pro— _Jn = \gij

holds for A = —(m—1). Hence, the product manifold M = R x N"~! is an m-dimensional quasi-

Einstein with the potential function f = —(m — n)logsinh¢ and the constant A = —(m — 1).

Example 2.2 For m > n > 3, we assume that N is an (n — 1)-dimensional Einstein
manifold with

m—2

Ry,ap = — (m —n)(n = 2)6a@, (2.14)

and M = [0, +o0) x N"~1 is a product manifold endowed with the warped product metric
ds3, = dt* + % (t)ds%,

where

Let

A few calculations show that

/ 2 m — n —
- (n= Dloge(t)” + (og o)) + () - LOE — B2 )

¢ 2 (RN a0 — [(log ()" + (n — 1)((log p(1))")?] + f(t) (log (1))’
 (m—=2)(n—2)
e (2.16)
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(2.9)-(2.10) and (2.14)~(2.16) show that

RM,z] +fz] m—n - )\gu
holds for
(m—-2)(n—-2)
A= -
(m — n)t?

Hence, the product manifold M = [0, +00) x N™~! is an m-dimensional quasi-almost-Einstein

m—2

with the potential function f = (n — 2)log —5 and the soliton function A = — DR

3 Some Formulas

In this section, we generalize the formulas in [7] for the quasi-Einstein metric to the quasi-
almost-Einstein metric. The main idea comes from [19]. In what follows, in order to perform
computations, we shall use the method of moving frame referring to a local orthonormal frame
{e;,i=1,2,---,n}. As before, the Einstein summation convention will be in force. We firstly

prove the following generalized Bochner’s formula.

Lemma 3.1 If g is an m-dimensional quasi-almost-Einstein metric with potential function

f and smooth soliton function A, then we have

%A|Vf|2 = |V2f]> = Ric(Vf, V) + ﬁwﬂmf —(n—2)VA-Vf. (3.1)

Proof The following Ricci identity is well-known:
fiji = (Af)j + Rijfi- (3.2)
Hence
SAIVSP = F3 4 fusly = (VS 4 V- VAT + Rie(V £, V) (3.3)
By taking covariant derivative of (1.1), we deduce
Rijx + fijr — ﬁ(fikfj + fifir) = Akdij. (3.4)

Tracing (3.4) and using the contracted second Bianchi identity

Riji = %Rj (3.5)
leads to
1 1
B+ Jriw = (DS S5+ Srfin) = As- (3.6)
By (3.2), we have
%VR~Vf+Vf~VAf+Ric(Vf,Vf) — ﬁ[ﬁﬂvﬂz + %Vf.vwfﬁ =VA-Vf£. (3.7)
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We trace the quasi-almost-Einstein equation (1.1) to obtain

R+Af—#\w|2:m, (3.8)
m—n
which means that
VR~Vf+Vf~VAf—ﬁVWfF-Vf:nVXVf. (3.9)
By (3.7) and (3.9), we have
VAf-Vf= %AﬂVﬂQ —2Ric(Vf,Vf) — (n —2)VA-Vf. (3.10)

(3.1) follows due to (3.3) and (3.10).

Lemma 3.2 If g is an m-dimensional quasi-almost-Einstein metric with potential function

f and smooth soliton function A, then
1 n—1 m—-n—1_. 1
~-VR=(n—-1)VA— —AVf+ —Ric(Vf)+ ——RV/. (3.11)
2 m—-n m—-n m—n

Proof By (1.1), we have

2_n|Vf|2Vf — 2Ric(Vf). (3.12)

VIVF|? =2 \Vf +
m

By (3.2), (3.6), (3.8) and (3.12), we have

VR =2V\ —2(VAf + Ric(Vf)) + % <Afo + %V\Vfﬁ)

=2V — Q(nw + 1_ V|V - VR) — 2Ric(Vf)

m

_|_

1 1
(A + —— VS = R)Vf + —— V|V /]
m—-n m—-n
2n 2
A+ ———[VIPVS

m-—n (m —mn)

[2Wf b2 RS- 2Ric(Vf)].
m—-n

=2(1-n)VA+2VR — 2Ric(Vf) +

2 BVS— 1

m—-n m-—-n

Then (3.11) follows.

Corollary 3.1 If g is an m-dimensional quasi-almost-Einstein metric with potential func-
tion [ and soliton function A = F(f), where F(t) is a smooth function, then there exists a

constant p, so that

m-—n-—1 ,

M =2 iy sulem=l, (3.13)

m—-n

where

G(t) = /F(t)e—ﬁt dt. (3.14)
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Proof Due to (1.1), (3.11) can be rewritten as

VR=20n—1)va+ =2 g 2 gy
m-—n m-—n
2m—n—1 m—-n-—1
+ ((m_n)Q)WfPVf -V, (3.15)
By (3.15), the fact that VA = F'(f)Vf and the definition of G, we deduce that
m—-n-—1 2\ ——2 5 _ ’ _2(m—2) —
V[ (B+ T |VfP)e 2(n = 1)G(f) = S —G(f)] =0,
S0
m—n—1 0\ ——2 B oy 2(m—2)
(R+ "tV 1o 2(n - )G (f) = = G({)

is constant, and (3.13) follows.
Remark 3.1 If X is constant, we recover Theorem 2.2 in [7].

Lemma 3.3 If g is an m-dimensional quasi-almost-Einstein metric with potential function
f and smooth soliton function A, then
2(n—1) m—n+2

m-—n 2(m—n)VR'vf

1
GAR=(n—1DAN-

m—n—1|_. 1.2 m—1 n(n—1)
TR T R~ “Rg| — T (R—nn) (R TPy, 1
m—n ‘RIC nRg‘ (m—n)n(R " )(R m—1 ) (3.16)
Proof By (3.5) and (3.11), we get
1 -1 - 1
SAR= (-1 - ivn v+ 2T G vy
2 m-—n 2(m —n)
-1 —n—1 1
oA+ BT TSR f + ———RAY (3.17)
-n m-—n m-—n
Plugging (1.1), (3.8) and (3.11) into (3.17) yields
1 2(n—1 — 2
fAR:(n—l)A)\—(nf)V)va—ka]%Vf
2 m-—n 2(m —n)
7n(n71))\2+m+n72)\R7 R? ~m—n—1,
m-—n m-—n m-—n m-n 7

which means (3.16).

4 Rigid Properties on Closed Manifolds

In this section, we prove two rigid properties for quasi-almost-Einstein metrics on closed
manifolds. The next theorem states that a quasi-almost-Einstein metric should be trivial, if f

satisfies some integral condition.

Theorem 4.1 Let g be an m-dimensional quasi-almost-FEinstein metric with potential func-
tion f and soliton function X\ <0 on a closed manifold M™. If

Vf-Vae a5 dr <0, (4.1)
M
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then g is trivial in the sense that f is constant. Moreover, X is constant if n > 3, and now g is

Finstein.

Proof By (3.10) and the fact that
. 1 1
Rie(Vf,Vf) = AV f12 + ——[Vf[* = VIV V7, (42)
we have

(2—n)VX-Vf—-VAf-Vf+V|VF? - Vf
=TSP+ 2|Vl - AV (4.3

Integrating (4.3) on M leads to

—/ VAf-Vfef dx+/ VIVF]2 Ve da
M M

2 2
< V% do — ——— [ Af|Vf]%e?! du, (4.4)
m-—-n Jy m—-—n Sy
where
m-—n-+2
oa=——.
m-—n

Integrating by parts leads to
| VI9IR st do =~ [ (VIR alVe! e, (45)
M M
/ VAf-Vfe) do = —/ (AF)? + aAFIVPe da. (4.6)
M M

Plugging (4.5)—(4.6) into (4.4) yields

/M [(Af)er(a—lJr%)AﬂVf\zf<a+ )\Vf|4]e“f dr <0

m—-n

or
| @r=wsppes a<o
M
which means
Af =|VfI*.
Hence, f is constant by the maximum principle. Moreover, if n > 3, g is Einstein by the Schur

Theorem in [20].

It is pointed out in [21] that any expanding or steady gradient Ricci solitons on closed
manifolds should be trivial. The same result for quasi-Einstein metrics on closed manifolds is

proved in [6-7], which can be deduced directly from Theorem 4.1.

Corollary 4.1 Let g be an m-dimensional expanding or steady quasi-Einstein metric with

potential function f on a closed manifold M. Then g is trivial in the sense that f is constant.
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Theorem 4.2 Let g be an m-dimensional quasi-almost-Einstein metric with potential func-
tion f and soliton function A = F(f) on a closed manifold M™ with n > 3, where F(t) is a
smooth function. If

m-—n 2(m — 2)
—_— —t} 4.7
2(m—2)M> eXp[(n—Q)(m—n) (47)

is a monotone function about t, where u and G(t) are defined in Corollary 3.1, then g is trivial

(G(t) +

in the sense that f is constant. Moreover, g is Finstein.

Proof By (3.8) and (3.13), we have

af 1917 = [~ - 26 () - 22 D) pfents, (4.8
Differentiating (4.7) shows that
, 2(m —2)
—(n=2)G'(f) - ﬂG(f)—H

is nonpositive or nonnegative. Through integrating (4.8) against the measure e~/dz, it is easy
to see that 5 %)
m —
—(n—=2)G'(f) - ——=G(f) —n=0
(n=2)G'(f) = ———G(f) —n=0,

which shows immediately that f is constant and g is Einstein.

Remark 4.1 Theorem 4.2 can be regarded as a generalization of Theorem 2.3 in [7]. In
fact, rigid results for integer-dimensional closed steady or expanding quasi-Einstein metrics

were proved in [6].

Remark 4.2 As pointed out in [1], a finite-dimensional shrinking quasi-Einstein metric is
automatically compact. A finite-dimensional quasi-almost-Einstein metric is also automatically

compact, if soliton function A has a positive lower bound.

5 Weak Maximal Principle at Infinity

The maximum principle is a basic tool in geometric analysis (see [22-24]). In this section,
we introduce a monotone formula for the weighted volume, and state the weighted Laplacian
comparison theorem. Then we prove the weak maximum principle at infinity for some quasi-

almost-Einstein metrics on complete noncompact manifolds.

Lemma 5.1 Let (M,g) be an n-dimensional complete manifold, f be a real value smooth
function on M, and A, = A =V f -V be the weighted Laplacian. We also assume that the

m-dimensional Bakry—Emery curvature on M is bounded by
Ricfm > —(m — 1)K,

where K = K(r(z)) > 0 is a function depending on r(z) = dist(O, ), and O € M is a fized
point. If we use u(BR) to denote the du = e~fdx measure of the geodesic ball Br centered at
O with radius R, then

1(BRr)
fOR Pm—1(s)ds
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is a monotone decreasing function about R, where ¥ (r) satisfies the following equation:
P(r) = K(r)y(r), $(0)=0, ¢'(0)=1. (5.1)
Proof Consider the geodesic sphere
S(O,r) ={z € M, dist(O,x) = r}.

We use H and II to denote the mean curvature and the second fundamental form of S(O,r),
respectively. Let (r,6) be the geodesic coordinate around O. Then

dz = J(r,0)drds,
where J(r,0) is the Jacobian. By [25], we know

0
ElogJ =H. (5.2)

The following is the well-known Riccati equation:

OH _ 9
= —Ric(Vr, Vr) — |II|%.
Hence
OH H?
2L < _Ri - . .
5 < Ric(Vr, Vr) — (5.3)
By (5.2)—(5.3), we get
g% 9oty =
H.=H 87“737“10g(e 7= or’

where H,, and J, are called weighted mean curvature and weighted Jacobian, respectively. By
the fact that

2
Hessf (Vr,Vr) = (37‘5,
we can compute as follows:
oH,  *f . 12
< _ _ _
5 =52 Ric(Vr, Vr) 7
(3 (H, + %7
< _or/) DK (r) — AT o)
< - e+ (m = 1K(r) —
H2
_ H _
S + (m—1)K(r). (5.4)

Note that

limrH, =n—-1<m-—1.
N0

By (5.4) and the Sturm-Liouville comparison theorem (see [3]), we conclude that

Hy(r) < ag(r),
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where ag (1) satisfies the following Riccati equation:

Oar a’-
= —DK(r) —
or (m — 1)K (r) m—1’ (5.5)
lim rag = m — 1.
N0

It is easy to testify that ax(r) = (m — 1)%/ is a solution to (5.5) if 1 (r) solves (5.1). Hence,
outside of Cut(O),

m—1

Ju(r,0) < (w(r))
Ju(s,0) = \1(s)

holds for 0 < s < r. The rest part of the proof can be found in [25].

It is well-known that Ar = H (see [25]), which means that A,r = H,. Hence, the above

proof implies the weighted Laplacian comparison theorem, which can also be found in [2-4].

Lemma 5.2 Let (M,g) be an n-dimensional complete manifold, f be a real value smooth
function on M, and A, = A =V f -V be the weighted Laplacian. We also assume that the
m-dimensional Bakry—E'mery curvature on M is bounded by

Ricfp > —(m — 1)K (r).
Then, at x ¢ Cut(O), we have
Apr < ag(r),
where ag (r) solves (5.5). In particular, if K(r) = K > 0 is constant, then
Ayr < (m —1)VK coth VEr
m-1 (1+VEr).

<

r
Let us introduce the weak maximum principle at infinity for the weighted Laplacian A,
which is discussed in [24] and was used in [7, 12, 26].

Definition 5.1 We say that the weak mazimum principle at infinity for A, holds, if given
a C? function u,

supu = u* < 400,
M

and then there exists a sequence {x,} C M, such that

1
w(zn) >u"—— and Ayu(z,) <
n

3=

The following result states that the weak maximum principle at infinity holds for a quasi-

almost-Einstein metric when the soliton function satisfies a lower bound condition.

Lemma 5.3 Let g be a quasi-almost-Einstein metric with potential function f. If the soliton

function \ satisfies
Mz) > —(m — 1)r?(z) (5.6)

forr(z) = dist(O, ) large enough, then the weak mazimum principle at infinity for the weighted
Laplacian A, holds on M.



726 L. F. Wang

Proof Consider the Riccati equation

da(r) _ 2
o = (m—1)r°—

Let a(r) = (m — 1)r + b(r). Then

b(r)
or

+2rb(r)+ (m—1) <0

or

a 7,2 r 82
E[ b(r)—i—(m—l)/1 e® ds| <0.

Hence b(r) < C for r large enough, which means that a(r) < (m — 1)r + C. Then,

0
o logi(r) = ——

< .
o 1a(r)_r+C

Hence, for r large enough,
Y(r) < Ced”,
and then ,
/ wm_l(s) ds < Cre™z 7"
1
or ,
log/ Y™ (s) ds < C[1 +r?].

1

By Lemma 5.1, we conclude that

log u(B,) < C[1 +72]. (5.7)

Let us recall a result given in [24], which states that if a complete weighted manifold satisfies
the volume growth condition

o0
.,
— dr = oo, 5.8
/1 log u(B;) (58)

then the weak maximum principle at infinity for the weighted Laplacian A, holds. Lemma 5.3
follows from (5.7)—(5.8).

6 Rigid Results on Noncompact Manifolds

In this section, we prove two rigid results for quasi-almost-Einstein metrics on complete

noncompact manifolds. The following lemma is inspired by Theorem 4.1 of independent interest.

Lemma 6.1 Let g be an m-dimensional quasi-almost-Einstein metric with potential func-
tion f and smooth soliton function A < 0 on a complete noncompact manifold M. We assume
that Vf- VA <0 and

R [P (-
Bar/Br

as R — oo, where Br denotes the geodesic ball centered at O with radius R. Then ef is a

harmonic function, i.e., Nef =0 on M.
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Proof Consider a smooth function 6(t) : [0, 4+00) — [0, 1],

0(t) = {(1) ?ZS;S b (6.2)
so that
—10Vh <0’ <0. (6.3)
For R > 0, let

o =of22)

be a cut-off function, where r(z) is the distance function determined by O € M. Then

C
0<p<1, |V =
<ps<l Vo) < 3,
and ¢(z) = 1 on Bp, ¢(z) = 0 outside of Bap. Let
m—n-+2
m-—n

By (4.3) and the fact that A <0, VA -V f <0, we conclude that

a=—

—/ VASf -V fpe®f d:c—i—/ VIV Ve da
M M

2
e dz — H/M AfIV e da. (6.4)
Integrating by parts yields
[ VIvsEViges do= - [ VRO + VI + VS Te)e da (6.5)
M M
/ VAS -V fpecd do = _/ (A2 + abfIVF e+ AfVF-Vale dz. (6.6)
M M
Substituting (6.5) and (6.6) into (6.4), we have
| wap? =289 12 + [941pe" do
M
/ [AfVf -V — |VPVF-Vple* dz
M
3 |Vf-Vip|? 3
vf e dx / L TP e de 6.7
<([ @r-1vspre V(L ). (6.7)
By the fact that
9/
IVf- Vol < [VFIIVel < LIV,
we get
/ [Af = |Vf*2e da g/ Af = |VfI2pef dz < CR*/ |V f|%e®f da.
Br M Bar/Br

Letting R — oo leads to
/ (Af — VP2 da = 0.
M

Hence Lemma 6.1 follows.
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Theorem 6.1 Let g be an m-dimensional expanding quasi-almost-Finstein metric with po-
tential function f and smooth soliton function A\ on a complete noncompact manifold M. We
assume that Vf - VA <0 and (6.1) is right. Then g is trivial in the sense that f is constant.

Moreover, X\ is constant when n > 3, and now g is Finstein.

Proof Lemma 6.1 implies that

Af = VI
and together with (4.3), we conclude that
0<(2—-n)VA-Vf=2)\Vf2<o0.
Note that A < 0, so |V f|?> = 0 and Theorem 6.1 follows.

Remark 6.1 Tt is pointed out in [7, 27] that for a steady quasi-Einstein metric, the constant
w in (1.3) is null if and only if g is Ricci flat. Theorem 6.1 seems to be new even for the quasi-

Einstein metric.

By using the weak maximum principle at infinity, we also get a rigid result for an m-

dimensional expanding quasi-almost-Einstein metric on a noncompact manifold.

Theorem 6.2 Let g be an m-dimensional quasi-almost-Einstein metric with potential func-
tion f and smooth soliton function X\ on a complete noncompact manifold M. We assume that
A satisfies

Mz) > —(m — 1)r?(z) (6.8)

for r(x) = dist(O, x) large enough. If

VA-Vf<0
and
- 2 -1 >\su
sup [V fJ2 < — =7 (m = Dhswp (6.9)
M m
where

Asup = sup A(z) <0,
zeM

then f is constant. Moreover, X\ is constant if n > 3, and now g is Einstein.
Proof By (1.1) and Lemma 3.1, we have
2

m—n

IVIPAf = (n=2)VA-Vf

1 )
§A\Vf|2 = |V2f]> = Ric(Vf,Vf) +

1 2
= V2 [P = ——|VfI* = ANVfP+ ——|VPAS

m—n m—n
1
+§V|Vf|2 “Vf—(n—2)VA-Vf,
which means that

1 1 2
SOulVIP Z V22 = —— V' = AV + ——|V[[PAS.
m-—-n m-—-n
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Note that
2 £12 2 2 1 2 2 2
IVEfIS+ ——IVfIFAf > =(Af)"+ ——|Vf]"Af
m-—n n m-—n

>~V

Hence

1 2 2 m 4
Z > _ -

(

m
> Asup| VI — Wwﬂ‘*. (6.10)

(m

By (6.8) and Lemma 5.3, we know that the weak maximum principle at infinity holds for A,.
The fact that sup |V f|?> < +00 means that there exists a sequence {z}} C M, such that
M

1
VF*(@x) = sup [V fI* = +
M

and
Au|V P (1) <

> =

(6.10) implies that

_m 4 2 i>
(m—n)2|vf| +)‘SUP|Vf| + Qk’ - O

holds at x. By (6.9), we conclude that for k large enough,

(m —n)? 2m
|Vf|2($k) < T{_ Asup — \/)\gup T km—n)2 }7

which means that

e

—n)? 2m
2 1 _(m—n)pr  J, Zm ]
S}\Zp‘vﬂ - 2m [ Asup Adup k(m —n)? }

Letting k — oo leads to
sup |[V£]2 <0.
M

Hence f is constant.

Remark 6.2 If m = co, we recover Theorem 3.6 in [7].

7 Lower Bound of Scalar Curvature

In [8], the author gets the lower bound estimate of scalar curvature for noncompact quasi-
Einstein metrics. In this section, we prove the lower bound estimate of the scalar curvature
for a quasi-almost-Einstein metric with soliton function satisfying A = F(f) on a noncompact

manifold. We firstly give a gradient estimate for f of independent interest.
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Lemma 7.1 Let g be an m-dimensional quasi-almost-Einstein metric with potential func-

tion f and smooth soliton function A = F(f) on a complete noncompact manifold M. If

Aing = mlélj{;[ AMz) > —o0

and

for some constant v > 0, where

H(t) = —(n -G (t) - 22 G(t) — (7.2)

with G(t) being defined in (3.14), then

IVfI*(x) < (m —n) [ — Aint + g}
holds for any x € M.

Proof Consider a smooth function 6(t) : [0,4+00) — [0, 1],

1, 0<t<l1,
W”{o t>2

so that
~1002 <6 <0, 6">-10. (7.3)

For some constant Ry > 0, define the smooth cut-off function ¢ : M — R by

o(z,t) = 0(@)

Ry
Then
0'Vr
pr— 7-4
Vo e (7.4)
and
Aup=0p—~Vp-Vf
B 97” 0’
R2 Ry
- 9" N (m — 1)0’(1 + 775\;?1 Ro) (7 5)
~ RZ R2 ’ ’

where we have used Lemma 5.2. Let

Q=¢lVf]*

Then
£Q = DIV +2Ve - VIV + oV .
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By (1.1), (3.2)—(3.3) and (7.1), we have

AV I?P = AIVF?=VIVF?-Vf
= 2|V2f12 + 2Ric(Vf, V) +2Vf-VAf - VIVS]?-Vf

:2\V2f|2+2[ﬁVf®VffHessf+)\g}(Vf,Vf)

+2V/ - VIV + H(f)em!] = V- V|V S
= 2V J + VS + 2 [V () + () )em |9 f2

2
> 20tV fI? + mWﬂ4 —v|VfI*.

Note that
VQ = Vo|VfP + V[V
or VO Qv
VIV = - =P

® ®

Hence
A 2VQ -V 2|Vl 202
ALQ > “¢Q+ Q- Ve 2 ‘@' Q+2)\ian+7Q —vQ.
® ® ® (m —n)p

We assume that @ achieves its maximal value at zy. Then
VQ=0 and A,Q <0

hold at xg. By (7.3)—(7.5), we conclude that at zo,

>\inf
9// (m—l)@’ 1+’/_m7 RO 26/2 2 2
0>29 ( - )Q— | |Q+2Ainf9Q+ ©

B
~ R R Zx L
202 210+ 10(m — 1)(1+ /20 Ro )
> =t [ =2+ \ e
m—n RO

So for x € Bp,,

V() = [VfI*(2)p(z) = Q(z) < Qo)
105 + 5(m — 1) (1 4y s Ro) ,
_|_

m—1

< — — X\ 1.
> (m ’fl) >\1nf + R(2) 2:|

Lemma 7.1 follows by letting Ry — oo.

The following result is a corollary of Lemma 7.1, which can be seen as a generalization of
Theorem 3.3 in [7].

Corollary 7.1 Let g be an m-dimensional quasi-almost-Einstein metric with potential func-

tion [ and smooth soliton function A = F(f) on a complete noncompact manifold M. If

d 2
—[H(t)em—="] > —2Ainf,
g [H(B)em=] = ;

then f is constant. Moreover, g is Einstein when n > 3.
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Based on the gradient estimate of f, we can prove a lower bound estimate of scalar curvature
R. The following is the main result in this section.

Theorem 7.1 Let g be an m-dimensional quasi-almost-FEinstein metric with potential func-
tion f and smooth soliton function A = F(f) on a complete noncompact manifold M. We also
assume that

Aing = xlg]a Az) > —o0

and

Asup = sup A(z) < 0.
xeM

Ifm—n>1, F'(t) <0, and H(t) satisfies (7.1) for some constant v > 0, then

R(z) > 200 — DA®) — (1 — 2)Aing — %[A + /A2 _1B] (7.6)
holds for any x € M, where
n(m —n)
A= 2(77‘ - 2)()‘Sup - >\inf) + )\sup (77)
m—1
and
B = W)\mf()\sup — Aint)- (7.8)

m—1
Proof Consider a smooth function 6(t) : [0, 4+00) — [0, 1],

1, 0<t<1,
a(t):{o t>2

so that 6(t) satisfies (7.3). For Ry > 0, define a smooth cut-off function ¢ : M — R by

_ (")
oz, t) = 9( e )
Let
S=R-— 2(n — 1)/\ + (TL — 2)>\inf.
Then (3.16) is equivalent to

m—n-+2
2(m —n)
m—1

1 —n—1 1 2
SAS = VS~Vf+(n—1)V/\-Vf—w‘Ric—ng‘
2 m-—n n

_@;jag@+0%4KA—M@KS—m—2MM+

Let N = ¢S. Then
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By (7.9), we have

AN = D,pS +2Vp - VS + A, S
=N,pS+2Ve-VS+ p(AS -VS-Vf)
_ DupN 2|V|2N n 2V VN  2Vf-VpN

o ©? (m—mn)p
QVF-VN 2(m—-n—1 12
L 2VSVN 20m—n= Do Ric—ng‘ +2(n—1)pVA -V
m-—-—n m-—-n n
2(m —1)p [N (n—1)2m—n-2)

Al

m—1

- D22 (0= 2)(h = )] [g (= 2t +

(m—n)n

We assume that for Ry > 0 large enough, the minimal value of N on Bp, can be achieved at
zo and N(zg) < 0. Then

VN=0 and A,N >0

hold at zy. Hence at xg,

[N + (n—2)p(A — )\inf)] N — (n — 2)Aingp +

(n—l)inﬁ;n—?))\w}
m—n)n

(
2(m—1)

where we have used the fact that

2lVp|2N 2V f-VoN
[y - AVELN 2V VN (7.10)
® m-—n

<

VA-Vf=F(f)VIP<o.

For Ry > 0 large enough, we define

_ inf{S(x) |z € Bgr,}
o (o) = inf{S(z) |z € Bag,}

It is easy to testify that
N(zo) = p(x0)S(wo) < inf{S(x) | € Br,}

and
N(zo) = p(0)S(x0) = p(x0) Inf{S(2) | # € Bar, }-

By the assumption that inf{S(z) | z € Br,} < 0, we have
a(Ro) < p(xo) < 1. (7.11)

By (7.10) and Lemma 5.2, we conclude that at zo,

(n—=1)2m —n—2) )\90]

[N + (n = 2)p(% = Ant)] [N = (1 = 2)@Ains + e

(m —n)n [9// +(m—-1)0(1+ 1/_n)ﬁ\Liff1R0) - 2(V f]|6| - 2|9/|2}N
R2 (m —n)Ry OR? -
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(7.3) and Lemma 7.1 implies that

—1)@2m—-—n—2
N + (2= 20 (A~ Al [N = (1 = D)o + DI Z 2 ]
GOy o)
Rg
where C1,Cy are constants independent of Ry. Due to (7.11) and the fact that N(zg) <
0, A(xg) < 0, we can estimate at x that
(n—1)2m—-—n-2)
m—1

[N + (1 — 2)o(A — Aint)] [N — (= 2)Nint +

o 2y oy
(n—1)(2m —n —2)
m—1
nm —n)
1

Ainf(Asup - /\inf)<;02

A<p]

=N [(n-2+

+(n—2)(A— Ainf)( A—(n— 2)/\inf) o2

> N2 4+ [Q(n —2)(Asup — Ant) +

N n(m :ﬂn_)(? -2)

Asup} eN

(m —n)

> N2+ 2(n — 2)(Asup — Aint)o(Ro)N + — Asup N

n n(m ;ln_)(iz -2)

>\inf()\sup - )\inf)-

This inequality together with (7.12) shows that

N2+ 2(1n — 2)(Asup — Aint)o(Ro)N + %Ampz\f
C1 4+ C3Ry

R3

- —2
< _MAinf(Asup - )\inf) +

N. 1
p— (7.13)

Hence, for z € Bp,,
S(z) = (x)S(z) = N(x) = N(20) 2 %[—A(Ro) -V A*(Ro) — 4B], (7.14)

where

_ C1 4+ C3Ry
R

and B is defined in (7.8). Note that 0 < o(Rp) < 1, and (7.14) means that S is bounded from

below. Hence

n(m —n)

A(RO) = + 2(” - 2)(/\sup - /\inf)O'(RO) + 1 >\sup

lim o(Ro) =1,

R(]*)OO
which means that
lim A(Ro) = 2(n — 2)(Aeup — Aint) + n(m—n)

Ro—o00 m—1

Aoup = A
By (7.14), we deduce that for z € M,

S(z) > %[—A _ /A2 _1B]



Rigid Properties of Quasi-almost-Einstein Metrics 735

and (7.6) follows.
The following estimate for the quasi-Einstein metric was proved in [8], which is a natural

corollary of Theorem 7.1.

Corollary 7.2 Let g be a quasi-Einstein metric with potential function f and constant

A <0 on a complete noncompact manifold M. If m —n > 1, then
R(z) > nA (7.15)

holds for any x € M.
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