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Abstract The authors consider a simple transport equation in one-dimensional space
and the linearized shallow water equations in two-dimensional space, and describe and
implement a multilevel finite-volume discretization in the context of the utilization of the
incremental unknowns. The numerical stability of the method is proved in both cases.
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1 Introduction

This article is closely related to and complements the article (see [1]), in which the authors
implemented multilevel finite-volume discretizations of the shallow water equations in two-
dimensional space, as a model for geophysical flows. The geophysical context is presented in
[1] as well as practical issues concerning the implementation. In this article, we recall the
motivation, present the algorithm, and discuss the numerical analysis of some variations of the
algorithm, and in particular the stability in time.

The shallow water equations are a simplified model of the primitive equations (or PEs for
short) of the atmosphere and the oceans. As shown in [20, 24], in rectangular geometry, the PEs
can be expanded by using a certain vertical modal decomposition. With such a decomposition,
we obtain an infinite system of coupled equations, which resemble the shallow water equations.
See [6—7] for the actual numerical resolution of these coupled systems. However, it appears in
these articles that the problems to be solved are very difficult (demanding), and performable
numerical methods are needed to tackle more and more realistic problems. We turned to

multilevel finite-volume methods in [1], finite-volume methods are desirable for the treatment of
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complicated geometrical domains such as the oceans, and multilevel methods of the incremental
unknown type are useful for the implementation of multilevel methods. Such methods have
been introduced in the context of the nonlinear Galerkin method in [18] (see also [19]), finite
differences in [23], and spectral methods and turbulence in [8]. As continuation of [1], this
article explores the finite-volume implementation of the incremental unknowns.

Considering to simplify a rectangular geometry, we divide the domain into cells of size
Az x Ay, which we regroup at the first level of increment, in cells of size 3Az x 3Ay. The
unknowns on the small cells being the original unknowns, we introduce for the coarse cells
suitably averaged values of the unknowns. The dynamic strategy, which may take many different
forms (see [1, 8]), consists in solving alternatively the system for a number of time steps on the
fine mesh grid and then for a number of time steps, the system considered on the coarse mesh
during which the increments as defined below, remain frozen. This coarsening can be repeated
once more considering cells of size 9Ax x 9Ay, and possibly several times as the programming
cost is repetitive and thus small, but we restrict ourselves in this article to one coarsening.

We have chosen to present the method for the shallow water (or SW for short) equations
for the reasons mentioned above. We consider the SW equations without viscosity, linearized
around a constant flow. The well-posedness of these linear hyperbolic equations has been
established very recently (see [12]). We choose in this article one of many situations presented
in [12], i.e., the fully supercritical case, since the boundary conditions depend on the nature of
the flow (subcritical versus supercritical, subsonic versus supersonic). Other implementation
of multilevel methods in geophysical fluid dynamics appear in [16]. See also [14-15] for more
developments on the primitive equations. Further developments along the lines of this work
will appear in an article in [4].

This article is organized as follows. We start in Section 2 with a simple model corresponding
to a one-dimensional transport equation. We then proceed in Section 3 with the shallow water
equation presenting first the equations (see Section 3.1), then the multilevel finite-volume dis-
cretization (see Section 3.2) and then the multilevel temporal discretization (see Section 3.3).
In Section 4, we consider another related form of the algorithm. In Sections 2 and 3, the al-
gorithm on the coarse grid is the same as the algorithm on the fine grid (in space) with just
a different spatial mesh. In this section, we consider another algorithm on which we started,
where the spatial scheme on the coarse grid is obtained by averaging, in each coarse cell the
equations for the corresponding fine cells. The study of the stability of the scheme in this case
has not been completed yet. We present the analysis in one-dimensional space, for the simple
transport equation (see Section 4.1) and for the one-dimensional linearized equation (see Sec-
tion 4.2). The boundary condition is space periodicity and the stability analysis is conducted

by the classical von Neumann method.

2 The One-Dimensional Case

We start with the one-dimensional space and consider the problem
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ou ou
E(l‘,t)ﬁ-%(ﬁf,t) :f(il,',t) (21)

for (x,t) € (0,L) x (0,T), with the boundary condition
u(0,t) =0 (2.2)
and the initial condition

u(z,0) = u’(z). (2.3)

We set M = (0, L) and H = L?(M), and also introduce the operator Au = u, with domain
D(A) = {v e H*(M),v(0) = 0}. Then for f,f' € L'(0,T; H), u® € D(A), problem (2.1)—(2.3)

possesses a unique solution u, such that

d
we O(0, 71 H)N L*(0, 75 D(A)), = € L*(0,75 D(A)).
Our multilevel spatial discretization is presented in Section 2.1, while Section 2.2 deals with

time and space discretization.

2.1 Multilevel spatial discretization

We consider, on the interval (0, L), 3N cells (k;)1<i<3n of uniform length Az with 3NAz =
L. Fori=0,---,3N, we set
T = 1Az,
so that
ki= (i 1,20 1)
We also introduce the center of each cell,

T + Tiyl Ax

The discrete unknowns are denoted by u; (1 < ¢ < 3N), and u; is expected to be some
approximation of the mean value of uw over k;. The equation (2.1) integrated over the cell k;

yields
_/ (z,t)dz +u(z;y 1, ) — ulz,_y, /fxt

Here the term wu(z,, 1 ,1) is approximated by wu;(t) using an upwmd77 scheme due to the
direction of the characteristics for equation (2.1). Setting f;(t) = fk (x,t)dx, the upwind

finite-volume discretization now reads

% 4+ Uz(t) — ’U,i_l(t)

V) Az = filt), 1<i<3N, (2.4)

where we have set

uo(t) = 0. (2.5)



4 A. Bousquet, M. Marion and R. Temam

These equations are supplemented with the initial condition

1

u;(0) = Az

/ u’(z)dz, 1<i<3N. (2.6)
ki

To rewrite the scheme in a more abstract form, we introduce the space Vj, (h = Ax) of
step functions wuyp, which are constant on the intervals k;, ¢ = 0,--- ;3N with up|r, = u; and
ug = 0. Here to take into account the boundary condition, we have added the fictitious cell
ko = (—Ax,0). The discrete space V}, is equipped with the norm induced by L?(M), that is,

3N 3N
lup|* = Amz lug|? = Amz || ?.
i=0 i=1

Next let us introduce the backward difference operator

5huhzw on ki, 1<i<3N.
Az
Then (2.4) can be rewritten as
duh
Ty Siu =
1 + dnun = fn

with fp|x, = fi-
We now introduce a coarser mesh consisting of the intervals K; (1 <1 < N), with length
3Ax obtained as

Ki=ksi—2Uksi—1 Uky = (x5 1,23_1). (2.7)

Let (u;)1<i<sn still denote the approximation of w on the fine mesh (k;)1<i<sy. Then an
approximation of w on the coarse mesh is given by
1
U = g[um—z +ug—1+uz], 1<I<N. (2.8)

We introduce the incremental unknowns
Z3l—a = U3l—a — Ul (2.9)
fora =0,1,2, £=1,---, N, so that
Zsy+ Zsp_1+ Zsp—o = 0. (2.10)
Remark 2.1 The definition of Z in (2.9) is at our disposal. In this case, Z are the order
of Ax. For example, using Taylor’s formula, we obtain
1
Z31—2= ugl—2 — g[uzszfz +uzi—1 + uzi

= 2 [2us 2 — (g2 + O(A2)) — (w1 3 + O(A))]

= O(Az).

* Including, strictly speaking, the separation points.
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We will discuss elsewhere other definitions of the incremental unknown Z, and in particular

those of order Az? considered in [1].

The unknowns on the fine grid are thus written as the sum of the coarse grid unknowns
(U)1<i<n and associated increments (Z;)1<i<sn-

With this in mind, we consider a coarse grid discretization of the equation similar to (2.4),
that is,

d[{ft(t) ?)A%(Ug(t) CUra() = FBlt), 1<(<N (2.11)
with
Us(t) =0, (2.12)
Bt =33 faalt) (2.13)
a=0
and
Uu(0) = % S ugeal0). (2.14)
a=0

Independent of the equation under consideration and the numerical scheme, let us make the

following algebraic observation: for up € Vi, up = (u;)1<i<3n, we have

3N N
unl* =By uf =hY > fugeal?
0=1

i=1 a=
2 N
=h Z Z \Ue + Z3o—a|?
a=0 /=1

N 3N
= 3hz U + hz |Z:|*  (because of (2.10))
=1 i=1
= |Unl* + |25 (2.15)

In some sense, because of (2.10), the coarse component U and the increment Z are L2-

orthogonal.

2.2 Euler implicit time discretization and estimates

We define a time step At with NpAt = T, and set ¢, = nAt for 0 < n < Np. We
denote by {ul,1 <i <3N,0 <n < Np} the discrete unknowns. The value v} is an expected

approximation

1
Al‘ ki

~ u(z, t,)dx.

n
U,

Our spatial discretization was presented in the previous section in (2.4)-(2.6), for the fine
grid, and (2.11)—(2.14) for the coarse grid. We now discretize this equation in time by using the

implicit Euler scheme with the time step % on the fine mesh and time step At on the coarse
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mesh. More precisely, let p > 1 and ¢ > 1 be two fixed integers. The multi-step discretization
consists in alternating p steps on (2.4) with time step %, from t,, to t,4+1 and then g steps
on (2.11) with time step At, the incremental unknowns Z; being frozen at t,,41 from ¢,41 to
tn+qt+1- Then, using equations (2.9), we can go back to the finer mesh for p steps from trntq+1
t0 tpyq+2. For simplicity, we suppose that Np is a multiple of ¢ + 1, and set N, = +1
Suppose that n is a multiple of (¢ + 1), and the (ul')1<i<sn are known. We introduce the

+~_
discrete unknowns v, * with tnys = tn + s L for 0 < s<pand1<i<3N. We successively

determine the u, s P (1<i<3N, 1<s<p) w1th p iterations of the following scheme:

P TIEES | n+5 1 nt 21 nt 21 TIES |
E(ui "oy )—1—5( T ") =f0 T
(2.16)
<+1
ug+ =0
for1 <i<3N,0<s<p-—1, where
TIES | 1 1 (n+ LAt
" :——/ / Sz, t)dadt. (2.17)
! % Az (n+2)At
It is convenient to introduce the step functions u;H_;, f: "% defined for 0<s<pby
uZJr;(x) = u?Jr;, f:Jr;(x) = finJr;, x €k 1<i<3N.
We also introduce the backward difference operator ¢, defined by
9i — 91 g(x) —g(x —h)
Spgn = Jr izl ) A A A
ni AL or  Jng(x) s ;
so that (2.16) can now be rewritten as
424 +2 42t 42t
IR RS AR 219

Our goal now is to estimate |uj"'| in terms of |u}|. We take the scalar product in L?(M) of

(2.18) with 2—uh+57+1. Denoting by (-, -) the L? scalar product and using the well-known
relation
2(a—b,a) = la* — [b]* + |a — b,
we find
A e ST
- %At(f:JrS:l,uerS:l). (2.19)

We have, for every uy € Vj,

3N
2(6pup, up) = |u3N|2 + Z |u; — s 2, (2.20)

i=1
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Indeed

(5huh,uh —22 — Uj— 1

= Z (|Ui|2 —Juim1 P+ i — Ui71|2) 5
i=1

and (2.20) follows, since ug = 0.
Using (2.20) and Schwarz inequality, (2.19) yields
n+o n4 = +1 nt
|_|U'h |2+|h —uy 7|

.s+1

n4tl n4stL n+
Np|2+Z|ui T

n4=

[y, ’

At n+ 2 At n+b+1 2
< BLrtSrp B ST 2.21
) VS ) lup " | (2.21)
so that
At p At n+% n+§
(1= S P < SRR g P (2.22)
p p
This yields readily for 1 < s < p,
n+ ].
o, P < s [ h|2+—z|fh ). (223)

(=2
Here, in view of definition (2.17), we observe that

At n+i At N n+i (n+ d+1)At
= v|2:_m2|fi |2 = / / fa:tda:dt
p p im1 (

n+4 £)AL

(n+E)At oL
< / |f (z,t)|*dzdt.
(n+2)At 0

By adding these inequalities for d = 0,--- ,p — 1, we obtain

ntd (n+1)At L 5
"2 < / / (e, £) P,
nAt 0

Combining this bound with (2.23) provides

i 1 , (n+1)At L ,
PP < s WP+ [ [l oPds].
( __) nAt 0

p

Since 1 —x > 47" for x € [O, %], we see that, if % <

(n+1)At
T2 <4pAt |u 24 / / (1) dedt} (2.24)
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Here s varies between 1 and p, and therefore the bound for s = p reads

(n+1)At /L
w2 < 48 |up? + x,t)[2dzdt|. 2.25
h h
nAt 0
We now define the uZH'S for 2 < s < g+ 1, by applying g-times the implicit Euler scheme to
equation (2.11) with step At, that is,

n+s+1 n+s n+s+1 _ rrn+ts+1
Ul - Ul UZ Uﬁfl _ FnJrerl
=1I ,

At 3Az (2.26)
U(?)’L+S+1 _ U6L+S+1 _ O7
where
n—+s 1 n—+s n—+s n—+s
Fpteti= g[ st f T A
1 (n+s+1)At
= Sz, t)dadt. 2.27
3AtAJ) /(YL-‘,—S)At K, ( )

As we said at the beginning of the section, the Z;’s are frozen between t,,11 and 4441, and
therefore for 2 < s<g+1,1 <[ <N,

1
n+s __ n+s n—+s n+s
UM = Zluy™ +ug ™ +ug™),

3 (2.28)
Zyte = Zgt = uptt —Urtt, a=0,1,2.
We can invert this system (2.28) to obtain
uyS, = Ut 25, a=0,1,2. (2.29)

Classically these equations allow us to uniquely define the terms UZ”FSH, when the terms

UK”'|r1 are known. Then the equations (2.29) allow us to compute the u?+s+1 (t=1,---,3N, s=
17 DY 5 q).
To derive suitable a priori estimates, we multiply (2.26) by 6AtAngl+S+1 and sum for

{=1,--- N. Setting 7 =n+ s+ 1, we find

N N
30a Y (U7 —|U7 %) + 30z )y |U7 — U7
=1

=1
N
+2AHUZ [ + At U7 = UF,
(=1
N
= 6AtAz Y FJU]. (2.30)
(=1

Hence, as for equations (2.21)—(2.25),

TAL L
Uy |? §4At[|U;*1|2+/ / |f(, t)]Pdadt . (2.31)
(r=1)At JO
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We write equation (2.31) for 7 =n+2,--- ,n+ ¢+ 1, multiply the equation for 7 =n + s
by 4(aH1=9)At and add for s = 2,--- , ¢+ 1. We obtain

(n+q+1)At

U < e+
- (n+1)At

/OL \f(z, t)|2dxdt} . (2.32)

We add |Z]""!|2 to both sides and, in view of (2.15) and the second formula of (2.28), we
find

n+q+1,2 < qgAt n+12 (ntat1)at o 2d d 2.33
2 < 408 [t 2 o |F(a,t) Pdad]. (2.33)

(n+1)At 0

Taking into account (2.25), we find that

n A
n+q+12 < 4(q+1)At n|2 ( +q+1) ! . t th 2 34
|up, I < lur|” + N [f()]2de]. (2.34)

n

More generally, we have the stability result
mAt
< am 2 s+ [ ol
T
< 4T[|u0|2 +/ |f(-,t)|i2dt] (2.35)
0

To summarize, we show the following result.

Theorem 2.1 The multilevel scheme defined by the equations (2.16) and (2.26) is stable in
L>(0,T; L*(M)) in the sense of (2.35).

3 The Linear Shallow Water Equations

We now want to extend the previous results to the more complex case of the shallow water
equations linearized around a constant flow (o, 7o, ¢o) (see (3.2) below). As shown in [12]

the boundary conditions, which can be associated with these equations, depend on the relative

values of the velocities (u2,72 > (or <) g%o), that is, whether these velocities are sub- or

supercritical (sub- or supersonic). We consider here the case, where

$o >0, T >1\/gdo, To> 1/ g (3.1)
3.1 The equations
We consider, in the domain M = (0, L) x (0, La), the equations

ou  _ du  _ du op

5t “OEHOEHE:JC“’

v _ v _ dv o¢p

R _ —_— —_— = vy .2
5 oyt Fag, =7 (3:2)
0o ~_0¢  _0p ~ (ou vy
E+“°5_+“05_y+¢0<5+@)_f¢'



10 A. Bousquet, M. Marion and R. Temam

Here (u,v) is the velocity, and ¢ is the potential height. The advecting velocities ugp, vy and
the mean geopotential height qgo are constants. f = (fy, fu, fp) is the source term. For the

subcritical flow under consideration, we supplement (3.2) with the boundary conditions,
u=(u,v,9) =0, at{x=0}U{y=0}, (3.3)

and the initial conditions

u=(u,v,¢) =u’= (% ¢"), att=0. (3.4)
The system becomes
du
— +Au="f,
1 + Au =

where Au = (4;u, Asu, Azu) is given by

ou ou 1)
Aju = Uoé— +00@ +95¢

v v op
Asu = UO5— + v 06y +g§y (35)
) ou v
A3u—u05—¢ +Uo d) ¢0( 5y)

It may also be convenient to decompose A with respect to its x and y derivatives, that is,
A=A+ AY,
A%u = (A{u, Afu, Afu), AYu = (AYu, Aju, Aju)

with
T - o
%9z " ox "oy’
.. )~ Ov Yoo @ 09
A¥u = oz AVu = any+gay
_0¢p ~ Ou 3(,25 ~ Ov
UO%'F(ZSO%, 8 +¢0 .

We define the scalar product on H = (L*(M))? as follows: for u = (u,v,9), u' = (v',v,¢'),

and we set
(') = (u, ) + (0,0) + 2(, '), (3.6)
Po
where (-, -) denotes the standard scalar product on L?(M). Then the following positivity

result for A holds.

Lemma 3.1 Under the assumption (3.1), for all sufficiently smooth u satisfying (3.3), we
have (Au,u) > 0.

Proof We write

(Au,u) = (A®u,u) + (AYu,u) (3.7)
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with
Arww) = [ [Gousu+ gou+ Tovso + Liodso + guss]dady,
M ¢o
(AYu,u) = // [%vyv + goyv + Vouyu + iﬁoqbycﬁ + gvycﬁ} dady.
M %o
Then

aru =2 f[ [+ 0+ 2 ()] away + ][ sten) sy

U L2 x=L Lo
= % 2 2 i 2 ! =L
- o /0 [+ 0% + = L:O dy + /0 [g(¢w)]*=L1dy. (3.8)

Recall that u =0 at z = 0. Also the assumption (3.1) yields that

~ ~ 2
U U

2u? 4 —Og?— + gou
20 274

is pointwise positive. Therefore, we infer from (3.8) that (A%u,u) > 0. A similar computation

provides (AYu,u) > 0 (since 22 > g¢p). In view of (3.7), the proof of Lemma 3.1 is complete.

Remark 3.1 The fact that the boundary and initial value problem (3.2)—(3.4) is well-posed
is a recent result proved in [12]. The proof relies on the semigroup theory and necessitates
in particular proving (by approximation) that (Au,u) > 0 for all u € L?*(M)3?, such that
Au € L?(M)3, and u satisfies (3.3). The fact that (3.3) makes sense for such u’s results from

a trace theorem also proved in [12].

3.2 Multilevel finite-volume spatial discretization

3.2.1 Finite-volume discretization

We decompose M = (0,L1) x (0,L2) into 3N; X 3Ny rectangles denoted by
(ki,j)1§i§3N1,1§j§3N2 of size Ax x Ay with 3N1Az = Ly and 3N2Ay = L.
For 0 < i <3N and for 0 < j < 3Ns, let

Ti1 =iAzx and Yjr1 = jAy.
Then the rectangles (k; ;) are, for 1 <4 <3N;,1 < j < 3N,

kij=(@;_1,@1) % (Y- 1,y541)-
We also define the center (z;,y;) of each cell k;;,

1 ) Ax .
xi:E(qji_%—f—xi_i_%):(z—l)AJ)-f—T, 1 <7 <3Ny,

1 , Ay ,
Yj = 5(%_% Ty1) =0 -DAy+ - L1SJ<3M.
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For the boundary conditions, we add fictitious cells on the west and south sides,
Az ,
ko; = (—Ax,0) x (yjfé,yﬂ%), centered at (xo = —T,yj), 1<j5<3N,

and A
kio = (xi_%,xH%) x (—=Ay,0), centered at (a:i,yo = —Ty), 1<1<3N;.

The finite-volume scheme is found by integrating the equations (3.2) over each control

volume (k; j)1<i<sn,,1<j<sn,. The first equation yields for 1 <7 < 3N7,1 < j < 3Ny,

d 1 U itk
/] u(z, y, t)dedy + —2 / [y 9 8) — (e, g0y, )]dy
ki j

&AmAy AzAy J, |
i—3
o Tird
+ AJ)Ay/ z[u(xvijr%vt)_u(xvyjfévt)]dx

xX.
i—

y.’l
+ - /
AxAy v

Let us denote
Vi, = { the space of step functions constant on k; ;, 0 <i <3Ny, 0 < j <3N,
with wyg, ;= w; j and wo j = w;o = 0}.

+ o

Y0 = 0l yuntldy = [ e t)dady.

1
2

We approximate the unknown u = (u, v, ¢) with uy ~uy(t) € (V3,)® = V},, and use an upwind

scheme for the fluxes, since ug > 0 and vy > 0,

u(xiJr%vyat) ~u;(t), ye [yjfévijr%]a

ll(:L‘,ijr%,t) = ui,j(t)v T e [xiféaxzﬂr%]'

This gives the following semi-discrete equations for 1 <4 < 3N; and 1 < j < 3Na:

d S Wi — i1y Uig = Uit Pij — Pin
dtuz,] + up A + vo Ay +9 Az *fu,z,jv
d Ui — Vil - Vij—Uijo1 Gij — i1
avi,j‘FUo 4J sz L g2 Ay” + g—2 Ay” = fu,ij;
d Qi — Pic1y  ~ Qi — Pij—1
a@,j + uo Ar + 2o Ay (3.9)
T (Uig —Uiolj | Vig — Ui,j—1> e
+¢O ( Az + Ay f¢,z,j 5
ug,; = u;0 =0,
ui,j(o) = u?,ja

where £ = (fu, fo, fs), u® = (u0,1°, ¢°) and

1

1
fi;(t) = M/k f(z,y,t)dedy, uf, = N /k u’(z,y)dedy. (3.10)

Let us introduce the finite difference operators

1
O1ngh = A_x(gi,j —gi—15) on ki,
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1
Sangn = A—y(gm —gij—1) onk;.

13

We can now define in an obvious way, based on (3.9) the finite difference operator Aj, =

(A1p, Aap, Asp), operating on V,

Aipuy, = updinun + Vodanun + gé1noh,
Aspuy, = upd1nvn + Vod2nvn + gdondhn,
Aspuy, = uob1h0n + Vod2ndn + God1nun + Godonvn

and its decomposition A, = A7 + A}, to be used later on,

Afuy, = (upb1pun + gé1nPn, UoO11Vk, Uod1h PR +§051huh)a
Afup, = (Vo02nun, Vo02nVh + GO21Ph, Vodandn + God2nvh).

Those are the discrete versions of A, Ay, Ao, A3, A*, AY.

We can now check that Ay, the discrete version of A, is positive like A.

Lemma 3.2 For all uj, = (up,vp, dp) € Vi, we have
(Ahuh, llh> 2 0,

where (-,-) is the scalar product on L*(M)3, given by (3.6).

Proof We write
(Apup, up) = (Afup, up) + (Ajup, up),
where

(Apup, up) = (Uod1nun, un) + (9610 On, un) + (Wod1nVR, k)

+%(6051h¢ha én) + g(01hun, dn),
0

(AYwp, up) = (Vo02nun, un) + (902n¢n, vh) + (V0d2nvn, vh)

+€%(5052h¢h, én) + 9(62nvn, On)-
0

We first remark that

a 3N 3No
~ 0
(WoO1nun, un) = 7&02 D (g1 = w117 + Juiy — w1 40%)

i=1 j=1
3N2 3]\71

U
= 7Ayz (|U3N1,j P+l — ui—17j|2>-
j=1 i=1

Then we write

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(fij — Pi—1,5)ui,j + (Wij — Uim1,5)Pij = Wi jPij — Wi—1,jPi—1,5 + (Wij — wi—1,7)(Pij — Pi-1,5)-
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Using these two formulas, we obtain

(Wod1pun, un) + g(ﬁo&h%, én) + (901ndn, un) + g(01ntn, dn)
0
Uo 2 g 2
= _Ay |u3N17'| +T|¢3N17'|
2 zj: ( J o J )

Uo guo
+ Ay; Z i — wim15|* + AyT= Z |¢i.; — di-1,4]°

i 200
+ gAY > (i —tio1)(Gig — Gio1j) + 9AY > usN, P3N, -

,J J

Since g > 0 and a3 > g%o, the expressions

u U
70|um' — P+

=i j — di1° + g(uij — wi15)(dij — ugi-1,5)
2¢0

and

Uo guo
7|U3N1,j|2 + Z=|dsn, ;17 + gusn, jdsn,
2¢0

are positive and the corresponding sums are positive as well.

Finally, using also the analogue of (3.15) for vy, we conclude that (Afuy,up,) > 0. Similarly,
it can be checked that (Ajup,up) > 0. Recalling (3.14), this completes the proof of Lemma
3.2.

In fact, a perusal of the calculations above shows that we have proved the following useful

lemma.

Lemma 3.3 For every u;, € Vy,

3Ns 3N1
(Afup,up) > k1Ay > [|113Nl,j|2 +> iy - uz‘—LjHa
=1 =1
TN SN, (3.16)
(Af wp,up) > Az [Iui,:sNzIQ +> | - um‘—llﬂa
i=1 j=1

where the constant k1 depends on ﬂo,ﬁo,q%,g and in particular on the positive numbers ug —
9%0, U — g%o-

3.2.2 Multilevel finite-volume discretization

We introduce the coarse mesh consisting of the rectangles K, (1 <1< Nj,1<m < Ns),

2

— * —
Kim = U k31—a3m-p = (x3l_2_%,x3l_%) x (y3m,—2—%ay3m+%)'
«a,=0

We also define the fictitious rectangles Ko, Ko (I = 1,--- Ny, m = 1,---, N3), needed for

the implementation of the boundary conditions, and they are defined as above with m or [ = 0.

* Including, strictly speaking, the separation edges.
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We introduce the space V3j, defined like Vj,. If up € Vi and uy

ki; = Uij, we define for

l=1,---,Ny, m=1,--- Ny the averages as
12

and the incremental unknowns as

Z31—a.3m—p8 = Usl—a,3m—8 — Ulm, (3.18)
which satisfy of course
2
> Zsi—asm-p=0. (3.19)
a,3=0

We note the following algebraic relations (using (3.19)):

2 2
Z |U3l—a,3m—[3|2 = 9|le,7)@|2 + Z |Z'3l—oz,3m—ﬁ|2- (320)
a,3=0 a,3=0

Multiplying by AzAy and adding for [ =1,--- , Ny, m=1,---, N, we find
[unl2 = [Un 2 + 1212 (3:21)

where | - | is still the norm in L?(M), Uy, is the step function equal to Upy, on Kj ,, and Zj, is

the step function equal to Z; ; on k; ;.

3.3 Euler implicit time discretization and estimates

We proceed to some extent as in the one-dimensional space. We define a time step At with
NrAt =T, and set t,, = nAt. We denote by
uy ={ul;,, 1<i<3N;, 1<j<3Ny}

7,77

the discrete unknowns, where u7’; is an expected approximation
;

n 1
uy, =~ M /kJ u(z,y, t,)dzdy.

The spatial discretization has been presented in Section 3.2. We will now discretize the
shallow water equations in time by using the implicit Euler scheme, and advance equation (3.9)
for p steps in time on the fine mesh with a time step of %, where p (and ¢ below) are two fixed
integers larger than 1.

These steps will bring us, e.g., from ¢, to t,+1. We then perform ¢ steps with a time step
At bringing us from t,,41 to t,44+1. For simplicity, we suppose that Nr is a multiple of ¢ + 1,
and we set N, = %. The steps performed with the time step At will use the coarse mesh. We
first consider in Section 3.3.1 the p steps performed with mesh % on the fine grid. Then the ¢

steps on the coarse grid are described in Section 3.3.2.
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3.3.1 Scheme and estimates on the fine grid

We start from equations (3.9) and write thus for s =1,--- ,p,

s+1 s s+1
n+ n+< ~ n+
p p 1
(U'i,j — U’i,j ) + UOéth,i’j

P
At

~ n+
+0002nu; ;

s+1 s+1 n+ s+1

n
+g(51h¢i,j g :fui,jp )

P n+% n+2 - n+ 2L
AV T iy ")+ w0l
+(s

~ 6 n
+TV002nY; ;

(3.22)

+1) n+ 2t n 2t
i +g(52h¢i,j v :fy7i,jp )

541

p , n+td nts n+
p)—f—uoélh(bi,j ’

(6 7 i,

~ nitl o~ n+St1 n+4 2t n+ 2t
+0002n¢; ;7 A+ Po(Onu,; T+ O2mv;; ) = fyu 0

With the definition of A}, introduced in (3.11), equations (3.22) amount to
P r—1
E(u; —u, ")+ Apuy, =f]. (3.23)

Here we have set for simplicity n + % =T, nt+t2=7-— %, up = (uj,vj, 7)), ff =
(f;ha fq;r,hv f;;h)
Taking the scalar product in V;, of each side of (3.23) with Z%uT, we see that

_1 _1 At
L p|2+2;<Ahu7wu2>

At At
=—( ,u}) < —th2+—uhT 2, 3.24
o (B ) < —EI 4+ = (3.24)

Hence thanks to Lemma 3.2 (comparing with (2.19)—(2.25)),

nt 2t 1 n+ < 1 At n+ 2
lw, " |271_—&|uh i 1_—&_|fh T2
p P

: (3.25)

and for % < % and s =1,---,p (comparing with (2.25)),

fup P < 4 R (0, ),
(n+1)At Lo L1
) =fad+ [ [ [ eGPyt
nAt 0 0

In particular, for s = p,
lup T2 < 486 (u f). (3.26)
3.3.2 Scheme and estimates on the coarse grid

We now consider the ¢ a time-steps performed on the coarse grid with a time step At.
We discretize the equations (3.9) in time, starting from time ¢,41 = (n + 1)At using the
same scheme as for equations (3.22) but with a coarse mesh (comparing with (2.26)). We obtain
1

N (U, —U; 7Y + A3, U}, = F7, (3.27)
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where r=n+s+1, s=1,---,q, U} = (Uy,,U;,,U] ;) and Uj, € V3, has components Uy ;
on K (i=0,---,Ni, j=0,---,N2). Finally, F] has components F] ; on K; ; with

1 1 TAL
F]. = —7/ / f(z,y,t)dxdydt. 3.28
T AL9ATAY J_vyar Kk, ( ) (3:28)

A priori estimates are obtained by taking the scalar product in Vg, of each side of (3.27) with
6AtU}. We find (comparing with (2.31))

[ULIP =[O + [UF, = Up 712 + 2A4(A3, U, Uf) = 2A(F, UF),
and in view of Lemma 3.2 (for Agp),

[ULI? < [U571 + 2A¢F||UT|
< AHUTP + U512 + AtFT P,

T 1 T— T
[ULI? < mHUh Y2+ (P77
1 119 TAL )
< ———11U +/ [£(-,t)] dt].
1—At [ " (r—1)At e
Thus, for At < %,

TAL

U7 |? < 42 [|U;;1|2 +/ I£(- ,t)|2L2dt] (3.29)
(t—1)At

We write the equations (3.29) for r =n+s+1, s =1,---,¢. We multiply the equation for

T =n+ s+ 1 by 40@=9)2% and add these equations for s = 1,--- ,q. We find
(n+q+1)At
[URFH 2 < 08t | [Upt 2 4 / £, )[72dt|. (3.30)
(n+1)At

During the steps from (n + 1)At to (n + g + 1)At, the Zj, are frozen. Thus
Zptt =zptt s=1,- g, (3.31)

in the form

and we recover the uZJrS“

up et = uptett 4ozt (3.32)

Then, because of (3.30) and (2.15),

) (n4q+1)At
a2 < 4th[|u;;+1|2 +/ |f(.,t)|§2dt] (3.33)
(n+1)At

Combining (3.33) with (3.26), we find

1 (n+q+1)At
|uZ+q+ |2 §4(Q+1)At{|u2|2+/ |f(.’t)|%2dt] (3.34)

At
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We can repeat the procedure for any interval of time (nAt, (n+ ¢+ 1)At), n=1,---,N,, and

arrive at the stability result
mAt
< [ DR
0

T
< 4T[|uo|2 +/ |f(-,t)|§2dt} (3.35)
0
valid form =1,---, N,.

Theorem 3.1 The multilevel scheme defined by the equations (3.22) and (3.27) is stable in
L>(0,T; L*(M)?) in the sense of (3.35).

4 Other Schemes and Other Methods

The coarse grid schemes that we have used in Sections 2 and 3 amount to using the same
schemes on the coarse grid as on the fine grid. Another possibility for the coarse grid is to
average on each coarse grid the fine grid equations associated with the corresponding fine grids.
These schemes are made explicit below. However, the study of the stability of these new schemes
appears difficult, and we will only present the study of stability in the one-dimensional case
for the simple transport equation (see Section 4.1), and for a one-dimensional shallow water
equation (see Section 4.2). Furthermore, the boundary condition will be space periodicity, and

the stability analysis is made by the von Neumann method (see [22]).

4.1 The one-dimensional case

We start with the one-dimensional space, and consider the same problem as (2.1), with
f=0,

ou ou
6—t(x,t) + %(x,t) =0 (4.1)

for (z,t) € (0,L) x (0,T), and with the space periodicity boundary condition, and the initial

condition
u(z,0) = u’(x). (4.2)

On the fine grid, we will perform an approximation by the implicit Euler scheme in time
and upwind finite-volume in space, so that the scheme will be very much like the one in (2.16)

except that the second formula of (2.16) is replaced by the periodicity condition

4241 +2tL
ug o= u;N P (4.3)
We perform p steps with a time step % and a space mesh Ax = % Then as explained
below, we make ¢ steps with a time step At and a mesh step 3Axz. Thus we start again with

the p steps.
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4.1.1 The fine grid scheme with a small time step

The scheme reads

p T Tﬁ% 1 T T
where 7 = n + %, s =1,--,p,j =1,---,3N, uj is meant to be an approximation of

A%c Jp. u(z, TAt)dx with kj = ((j — 1)k, jh) and h = Az; uf = ufy by periodicity.

We associate with a sequence vj, and its Fourier transform (see [22, p. 38]) is as follows:

1 X
N iih
() = o Z e My h. (4.5)
j=—00
Below we will consider periodic sequences v, j € Z, vj43ny = v;, h* = :,?—]7\; and define the

discrete Fourier coefficients (see [5, 9, 22])
| 3N
~ —imjh*
Ung—NjE_le I v, om=1,---,3N. (4.6)

We then have the discrete Parseval formula

3N 1 3N
S ol = 5 D lsf? (4.7)
m=1 j=1

(see the details in [3, 22]). Note that the sequence {,,} is itself periodic with period 3N, and

if (ov); = vj_1, then

Tl = e ™G, (4.8)
Then (4.4) is rewritten as
Aty . AL -1
(14 530)%5 ~ a5 = (4.9)
that is, for the Fourier transforms defined as in (4.6), where h* = g—]’\;,
At s sl
(1+]E(1—e*‘mh ))ﬁ:n:ﬂm " m=1,---,3N. (4.10)
Hence the amplification factor for the fine mesh is
At —imh* -1 _
GFm = [1+]E(1—e )} . m=1,---,3N. (4.11)
We observe that
At At
g;}m = [1 + ]E(l —cos(h*m)) + ipr sin(h*m)},
At 2 At \2
-1 2 _ -~ * 20k
9Fm|” = [1 + pr(l cos(h m))} + (p—Ax> sin®(h*m),
At \2 At
=1+ 2(1 — cos(h* ((—) —)
+2(1 — cos(h*m)) DAz + DA
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We conclude that
lgFm| <1, m=1,--- 3N. (4.12)

Recall that 7 = n + I—i, s =1,---,p. Denoting by uj, the piecewise constant function given by
uj = uj on kj, (4.7) and (4.12) yield

" 3N L BN

n+= n+ =< n+

lu, "*= ZAx|uj "12 =3NAz Z |t " |2
j=1

m=1
3N
<3NAx S [af = [u? fors =1, g
m=1

In particular, for s = p,
Jup P < g, (4.13)
and therefore these steps of the scheme (4.4) on the fine grid are stable for the L?-norm.

4.1.2 The coarse grid scheme with a “large” time step

Considering first the analogue of (4.4) with a time step At and a space mesh Az, we would

write (T =n+s+1now,s=1,---,q)

1 T T— 1 T T
Kt(uj —uj 1)+A_x(uj —uj_1)=0. (4.14)
To obtain the scheme with a time step At and a space mesh 3Az, we add (average) the equations

(4.14) corresponding to j = 31,31 — 1,31 — 2.

Setting
T 1 T T T
U’ = g(u?,l +ug_g +uzy_o), (4.15)
we obtain
1 T T—1 1 T T
A_t(Ul U+ E(“m —uj_3) =0 (4.16)
forl=1,---,N.

We elaborate on the u = U + Z decomposition (independent of the time step).
The u = U + Z decomposition

Given the sequence u;, j =1,--- ,3N (up = usn), we define the sequence
12
Up = gaz:%ugl_a, l=1,---,N, (4.17)

and the sequences

Z31—a = usl—a — Ul, (4.18)
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a=0,1,2, £=1,---,N. We observe that

2
Z Z31—a = 0.
a=0

Now the multistep algorithm that we consider consists in freezing the Z during the step n +
2,---,n+q+ 1, that is,

Z;.L+S+1:Z;»L+l, 821,'“,(1, j:]_’...’?)N’ (419)

so that

T _ n+l _ 7 T
Zya =2y 6 =uj_o— U

fora=0,1,2, 7=n+s+1,s=1,---,¢. Hence U — Ulel =ul, —ugéila for« =0,1,2,
and for those values of 7. With o = 0, (4.16) becomes

1 T T— 1 T T
A_t(u3l —ug )+ E(%z —uj_3) = 0. (4.20)
That is, as in (4.9),
Aty . AL -
(1 + ?)A—x)um AU = i (4.21)

Before we introduce the Fourier transform of (4.21) and the amplification function similar to
the gr, we have to elaborate a bit more on the u = U + Z decomposition at the level of the
Fourier transforms.

We write (independent of the time step 7), with h* = g—]’\r, form=1,---,3N,

| 3N
Uy, = E wie M
™ 3N < J
Jj=1
LN
—3in*1 —ih*(31—1 —ih*(31—2
:3—5 (ugre ™3I gy eI BIEIM gy pem I BI=2)my
=1

We now introduce the partial Fourier sum of the type of (4.6),

N

~ 1 in

UBl—a),m = 3N § U3l—a€ b3t (4.22)
(=1

We observe that this partial Fourier sum is periodic in m with period 3N, and that Parseval

relation similar to (4.7) holds,

3N 1 N

~ 2 2
Y iGiayml? = 5 2 a=0,1,2. 4.23
— |U(3l )7 | 3N yot |U3l 0¢| (€9 ( )

We can hence write

U = Uty + " a1 1y.m + €27 ™10y - (4.24)
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Then
U(31—3),m = a(31),me*3m*m7 (4.25)

and now (4.21) yields by a partial Fourier transform

At ™ At —3ih"mT ~r—1
(1 + 3Am)u<3l)7m T 3Ax MUy, m = s (4.26)
That is,
Uat),m = gcﬁm%_zf,m» m=1,---,3N, (4.27)

corresponding to the amplification factor gc,,, with

At

—1 —3ih*m
=1 1- : 4.2
gC,m + 3Ax ( € ) ( 8)
We can conclude as before that |galm| >1,
|gC,m| < 17 m:]-a 73N7 (429)

and thus the scheme (4.21), (4.26) is “stable”. Also

~ E ~n+1
u?’;l»)s,:)»@l = gé,mu?:;}»)?m? m = 17 e ;3Na § = 1; (. (430)

The important point now is that we know nothing about the stability of the u};, ,, uj, o,
and we have to elaborate more to prove this stability.

In the similar way to (4.24), we write for m =1,--- 3N,

~

Z = Zigtym + " ™ Zigi_1y g + " Zig1 o) m. (4.31)

The relations
Ul = Ur + 2310, a=0,1,2

given by the partial discrete Fourier transform for m =1,--- 3N,
Usi—a),m = U@),m + Z@381—a),m- (4.32)

Hence with (4.19) and (4.32),

~n+s+1  _ 7rnts+1 on+1
u&l—a)m - Uﬁ)m + Z(n31—o¢),m' (4.33)
Using (4.30), we obtain the expression of ﬁg;rfnﬂ for a = 0,
Ul = 9CmT{siym = Zighyms =1, 3N, (4.34)
There remains to express 2&‘51 in terms of the ﬂ?3"l’ia)7m, a=0,1,2.

We proceed in the physical space, independent of the time step 7, to have

1
U, = g(usz + ugi—1 + uzi—2)
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and
1
Zz =uz — Uy = 5(21&31 — Ugi—1 — U3—2),
1
Z31—1 = uz—1 — U = §(2U3171 — U3 — U3I—2), (4.35)
1
Z31—2 =uz—2 — U = 5(21&31—2 — ug; — U3—1)-
Thus for the Fourier transforms, for m =1,---,3N,

. 1 R R
Z(31y,m = §(2U(31),m — U(31—1),m — U(31—2),m)>

~

1
Z31-1),m = 5(23(3171),m = Us1),m — U(31-2),m)> (4.36)

~ 1, ~ ~
Z(31-2),m = §(2u(3z—2),m — U(31),m — UEi—1),m)-

This holds in particular at the time step 7 =n + 1.

Now we look for the expression of the u?;lrsz)l o (=0,1,2), in terms of the u?;lrlﬁ)m, that

of ﬂ&"{f:} has been already found (see (4.30)).

By (4.32)-(4.34), (4.36) and (4.19),

~n+s+1 _ K ~n—+1 ~n—+1
u(3l—1),m - (gé’,m - 1)”(31) + u(3l 1),m’ (4.37)
~n+s+1 _ K ~n—+1 ~n—+1
u(3172),m - (gé,m - 1) ( 1),m +u (3[ 2),m" (438)
We rewrite (4.30), (4.37)—(4.38) in matrical form,
~n+s+1 An+1
(31),m U(st),m
~n+s+1 s ~n+41
u?Bljl)m = G(C)m “?31 vm |» m=1--,3N, (4.39)
~n+s+1 An+1
(31=2),m U(31—-2),m
9em 0 0
Gg,)m = gé‘,m -1 10
Gem—1 0 1

The passing from u"t to ™1 is given in the matrical form by (4.39). The stability of
the scheme for passing from u"*! to u"***! is equivalent to showing that the spectral radius
of G(C?)rn is not larger than 1 for m = 1,--- [3N. The eigenvalues of G(cf,)m are not larger than
1. These eigenvalues are 1, 1, g¢ ,,, and we have seen that [go,n| < 1.

More precisely, using that the spectral radius of Gg)m is less than 1 and (4.23), we have

2
| n+s+1 2 § E Ax|ugzrs;r1|2 _ 3NAJ? § E /\n;zstl m 2

a=0/¢=1 a=0m=1

2 3N
<BNAz Y Yl ol = et (4.40)
a=0m=1
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and for s = g,
Jup P < Jup . (4.41)

Combining (4.13) and (4.41), we obtain the stability of the scheme.

Theorem 4.1 The multilevel scheme defined by the equations (4.4) and (4.16) is stable in
L>(0, 00; L2(M)). More precisely, for all n,

lup] < |u0|. (4.42)

4.2 The linearized 1D shallow water equation

By restriction to 1 dimension, equations (3.2) with f = 0 become

5 5 5
o F g+ 9= ¢ =0,
ot 05z dx
(4.43)
% & ¢ TR du _
5t 05 05>
We assume the background flow (up, qgo) to be supersonic (supercritical), that is,
o > \/ goo. (4.44)

The boundary conditions are space periodicity, and the initial conditions are given such that
they are similar as (3.4). The time and space meshes are the same as in Sections 2.1 and 2.2.
4.2.1 The Fine grid scheme with a “small” time step

The fine grid mesh scheme reads

)+ A (g - ) + (df i-1) =0,

j—1

p T Tﬁ% u T T ¢
iR W Y j_1>+A§c<uj—u] D=0,

(4.45)

where 7 =n + %, s=1,---,p,j=1,---,3N, uf = ujy, ¢ = ¢35 by space periodicity.
We rewrite (4.45) in the form

wg At - ug At - g At - 7_ - .,—,%
(14 R~ a5+ S Re 5 ) =
At At ¢ At 1 (4.46)
uO T UO T 0 - - . 7__;
(1 DR it RS ) =
From this, we deduce for the Fourier transforms, for m =1,--- 3N,
ug At . At ~ * -1
(1_’_@_(1_871mh ))AT +g ¢T( o 71mh):amp’
p Ax
(4.47)

uo At —imh* @ﬁ _ —imh*y _ 2T
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that is,

with

g At

p Ax
uo At

_ —imh”
(1—e ) 1+ — ) Ax(

1 - 1_ —imh*
1 - P Aw( ¢ )
| g At

p Ax

The eigenvalues of G m are easily computed

p:l:,m — 1 + Ai(]. _ e*imh*)

with
At

Ai:l o 1/ g0 ) —
p( )A

We have

lp+m|? =1+2(1 — cos(h*
The condition ug > gg’go implies AL > 0, and thus

|p:|:,m|2]-; m=1,---,3N.

Hence, setting u = (u, ¢) (comparing with (4.13)), we have

Jup <

so that these steps of the small step scheme (4.45) are stable.

4.2.2 The Coarse grid scheme with a “large” time step

We define the cell averages

Up = 5 (us; + usj—1 + uzi—2),

P =

OJlH 00|>—‘

(P31 + ¢31-1 + P31-2)

and the incremental unknowns

23] _o = Usi—a — Uy,

Z;?l o« = P31—a — P

The analogue of scheme (4.16) reads

o
3Ax

To ..
AL (3 —

At(Ul UzTil) T Uy —ug_s)

1
At

o

@T
A 3Ax

h A (U —

$3—3) +

(-

+ —(¢§z -

25

(4.48)

e—imh*)

*

efimh )

m))(AL + Ay).

(4.49)

¢§zf3) =0
(4.50)
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forr=n+s+1,s=1,---,gqandl=1,--- | N.
Observing as in (4.19) that

u,n+s+1 _ Hu,n+l ¢n+s+l _ dn+l
Zj = Zj , Zj = Zj (4.51)

fors=1,---,q,j=1,---,3N and thus that

T T—1 _ T—1
Ur -0, =ugy —uzy

(4.50) yields

1 T— U’O T g T T
Kt(u?;l ul )+ e AL (ug —u3_3) + —(¢3l —¢3-5) =0
1 ~ ¢ (4.52)
T T— Ug T T 0 T
Kt(%z — o5 )+ E(%z —Qhi_3) + 3AL Ao (ug —ug_g) =0.
Hence, for the partial Fourier transforms for m = 1,--- ;3N (comparing with (4.27)),
ur . o’ 1
<A(T‘°’l)’ ) = Geum (fl)l ) (4.53)
¢(3l),m ¢(31),m
with At At
g —3ih*m g —3ih*m
1 1- il
IR ) 3 Ax( ¢ ) 3 Ax( ¢ )
Cm ’
’ (b() At _3ih* ’LL() At _3in*
1 _ 1 m 1 1 _ 1 m
3 Ax( ¢ ) T3 3 Aa:( ¢ )

where Gé}m is very similar to G;,m, and we prove in the same way that its eigenvalues are
larger than or equal to 1 in magnitude.

For the moment, we infer from (4.53) that

Y g (7
3l),m s 3l),m
<¢n+5+1> =Gt (5"“ ) . (4.54)
(31), (31),m
Then by (4.54),
rin+ts+1 snts+1 +s+1
Vo ) _ (“&)vm) (%
Fnts+1 “nts+1 Zo,n+s+1
®0ym Pal), Z(3).m
An—i—l Zu,n+1
Z.2
e (30),m (31),m
=Gem ( Jnit )— Somrt |- (4.55)
(31),m (31),m
We then need to express uz’;lrszlm, d)z’;{szlm in terms of u?;lrlﬁ - qﬁ”;lrlﬁ%m, a=12 0=

0,1,2. We write as in equations (4.37)—(4.38),

st Waiym\ | (Tot1)m
( I >:(G2~,m—1)< n+1>+< o ) (4.56)
‘/5(31 1),m ‘/5(31) ‘/5(31 1),m
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~n+s+1 ~n+1 ~n+1
Usi-2)m | (Gs ) U(31),m U(31—2),m (4.57)
Tnst1 —\TOm T 41 Tn1 :
¢?3lj2),m (b?BZ),m ¢?3l—2),m
In the end,
~n+s+1 ~n-+1
(31),m Us),m
Tn4s+1 Tn+1
51)m D(s31y,m
a@—i—s—i—l an-i-l
3l—1),m s 3l—1),m
A’Eerer)l = g(c)m AEH»I ) , m=1,-,3N (4.58)
¢(31—1),m ¢(3l—1),m
~n+s+1 anJrl
(31—2),m (31—2),m
“nts+1 41
¢?3lf2),m ¢?3l72),m
with
Com 0 0

All the eigenvalues of Q((;: )m are less than or equal to 1, which ensures the stability of the
scheme (4.50) going from ¢ = (n + 1)At to t = (n + s + 1)At.

Then we have

|uZ+S+1| < |ll;:+1|, for s = 17 g (459)

Theorem 4.2 The multilevel scheme defined by equations (4.45) and (4.50) is stable in
L°(0, 00; L2(M)?). More precisely, for all n,

lup| < [u°]. (4.60)
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