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Parseval Frame Wavelet Multipliers in L?(R%)*

Zhongyan LI! Xianliang SHI?

Abstract Let A be a d X d real expansive matrix. An A-dilation Parseval frame wavelet
is a function 1 € L*(R?), such that the set {|det A|Z¢(A™ —€) : n € Z,{ € Z%} forms a
Parseval frame for L?(R?). A measurable function f is called an A-dilation Parseval frame
wavelet multiplier if the inverse Fourier transform of qu is an A-dilation Parseval frame
wavelet whenever v is an A-dilation Parseval frame wavelet, where 1 denotes the Fourier
transform of ¢. In this paper, the authors completely characterize all A-dilation Parseval
frame wavelet multipliers for any integral expansive matrix A with |det(A)] = 2. As an
application, the path-connectivity of the set of all A-dilation Parseval frame wavelets with
a frame MRA in L*(R?) is discussed.

Keywords Parseval frame wavelet, Wavelet multiplier, Frame multiresolution
analysis
2000 MR Subject Classification 42C15, 42C40

1 Introduction

A countable family (f;),j € J, in a separable Hilbert space H, is a Parseval frame for H if
the equality || f[|? = 3= |(f, f;)|? is satisfied for all f € H.
jeJ

Let A be a d x d real expansive matrix, i.e., a matrix with real entries whose eigenvalues
are all of modules greater than one.
An A-dilation Parseval frame wavelet is a function 1 € L?(R?), such that the set

{|det A|Z (A"t — £) :n € Z,( € 79}

forms a Parseval frame for L2(R%). For any function f(t) € L'(R?) N L*(RY), its Fourier
transform is defined by

-~ 1
A =76 = ooz |

ft)e esdt, (1.1)
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where the Fourier transform defined is normalized to be a unitary operator, and t o s is the
standard inner product of the vectors s, t € R%. The inverse Fourier transform will be denoted
by F~L

We denote by T? the d-dimensional torus. For f,g € L2(R?), we denote by [f,g] the

27 Z% periodic function [f,g] = > f(s+ 27k)g(s + 27k) a.e. It is easily seen that [-, -] is a
kezd
sesquilinear form, [f, g] € L'(T9) for all f, g € L?(R?), and

(f.9) = (F.3) = / F.91(s)ds. (1.2)

Td

For oy = [f, f], let Qf be the 2rZ%translation invariant subset of R? defined, modulo a null
set, by

Qp =suppoy = {s€R%: f(s + 27k) # 0 for somek € Z}. (1.3)

One of the many problems in wavelet theory concerns the construction of wavelets. Natu-
rally, one may attempt to construct new wavelets from an existing one. This approach leads
to the concept of wavelet multipliers (see [7]). A measurable function f is called an A-dilation
wavelet multiplier if the inverse Fourier transform of ( f{/J\) is an A-dilation wavelet for any
A-dilation wavelet ¢». The wavelet multipliers have been studied extensively and completely
characterized for the one dimensional case (see [10, 18, 22]). For high dimensional cases, they
were studied for any dilation matrices which are expansive matrices with integer entries and the
determinant 2 (see [15-17]). It is well-known that the frame wavelet is a generalized concept
of the (orthonormal) wavelet. So it should have a counterpart theory. Frame wavelet multiplier
in the one dimensional case was introduced in [20]. In this paper, we will study frame wavelet
multipliers in high dimensional case by using some results of [1]. We will generalize wavelet
multiplier results to frame wavelet multipliers in high dimensional cases.

Our study in this paper concerns the case where the dilation matrix A is an expansive matrix
with integer entries, such that |det(A4)| = 2.

The rest of the paper is organized as follows. In the next section, we introduce the notations
and terms needed in this paper, with some preliminary results needed in the later sections. In
Section 3, we state and prove our results of frame wavelet multipliers on L?(R?). In Section
4, we discuss the path-connectivity of a subclass of all A-dilation Parseval frame wavelets with
FMRA.

2 Notations, Definitions and Preliminary Results

Let Méz)(Z) be the set of all d x d expansive integral matrices (i.e., matrices with integer
entries) whose determinants are +2. Throughout this paper, we will limit our discussion to
matrices A € M, 0(12)(2). We will use T" and D4 as the translation and dilation unitary operators
on L2(R%), respectively, which are defined by (Tf)(t) = f(t—£), (Daf)(t) = | det(A)|2 f(At),
Vf € L2(RY), t € R? and ¢ € Z%. We denote 1; n(s) = |det A|2¢)(A/s —n),Vj € Z,n € 72,
P(s) € L2(RY) . Whenever we state that two functions f, g € L?(R9) are equal, it is understood
that f(s) = g(s) for almost all s € R%. Furthermore, we say that E = F for two measurable
sets F and F in R? if (E\ F) U (F \ E) is a measure zero set. A function f with the property
|f| =1 is called a unimodular function.
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The following definition of the frame MRA was introduced in [2].

Definition 2.1 A sequence {V; : j € Z} of closed subspaces of L>(R?) is called an A-dilation
frame multiresolution analysis (or A-dilation FMRA) if the following conditions hold:

(i) Vj C Vjt, Vj € L.

(i) N V;={0}, UV;=LR.

JEL JEL

(ii)) DV; = Vyr.

(iv) There exists p(t) in Vy, such that {¢(t —¢) : £ € Z¢} is a Parseval frame for Vy. We
say that ¢ is a frame scaling function for {V; : j € Z}.

If {V;:j € Z}is an FMRA, we denote by W, (j € Z), the orthogonal complement of V;

in V1, i.e., W; = Vj41 © V;. Notice that L2(R?) = @ W;. Suppose that ¢ is a function in
JEZ

Wo, such that the family {¢)(t — ¢) : ¢ € Z} is a Parseval frame for Wy. Then it is clear that

the system U = {¢;x,j € Z,k € Z%} is a Parseval frame for L?(R?). Thus ¢ is a Parseval

frame wavelet. In particular, if {1)(t — ¢) : £ € Z%} is an orthonormal basis for Wy, then 1) is

an orthonormal wavelet.
The following Lemmas 2.1-2.9 are well-known results and come from [1].
Lemma 2.1 v is an A-dilation Parseval frame wavelet iff the following conditions hold:

() X (A7) 8)]? = Gy

JEZ
(i) 3> P(AT)Ys)D((AT)i(s + 2nL)) = 0, Ve € Z4\ ATZ.
=0

The following Lemma 2.2 describes some special properties of a matrix in the set M (gz) (7).
Its proof is elementary, and the readers can also refer to [1].

Lemma 2.2 Let A € M§2)(Z). Then the group Z2/ATZ? is isomorphic to (A7)"1Z4/74,
and the order of 7Z4/ATZ% is equal to 2. In particular, for any hy € Z%\ ATZ?, we have that
7%= AT74U (A"Z + hy) and (A7)71Z% = 29U (Z¢ + hy), where hy = (A7)~ 'hy.

Remark 2.1 Since A € Méz) (Z), any non-integer entry in (A7)~! is a rational number
with the denominator 2 (namely a number of the form % (2r + 1) with r € Z). It follows that
hy = (A7) 'h; ¢ Z? has at least one non-integer entry and all non-integer entries are rational
numbers with the denominator 2. We will use p(hs) to denote the index of the first of such

non-integer entries in hs.

Remark 2.2 Notice that for hy,h} € Z¢\ A™(Z%) and hy = (A7)"'h;, h) = (A™)"!h],
we have p(hg) = p(h}) since hy —h), € Z?. Thus the index p(hy) only depends on A. Hence, it
is appropriate to denote such an index by p(A). Let u € R? be the vector with all of its entries
being zero except its entry at the p(A)-th coordinate, which is 1. Then e*i27hzou — 1 Tt is
easy to verify that there is a unique element h; € Z?\ A7Z?, such that (A")"'h; = hy is a
non-zero vector whose entries are either % or 0. In this case, hpou = % From now on, h; and

h, will be understood as two uniquely determined vectors to avoid any confusion.

Lemma 2.3 Let B € M(gz) (Z), h; € 7 \ BZ% and hy = B~ 'hy. Suppose that s is a 2nZ4
periodic, unimodular function on R®. Then there exists a 2nZ% periodic, unimodular function
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t on R, such that
t(s) = t(Bs)t(s + 2mhy) s(Bs). (2.1)

Lemma 2.4 A function ¢ € L*(R?) is a frame scaling function for an FMRA {V; : j € 7}
iff the following three conditions are satisfied:
(i) P(A7s) = m(s)@(s) for some m € L?*(T?).
(i) lim [B((A7)s)] = —.
j—o0 (2m)2

(iii) keZZd |P(s + 27k|? = ﬁxgw (s).

Let {V; : j € Z} be an FMRA with a frame scaling function ¢. Define

N =Q,N(Q, —2rhy) N ((A7)71Q,)°, (2.2)
where A denotes the complementary set of A.

Lemma 2.5 Let {V; : j € Z} be an FMRA. Then {V; : j € Z} admits associated Parseval
frame wavelets iff IN| = 0, where |S| denotes the Lebesgure measure of S.

Lemma 2.6 Let {V; : j € Z} be an FMRA with a frame scaling function ¢, such that
|N| = 0. Then there exists a function mg € L?(T?), such that

P(ATs) = mo(s)P(s), (2.3)
|m0(s)|2 + |mo(s + 27rh2)|2 =1, (2.4)

where my is called a canonical low pass filter.

Lemma 2.7 Let ¢ be a frame scaling function for an FMRA {V; : j € Z}. Then

(i) There exists a low pass filter mo (the canonical low pass filter) with |mo(s)|? + |mo(s +
27Th2)|2 =1.

(ii) ¥ € L2(R?) is an FMRA Parseval frame wavelet associated with {V; : j € Z} iff

D(ATs) = °Us(ATS)mo(s + 27h)B(s) (2.5)
for some unimodular function s € L*(T9).

Lemma 2.8 Let ¢ be an FMRA Parseval frame wavelet associated with an FMRA {V; :
J € Z} whose frame scaling function is ¢. Then there exists a frame scaling function gy for
(Vi :j € Z} and a function m§ € L*(T%), such that

D(ATs) = " m¥ (s + 27hy) By (s). (2.6)

Lemma 2.9 Let p € L*(RY) be a scaling function of an FMRA {V; : j € Z}. Suppose that
functions mg,m1 € L*(T¢) and ¢ € L*(R?), such that

(i) P(A7s) = mo(s)@(s)-

(i) H(AS) = ma(s)p(s) -

(iii) The filter matriz M(s) defined by

(mo(s) mo(s + 27rh2))
mi(s) my(s+ 2whg)

18 unitary.

Then 1 is an FMRA Parseval frame wavelet (or PFW for short) associated with {V; : j € Z}.
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Lemma 2.10 (see [10, Corollary 3.28]) Let v be an MRA PFW. If ¢ is a corresponding
scaling function, then

) =D (AT )P, (2.7)
el = 1l (2:8)

Proposition 2.1 (see [16, Proposition 2.1]) Let ¢ € L*(R?) be an orthonormal scaling
function for an A-dilation orthonormal MRA {V;}, and let m be its associated low pass filter.
Let v € Wo = Vi NVgt. Then {4(t — €) : £ € Z%} is an orthonormal basis for Wy iff there

exists a 21Z% periodic, measurable and unimodular function v : R? — C, such that
P(ATs) = Wy (ATs)m(s + 2rhy)p(s), (2.9)

where u is the vector defined in Remark 2.2.

Proposition 2.2 (see [16, Proposition 2.2]) Let ¢ be an A-dilation orthonormal MRA
wavelet. Then ei(S°A71“)|1p(s)| is the Fourier transform of an A-dilation orthonormal MRA

wavelet.

3 A-Dilation Frame Wavelet Multipliers

A measurable function f is called an A-dilation Parseval frame wavelet multiplier (or PFW
multiplier for short) if the inverse Fourier transform of sz is an A-dilation Parseval frame
wavelet whenever v is an A-dilation Parseval frame wavelet. In this section, we characterize
the A-dilation Parseval frame wavelet multipliers.

Proposition 3.1 Letv € L>®(R?) be an A-dilation PEW multiplier. Then v is unimodular.

Proof Let ¢y be the same as that in [1, Example 5.14] with %(s) # 0. We first show that
|v(s)] < 1. Since

o0
1
{seR:|o(s) > 1} = | Fus Fn= {sERd: lo(s)| > ”E}’
n=1

it suffices to show that |F,,| = 0. By the assumption, for any fixed n € N, there exists an € > 0,
such that

- 1
[{s € R%, [ho(s)| > e} N Fp| > §|Fn| (3.1)
Take N € N, such that £(1+ =)~ > 1. Then
|(w(s)N - o (s)] > 1

forse{s e R¢: |%(s)| > e}NF,. Since (v(s))V -1/#\0(5) is the Fourier translation of an A-dilation
PFW, |(v(s))N - ¢o(s)| < 1 ae. on R (since [|(v(s))Y - ho(s)|| < 1). Thus |{s € RZ : ¢h(s)| >
e} N F,| = 0. This together with (3.1) yields |F,,| = 0. Therefore, |v(s)| < 1 a.e. on R% Now
we show that |v(s) = 1] a.e.
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Since 1o (s) and v(s)yo(s) are Parseval frame wavelets, by Lemma 2.1,

3 1do((ATYs) (1 — [v((A7)P)s)]| = 0.

JEZ
So we have |v(s)| = 1.

Theorem 3.1 A unimodular function v € L>(RY) is an A-dilation Parseval frame wavelet
multiplier iff the function k(s) = v(ATs)/v(s) is 2nZ% periodic.

Proof “<=" Assume that v € L>(R?) is a unimodular function, and k(s)=v(A"s)/v(s) is
2717Z% periodic. To show that v is a wavelet multiplier, we need to show that for any A-dilation
Parseval frame wavelet ¢, n = F _1(111;) is also a Parseval frame wavelet. It suffices to verify
that 7 satisfies conditions (i)—(ii) in Lemma 2.1. It is obvious that Lemma 2.1(i) holds since v
is unimodular. We show that Lemma 2.1(ii) holds. By the assumption, k(s) is 27Z¢ periodic
and unimodular.

Applying the relation v(A”s) = k(s)v(s) repeatedly, for any j > 1 and ¢ € Z%, we obtain

v((A7)s) = k(A7) 1s) - k(ATS)k(s)o(s) (3.2)
and

V(A7) (s + 27€)) = k((AT)T (s + 2m0))k((AT) % (s + 27¢))
k(AT (s +270)) k(s + 2ml)v(s + 27l)
= k((AT)Y71s) - k(ATs)k(s)v(s + 27f).

Since k(s) is unimodular, this leads to

v((A7)s) - 0((A7)I (s + 270))
k(A7) ts) - k(ATs)k(s)v(s) - k((AT)i~1s) - k(ATs)k(s)v(s + 27()
=v(s)v(s + 270)

for any j > 0 and ¢ € Z%. Thus

o0

F(ATY s)((AT) (s + 270))
) =0

J

= v(s + 2f) i AT)i(s + 2m¢))
7=0

=0

for any ¢ € Z4\ A7Z%. So the condition (ii) of Lemma 2.1 holds for 7 as well.

“—" We need to show that k(s) = f(A"s )/f( ) is 27Z¢ periodic. Let v be any A-dilation
orthonormal MRA wavelet, such that supp(d)) R? (the existence of such 1 is proved in [1,
Example 5.14]). By Proposition 2.2, the function v (¢) defined by

dr = AT (s) | = ATy ()| (33)
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is an A-dilation wavelet, which is also an A-dilation Parseval frame wavelet. Since F ’1(1)@21) is
also an A-dilation Parseval frame wavelet, both 11 and vty satisfy the condition (ii) of Lemma
2.1, ie.,

D Du((AT)s) (A7) (s + 2m0)) =0, (3.4)
7=0
D (AT s)dr((A7)s) - o((AT) (s +2m0)) 1 (A7) (s + 2m8)) = 0 (3.5)

I
o

J
for any ¢ € Z4\ ATZ%. Since £ € Z¢\ ATZ?, there exists an {1 € Z4, such that £ = A™¢; + h; =
AT (¢1 + hy) by Lemma 2.2. Thus

12)\1(5){/;1 (S + 27T£) _ eisoA*1u|{/';1 (S)| . e—i(s+2ﬂ'€)oA*1u|1Z)\1(s + 27T£)|
_ e—i27r(€1+h2)ou|{b\1(s)| . |7Z1(S + 27T€)|
= 72RO 4y ()] [ahy (s + 270)|
= =1 ()] - [tha(s + 270)),
since £, o u is an integer and e~127h2°% — _1 (see Remark 2.2). On the other hand, for any
J >0,

D1 (A7) s) 1 (A7) (s + 2nL))

(AT S0AT ) ((ATYIs)| - e IATY (s2m00AT ) (ATYI (s 4 270) )|
= [Y1((AT)Is)| - [ (A7) (s + 2m0))).
5)

Thus, (3.4)-(3.5) can be rewritten as
[1(8)] - |1 (s + 270)|
fjl [ 1BA(ATY (s + 20)), (3.
o7 T 3700 - (2 (6)] - 1B s + 20)
fjlv TG TTOIB(AY) ATVt 2m)l (37)

Since v is unimodular, ¥ = 1. Hence, (3.7) can be rewritten as

v(s)
v(s + 27l)

=3 e P AT [ (A7 s+ 20 (33)

[1.(s)] - |1 (s + 20)|

D[ ((AT) )] - [dhr (A7) (s + 2m0))|

st 2ml) oAV 5 (amyis)) a4V s+ 200) (39)

<" os) o((A7)i(s + 2n0))
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Finally, since |1Z)\1((A7)js)| . |$1((AT)7 (s +2ml))| > 0, by the choice of 9; and

v(s + 27l) v((A7)7s) _q
o) oA (s +onl)|

it follows that
v(s + 27l) v((A7)7s) B
os) (A7) (s 1 2n0)

In particular,

v(A™s)  v(A7(s +27l))
v(s)  w(s+2nl)

If ¢ € A7Z% then ¢ —h; ¢ A7Z?, and

k(s +2ml) = k(s + 27hy + 27(£ — hy)) = k(s + 27hy) = k(s)

k(s) = =k(s+2n0), Yez*\ ATZ".

as well. Therefore, k(s) = (U(S)) is 27Z% periodic.

Theorem 3.2 A unimodular function v is an A-dilation FMRA PFW multiplier iff k(s) =

vg}’g)s) is 2 Z% periodic.

Proof By Theorem 3.1, we only prove the sufficiency. By Lemma 2.3, there exists a
unimodular 27Z¢ periodic function ¢, such that

k(s) = t(s)t((A7) " 's + 2mhy)t((AT) " 's). (3.10)
Let u(s) = v(s)t((A7) " 's)t((A™) s + 27hs). Then p is unimodular, and
H(ATS)(S) = v(ATS) - H(8)(s + 27ha) - o(S) - {{(A7)~1s) - {{(A7)Ts + 2rhy)

k(s)t(s)t(s + 2mha)t((AT)~1s) - t((AT)~'s + 27hy)
t(S + 27’(1’12)

is a 27Z¢ periodic function.
Let 1» be an MRA PFW, ¢ be its scaling function, and mg be its canonical low pass filter.
Then by Lemma 2.7, we have

D(ATs) = °"s(ATS)mo(s + 27h)P(s) (3.11)
for some unimodular function s € L?(T4).
Let m(s) = mo(s)t(s + 2mhy) and @(s) = @(s)u(s). Then
P(ATs) = p(s)m(s).
By Lemma 2.4, 'Agov(s) is a scaling function.

Let ¢(s) = v(s)¢(s). Since 1 is a PFW, we can use Theorem 3.1 to deduce that 1 is a
PFW. Since
e (s + 27hy) - 3(s)s(A7s)
00 Tos + 27hg) - 1(5) - Bls)i(s) - s(A7)
(A7s) - H(s)u(AT8)i(s + 2mhs)
(A7s) - v(ATs)

)(ATs),

Il
)

Il
<) @) @)
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that is, P(A7s) = mﬂs)@(s)7 where m; (s) = e'5°% - m(s + 27hy) s(A7s), by computing, matrix

<ﬁ1(s) m(s + 2rhy) )
ml(s) mi (S =+ 27Th2)

is unitary. By Lemma 2.9, {/; is an FMRA PFW, so v is an MRA PFW multiplier.

4 Path-Connectivity of the Set of A-Dilation FMRA Parseval Frame
Wavelets

In this section, we discuss the path connectivity of the set of all A-dilation FMRA Parseval
frame wavelets. For more discussions and related results on this topic, interested readers may
refer to [18, 21-22].

Suppose that 1 is an FMRA PFW and ¢y is a scaling function associated with ¢ (in the
sense that g and 9o satisfy (2.6)—(2.7)). Although such g is not uniquely determined by 1),
we know by (2.7) that |@p| is unique.

In the following definitions, let ¢ denote a scaling function associated with an FMRA PFW
¥ by (2.6), and v denote an FMRA PFW multiplier. Define

WY = {0 [i(s)| = [do(s)]}, (4.1)
SEE = {v: [3(s)] = Ba(s)]}, (4.2)
MP;F = {4 : There exists a v, such that QZJ\(S) = v(s)ﬂ)\o(s)}. (4.3)

Theorem 4.1 If vy is an FMRA PFW, then
PF PF PF
Wwo = Swo = Mwo :
Proof Notice that (2.7) immediately implies WlfOF C S}ZOF and

[b(s)* = [B((A) "s)” = 13(s) . (4.4)

Obviously, (4.4) implies S}Zf C Wgop.

By Theorem 3.3, we know an MRA PFW multiplier is unimodular. Thus M};OF C WioF It
remains to prove S}ZOF - M};f

Suppose that ¢ € S}ZOF. By (2.6), there exists a scaling function ¢; and a low pass filter
m1, such that |@o(s)| = |@1(s)| a.e. and

Do(ATs) = €™ mg(s + 27h2) Py (s),
’L/p\l (ATS) = eisouml(s + 27Th2)<21 (S)
In particular, since Wi = S}Zf, lo(s)| = |1hi(s)| a.e. Therefore, it makes sense to define
b € L*(R?) by
= i Vls)ou | :
[9(s)] = D90 y(s)], j=0,1. (4.5)

|m;| and F~1(|@;|) are also low pass filters and scaling functions. By Lemma 2.9, we know that
¢ is an FMRA PFW, and it is enough to show that there exist MRA PFW multipliers v;, such

that 121\]» = WZ (j = 0,1). Without loss of generality, we shall consider the case j = 1.
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Toward this end, let
F={seRY: 5 ((A")"*s) = mi((A7)*s)@1((A7)’s) for all £ € Z}. (4.6)
It is clear that
IR%\ F| = 0. (4.7)
Also let E = {s € F: $1(s) # 0}. Then we have E C ATE. Consequently, for n =0,1,---,
(AT"E c (A")"ME. (4.8)

It follows that if we define Ag = E, A,, = (AT)"E\(A")"'E for n > 1, then A,, N A, = &
for m # n. We claim that

‘F\ U (AT)"E‘ ~0. (4.9)

n>0

If we accept (4.9), the rest of the proof follows the proof in [18]. Indeed, since

R\ J e ={®\»\ Ju) et U{F\ Uu) e},
n>0 n>0

n>0

(4.7) and (4.9) imply

‘Rd\ U (AT)”E‘ ~0.

n>0

Thus, it suffices to define vy on the disjoint union |J A, = |J (A7)"E, which has full measure.
n>0 n>0
For this purpose, we first define the function g, such that u(s)|mi(s)| = mi(s) if mi(s) # 0,

and pu(s) = 1 if mi(s) = 0 (notice that y is unimodular and 27Z¢ periodic). Then we define

the function ¢(s) inductively on |J A, such that
n>0

and

We define vy by

vi(s) = p((A7)~ts + 27why) - t((A7) " 1s). (4.10)

It follows that vy is unimodular and vy (A7s)vy(s) = u(s + 27ho)u((A™) " ts+27hy) - u((A™) " s)

~

is 2rZ%periodic, i.e., v; is an MRA PFW multiplier and 121 = vlqz a.e.

Therefore, it remains to prove (4.9). Suppose that K is a measurable subset of F \ U @AE
n>0
= N(F\(A")"E).If s€ K, thens € F = (A7)"F for all n € Z. Hence ((A7) "s) € F for all
n>0
n € Z; moreover, ((A7)""s) ¢ E for all n > 0. It follows that $1((A7) "s) = 0 for all n > 0.

We conclude that for all n > 0,

Xk (8)@1((A7)""'s) = 0. (4.11)
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Using (4.4) for 11(s) and 1, we conclude that for all j <0, j € Z,
Xk (s) | $1((A7)s) = 0. (4.12)
Since 11 is a PFW, it satisfies Lemma 2.1(i). Thus by (2.7), we obtain
1 P - o
ik STIBATYS)P =GP+ S b (ATVs)? ae. (4.13)

JEZ j<0

Observe that (4.11) for n = 0, and (4.12)—(4.13) imply that xx(s) - ﬁ =0a.e.,ie., |[K|=0.
This proves (4.9) and completes the proof of Theorem 4.1.

Theorem 4.2 If g is a PFW, then M}ZOF is path-connected in L?(R?).

Proof Observe that the class M};OF defined by (4.3) is well-defined for an arbitrary PFW
1g. Since the properties of wavelet multipliers are exactly the same as the properties of PEW
multipliers in [16, Theorem 3.1], using similar arguments in the proof of Theorem 1.3 in [15],
we complete the proof.

Using Theorem 4.1, we obtain the following proposition in the FMRA case.
Proposition 4.1 If g is an FMRA PFW, then Wff is path-connected in L*(RY).

Remark 4.1 One natural question is whether all A-dilation Parseval frame wavelets with
FMRA is path-connected. By Proposition 4.1, the question is reduced to answer the following
question.

Suppose that ¢y and 11 are FMRA PFWs with scaling functions g and @1, whose pg and
@1 are nonnegative, respectively. Can we connect ¢y and 1; with a continuous path in L?(R%)
with the class of FMRA PFWS? This question was answered positively for orthonormal MRA
wavelets ¢y and 17 in [16]. But the argument does not work for the frame MRA PFWs case.
Therefore, the above question remains open and would require a different method.

Acknowledgement The authors thank the referees for their good suggestions that have
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