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Abstract For the weighted approximation in L,-norm, the authors determine the weakly
asymptotic order for the p-average errors of the sequence of Hermite interpolation based
on the Chebyshev nodes on the 1-fold integrated Wiener space. By this result, it is known
that in the sense of information-based complexity, if permissible information functionals
are Hermite data, then the p-average errors of this sequence are weakly equivalent to those
of the corresponding sequence of the minimal p-average radius of nonadaptive information.
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1 Introduction

Let F be a real separable Banach space equipped with a probability measure p on the Borel
sets of F'. Let H be another normed space, such that F' is continuously embedded in H. || - ||
denotes the norm in H. Any A : F — H, such that f — ||f — A(f)|| is a measurable mapping, is
called an approximation operator (or just approximation). The p-average error of A is defined

ol Py = ([ 17 = A Puan)”
Denote
Fo={f€Cl0,1]: f(0) = 0}.

For every f € Fy, set

Iflle := max [f(t)

0<t<1

Then (Fp, | - |lc) becomes a separable Banach space. Denote by B(Fy) the Borel class of
(Fo, || - llc), and by wo the Wiener measure on B(Fp) (see [1]). For g € Fp, let

mm@:Ammm

Then
Tige Fy ={fecWo,1]: fF0)=0, k=0,1}.
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It is well-known that 77 is a bijective mapping from Fy to Fi. The 1-fold integrated Wiener

measure wy on Fj is defined by induced measure wy = Tiwy, i.e., for A C F7,
w1(4) =wo({g: T1g € A}). (1.1)

Let
F={feCW[-1,1]: f®(-1) =0, k=0,1}.

The 1-fold integrated Wiener measure w on F' is defined as follows: for A C F,
w(A) =wi({g(t) = f(2t — 1) : [ € A}). (1:2)

For ¢ € L1]—1,1], o > 0, the weighted L,-norm of f € C[—1,1] is defined by

e =( [ wop - ewar)’

and we simply write || - ||, if o(¢) = 1. Let

2k —1
2n

T = Tpp = COS T, k=1,---,n

be the zeros of
T.(z) = cosnf, x=cosb,

the n-th degree Chebyshev polynomial of the first kind. In this case, the well-known Lagrange

interpolation polynomial is given by (see [2])

3

k=1
where
I B ) VA £ 1o I
gk(fL‘) = Tr’l(xk)(xka) = n(l’ka) , k=1, R (1.4)

The well-known Hermite-Fejér interpolation polynomial is given by (see [3])

Hy(f,z) = Zf(zk)hk(l’), (1.5)
k=1
where
hi(z) = (1 — x;v@(M)Q >0, > h(z)=1. (1.6)
k=1

From [4], we know that if p € L1[-1,1], o > 0, and g is continuous on (—1,1), then for
1 < p < o0, we have

_3
ep (Lns | - [lp.o) Fyw) < m7 2, (1.7)
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and for o(z) = ﬁ, we have
ea (Hp, || - [l2.0, Fyw) <™t (1.8)

Here and in the following notation, a, =< b, for sequences {a,} and {b,} of positive numbers
means the existence of a constant C' independent of n, such that % < b, < Cay, and C' may
be different in the different expressions. From (1.7) and (1.8), we know that the sequence of
Lagrange interpolation defined by (1.3) is a suboptimal approximation operators sequence for
standard information on the 1-fold integrated Wiener space, but the corresponding sequence
of Hermite-Fejér interpolation is not. However, from [5], we know that both the Lagrange
interpolation sequence and the Hermite-Fejér interpolation sequence defined by (1.3) and (1.5)
are suboptimal approximation operators sequences for standard information on the Wiener
space. Similar results can be find in [6-8]. These results show that the average errors of
interpolation operators in different probability spaces can have completely different properties.
Noticing that the Hermite data is a kind of information which is widely used in practice, we
will consider the average errors of Hermite interpolation based on {xj}7_;.

If f € CW[-1,1], then it is known that the Hermite interpolation polynomial G, (f,z),

which is of degree at most 2n — 1 and satisfies the conditions

Gﬂ(fawk) :f(xk)7 G{n(faxk) :f/(mk)’ k=12, n, (19)

is given by (see [9])

Zf i) b (x Zf’(xk)ok(x), (1.10)
where
op(z) = (x —ap)li(z), k=1,---,n. (1.11)

From [9], it follows that if p,(x) is an algebraic polynomial of degree at most 2n — 1, then

n

Pn() = Gp(pp,x) = Z (xg)hi(x) + an g ) ok (z (1.12)

k=1
In this paper, we obtain the following theorem.
Theorem 1.1 Let G, (f,x) be defined by (1.10). Then for an arbitrary o € L1[—1,1], 0 > 0,
if 0 is continuous on (—1,1) and 1 < p < 0o, we have

3

€p (Gn’ ” ’ prngvw) =nz.
Remark 1.1 Let us recall some fundamental notions about the information-based com-
plexity in the average case setting. Let F' be a set with a probability measure u, and G be a

normed linear space with norm || - ||. Let S be a measurable mapping from F into G, which is
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called a solution operator. Let N be a measurable mapping from F' into R, and ¢ be a mea-
surable mapping from R™ into G, which are called an information operator and an algorithm,
respectively. The p-average error of the approximation ¢ o N with respect to the measure p is
defined by

eo(S.N.6. - ) 1= [ 150 = 6N (D IPuta)

and the p-average radius of information N with respect to p is defined by
TP(Sv N, H : ||7M7 F) = igfep(sv N, ¢, H : H’MaF)v

where ¢ ranges over the set of all algorithms. Furthermore, let A denote a class of permissible
information functionals L, and denote by N the set of nonadaptive information operators N

from A of cardinality n, i.e.,

N(f) = (La(f), La(f)s -+ Ln(f)), Li€ A, i=1,---,n.

Let

rp(nvs’Av”'”vﬂvF): (SaNa”'HanF)

inf r
Nena P
denote the n-th minimal average radius of nonadaptive information in the class A.

For example, if F', w are defined as above, S is the identity mapping I and A consists of
Hermite data, then by [1, p. 108], we know

rp(n, I, A || - ||p,w, F) xn_%, 1<p<oo.

It is easy to understand that G, (f,z) can be viewed as a composition of a nonadaptive infor-

mation operator of cardinality 2n from A and an algorithm. From Theorem 1.1, we know
€p (Gn’ H ! HpaF:W) =Tp (277’7[5‘/\7 || : ||P7W7F)7 1< p < oo.

2 Some Lemmas

From [4], we obtain the following lemma.

Lemma 2.1 Let s >t. Then

3 s — 2
[ festwtan = S ORI (2.1
/f/(t)f(s)w(df) _a f6t)2 4 (S*t)s(”t), (2.2)
F
[ rwseutan = L (23)
F
[ r@rean - 2zl (2.4)
F

The following lemma is well-known.
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Lemma 2.2 If p,(x) is an algebraic polynomial of degree at most n — 1, then
= pal@r)li(@). (2.5)
k=1

From (2.5), we conclude that if p,(z) is an algebraic polynomial of degree at most n — 1,
then

n

(@) = pal@r)t,(x). (2.6)

k=1
3 Proof of Theorem 1.1

From [1, p. 108], we obtain the lower estimate. Now we will consider the upper estimate.

From (1.4) and a simple computation, we obtain

T

Ek(l‘k) = 17 K;C(.%'k) = 2(17—33%)7

k=1,---,n, (3.1)

and for j # k,

(—)MI /T a7

U(x) =0, L(z;) = : (3:2)
(xj —xk)4 /1 — z?
From (1.9), (1.12), (3.1)—(3.2), it follows that
Lu(f,7) — -2 [ Far)bi(e;) - /()| o). (3.3)
j=1 k=1
Therefore, we obtain
F(@) = Gulf,2) = f(2) = La(fo2) + > [ 30 fnlilas) = f1@5)]os(@). (3.4)
j=1 k=1
For z € [-1, 1], we have
c@) = [ [ [ 3 rantite) - £eos(o)] wias)
F =1 k=1
=3 S ol [ [ 3 entied) - £G2a)]
s=1j=1 Fop=1
Y F@m) ) = ()] w(as). (3.5)

By (1.4) and (1.11), we know that for 1 < j,s < n,

os(x)oj(z) = T’;Ligx)(—l)sﬂ\/ L—a2\ /1 — 2% l(x)t;(). (3.6)
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In a similar way to the proof of (4.5) and (7.1) in [4], we know that for 1 < j,s <,

/fok () S ) (a5)(d )
Fr=1 m=1

2+xs+mj 1 & , ,
=5 96,;T;|$k_xm| O (xs) 0, (25), (3.7)

Z/fmk () (df) ) (xs) = 1”8

7 1

Z E’ (25), (3.8)

S [ Flam)Faoldf)i @) = 255 3 @nmay ()
F 8 16

From (2.4) and (3.5)—(3.9), it follows that

ko

H(z), (3.10)

n n (71)5+jm /171? n n
H()=Y > Co(@)ls (@) YD ok — a4, (5) 61 (2;)

s=1j=1 k=1m=1
non Sﬂ\/lfﬁ,/lfm i1

+ZZ (@)Y (an — 7)2 ()
s=1j=1 k=1

Lo(x)li(x). (3.11)

It is easy to know that H(x) is an algebraic polynomial of degree at most 2n — 2. Then from
(1.12), we conclude that

H(x) = H(z)h(e +ZHI (z)oi(z (3.12)
By (3.1)=(3.2) and (7.10), (7.12) in [4], we know that for an arbitrary 1 <1 <n,

171
H(z

xl)f’ LL‘l fk {El)

k=1m=1 k:l

_ 0(%). (3.13)

Here and in the following, the notation A(z) = O(B(z)) for sequences or functions A(z) and
B(x) means the existence of a constant C independent of x, such that |A(z)| < CB(x), and C
may be different in the different expressions. By (1.6) and (3.13), we obtain

N H(z)h(e) = o(%). (3.14)
=1
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From (3.1)—(3.2), it follows that for an arbitrary 1 <1 <mn,

n

H'(z) = —= > (=) /1—22,/1 - a2 Z Z |21, — T [P O (1), ()€ (1)

k=1m=1

1 I )
+3 ;(—1) i1 - a1 a2 kz:;(xk — 2,2 ()0 (1)
n -1
1 S
+ 5 D1 - VIS Y (o - (o)t a)
s= k=1
1 "
S CUAERE IR LRI

= 5 LMy + 6Ms + 6M; + 6M,). (3.15)

Exchanging the sum order, we obtain

ZZ|xk—xm| 0 (z Z DI /1 - ap 1 — a3 b, (2) 0 (1)
j=1

n

n
=Z|$k—$l‘3%($l Z D1 - a7\ 1 — a3 ()0 (1)
k=1

j=1
Z|mk—xm| 0 (1) 1 - 1—952 w (25) 0 (1)
=1m#l
= L1 + Lo. (3.16)

By (3.1)—(3.2), (3.16) as well as (7.17) in [4] and

1—x%ZSin2%2 %,
we obtain
(et I .
Ly = (4(1 — a?) Z (.Z‘J —x)? ) Z |k — 22, (1) = ( ) (3.17)

il
We will consider Ly. For an arbitrary m # [, from (3.1)—(3.2), it follows that

/1 - 1—:r2 ()05 (1)
-1 l+m m 1— 2 (71)j+m 171’2-\/].7%12,”
—%an(xl) 4 EV ey~ 2 O+ > Y ’ . (3.18)

2¢/1— 22, (zj — zm) (v — ;)

J#Em,l

From (2.6), we know

> b(x)=0. (3.19)
k=1
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By (3.2), (3.19) and the identity
1 1 1

(@ — )@ — ;) @ am)(@; —am) | (@1 — 2m) (@1 — )

we obtain

> (—1)7tm 1 —a2y/1T—a2,

(xj — zm) (v — ;)

JF#EmM,

= () T2, ) S () + (- 2] (@) 3 ()

J#Lm J#LmM
= (D)1= a1 — a2 0 (w) (@) + 0, (2m)) — (1= 27) 0, (2) (6 (21) + £, (1))
- —1)mg,, /T = (—1)+m T =22 /1— 22
( 1 xl + ( ) £ xl _ ﬂ _ ] xm)glm(xl) (320)

T — T 2y/1— 122, 2 Ty — T

From (3.16), (3.18) and (3.20), we conclude that

DT — 22 (zx, — 1 "
L=y CU VL Lo (o) S fk — 2Py ()
m# V91—a2 (x;— zm) Pt

+ Z Z |xk T2, (2)) 0, (1) = Eq + Es. (3.21)
k= 1m;£l
By (2.6), we obtain
Z T — L) 0 (1)) = 3(2 — ) oma; = 3(@m — 27)% (3.22)
k=1
From (3.22), we know
m—1
Z lz) — |2 O (z) =2 Z Tk — Tp) ék (z1) — 3(zm — x1)2 (3.23)
k=1

From (3.21)—(3.23), it follows that

(_1)l+mM($l$m -1, = 3
E1=2 ¢ (@ o V(o
r%;l V1=22,(v — 2) (1) kZ:l( k )2l (1)

B (—1)Hm /1 — 2 (zi2 — 1) 2 (s
s 3 e e D ()

= 2G; — 3Gs. (3.24)

Combining (3.1)-(3.2), (7.2) in [4] and the identity
Ty — T = () — 21) + (21 — Tpm),

we obtain

m—1
G B Z :Clxm - ]-) 6/ (351) (71)k+1($k o SCm)Q 1— xi

2
RV e G =1,k
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n (_1)l+m /1 _ xf(xlxm _ 1) ) m—1 "
+ Cn(@1) ) (wn — )0 (1)

2 1—xl el
- m _ m=Il+
" (1) @y — 1)/ — 2 =

1
=G11+ G2+ Gz + O(ﬁ) (3.25)
From
. 2z T
sine > —, O<z<—
s 2
and
sinz <sinx +siny = 2sin x—;—y cos% < 2sinxT+y, 0<z,y<m,
we verify that
1—a2 sin? ZE-LT An?
2 Z (k-7 . (k-1 —Z 2
oy |lzk — @ Py | sin ¢ o )™ gin ¢ 2n)7r|2 Py k=1

From (4.16) in [4], the above relation and

it follows that

1 1-— TiTm
- + O( ) .
n3 (1 — xm)3%y/1 — :L'l2 n®y/1 — xl2 mz (1 — xm)?

m#l #l

Gll =

2

_O<n3\/11—7xl2> 3 (;:2)2 _O(R\/ll_imlz). (3.26)

m#l

From (3.25), (3.15) and the identity

(k= m)? = (x5 — 1) (T — Tpm) + (T — 20) (T — Tm) + (T — T,

we obtain
D (=D)F (ga 4+ 2 — 322 )y /1 — 22 el
G113+ 3M;y = Z ( ) ( d 5 m) L g;n(xl) (xk - xm)2ac(xl)
m=1 V 1- Tm k=1

" (=) (2 + 2 — 3T e

2 -
= Pl (20) Y ()M @y — 2y /1 - 2
m=1 V1—af, k=
m—1

—1)"™(wpa; + 2 — 322, / —~ 1 2
+m_1( ) (@ ><mz—xm>em<wz>’;<—1>k+ -2

=




746 G. Q. Xu and J. R. Ning

+2 Z (T +2 — 322))
m=Il+1

n m m—1
" Z (=)™ (@ + 2 = 322) /1 — a7 20 /

(1 = zm) ", (1)

k(ml)
V31—, " k=1

= Ny + Ny + N3 + Ny. (3.27)

From (3.2), (3.19) (3.27) and (7.2) in [4], the relation
tanx = ;v—+—O(m3)7 0<z<

and a direct computation, we obtain

1 & Ty + 2 — 322 9 s 9 s
N, == —m(z fan - — (222 — 1)t 7)6’
1 Z x, tan (2x ) an -~ (@)

4 i \/1— 1'2 2n m
T n
=5, (1 —aP)/1—a2, 0 (1) + o Z(3xm+2x5)(ml —xm)V1—a2, 0 (x))
m=1 m=1
1 1—a? 1 1
o) ST ol
n3 |x; — @ n3 1—a?

(=)™ (3, + 22) (1 — x2) N O(l)

_ 2 ! z
m=1(1 ) m (@) + 2 T2
= o> (=) (VI—ah =\ 1=a}) () + - (1 =2} Y 4 ()
(—1)r 314+ (-1)™ 31+(-H™) 1-—-(—-D1™ 1—(-" 1
_4nm( 8COS2L B 8cos3—z B 2 Tt 2005% $l>+0( )

M Z M@t )15, 0(1), (3.28)

il 1—x2+\/1—xl n

Il
E
2
i
|
8
Sl\')
~
»Jk‘_\_]
M:

For an arbitrary [, it is easy to verify that % \;% has at most 6 monotone intervals and

| Loty o | < 2. Combining it with the Leibniz theorem of alternating series, we conclude

V1-22 +4/1
that
(x4 Tm)y/1 952
‘Z ‘ <12.
= \/1—x2 +4/1-

Therefore, (3.28) and the above relation give

N, = o(l). (3.29)

By a direct computation, we obtain

m—1 m
)M 1 —a? = (_;) (\/1 — 22 — x,, tan %) (3.30)

k:l
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From (2.6), (3.27), (3.30) and a direct computation, it follows that

Ny = 3 Z: xmfﬂ\z/-l%’)x )(ffl - xﬂ@)(@, T, tan %)Z’m(:cl)
_ 1 En: () + 2 — 322 ) (2 — 2L, (1) — tan 5, Z L (T + 2 — 322)
202 2M
= lam+ 2~ 30%) (@1 — ) lacs,
+ (161\)/H (le +2(—1)" My + 51 +C(o_slz)n+1$l 1 joi_;i)n Y :roi ;’Z)n

- xl)+0(n\/117). (3.31)
l

Exchanging the sum order similar to (4.13)—(4.15) in [4], we obtain

N4:Z€k xy) Z (L) + 2 — 322 ) (2 — x)

m=k+1
" 1 2m —1 m—1 3 cos 22m=1)
- Zﬁg(ml) Z [(z?+ f) cos 7T — 22 COS T+ L
— i 4 2n n 4
" 1\ sin &7 sin %TF 3sin 2
S e (ot ) gdr_ dne sin
P sin - sin ; 8sin 5
1 < 1 m 7 3422 —-1)  3x
:_52%(@) 1—9:%[(1:124—1) cot%—4m1xkcotﬁ++cot %}
1 & 1 3(42? — 3z
— 5>l Kx% v Z)xk —2zy(222 — 1) + %} = Ny +Npo.  (3.32)
k=1
By (2.6), we know
1 1 3(4a3 — 3z) 7

From
23

1
cotx—f—f—i———i—O( ) 0<z<
T

T
3 15 4’

it follows that

n n T n
N41:—;Z(xl—xk)a/l—xkﬂ(xl) %k \/1— a2l (z)(2f — 2 — 8wy + 977)

k=1 =1

71'3 "
— 505 2 V1 — ok w)(af — 20 - 32w, + 81a) + O( ) Z 0 ()] (3.34)
k=1
By a direct computation and

cosz=1+0(z?), 0<z< %,
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we obtain

NE

(z1 — x5)%y /1 — 22 O (1)
1

I+1 " 2k—1 3(2k—1)
1)+ Z k+1{£(1_0052k_177) COS Tg T — cos o
_gcl k=1 K

:E/_ll)—l;xl? {3«";(1 — (=) (1 B ) S (coslf - COSl;’Z )}
oL
fO(nZM ) h

2n
From the proof of (3.29) and a direct computation, we conclude that

Z\/l—xkﬂl () (x? — 2 — 8xyy, + 927)
k=1
1 & g

WZ( D* Q@ +a0)(1 - 23) = 2(1 — a7) m&c (1)
T k=1

=1
(=1)’ {:rz(l - (=" (1 o1 ) 91+ 1 ")( 1
1/]_—ggl2 4 cos% cos2
1
~o(—, %2). (3.36)
By the same method, we obtain

= 1
S /L - a2 b)) (@} — 20 - 32wy, + 81a}) = 0(72). (3.37)
k=1

1—x

’\Ti”

&) + oW

COS on

From Markov inequality and
106(2)||oo <2, k=1,---,n,

it follows that

> || <237 02 =20, (3.38)
k=1 k=
From (3.34)—(3.38), we get
1

By (3.2) and a simple computation, we obtain
Go = Z (me?l - 1) . (340)
m#l
From (3.1) and (3.2), we conclude that

Es = l+m+1\/1 — 22 |z — zpy
2\/1 - xl mzﬂ
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-1 k+m 1— 2 1 — 2 _ m3
+ZZ( ) vV LV T3 |Th — T

(21 — 2k)* (@0 — 21)

Kl m£l
= Eo1 + Eas. (3.41)

A simple computation leads to

__ 2 tan - — (222 — 1) tan =) = O( =
Eo = i <2xl tan o™ (2z; — 1) tan n) O(n) (3.42)
From (7.18) in [4], we know
1
Eyy = o(ﬁ). (3.43)

= Z —xl)Qi( D1 - ﬂ ()05 (1)

=1
L—az2 (=)™ (2, — 1)1 - asf)

2
= Ty — X +
m:l( " 2 <3€m—9€l (X — Tm) /1 — 22,
-1
= (1)1 —a? (=)™ /1 — 22 + Z (x1zm — 1)
= m=1

T3
Il

—

<

O (1)

m=1
/1 —xlz \/72 T =
- T( 1 — a7 —a;tan %) + m:1(:1:lxm -1
122 4 1
= Ly Z(a:lxm -1) +O(£). (3.44)
m=1

y (3.2) and a simple computation, we obtain

-1 n
My = Zl (1-2?) - 2;1 (1—a3). (3.45)
J= J=l+

From (3.25), (3.27), (3.40), (3.44)—(3.45), we obtain

2G1o + 2N3 — 3Gg + 6M3 + 6My

=2 Z (xmzr —1)+4 Z (xmxl+2—3x3n)—32(xmxl—1)
m=Il+1 m=Il+1 m#l
-1 n

Fo(52 Dm0+ 0()) #o( S -at- 3 a-)

m=Il+1

=3 (mz—1)+6> (1—a2)+3 1—xl)+0(l)

m#l m##l n

- O(%). (3.46)
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From (3.15)—(3.46), we obtain

H'(z)) = O(L). (3.47)

n+/1 —:cl2

By (1.4), (1.11), (3.47) and the well-known estimate

ki:l |64 (x)]| = O(In(n + 1)), (3.48)
we know _
lzn; \H' (2))01(z)| = o(%) lzn; 1,(z)] = o(ln(’;ijl)) - 0(%) (3.49)
From (3.5), (3.1(;), (3.12), (3.14) and (3.49),_W(e obtain
Clz) = o(%). (3.50)
By [1, p. 107], we know
3Gl Foi0) = v, [ 11 () 17~ Gulf @) olahde, (350

where v, is the p-th absolute moment of the standard normal distribution. By (1.7), (3.4),
(3.50)—(3.51), we obtain the desired upper estimate.
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