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Abstract The smoothness of the solutions to the full Landau equation for Fermi-Dirac
particles is investigated. It is shown that the classical solutions near equilibrium to the
Landau-Fermi-Dirac equation have a regularizing effects in all variables (time, space and
velocity), that is, they become immediately smooth with respect to all variables.
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1 Introduction and the Statement of Our Main Results

In this paper, we study the regularity of the solutions to the Landau-Fermi-Dirac (LFD)

equation for the Pauli exclusion principle which reads

atf+vvzf:Q(faf)v t>0a
f(O,J?,U) = fo(l‘,’l}),

where f(t,2,v) > 0 is the spatially periodic distribution function for the particles at time ¢ > 0,

(1.1)

with spatial coordinates * = (x1,2,23) € [—m, 7> = T3 and velocity v = (v1,ve,v3) € R3.

Q(f, f) is the nonlinear collision operator defined by

3
QU= du / U7 (0 = w)[(1 = f(w)f(w)ds, f(v) = (1= £(0))f(0)Du, f(u))du.

ij=1 R3

The non-negative matrix 1) is
.. .. VU5
vi) = {07 = T HeP+

Here, v is a parameter leading to the standard classification of the hard potential (v > 0),
Maxwellian molecule (y = 0) or soft potential (y < 0) (cf. [11]). In particular, v = —3
corresponds to the Coulomb interaction in plasma physics. We recall that the Coulomb potential
is, however, the only one to have a physical relevance. In this paper, we restrict our discussion
to the case —3 <y < —2.

The Landau equation, which was proposed by Landau in 1936, was formally obtained in a

singular limit of the Boltzmann equation (cf. [2, 6, 12]). Sometimes, the quantum effects such as
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the Pauli exclusion principle would be taken into account and both the Boltzmann and Landau
equations have to be modified (cf. [6, 10, 14, 19]). Among them, the Boltzmann-Fermi-Dirac
(BFD) equation and the LED equation are two typical models. We mention that using a new
sequence of cross-sections in the BFD operator and taking a limit (grazing collision limit) lead to
the quantum LFD operator (cf. [10, 17]). While the classical Landau equations are the subject
of several papers [6, 9, 11, 13, 16, 20] and the references therein, few studies were devoted to the
LFD equation. For the LFD equation, a formal derivation from the BE'D equation in the grazing
collisions limit and a spectral analysis of its linearization near an equilibrium were studied in
[10] and [17] respectively. In the spatially homogenous setting, the well-posedness of the Cauchy
problem was considered in [3] and the equilibrium states were given in [4]. For the spatially
inhomogeneous case, very recently, the global-in-time classical solutions near equilibrium have
been constructed in [18].

We are now concerned with the regularity issues. In the spatially homogeneous setting, the
regularity of the solutions to the Landau equation was investigated by Arsen’ev-Buryak [2] in
the Coulomb case. The instantaneous smoothing effect was shown by Desvillettes-Villani [13],
El Safadi [15] and Chen-Li-Xu [7] for not necessarily smooth initial data in the case of hard
potentials. In the spatially inhomogeneous setting, recently, Chen-Desvillettes-He [9] and also
Alexandre et al. [1] have developed independent machinery to study these general smoothing
effects for kinetic equations. We note that the well-posedness results of the above mentioned
equations can be found in the references of the corresponding papers.

As far as we know, for the regularity properties of the LFD equation, very few results are
available. We would like to mention that Chen [8] got the smoothing effect of Bagland’s weak
solutions (cf. [3]) to the spatially homogeneous LFD equation for hard potentials. Our goal
in this paper is to obtain the regularity effect of the spatially inhomogeneous LFD equation.
We obtain the smoothness in the velocity variable by using energy methods and the dissipative
property of the LFD collision operator, where smoothness in the velocity variable was obtained
by the elliptic property of the diffusive matrix to the LFD collision operator. Since the LFD
nonlinear operator ) can be written as the diffusive operator and some error terms, smoothness
in the position variable can be shown by using the classical averaging lemma (cf. [5]). Lastly,
we prove the smoothness in the time variable as [9] and deduce the smoothness in all variables
by the iterative methods in [1, 8-9]. Although our main results are proved by using the novel
idea of [9], there are two main difficulties in this paper. The first new difficulty is due to the
complexity of the nonlinear term f(1 — f). The L>-norm of f is repeatedly used to overcome

this difficulty. The second one is to obtain the lower bound of > @;;§;¢;, and unlike the classical
and the Sobolev embedding

as well as the velocity splitting method introduced in [13] guarantee the elliptic property of @;;.

Landau equation, the smallness of the solutions in the norm Ii';v
We have to detailedly use the property of the quadratic term f(1 — f) and the Pauli exclusion
principle to get the corresponding estimates.

Now we introduce some notations and definitions. For simplicity, we omit the integrating
domains T? and R?, which correspond to variables x and v, respectively. For example, we write
L2, instead of L2(T?; LZ(R?)). For s € R, we use the standard notation H* to denote the

usual Sobolev space, and use H* to denote the homogeneous Sobolev space. For any integer
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N >0, letting [ > 0, we define the weighted Sobolev space
HY = {1y S @A+, < +oo},
la|+|BI<N
where a = [y, ag, as], 8 = [51, B2, F3] denote multi-index with length || and |3], respectively,
and
o = 05, 032000 032002
Furthermore, define 8’ < 3 if no component of 3 is greater than the component of 3, and
B < B,if 8/ < B and |3'| <|B]. It is obvious that H);," = HY,. We also define Hg°, and H<;'
as
H>® — N oo, _ NI
o NLgo HY,o HZ NQO H)Y;
For k € Z*, we also use the following notations in this paper:
@+ 2, = > 1@5HA+ P2z,
lal+1B]<k
For the fractional order Sobolev space H*(T?) (0 < s < 1), more direct characterizations

come from considering the L?-modulus of continuity. Given a point k € T2, f € H*, we define

Apf=flz+k)— f(z)
From now on, we use C' or ¢ to denote a generic positive constant that may be different from
line to line. A ~ B, means cA < B < % for a generic constant 0 < ¢ < 1.
For 1 <i,5 < 3, we define

@y(tw,0) = [« (F(L— 1)), bilt,z,v) =D (0o, 7) * f.

J

Then equation (1.1) can be rewritten as
Of+v-Vauf =V, @Vuf—0bf(1—f)), (1.2)
where @ = (@;;), b = (b;).
2
We denote a normalized global Maxwellian by M (v) = (27)~ 2 exp (— %) It is easy

to check that (1.1) has a stationary solution My(v) = 1_]{[1\5;’()0) We introduce the standard

perturbation f(¢,z,v) with respect to M, as f = M, + V MF, where a suitable choice of M is
Fye M
M(v) = (1+1\/§1()3))2 = My(v)(1 — My(v)).

The total conversation laws often play an important role in the study of the existence of

the solution to the kinetic equation (such as Boltzmann equation, Landau equation, etc.) over
the bounded domain, because the Poincaré inequality is able to be applied (cf. [16, 18]). By
assuming that fo(z, v) has the same mass, moment and energy as the Fermi-Dirac function M,

we can get the conservation laws as
/ F(t,z,v)\/My | v |dzdv=0. (1.3)
T3 xR3 |U|2

Throughout this paper, we shall assume N > 8. The results of [18] can be summarized as

follows.
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Theorem 1.1 Let 1 > f(0,z,v) = M, + \/T\ZF@(J?,U) >0 and —3 < v < —2. Assuming
that Fo(z,v) satisfies (1.3), then there exists a suitably small constant eg > 0, such that if

En(Fy) < e€o, equation (1.1) has a unique global classical solution f(t,x,v) satisfying 1 >
ft,z,0) = My + \/ﬁF(t,x,v) > 0. Moreover, there exists a Cy > 0 (depending on v, N, €),
such that

En(F)(t) < Co&n(Fo)

for any t > 0, where En(F)(t) is defined as

o (v+2)[8]
EN(E)E) ~ D @)1+ o) = |7 .
laf+IBI<N

Our main result shows that the classical solution to equation (1.1) belonging to H, iv lies in

fact in €75, for any time ¢ > 0.

Theorem 1.2 Let —3 < v < =2, there exists a small constant e¢g > 0, such that if
/Es(Fy) < e, the unique classical nonnegative solution to equation (1.1) given by Theorem 1.1
satisfies (for any 0 <71 <7 <T < o0 andl >0):

f e G (In T () HE (TP < RY)).
1>0

Remark 1.1 Our main results in Theorems 1.1 and 1.2 are concerned with the soft poten-
tial case, i.e., —3 < < —2, and in this case, as in [16], a special weight was designed to derive
the global existence. And to obtain the regularity properties listed in Theorem 1.2, one has to
kill the singularity caused by the collision kernel . In this paper, we mainly use Lemma 2.2

to overcome this difficulty.

The rest of this paper is arranged as follows. In Section 2, we give some basic estimates for
later use. Section 3 is devoted to the regularity of x and v in the case v € [—3,—2). Theorem

1.2 is proved in Section 4.

2 Preliminaries

In this section, we give some preliminary lemmas which will be used in the proof of Theorem

1.2. Firstly, we introduce the following lemma about the fractional order Sobolev space.

Lemma 2.1 Let 0 < § < 1. Then f(x) € H’(T"), if and only if f(z) € L*(T") and
[follLz , < +oo, where fsr = (Apf)|k|=27°, i.e., there exists a c(n) > 0, such that

1fssl3e =em) 3 lmP Fam)l?.
o meZn

where f(m) = [ f(x)e™ "™ dx is the m-th Fourier coefficient of f with respect to the x
variable.
Moreover, it holds that

[ 1Falak = co)lmp| Fm) (21)
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The following lemma is devoted to a basic estimate of the convolution of two functions.

Lemma 2.2 Let 0 <ly <n,ls >n, v€R™ Assume that there is a constant C > 0, such
that

[f)] < Cll™",  lg(v)] < C(1+ o))"

Then there is a C1 > 0, depending on li,ls,C and n, such that

ILf * g)(v)] < C1 (1 + Ju]) "

Proof Noticing that
f*xg= (v—u)g(u)du:/ +/ .
R™ lv—u|>3[1+]v]] lo—u| < [1+]v]]
The first integral is bounded by
1 i
Cplt+lel) ™ [ (1 ) du < G+ ol
2 -

On the other hand, since 1+ |u| > 1+ |v| — |[v — u| > £[1 + |v[] in the second part, the second
integral is bounded by

1 ~l> L 1
(50 + ) /M<;[1+|v]'”‘“' du < (1 + o)

Therefore Lemma 2.2 is valid.

—lo—1l1+n

The next lemma shows the positivity of the operator a;;.

Lemma 2.3 Let —3 <~y < =2, N > 8 and f be a nonnegative classical solution to equation

(1.1) given by Theorem 1.1. If \/En(Fy) < €g for €9 small enough, there exists a constant K > 0,
depending on N,eq and vy, such that for anyt € Ry, x € T3, v € R® and £ € R3,

Yo ai(tw,v)&g = K1+ o) ¢ (2:2)
]
Proof Our proof is carried out by borrowing the method of the proof of Proposition 4 in

[13]. In view of Theorem 1.1, we get from Sobolev’s embedding theorem that there is a constant
S (depending on v, N and €p), such that

1KY MFHL:O([O,JFOO);Lg?U) < Seo,
which implies that for |v| < R (R will be chosen later),

Z(2m)"%e” T — Seg < f < (271) 77 + Seo.

N —

Choosing 0 < €¢g < %(2#)_%(1 +8)"'<jand R=Ry = \/—21n(2(27r)%eo(1 +5)), we obtain

60§f§1—60 fOI‘|U|§R0.
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By setting €1 = €o(1 — €g), we further get that
f(1—=f)>e for |v] < Ry.

After getting the lower bound of f(1— f) in the case |v| < Ry, and then performing the similar
calculations as [13, Proposition 4], we can obtain (2.2), which completes the proof of Lemma
2.3.

Now we present estimates for coefficients @;; and b;, which will be used repeatedly in the

proof of Theorem 1.2.

Lemma 2.4 Let —3 <y < —2. Then there exists a positive constant C which depends only
on v, such that for all nonnegative f = f(t,z,v) for which the derivatives are defined, for any

multi-index o, f and Q interval included in [0, +00), we have

105 a5 (8 @, - )l Lge (@ig2) (v)

<C > L+ 105 Flegeums OG5 NA+ ) ee@mz ) (23)
s |+181|<[4 (ol +18])]

and

108Di(t, 2, )l e ) (V) < € D 10510 A+ [0l Iz iz - (2.4)
lo|=1

Proof We only prove (2.3). Letting |oq |+ 81| < $(|a| + |8]), we write

0ai;(v) = ¥V (95 F)(v) — D Ca O oY * (05 fO575 fl(v).

For brevity, we compute only the complicate term involving % * (05 ( ?)](v). By Sobolev’s

imbedding and Minkowski’s inequality, we get
1Y 105! FO5=5) Ml e @unze) (v)

1
—aito bl
< C”agllfHL,?C(Q;H;lyv) EEB/RJ v — u|V+2( } : /TFS |3§_gll+ f|2dx) du

lo|<2
1
< 105! llagecaums o ([ 10 =P+ ) 20) 1055 N0 + 0P e e
< CI08; e OS5 £+ o) e cauma, - (25)

Thus (2.3) holds.
Observing that 851_71(1)) = Y i % 050y, f, as a consequence, we can easily get (2.4) by
J
following the proof of (2.3).
3 Gain of Regularity in v and «
3.1 Gain of regularity in v

We prove the following lemma in this subsection.
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Lemma 3.1 Let —3 < vy < —2, N > 8 be a given integer, and f be a smooth nonnegative
solution to equation (1.1) given by Theorem 1.1. We suppose that for any T > 0,1 > 0, there
exists 0 <1 <T (N =8,7 =0) such that

Hf(Tl’x’U)”Ha]c\{’J < Ko, HfHL?C([TlaT];Hi\{v_“) < Ko, ”f”L%([ﬁ,T];Hi\{IJ) < Ko,

where Ko = Ko(I,T,~v,N) is a suitably small constant.
Then there exists a constant Cy > 0, which depends on N,l,~v,T, Ky, such that

sup / |8§‘f|2(1 + [v]?) dadv + / |Vv8§f|2(1 + [v>)* 2 dzdodt < Cy
te[r1,T] J T3 xR3 [71,T) XT3 xR3
with |a| + 8] < N.
Proof Denote
h=(051)(1 +[v]?)%. (3.1)

Since equation (1.1) is equivalent to (1.2), we know from Leibniz’s formula that h satisfies the
following equation (denoting g = J§ f and f: fa—=p):

Oh +v-Vih = (1) + (II) 4 (III), (3.2)
where

(1) = =p131C5 (9p,0 - VadG_p, /)1 + 0]*)2,
(1) = Dy, (@00, h) — 135 (Do, 9) (1 + [0]2) 2~ 0y — Dy, [l 9(1 + [v]*)2 10y

— 0, [Bi (D5 1) (1 + [02) 8] + 1B (95 /) (1 + [0]*) 2o

|
WE

(II)ka

E
I
—

« ] — [e% 1

(D) = pajsisr D, Ca*CE{00.[(951ai) (00,052 F)(1 + [v]*)2]
Bisa—s
lap|+[B1121

— U051 Ti5) (90,052 F) (1 + [0]*) 2oy
— 00 [(050:) (052 D) (1 + [0*) ]+ 105B:) (952 ) (1 + [v]2) 3~ i}
4
=" (1),
=1

Here (II), and (IIT), (k =1,2,---) denote the corresponding terms in (II) and (III), and p,, is
defined as
_J1, m>0,
Pm=30, m=0.
In the following, we perform the standard energy estimates for equation (3.2). Multiplying

equation (3.2) by h, and then integrating on t,z,v over [r1,T] x T? x R3, we shall estimate the

resulting equation term by term.
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We see that
/ (Oth + v - Vyh)hdtdzdo
[r1,T] XT3 xR3

RT3, — a3 )

1
~KZ. (3.3)

1
> SIRDIE:, —

For the term containing (I), we get from Hélder’s inequality that
/ (Ohdideds] < Clhlzs e, myn W1 ooyt < O
[T1,T]x T3 xR3 ' ’ ’
For the term containing (II);, utilizing integration by parts, we obtain

/ (I), hdtdzdv = — / ij0u, 90y, 9(1 + [v]?) dtdzdv
[71,T) XT3 xR3 [71,T) XT3 xR3

—2] @i(00;9)9(1 + [v*)! "o dtdadu
[1,T] XT3 xR3

—12/[ T)xT? R3aij92(1+|'U|2)l_2’UjUidtdxd'U
71,4 X X

3
i=1
where A; (i = 1,2,3) denote the three terms on the right-hand side of (3.4). By Lemma 2.3,

we get

A < —-K (1+ )2 |(Vug)(1 + |v[?)? |2dtdzdv.
[71,T) XT3 xRR3

Thanks to (2.3) in Lemma 2.4 and Cauchy-Schwarz’s inequality with ¢, we discover that

Ay <C (L+ [0 |Vogllg|dtdzdu(l + ||f||L,?°([n,T];H;{U))||f||Lg°([n,T];H§;%)

[r1,T] XT3 x R3
< C(1+ Ko)Ko{e| (Vog) (1 + ) 3 |22, pypn ) + CE)KE).
For As, we get from (2.3) that
|As| < C(1+ KO)KOHf”fzf([n,T];H;Y;}) < C(1+ Ko)K§.

The estimates for the terms containing (II),, (II),, (IT) , and (IT), can be obtained similarly, and
we omit the details for brevity. For (III),, by integration by parts,

/ ”’[( 511(lij)(6vj6622 )(1 + |U|2)%]hdtdxdv
[T1, T]xT3xR3
/ ( 511(%]')(5%.6622 )(8111:9)(1 + |U|2)ldtdxdv
[71,T]x T3 xR3

1 / (05)(0, 052 g1+ [o]?)' vrdtdado, (3.5)
[71,T] x T3 x R
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For the first term on the right-hand side of the above equality, we divide our estimation into
the following two parts. The first part is devoted to the case that 1 < |oq|+ [B1] < [§] + 1.
Since |a1] + |f1] +2 < N — 1, Lemma 2.4 implies

105, @ijll Lo 1y, 135259) < ClOG fll poo () m2:2)

+C > 1057 fll oo (pror3s 2 O, ~ 5 Fll oo (1 s 222
o |++184 <[ (Jaa | +161 )]
< CKy+ CKg,
so that
‘ / (95115) (D, 052 F) (D0 9) (1 + [v]2)! dtdrdv
[T1,T] XT3 xR3
2 2\t 422 2
< O(Ko + KD(Vog) @+ PV F a0 myza ) + CEIS PR

L?([m1, T Hy 2)

Now we turn to the second part when |aq|+ 81| > [§] 4+ 2. Then |as| + |B2| +5 < N — 1.

Using Sobolev’s inequality, we see that

1_ L_
1L+ o) 5= 3 410,052 FllLoe (i 1220,y < O+ [o])3 3410, 052 fllLoe i s ) < CKo.

2 2

Noticing that [¢¥ (v —u)| < |v — u|7F2, we have
/ (03:45) (00,952 1) (D0, 0) (1 + o) dtcdac
[71,T) XT3 xRR3
<o | ([ o=l 105; 71du) 0,611+ o)+ oo
[r1,T]xT3 xR * JR3

(1+ o))zt Ldtdadv.  (3.6)

+CEo [ ([ o= ul2105(£%)ldu) 0.0
[r1,T]xT3 xR ~ JR3

For the second term on the right-hand side of (3.6), letting |o}| + |8} < &(|as| + [B1]), by

Holder’s inequality and Sovolev’s embedding theorem, we have that

/[ T]xT3xR3 ( RS |U B u|7+2|82411 (fz)ldu> |8v,g
T1,

; _ 3
< 10 Fluzeqnayans ([ o= a0 1+ ) 2au)

(14 [v]?)2 3 dtdady

—ao L
x / 1L+ 0?5 =5 Fllez I (Vog) (L + [of*) 57 | 2 deda
[Tl,T]XTS

Lo
< CRel(Vag) 1+ 025 F B s )+ COI oz - (3.7)
Similarly, the first term on the right-hand side of (3.6) is bounded by
L
CRo el (Tog) 1+ 0P 5 2 a4 CON s (B9)

Substituting (3.8) and (3.7) into (3.6) yields

| /[ ore s OB T 00,055 (@) (1 -+ o) o
71, T] XT3 xR3

e
< C(Ko + K){el(Vog) 0+ 105 3 2 ) + O
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Likewise, we can bound the second term on the right-hand side of (3.5) by C(K3 + K§). Then

‘ / (IIT) , hdtdzdv
[71,T] XT3 x R3
e
< C(Ko + K){el(Vog) 0+ 105 3 2 ey + O

The term containing (IIT), can be estimated in the same way. We omit the details for brevity,
but we simply notice that because of Lemma 2.4, the cases 1 < |ay|+|81| < [§] and |y |+[8:] >

[%] + 1 are considered respectively. As a consequence,

‘ / (ITT) y hdtdrdv
[71,T] x T3 x R3

Ly
< O(Ko + EON(Tog) (1 + [0 55 2, g )+ CK3).
Finally, one can also prove that
| / [(I11),, + (I11),Jhdtdeds| < C(KD + KD). (3.9)
[71,T) XT3 xRR3

Putting (3.3) through (3.9) together, we discover

-1,2
v

1 iy
SRz, o)+ (K — C(Ko + KD Vog) (1 + o) 41 0, sy < OURE + ).
The proof of Lemma 3.1 is concluded by taking € > 0 small enough.

3.2 Gain of regularity in =

Lemma 3.2 Let —3 < v < =2, N > 8 be a given integer, and [ be a smooth nonnegative
solution to equation (1.1) given by Theorem 1.1. We suppose that for any T > 0,1 >0,

||f||L?O([7—1,T];H£{jU‘)) S K17

where K1 = K1(I,T,~v,N) is a suitably small constant.
Then there exists a constant Cs > 0, which depends on N,l,~v,T, Ky, such that

/ [R)? . dvdt < C. (3.10)
(11,T]xR3 HFO
Proof Let p(t,z,v) = h(t,z,v)(1 + |[v]|?)2. To verify (3.10), we only need to prove

14 |v?)~? mTl()ﬁt,m,UdedtSé.
L G (X imblptem. o) :

mezs

Let x := x(v) € C°(R?) be a test function which satisfies x(v) > 0 and [ps x(v)dv = 1. we

introduce the regularizing sequence y. = 6*3)((%) and write

ﬁ(t,m,v) = [ﬁ(t,m,v) - (ﬁ(tvmv ) * Xﬁ)(v)] + (ﬁ(ta m, ) * XE)(U)

Here, € will be chosen later (and will depend on m).
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For the first term of the right-hand side of the above equality, we use Minkowski’s inequality
and get

/(T - (1+ [v]?) ( > ml T Bt m,v) — (Bt m, ) * xe) (v)] )dvdt

mezs

SC’eQ/ > m| 5 [Vupt, m, v)[Pdvdt. (3.11)
(r1.TxR3 *=,

Remembering that p(t, z,v) = h(t,z,v)(1 + |v|?)?, we see that p is the solution to equation
(3.2) with [ replaced by [ + 4. Then, we can write the equation satisfied by p in the form
Op+v-Vep=p1+Vy-po.

Here, V, - p2 is the sum of the terms (II),, (II),, (II),, (III), and (III),, while p; is the sum of
the remaining terms.

We claim that py,p2 € L?((1,T7; Lﬁ,v). We only present here the estimates for the term
(IIT),, while the other terms can be shown similarly. For this, we divide our discussion into the
following two cases.

Case 1 1< |oq|+[Bi] < [4]+1, and in this case, 3([5] + 1) +4 < N. We apply (2.3)

as follows:
105, @i | Lo ((ra.10iL32,) < CZ 1+ ||ag/ Fllog@ims )05 gf )L+ (o) Lgo e HZ.,)
< CKi(1+ K. (3.12)
This implies
105 35) (95200, /(1 + [02) 5 ||L2((7—1, T)L2.,)
< CK1(14 K)[[(0520,, £)(1 + [v]? )= ||L2((7—1,T] L2)
<C(1+K,)K?T=.
Case 2 |ai| + |B1] > [§] + 2, and in this case, |as| + [F2| + 5 < N. We know that
0+ 1) 590,852 F e iy < L+ 0B) 540,082 Fluge(o sy < O
Since [1¥ (v — u)| < |v — u[7"2, we have
1052ai5) (90, 052 )1+ [02) 5 [ 2 ryize )

< cox|( / o — 2[5 fldu) (1 + [of?)""
R3

L3((r,T)iL2.,)
08| ([ o= a0 () idu) 1+ of?) |

= By + By, (3.13)

L2((m1,T);L2

ac,v)

where By and By denote the corresponding two terms on the right-hand side of (3.13). Now

we turn to estimate the delicate term Bs. Firstly, one can see that

By <y Cacfil|( / o= uP @G @55 Dldu) (1 + )|

L2((r,THL2 )
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Next, without loss of generality, we assume that || + |B]| < $(Ja1| + |61]), and then by

applying Holder’s inequality, Sovolev’s embedding theorem and Lemma 2.2, we have that
By < CK1] 0y f||L°°<n, s lI(1+ 02055 s Pz myrz )

x H(/ v — w20+ D(1 + |u|2)’2du)2(1+ o)
R3
< CK3T:.

L3

As to By, one can get that
B, < CK2T=, (3.14)
Combining the estimates (3.12)—(3.14) together, we see that
oy Qs 2, L4 9l
1052 5) (D, 952 D)1+ 102 5 L3 oy ) < O+ K)KPTH

Now, employing the average lemma (cf. [5]), we can prove that

ml? [ ot m )+ xelw) P
T1
< O(lIxe(v —u)(L + [ul*) | g + |Vxe(v = u)(1 + [ul?)] £ee)?
< (151, ms 22 +BC- 1m0 T2y 17,22
1B F ey a2y + 1820 ms ) F2 iy 122))-
Since [[xe(v—u)(1+ul?)|lzee < Ce (1 +]v]?), and [|[Vxe(v—u)(1+ [ul?)||ze < Ce (1 +]v]?),
we see that

I+ v miO m,-) % xe(v)|[?dodt
/m,T]st w2t 3 | ) xe(0)]

mez3
<O Ym0+ ) (B0, my )N T + 150 ms s iry 1,29
mez3
+ [pr(-m, - )HQLf((n,T];L%) + [[p2(-,m, - )HZL%((n,T];L%))' (3.15)

If we choose € = €(|m|) = |m|~ 20, we can bound (3.15) remembering that p(r,z,v) € L2, and

p,p1,p2 € LZ((11,T); Lﬁ,v). Thus the proof of Lemma 3.2 is completed.

Roughly speaking, Lemma 3.2 together with Lemma 3.1 shows that when f is a solution
to equation (1.1) constructed in Theorem 1.1, then f € L2((ry,T); HN*20:l). To improve the

regularity about the position variable x, we will first show a preliminary lemma.

Lemma 3.3 Let —3 <~y < =2, N > 8 be a given integer, § € (0, %] and f be a smooth

nonnegative solution to equation (1.1) given by Theorem 1.1. We suppose that for any T >
T2 > 71,1 >0,

||f(7'27xvv)||H;‘{j5’l < Ko, ||f||L<>o([T1 T;HY < Ko, ||f||L§((Tl,T];H;VYjM) < Ko,

where Ko = Ko(1,T,~,N,0) is a suitably small constant.
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Then there exists a constant 53 > 0, which depends on N,l,~v,T, Ko and ¢, such that

sup / |95 1 dvdxdk +/ Vg5 (1 + [0]?)F dodadkdt < Cs,
To<t<T JT3xT3xR3 [72, T XT3 x T3 xR3

where g5 ) = Akh(t,x,v)|k|7‘s*%.

Proof Note that g;  satisfies the following equation:
NGk +v - Vagsr = (IV) + (V) + (VI), ¢t >, (3.16)
where

_5_3 1
(IV) = —pi51C5 (0p,v - Va0 g Arf)IE] 7072 (1+ [v]?)2,

F IO IKI T2 (1 + [of2) 2ty

k=1
a1 B g~ [ —5-3 L
(VD) = plajsl D CoCI {00, [0k ((051Ti5) (D0, 052 F)) Ik~ 2 (1 + [0]?)?]
Brisizs
lagl+]B1]=1

— A0 ai5) (0,052 )IIKI 72 (14 [o]?)2 o,
= 00, [0 ((95,80) (952 DI 072 (14 [v]*)?]
+ 1695, D0) (032 PIFI ™72 (14 [u]*)2 i)

= Z (VI)ka

1

where (V), and (VI), (k=1,2,---) denote the corresponding terms in (V) and (VI).

We multiply (IV), (V), (VI) by g¢s.x, and then integrate them on (¢,z, k,v) in the domain
[T2, T] x T3 x T? x R3. We only estimate the terms containing (V), and (VI),, since the estimates
for other terms are similar.

For any functions f and g,

Aplf(@)g(@)] = D f(2)g(x + k) + f(2) Arg(),

and therefore, we can rewrite
(V)y = 00, [ (x + )(Du, g5.6)] + 0o, [(ATis;) (Do, h)|k| 72 2] = Dy + Dy,

where D; and D5 denote the corresponding two terms on the right-hand side of the above
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equality. After integration by parts,

/ D g5 rdtdzdovdk
[T2, T]XT3 XT3 xR3

_ / @i (@ + ) [0, (L19)] (00, (Lrg)] (1 + [0]2)! ||~ ~3dtdzdudk
[12, T} XT3 XT3 xR3

- 21 @ij (x4 k) [00; (D) (Drg) (1 + [0]*) o k| =2 3dtdedvdk
[72, T XT3 XT3 xR3

_l2/[ ] Eij(x—I—k:)(Akg) (1+|v| ) v]vz|k;| ~26-3 s dadodk
79, T] XT3 x T3 xR3

3
=> D, (3.17)
i=1
where Dy ; (i = 1,2,3) denote the three terms on the right-hand side of (3.17). By Lemma 2.3,

we get

Dy <K Vo (Dkg))(1+ [v[?)2 3 k] =2 Pdtdadodk.

[T2, T]XT3 XT3 xR3

For D; », by Lemma 2.4, we have
@i (@ + B)ll Lge (172, 77,250,) < C(1 4+ K2) K.

Employing Cauchy-Schwarz’s inequality with € and the hypothesis of our lemma, we deduce

D12 < O+ Ka) Ko / (Do, (D)1 + [o]) 5+ [0 5)

[12,T] XT3 x T3 xR3
% ((Dg)(1+ [v[?)2 k|70 %) dtdadvdk
Lo _5—3
< C(1+ K)o {e|[[Vo(Drg)) (1 + [0 23 k7072 1y 1y g2,y + CHS

Likewise, one can show that
Dyl < C(1 + Ka) K2,

As to the term containing Ds, applying once more integration by parts, we find

/ D2gs rdtdzdvdk
[T2, T]XT3 XT3 xRR3

/ (D1855) (D0, (D59)) (D, 9) (1 + [0])! [k 7>~ P dtdzdudk

[T2, T]XT3 XT3 xR3

1 / (84T35) 00, (Drg)]g(1 + 02~y =~ 2dtddudk
[T2, T]XT3 XT3 xR3

1/ (DT3) (Drg) (0w, 9) (1 + [v]*) oy k| 723 dtdadvdk
[T2, T]XT3 XT3 xR3

)

_l2/[ s (Agaij)(Dkg)g (1+|v| ) Ujvz|k| 26-3 tdadudk
79, T] XT3 x T3 xR3

4
= E Dgﬂ'.
i=1
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Noticing that
Aplig =P 5 [Dpf] = 7 # [Dp(F2)] = 07 % [Apf] = 07« [(Apf)f] = 7 = [f(z + k) Arf]

and | f(z + k)22, (rsxms) = [|f(@)|| L (12), performing the similar computations as deducing

Lemma 2.4, we know that
1Ak Lge (jra 1), 120) < O+ E)[ Ak f L+ [*) | Lo (fro 1), 12 ) -

From this and the hypothesis of our lemma, we see that

|D21|<C(1+K2/ 185 f (@)X + 01 L (ray), 2.,

1l_
N T 7 T R P,
< C(1+ Kn)Eafe]|[V U<Akg>]<l+|v| )y a2, +CECY,

where we also used Lemma 3.1 to get the last inequality. Likewise, we can obtain

4

S D2l < O+ Ko Kafe [Vl Arg)(L+ 023 k155 2, .10
=2

2 o)
+ C(e) (Ko + C)}. (3.18)

Then the estimate for f[Tz )% T8 XT3 x B3
(3.17) through (3.18).
As to the term (VI),, we note carefully that

(V),95,kdtdzdvdk follows the above discussion from

Do, A AR[(051Ti3) (90,052 N0 73 (1 + [0]?) 2}

= 00, {(051T5 (w + k) (D, 052 A f) K 072 (1 + Ju]?) 7}
+Zc§;cﬁla [ (9, Akfa‘“ alf(ac+k))](8vj82‘22 )E[T73 (1 + [v]?) 2}
+ DRG0 {10 # (05 195,75 A0, 52 N3 o))

We only estimate the terms containing E5 in the following for brevity. By integration by parts,

we have (omitting the coefficients of Eg)

/ Esgs rdtdrdvdk
[72, T XT3 XT3 xR3

_ /[ | U % (950 0550 ) 0y D52 K1+ [v]2)10),, Apgdtdadudi
T2, T] XT3 x T3 xR3

~1 W (957 FOG 5 D)0, 052 FIKTH 731+ o) i Argdtdadudk

[72,T]xXT3 XT3 xR3

=E3 1+ Esp».
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When |aq| + |81 < [§] + 1, without loss of generality, we also assume that |of| + |3]| >
1(Jar| + |B1]), and recalling the estimate (2.5), we deduce that

||wij * (agi faou alAkf)||L°°([T2,T] L2°) < C”aﬁ/ f||L°° ([, T, H2 2 ||8011 alAkf“Loo( [r2,T),H )
Proceeding as the estimate for Dy 1, we obtain
Lyv,, 5.3
[Ba 1] < CRHeNVu(Arg(1+ 0P TR 20 0y 10 )+ C(OKE).

When |ai| + 31| > [&] + 2 and |o}| +[8]] > 3(loa| + |B1]), in light of (2.5) and by direct

computations, one can see that

[ % (95 f05, %Akf” < C||9g f||L512 sup |0 105, ~ %Akﬂ

Then by taking the LS, -norm of (0,057 f)(1 + [v[2)2 and applying Sobolev’s inequality, we

discover
[Baal < OKs [ b7 105 75 Al i
X [V (Lkg)](A + [uf?) 57 IL2(trs 11,22 ,)dK]1 9 f||Lgc([m,T],L§ﬁ,)
< CR{e[Vu(Lkg)l (L + P R 2, 1y o)+ CEEZ)
Likewise, one can obtain
|Es2| < CK;.

Now we end up with

‘ / (VI)gs pdtdzdvdk
[12,T] XT3 x T3 xR3

< C(1+ ) Ko{e]| [V (Dkg)) (14 [0) 2 3 K[ 072 3y 4y 2 + COKSY.

z,v,k

As in the end of the proof of Lemma 3.1, we can conclude the proof of Lemma 3.3 by choosing
¢ small enough.

Next we will lift the regularity of the position variable x and obtain the following lemma.

Lemma 3.4 Let —3 <y < =2, N > 8 be a given integer, 6 € (0 ,20] and f be a smooth
nonnegative solution to equation (1.1) given by Theorem 1.1. Suppose that for any T > 190 > 11,
>0,

12 0) | gvsns < Ko o ey < Koo 1 llpan mpaavsony < K.

where K3 = K3(1,T,~,N) is a constant.
Then there exists a constant Cy > 0, which depends on N,l,v,T, K3, such that

i _
/(m o P g 0t < G (3.19)

where h is defined by (3.1).
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Proof In view of (2.1) in Lemma 2.1, we know that

(3.19) < S m[F 5 [A(m)|*dvdt < Cy
(TQ,T]X]R3 T)’LEZ?’

& S |m|T5[gs s *dvdkdt < Ci. (3.20)

(m2, TIXR?  *=7

In order to prove (3.20), we use the method of the proof of Lemma 3.2. We introduce ps i =
gs.x(1+ [v|?)?, and write

ﬁik(ta m, U) = [ﬁé,k(tv m, U) - (ﬁé,k(f'a m,- ) * X€)(U)] + (ﬁé,k(tv m,- ) * X€)(’U)’

the parameter € being chosen later. Following the proof of estimate (3.11), we get

/ L+ 02)0 S [l sty m, 0) — Boe(tsm, ) * xe) () Pdudiedt
(72,T] X R? X T8

mezs

<C 3" |m|10 |V, sk (t, m,v) *dvdkd.

(72, TIXR3XT3 =g

Noticing that psx is the solution to (3.16) with [ replaced by I + 4, we can write the equation

with the solution ps j in the form

Owps s +v - Vs = P((;;z +V, 'P((s?ziv

where p((;’l,z consists in the sum of terms (IV), (V),, (V)5, (VI), and (VI),.
We assert that p((;’lli, p((f,z € L?((1, T); wa). We only present here the estimates for the term

(VI);. The other terms are similar. We write

O { Ll(95) (D0, 052 NIKT 2 (L4 o) 2}
= 00, (05,5 (w + 1) (00,05 D )R ™73 (14 o) 5}
o+ 00, (057 T35)(90, 02 ) K072 (14 o) 5},

and only estimate the first term of the right-hand side of the above equality, since the estimate
for the second term is similar.
When |oy |+ [B1] < [£], then |aq|+ [B1] + 4 < N, and therefore, we employ Lemma 2.4 to
deduce
105, @ij (x + k)l Lo (s, 1352.30,) < CK3(1+ Ks).

From this and the hypothesis of our lemma, we see that

_ _5_38 Lya
1095, @i (2 + k) (Do, 052 A IR0 2 (L4 [01) = Mz ((ra 22 )

53 44
< OK3(1+ K3)[| (0,052 A )K" 2 (1 [01) 2 2 (ray 2 )
< O(1+ K3)K3.
When |oq |+ [B1] > [£] + 1, and in this case, |as| + |B2] +5 < N, we know that
46 52
1L+ [0?) = (90, 052 Dk PRI 2 | L2((ra 1720,

l

146 o 53
< CIA+[0*) = (80,052 Ar)KI 772 || L2 ((rarysss -
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Since [1¥| < |v — u|"*2, we have
_ 53 (A
1025+ k)0, 52 A PR3 (1 + o) F* e

2v.k)
<rs|( [ o= ul 205! e+ BIu) 1+ o) |

L ((r2,T); L3 )

* CK3H ( /RB o = ul"I05! (f* (= + ’f))ldU) (1+ |v|2)‘1} (3.21)

Lg=((r2,THL2 )

Then proceeding as the study of the term (III); in the proof of Lemma 3.2, we get that (3.21)
is bounded by C(K3 + K3).

Performing the similar calculations as (3.15), one can see that

/ (4 [o2)0 S [l ot m, ) # xe(v) Pdvdkdt
(1,T] X T8 xR3

mezZs

11, 8\ /||~ ~
<C Y mlo (e e ) UPar(rem, Nga |+ 1PskCm Nz, iz )

mezZ3
1 2
1B o rize o T 1852 Coma ) e iz ) (3.22)

Given € = ¢(|m|) = |m|~ 2, then (3.22) is bounded. Thus the proof of Lemma 3.4 is completed.

By using Lemmas 3.1 and 3.2 and iterating Lemmas 3.3 and 3.4 nineteen times, we have

the following proposition.

Proposition 3.1 Letting —3 < v < =2, N > 8 be a given integer, and f be a smooth
nonnegative solution to equation (1.1) given by Theorem 1.1, we suppose that for any T > 0,
1 >0, there exists 0 < 71 < T, such that

”f”LgO([n,T];Hi,‘f;}) < K,

where K = K(I,T,~,N) is a constant.
Then for any T > t. > T, there exists a constant 50 > 0, which depends on N,1,v,T,K,
such that

HfHL,?O([t*,T];HiV,#’l) < Co.

4 Proof of Theorem 1.2

We now complete the proof of Theorem 1.2. Employing Proposition 3.1 repeatedly, we get
by induction on N that for any 0 < 7 < T < 400 and [ > 0 large enough,

(Pl m

where C is a positive constant. We now prove by induction on m that ™ f € Li°([r,T); H 250
in the sense of distribution. In light of (4.1), this is true for m = 0. Let us assume that the
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induction hypothesis holds for any integer k& < m. Then for all multi-index «, 5 and any [ > 0,

(D507 F1(1 4 [v]?)2 = —(1+ [0]?)2 83 [v - V8" f]

+ (1 )05 3 OV [+ (OF f - oF ()]0 S

k=0

— (6« VuOEN@O R = 9RO -

It is clear that

(1+ o205 (v V.07 f] € L2,

according to the induction hypothesis.

For the term (1 + |v|2)éag{[w 5 Dy, OF (£2)]0,, 0% £, recalling (2.5), we see that

[0 % (95100, 08 (F) g < C105 08 f s

/
1 T,v

1005, 5 00,08~ YA+ o) 2,

which implies

Fro

1+ (950,08 (1)) D0, 85207 FY(L + [0f)* ez
< O30 Fll e (rortons )O3 250 00,088 )L+ [0 | (rryemz.)

Qg2 gm— L
x [0, 0520 )X+ )2 e rrpize)-

T,v

m the induction hypothesis, we conclude that (1 + |v|2)%agvv A *F(fIVL (O )} €

LZ . The other terms can be treated in the same way. Therefore, we know that

||5‘§”+1f||L§o([T’T};HOOJ) <C.

T, v

This completes the proof of Theorem 1.2.
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