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Abstract Making use of the periodic unfolding method, the authors give an elemen-
tary proof for the periodic homogenization of the elastic torsion problem of an infinite 3-
dimensional rod with a multiply-connected cross section as well as for the general electro-
conductivity problem in the presence of many perfect conductors (arising in resistivity
well-logging). Both problems fall into the general setting of equi-valued surfaces with
corresponding assigned total fluxes. The unfolding method also gives a general corrector
result for these problems.
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1 Introduction

The periodic unfolding method was introduced in [4] (see also [5]). It gave an elementary
proof for the classical periodic homogenization problem, including the case with several micro-
scales (a detailed account and proofs can be found in [5]).

In this paper, we show how it can be applied to the periodic homogenization of the general
problem of equi-valued surfaces with corresponding assigned total fluxes. Two examples of
this type of problems are the elastic torsion problem of an infinite 3-dimensional rod with a
multiply-connected cross section (where the equations are set in a 2-dimensional domain) and,
in any dimension, the electro-conductivity problem in the presence of many isolated perfect
conductors.

In the linear elastic torsion problem (see [13, 15] for the setting of the problem), the material
is an infinite cylindrical bar with a 2-dimensional cross-section Ω∗ obtained from a bounded
open set Ω perforated by a finite number of regular closed subsets (which have a nonempty
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interior) S1, S2, · · · (see Figure 1). The stress function of the elastic material is shown to be
the solution to the following problem:

ϕ ∈ H1
0 (Ω) with f|Sj (an unknown constant) for each j,

− Δϕ = 1 in Ω∗,∫
∂Sj

∂ϕ

∂n
dσ(x) = |Sj | (the measure of Sj) for each j.

(1.1)

*

Figure 1 A 2-dimensional cross-section Ω∗ obtained from a bounded open set Ω perforated

by a finite number of regular closed subsets (which have a nonempty interior) S1, S2, · · · .

The electric conductivity problem arising in resistivity well-logging is set in any dimension
with the same type of geometry (Ω, Ω∗ and Sj ’s). The conductivity tensor A can vary with
the position in Ω∗, the right-hand side is an L2 function f defined on Ω∗, and the total fluxes
on the ∂Sj are given numbers gj.

ϕ ∈ H1
0 (Ω) with f|Sj (an unknown constant) for each j,

− div(A(x)∇ϕ(x)) = f in Ω∗,∫
∂Sj

∂ϕ

∂νA
dσ(x) = gj for each j.

(1.2)

Here we refer to [14–15] written by Li et al. on the subject. They also include an exposé of
the torsion problem.

Here, we consider the periodic homogenization for these problems. We refer to [7] for the
first proof of the elastic torsion problem (via extension operators and oscillating test functions),
where regularity assumptions are made for the boundary of the inclusions. In [3], this question
is addressed, but still with some geometric conditions and by the same use of oscillating test
functions.

One advantage of the unfolding method is that it requires no regularity for the boundary of
the inclusions whatsoever. Actually, there is no need to introduce surface integrals, except if one
wants to see the “usual” strong formulation, valid for Lipschitz boundaries. Another advantage
of the method is that an immediate consequence is a corrector result which is completely general
(without the need for extra regularity).
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The plan is as follows. In Section 1, we introduce the notations, and set the approximate
problem as one which encompasses both the aforementioned problems. Section 2 gives a brief
summary of the results of the periodic unfolding method. In Section 3, we establish the con-
vergence to the unfolded problem. In Section 4, we obtain the homogenized limit. Section 5 is
devoted to the convergence of the energy and the construction of correctors. In the last section,
we consider variants of the problem, and state the corresponding results.

General notations (1) In this work, ε indicates the generic element of a bounded subset
of R

∗
+ in the closure of which 0 lies. Convergence of ε to 0 is understood in this set. Also, c

and C denote generic constants, which do not depend upon ε.
(2) As usual, 1D denotes the characteristic function of the set D.
(3) For a measurable set D in R

n, |D| denotes its Lebesgue measure.
(4) For simplicity, the notation Lp(O) will be used for both scalar and vector-valued func-

tions defined on the set O, since no ambiguity will arise.

2 Setting of the Problem

We use the general framework of [5] and the notations therein.
Let b = (b1, · · · , bn) be a basis of R

n. We denote by

G =
{
ξ ∈ R

n
∣∣∣ ξ =

n∑
i=1

kibi , (k1 , · · · , kn) ∈ Z
n
}

(2.1)

the group of macroscopic periods for the problem.
Let Y be the open parallelotope generated by the basis b, i.e.,{

y ∈ R
n

∣∣∣ y =
n∑

i=1

yibi, (y1, · · · , yn) ∈ (0, 1)n
}
. (2.2)

More generally, Y can be any bounded connected subset of R
n with Lipschitz boundary,

having the paving property with respect to the group G.
For z ∈ R

n, [z]Y denotes the unique (up to a set of measure zero) integer combination
n∑

j=1

kjbj of the periods, such that z − [z]Y belongs to Y . Now set (see Figure 2)

{z}Y = z − [z]Y ∈ Y a.e. for z ∈ R
n.

Figure 2 Definition of [z]Y and {z}Y .
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Let S be a given compact subset in Y , which is the finite disjoint union of Sj for j = 1, · · · , J
(with the same property). The only condition on the Sj ’s is that they are pair-wise separated
with the strictly positive measure. For the two examples, we consider that the sets Sj are
naturally assumed to be connected (although this is not necessary for the treatment given
here). The set Y \ S is denoted by Y ∗ (see Figure 3).

Figure 3 The sets Y and Y ∗.

Let now Ω be an open bounded subset of R
n. We define the “holes” in Ω as follows.

Definition 2.1

Sε
.=

{
x ∈ Ω,

{x
ε

}
Y
∈ S

}
,

Sj
ε
.=

{
x ∈ Ω,

{x
ε

}
Y
∈ Sj

}
,

Ωε
.= Ω \ Sε.

(2.3)

Figure 4 The sets Ωε (in green) and Sε (in yellow).
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Remark 2.1 It is well-known that the characteristic function of the sets Sj
ε converges

weakly-∗ to |Sj |
|Y | in L∞(Ω). This is a simple consequence of the properties of the unfolding

operator given in the next section.

In this paper, we consider a boundary value problem, which generalizes both cases and does
not require consideration of surface integrals. It applies as long as the “inclusions” Sj

ε have the
strictly positive measure (so that requiring the restriction of an H1

0 function to each of them to
an arbitrary constant almost everywhere makes sense).

We make no regularity assumption regarding the sets Sj . We only make the natural as-
sumption that they are well separated from each other and from ∂Y in Y (if some are not well
separated, then they should be merged into a single one).

Whenever needed, the functions in H1
0 (Ω) will be extended by 0 in the whole of R

n (where
they belong to H1(Rn)). Similarly, the functions of L2(Ω) will be extended by 0 to the whole
of R

n.
We introduce the following two families of subspaces, where Gε denotes the elements ξ ∈ G,

such that the corresponding cell εξ + εY intersects Ω.

Definition 2.2

W ε
0
.= {v ∈ H1

0 (Ω); ∀ξ ∈ Gε and j ∈ {1, · · · , J} v|εξ+εSj is a constant function,

the value of which depends on (ξ, j)}, (2.4)

Lε
.= {w ∈ L2(Ω); ∀ξ ∈ Gε and j ∈ {1, · · · , J} w|εξ+εSj is a constant function,

the value of which depends on (ξ, j)}. (2.5)

Note that a condition, such as v|εξ+εSj being a constant function, is taken in the sense of
almost everywhere, which makes sense because each εξ + εSj is of positive measure.

It also follows that W ε
0 is a closed subspace of H1

0 (Ω). On the other hand, clearly, Lε is
a finite dimensional subspace of L2(Ω). Note that Lε is the image of L2(Ω) under the local
average map Mε (defined below).

Concerning the conductivity matrix field Aε, it is assumed to belong to M(α, β,Ωε) which
is traditionally defined as follows.

Definition 2.3 Let α, β ∈ R, such that 0 < α < β. M(α, β,O) denotes the set of the n×n

matrices B = B(x), B = (bij)1≤i,j≤n ∈ (L∞(O))n×n, such that

(B(x)λ, λ) ≥ α|λ|2, |B(x)λ| ≤ β|λ| for any λ ∈ R
n and a.e. on O.

Let fε be given in L2(Ωε), and gj
ε in Lε for j = 1, · · · , J .

The problem we consider is given in the variational form as

(Pε)

⎧⎪⎪⎨⎪⎪⎩
Find uε in W ε

0 , such that ∀w ∈W ε
0 ,∫

Ωε

Aε∇uε ∇wdx =
∫

Ωε

fεwdx + εn
∑
ξ∈Gε

j=1,··· ,J

gj
ε|εξ+εY

w|εξ+εSj
. (2.6)
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Using the obvious formula

εn
∑
ξ∈G

gj
ε|εξ+εY

w|εξ+εSj
=

1
|Sj |

∫
Sj

ε

gj
ε(x)w(x)dx, (2.7)

this problem can be written as

(Pε)

⎧⎨⎩
Find uε in W ε

0 , such that ∀w ∈ W ε
0 ,∫

Ωε

Aε∇uε ∇wdx =
∫

Ω

Fε wdx,
(2.8)

where
Fε

.= fε 1Ωε +
∑
ξ∈Gε

j=1,··· ,J

1
|Sj |g

j
ε(x)1Sj

ε
.

This problem has a unique solution by the Lax-Milgram theorem applied in the space W ε
0

because of Poincaré’s inequality in H1
0 (Ω).

The “strong” formulation of problem (Pε), assuming at least Lipschitz regularity for the
boundaries involved, is{

Find uε ∈ W ε
0 , such that − div(Aε∇uε) = fε in Ωε,

∀ξ ∈ Gε, ∀j = 1, · · · , J, 〈Aε∇uε · n, 1〉
H− 1

2 , H
1
2 (εξ+ε∂Sj)

= εngj
ε |εξ+εY

,
(2.9)

where n(x) is the outward unit normal to εξ+ ε∂Sj. Under the regularity assumption above, it
is classical that the duality pairing makes sense, because, since fε belongs to L2(Ωε), Aε∇uε · n
is an element of H− 1

2 (εξ + ε∂Sj). The pairing is often (somewhat incorrectly) written as∫
εξ+ε∂Sj

Aε∇uε · n(x)dσ(x).

Making use of the Lax-Milgram theorem, one gets the following estimate.

Proposition 2.1 There is a constant C depending only upon α and the Poincaré constant
for H1

0 (Ω) (but not upon ε), such that, for every ε,

|uε|H1
0 (Ω) ≤ C|Fε|L2(Ωε) = C

(
|fε|2L2(Ωε) +

∑
ξ∈Gε

j=1,··· ,J

ε2|gj
ε(x)|Sj

ε
|2

) 1
2
. (2.10)

Consequently, assume that the right-hand side of (2.10) is bounded, so is the sequence {uε}
in H1

0 (Ω).
The homogenization problem is to investigate the weak convergence of this sequence and

the possible problem satisfied by its limit under suitable assumptions on the data.

Remark 2.2 The sequence {uε} in H1
0 (Ω) does not usually converge strongly in H1

0 (Ω),
because, when it does, its limit is the zero function. More generally, if vε is in W ε

0 and converges
strongly to v0 inH1

0 (Ω), then v0 = 0. The proof is elementary. Going to the limit for the product
0 ≡ 1Sε∇vε, which, as a consequence of the assumptions, converges weakly to |S|

|Y |∇v0, implies
that ∇v0 ≡ 0, and hence the result is obtained.
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3 A Brief Summary of the Unfolding Method in Fixed Domains

We recall the following notations used in [5]:

Ω̂ε = interior
{ ⋃

ξ∈Ξε

ε(ξ + Y )
}
, Λε = Ω \ Ω̂ε, (3.1)

where

Ξε = {ξ ∈ G, ε(ξ + Y ) ⊂ Ω} (3.2)

(see Figure 5). The set Ω̂ε is the interior of the largest union of ε(ξ + Y ) cells included in Ω.
Here, the set Ξε is slightly smaller than Gε as defined previously.

Figure 5 The sets Ω̂ε (in grey) and Λε (in green).

Definition 3.1 For φ Lebesgue-measurable on Ω̂ε, the unfolding operator Tε is defined as
follows:

Tε(φ)(x, y) =

⎧⎨⎩φ
(
ε
[x
ε

]
Y

+ εy
)
, a.e. for (x, y) ∈ Ω̂ε × Y,

0, a.e. for (x, y) ∈ Λε × Y.
(3.3)

The properties of the unfolding operator are summarized here.

Theorem 3.1 Let p belong to [1,+∞).
(i) Tε is linear continuous from Lp(Ω) to Lp(Ω × Y ). Its norm is bounded by |Y | 1p .
(ii) For every w in L1(Ω),∫

Ω

w(x)dx =
1
|Y |

∫
Ω×Y

Tε(w)(x, y)dxdy +
∫

Λε

w(x)dx.

(iii) Let {wε} be a sequence in Lp(Ω), such that wε → w strongly in Lp(Ω). Then

Tε(wε) → w strongly in Lp(Ω × Y ).
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(iv) Let {wε} be bounded in Lp(Ω), and suppose that the corresponding Tε(wε) (which is
bounded in Lp(Ω × Y )) converges weakly to ŵ in Lp(Ω × Y ). Then

wε ⇀M
Y

(ŵ) =
1
|Y |

∫
Y

ŵ( · , y)dy weakly in Lp(Ω).

Here, the operator M
Y

is the average over Y .

Definition 3.2 The operator Mε
.= M

Y
◦ Tε is the local average operator. It assigns to a

function, which is integrable on Ω its local average (associated with the ε-cells εξ + εY ).

Theorem 3.2 Let {wε} be in W 1,p(Ω) with p ∈ (1,+∞), and assume that {wε} is a bounded
sequence in W 1,p(Ω). Then, there exist a subsequence (still denoted by {ε}) and functions w in
W 1,p(Ω) and ŵ in Lp(Ω;W 1,p

per(Y )) with M
Y

(ŵ) ≡ 0, such that

Tε(wε) ⇀ w weakly in Lp(Ω;W 1,p(Y )),

Tε(∇wε) ⇀ ∇w + ∇yŵ weakly in Lp(Ω × Y ).
(3.4)

Furthermore, the sequence 1
ε (Tε(wε)−Mε(wε)) converges weakly in Lp(Ω;W 1,p(Y )) to yM ·∇w

+ŵ, where yM
.= y −M

Y
(y).

Here, W 1,p
per(Y ) denotes the space of the functions in W 1,p

loc (Rn), which are G-periodic. It is
a closed subspace of W 1,p(Y ), and is endowed with the corresponding norm.

We end this section by recalling the notion of the averaging operator Uε. This operator is
the adjoint of Tε and maps Lp(Ω × Y ) into the space Lp(Ω).

Definition 3.3 For p in [1,+∞], the averaging operator Uε : Lp(Ω×Y ) �→ Lp(Ω) is defined
as follows:

Uε(Φ)(x) =

⎧⎨⎩
1
|Y |

∫
Y

Φ
(
ε
[x
ε

]
Y

+ εz,
{x
ε

}
Y

)
dz, a.e. for x ∈ Ω̂ε,

0, a.e. for x ∈ Λε.

The main properties of Uε are listed in the next proposition.

Proposition 3.1 (Properties of Uε) Suppose that p is in [1,+∞).
(i) The averaging operator is linear and continuous from Lp(Ω × Y ) to Lp(Ω), and

‖Uε(Φ)‖Lp(Ω) ≤ | Y |−
1
p ‖Φ‖Lp(Ω×Y ).

(ii) If ϕ is independent of y, and belongs to Lp(Ω), then

Uε(ϕ) → ϕ strongly in Lp(Ω).

(iii) Let {Φε} be a bounded sequence in Lp(Ω× Y ), such that Φε ⇀ Φ weakly in Lp(Ω× Y ).
Then

Uε(Φε) ⇀M
Y

(Φ) =
1
|Y |

∫
Y

Φ( · , y)dy weakly in Lp(Ω).
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In particular, for every Φ ∈ Lp(Ω × Y ),

Uε(Φ) ⇀M
Y

(Φ) weakly in Lp(Ω).

(iv) Suppose that {wε} is a sequence in Lp(Ω). Then, the following assertions are equivalent:
(a) Tε(wε) → ŵ strongly in Lp(Ω × Y ) and

∫
Λε

|wε|pdx→ 0,
(b) wε − Uε(ŵ) → 0 strongly in Lp(Ω).

We complete this section with a somewhat unusual convergence property involving the
averaging operator Uε which is applied in Theorem 6.3.

Proposition 3.2 For p ∈ [1,+∞), suppose that α is in Lp(Ω) and β in L∞(Ω;Lp(Y )).
Then, the product Uε(α)Uε(β) belongs to Lp(Ω) and

Uε(αβ) − Uε(α)Uε(β) → 0 strongly in Lp(Ω). (3.5)

4 The Unfolded Limit Problem

In order to use the unfolding operator Tε, in Sε, we extend fε by zero and Aε by αI without
changing the notation. This implies that Tε(fε)|Ω×S ≡ 0, and similarly, Tε(Aε)|Ω̂εΩ×S ≡ αI.

Let Gε be defined as Gε
.=

∑
j=1,··· ,J

1
|Sj |g

j
ε 1Sj

ε
.

We make the following assumptions concerning the data, for ε converging to 0:

(H)

⎧⎪⎪⎨⎪⎪⎩
Tε(Aε) converges in measure (or a.e.) in Ω × Y to A0,

Tε(fε) converges weakly to f0 in L2(Ω × Y ),

gj
ε converges weakly to gj

0 in L2(Ω) for j = 1, · · · , J.
(4.1)

Note that from the definition of Aε and fε, f0 vanish on Ω × S while A0|Ω×S ≡ αI. Since Aε

belongs to M(α, β,Ωε), it follows that A0 belongs to M(α, β,Ω × Y ).
It follows from the last hypothesis that Tε(Gε) converges weakly in L2(Ω × Y ) to the func-

tion G0
.=

∑
j=1,··· ,J

1
|Sj |g

j
0(x) 1Sj (y) (it is actually an equivalence). It also implies that Tε(Fε)

converges weakly in the same space to F0
.= f0 +G0.

Proposition 4.1 Under hypothesis (H), up to a subsequence (which we still denote by {ε}),
there exist u0 ∈ H1

0 (Ω) and û ∈ L2(Ω;H1
per(Y )), such that

Tε(uε) ⇀ u0 weakly in L2(Ω;H1(Y )),

Tε(∇uε) ⇀ ∇u0 + ∇yû weakly in L2(Ω × Y ),
1
ε
(Tε(uε) −Mε(uε)) converges weakly in L2(Ω;H1(Y )) to yM · ∇u0 + û,

ηε
.= Tε(Aε)Tε(∇uε) ⇀ η0

.= A0(∇u0 + ∇yû) weakly in L2(Ω × Y ),

η0 vanishes almost everywhere in Ω × S,

yM · ∇u0 + û is independent of y on each Ω × Sj, j = 1, · · · , J.

(4.2)
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Proof The existence of a subsequence of u0 and û satisfying the first three conditions
follows from Theorem 3.2. The next convergence follows from the fact that convergence in
measure (or a.e.) is a multiplier for strong as well as for weak convergence in L2(Ω × Y ).
The last property follows from the fact that uε|εξ+εSj is independent of x, which implies that
ε−1(Tε(uε) −Mε(uε))|Ω×Sj is a function only of x. This property is preserved by weak limit,
and holds for yM · ∇u0 + û. A similar proof implies that η0 vanishes a.e. on Ω × S.

From now on, we use the notation ηε for Aε(∇uε) (and η0 for A0(∇u0 + ∇y û)), so that
Tε(ηε) converges weakly to η0.

Definition 4.1 Let HS
per denote the subspace of H1

per(Y ), consisting of functions which are
constant on each Sj (with independent constants for each j).

Proposition 4.2 For almost every x ∈ Ω, and for every Φ ∈ L2(Ω;HS
per), the vector field

η0 satisfies ∫
Ω×Y

η0(x, y) · ∇yΦ(y)dy = 0. (4.3)

The corresponding strong formulation, under regularity assumptions, is⎧⎪⎨⎪⎩
−divyη0 = 0 in D′(Y ∗),
〈η0 · n, 1〉

H− 1
2 ,H

1
2 (∂Sj)

= 0 for j = 1, · · · , J,
and periodicity conditions of the normal flux of η0 on opposite faces of ∂Y.

(4.4)

Proof Let w be fixed in D(Ω), ψ in D(Y ) ∩ HS
per and φ in C∞

per(Y ) vanishing on S.
The function vε defined as

vε(x)
.= ε

(
Mε(w)(x)ψ

({x
ε

}
Y

)
+ w(x)φ

({x
ε

}
Y

))
belongs to the spaceW ε

0 , since ψ vanishes near ∂Y . Furthermore, it converges to zero uniformly.
Using vε as a test function in Problem (Pε) gives, for ε going to zero according to the established
subsequence, ∫

Ωε

Aε∇uε ∇vεdx→ 0. (4.5)

The gradient of vε is given by

∇vε(x) ≡ Mε(w)(x)∇yψ
({x

ε

}
Y

)
+ w(x)∇yφ

({x
ε

}
Y

)
+ ε∇w(x)φ

({x
ε

}
Y

)
.

Consequently,

Tε(∇vε) = Mε(w)(x)∇yψ(y) + Tε(w)∇yφ(y) + εTε(∇w)φ(y).

From the fact that Tε(w) and Mε(w) both converge uniformly to w (in Ω × Y and Ω, respec-
tively), it follows that

Tε(∇vε) → w(x)∇y(ψ(y) + φ(y)).
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Applying Theorem 3.1(ii) to the left-hand side of (4.5), this gives∫
Ωε

Aε∇uε ∇vεdx =
1
|Y |

∫
Ω×Y

Tε(ηε)(x, y)Tε(∇vε)dxdy → 0.

By Proposition 4.1, this implies∫
Ω×Y

η0(x, y)w(x)∇y(ψ(y) + φ(y))dxdy = 0.

Now, by a partition of the unity argument, every Ψ ∈ C∞
per(Y ) ∩ HS

per can be written as a
sum of a function ψ of the first case and a function φ of the second case. Therefore, for every
w ∈ D(Ω) and every Ψ ∈ C∞

per(Y ) ∩ HS
per, (4.3) is satisfied. Finally, by a totality argument,

(4.3) holds for all Φ ∈ L2(Ω;HS
per), since η0 belongs to L2(Ω × Y ).

We now turn to the task of obtaining a relevant formula for
∫
Ω×Y

η0∇w dxdy for w inH1
0 (Ω).

To this end, we use the following lemma (in [3, Proposition 2.1], a similar agument is used but
only to obtain the first statement).

Lemma 4.1 Let Ψ be in C∞
per(Y ) with Ψ ≡ 1 on S. For every w in D(Ω) and every ε,

there exists a vε in W ε
0 , such that, as ε→ 0,{

vε converges uniformly to w in Ω as well as weakly in H1
0 (Ω),

Tε(∇) converges strongly in L2(Ω × Y ) to ∇w −∇y((yM · ∇w)Ψ(y)).
(4.6)

Proof It is clear that the function x �→ w(x)
(
1 − Ψ

({
x
ε

}
Y

))
+ Mε(w)Ψ

({
x
ε

}
Y

))
belongs

to the space W ε
0 . Furthermore, note that

Tε(vε) = Tε(w)(1 − Ψ(y)) + Mε(w)Ψ(y) → w(1 − Ψ + Ψ) = w uniformly in Ω × Y.

Similarly,

∇vε = ∇w
(
1 − Ψ

({ ·
ε

}
Y

)
− 1
ε
(w −Mε(w))

(
∇yΨ

({ ·
ε

}
Y

)
,

Tε(∇vε) = Tε(∇w)(1 − Ψ(y)) − 1
ε
(Tε(w) −Mε(w))∇yΨ(y).

(4.7)

We can now show that the latter one converges strongly in L2(Ω × Y ).
Indeed, it is enough to show the strong convergence of 1

ε (Tε(w)−Mε(w)) in the same space.
We claim that it converges to yM · ∇w. Indeed, set

zε
.=

1
ε
(Tε(w) −Mε(w)) − yM · ∇w.

Clearly, ∇yzε = Tε(∇w)−∇w, which converges strongly to zero in L2(Ω×Y ). By the Poincaré-
Wirtinger inequality in Y , and since M

Y
(zε) ≡ 0, zε itself converges to 0 in L2(Ω;H1(Y )).

We conclude with the identity ∇w(Ψ) + (yM · ∇w)∇yΨ = ∇y((yM · ∇w)Ψ(y)).

Choosing such a vε as a test function in Problem (Pε) gives∫
Ω

ηε∇vεdx =
∫

Ω

(
fε1Ωε +Gε

)
vεdx. (4.8)
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Unfolding the right-hand side of this relation gives the convergence

1
|Y |

∫
Ω×Y

(Tε(fε) + Tε(Gε))Tε(vε)dxdy → 1
|Y |

∫
Ω×Y

F0(x, y)w(x) dxdy. (4.9)

The left-hand side of (4.8) is also unfolded to obtain the convergence

1
|Y |

∫
Ω×Y

Tε(ηε)Tε(∇vε)dxdy → 1
|Y |

∫
Ω×Y

η0(∇w −∇y((yM · ∇w)Ψ(y)))dxdy. (4.10)

Regrouping (4.9) and (4.10), we get

1
|Y |

∫
Ω×Y

η0(∇w −∇y((yM · ∇w)Ψ(y)))dxdy

=
1
|Y |

∫
Ω×Y

F0(x, y)w(x) dxdy. (4.11)

By a density argument, this still holds for every w in H1
0 (Ω).

We have proved the following proposition.

Proposition 4.3 For every w ∈ H1
0 (Ω),

1
|Y |

∫
Ω×Y

η0(∇w −∇y((yM · ∇w)Ψ(y)))dxdy

=
1
|Y |

∫
Ω×Y

F0(x, y)w(x) dxdy. (4.12)

Remark 4.1 (1) Because η0 satisfies (4.3), formula (4.12) does not depend upon the choice
of Ψ. Indeed, for such another Ψ̂ for a.e. x ∈ Ω, by (4.3), one has∫

Y

η0∇y((yM · ∇w)(Ψ − Ψ̂))dy = 0. (4.13)

(2) If ∂S is assumed regular, in view of (4.3), the term

1
|Y |

∫
Ω×Y

η0∇y((yM · ∇w)Ψ)dxdy

can be interpreted as
1
|Y |

∫
Ω

〈η0 · n, yM · ∇w〉
H− 1

2 , H
1
2 (∂S)

dx,

because Ψ is identically 1 on S.

Definition 4.2 Let W be the following space:

W = {(w, ŵ);w ∈ H1
0 (Ω), ŵ ∈ H1

per(Y ),M
Y

(ŵ) = 0,

ŵ + (yM · ∇w)|Sj is a constant (depending on j) for j = 1, · · · , J}.
(4.14)

It is a closed subspace of H1
0 (Ω) ×H1

per(Y ), and hence it is a Hilbert space.

We can now state the limit unfolded problem.
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Theorem 4.1 Under Hypothesis (H), the whole sequence {ue} converges weakly in H1
0 (Ω) to

a function u0. There also exists a û in L2(Ω;H1
per(Y )), such that (u0, û) is the unique solution

to the following problem:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Find (u0, û) ∈ W, such that ∀(w, ŵ) ∈W,

1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yû)(∇w + ∇yŵ)dxdy

=
1
|Y |

∫
Ω×Y

F0(x, y)w(x) dxdy.

(4.15)

Proof It has already been established that (u0, û) belongs to the space W . Combining
Propositions 4.2 and 4.3 gives that for all w ∈ H1

0 (Ω),Φ ∈ L2(Ω;HS
per(Y )), the following holds:

1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yû)(∇w + ∇y(Φ − (yM · ∇w)Ψ))dxdy

=
1
|Y |

∫
Ω×Y

F0(x, y)w(x) dxdy. (4.16)

Every element (w, ŵ) of W can be written in the form

(w,Φ − (yM · ∇w)Ψ −M
Y

(Φ − (yM · ∇w)Ψ))

with ∇yŵ = ∇y(Φ − (yM · ∇w)Ψ),
(4.17)

with (w,Φ) in H1
0 (Ω)×L2(Ω;HS

per(Y )), by setting Φ .= ŵ+(yM·∇w)Ψ. This shows that (4.15)
is equivalent to (4.16).

To prove the existence and the uniqueness of the solution, we show that the Lax-Milgram
theorem applies to (4.15). It is enough to show that the bilinear form on the left-hand side of
(4.15) is coercive.

Since A0 belongs to M(α, β,Ω × Y ), it follows that

1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yû)(∇u0 + ∇yû)dxdy ≥ α

|Y | ‖∇u0 + ∇y û‖2
L2(Ω×Y ).

But since u0 is independent of y and û is Y -periodic, the latter one is just

α
(
‖∇u0‖2

L2(Ω) +
1
|Y | ‖∇yû‖2

L2(Ω×Y )

)
.

One concludes by using the Poincaré inequality in H1
0 (Ω) and the Poincaré-Wirtinger in-

equality in H1
per(Y ) (since M

Y
(û) = 0).

5 The Homogenized Limit Problem

For a given vector λ ∈ R
n, consider the cell-problem for a.e. x ∈ Ω,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Find χλ ∈ H1
per(Y ), such that M

Y
(χλ) = 0,

(χλ + yM .λ)|Sj is independent of y for j = 1, · · · , J ,∫
Y

A0(x, y)(∇yχλ(y) + λ)∇yϕ(y)dy = 0, ∀ϕ ∈ HS
per.

(5.1)
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This problem itself is not variational. Introducing a fixed function Ψ in D(Y ) with Ψ|S ≡ 1
and M

Y
(yMΨ) = 0, the function Uλ

.= χλ + (y · λ)Ψ belongs to HS
per with M

Y
(Uλ) = 0, and

is the unique solution to the following variational problem in the same space:⎧⎪⎪⎪⎨⎪⎪⎪⎩
Find Uλ ∈ HS

per, such that M
Y

(Uλ) = 0,∫
Y

A0(x, y)(∇yUλ(y))∇yϕ(y)dy

=
∫

Y A
0((Ψ − 1)λ+ (yM · λ)∇yΨ)∇yϕ(y)dy, ∀ϕ ∈ HS

per.

(5.2)

Note that the Lax-Milgram theorem applies to (5.2).
Once Uλ is obtained, set χλ

.= Uλ − (y · λ)Ψ. We now show that it is independent of the
choice of Ψ. Indeed, this corresponds to having uniqueness in (5.1). The difference V of two
solutions to (5.1) belongs to HS

per and satisfies in particular
∫

Y A
0∇yV ∇yV dy = 0, which by

ellipticity, implies ∇yV ≡ 0 so that V = 0
(
since M

Y
(V ) = 0

)
.

Using Uλ as a test function in (5.2) for a.e. x ∈ Ω, it is straightforward to see that

|∇yχλ|L2(Y ) ≤ C(α, β, Y )|λ|, (5.3)

with a constant C(α, β, Y ), which depends only upon α, β and Y .
For simplicity, we write χ(λ) for χλ.
Going back to (4.15) with the solution (u0, û), it follows that

û(x, y) = ξ(∇u0)
(

=
n∑

i=1

∂u0

∂xi
(x)χei (x, y)

)
. (5.4)

Then, (4.15) becomes⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Find u0 ∈ H1
0 (Ω), such that ∀w ∈ H1

0 (Ω),
1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yχ(∇u0)) ∇wdxdy

− 1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yχ(∇u0))∇y((yM · ∇w)Ψ(y))dxdy

=
1
|Y |

∫
Ω×Y

F0(x, y)w(x) dxdy.

(5.5)

Definition 5.1 Set

Ahom(λ, μ) .=
1
|Y |

∫
Y

A0(λ+ ∇yχλ)(μ+ ∇yχμ)dy. (5.6)

Proposition 5.1 The homogenized limit problem is⎧⎪⎨⎪⎩
Find u0 ∈ H1

0 (Ω), such that ∀w ∈ H1
0 (Ω),∫

Ω

Ahom(∇u0)∇wdx =
∫

Ω

M
Y

(F0)wdx.
(5.7)

The matrix field Ahom belongs to M(α, β(1 + C(α, β, Y )),Ω), so that (5.7) is well-posed.
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Proof From (5.5), the homogenized problem (5.7) holds with

Ahom(λ, μ) .=
1
|Y |

∫
Y

A0(λ+ ∇yχλ)(μ −∇y((yM · μ)Ψ))dy (5.8)

for λ, μ ∈ R
n and for a.e. x ∈ Ω. However, by (5.1), since χμ + (yM · μ)Ψ is in HS

per,∫
Y

A0(λ+ ∇yχλ)∇yχμdy = −
∫

Y

A0(λ+ ∇yχλ)∇y((yM · μ)Ψ)dy,

so that

Ahom(λ, μ) .=
1
|Y |

∫
Y

A0(λ+ ∇yχλ)(μ+ ∇yχμ)dy, (5.9)

which is formula (5.6).
From the coerciveness of A0, we get for a.e. x ∈ Ω

Ahom(x)(λ)μ ≥ α

|Y | |λ+ ∇yχλ|2L2(Y ).

As before, since χλ is Y -periodic, |λ + ∇yχλ|2L2(Y ) = |Y ||λ|2 + |∇yχλ|2L2(Y ), which shows the
α-coerciveness of Ahom.

Finally, by (5.3), it follows that |Ahom(λ)μ| ≤ (β(1 + C(α, β, Y )))2|λ||μ|, which completes
the proof.

6 Convergence of the Energy and Correctors

Proposition 6.1 Under the hypotheses of the preceding sections, the following holds:

lim
ε→0

∫
Y

Aε(∇uε)∇uεdx =
∫

Y

Ahom(∇u0)∇u0dx. (6.1)

Proof By the definition of Problem (Pε),∫
Y

Aε(∇uε)∇uεdx =
∫

Ω

Fε uεdx.

Using the established convergences, it is straighforward to see that the right-hand side, once
unfolded, converges to

∫
Ω M

Y
(F0)u0dx. We conclude by comparing with (7.23).

Corollary 6.1 The following strong convergence holds:⎧⎪⎨⎪⎩
Tε(∇uε) → ∇u0 + ∇yû strongly in L2(Ω × Y ),∫

Λε

|∇uε|2dx→ 0.
(6.2)

Proof By definition of Ahom,∫
Y

Ahom(∇u0)∇u0dx =
1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yû)(∇u0 + ∇yû)dxdy.
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On the other hand, by the coercivity of Aε,∫
Ω

Aε(∇uε)∇uεdx ≥ 1
|Y |

∫
Ω×Y ∗

Tε(Aε)Tε(∇uε)Tε(∇uε)dxdy + α

∫
Λε

|∇uε|2dx. (6.3)

Therefore, by (6.1),

lim sup
ε→0

1
|Y |

∫
Ω×Y ∗

Tε(Aε)Tε(∇uε)Tε(∇uε)dxdy

≤ 1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yû)(∇u0 + ∇yû)dxdy. (6.4)

Since Tε(Aε) converges a.e. to A0, and Tε(∇uε) converges weakly to ∇u0 +∇yû in L2(Ω× Y ),
if follows from [6, Lemma 4.9] that

Tε(∇uε) → ∇u0 + ∇yû strongly in L2(Ω × Y ).

In turn, this, together with (6.3) implies∫
Λε

|∇uε|2dx→ 0.

Classically in the unfolding method, the convergences of Corollary 6.1 imply the existence
of a corrector as follows.

Corollary 6.2 Under the hypotheses of the preceding sections, as ε→ 0,

|∇uε −∇u0 − Uε(∇yû)|L2(Ω) → 0. (6.5)

Making use of formula (5.4) for û and Proposition 3.2, we get the following result.

Corollary 6.3 Under the hypotheses of the preceding sections, as ε → 0, the following
strong convergence holds:∥∥∥∇uε −∇u0 −

n∑
i=1

Uε

(∂u0

∂xi

)
Uε(∇yχi)

∥∥∥
L2(Ω)

→ 0. (6.6)

In the case where the matrix field A does not depend on x, the following corrector result holds:∥∥∥uε − u0 − ε

n∑
i=1

Qε

(∂u0

∂xi

)
χi

({ ·
ε

}
Y

)∥∥∥
H1(Ω)

→ 0. (6.7)

Proof By construction, for i = 1, · · · , n, the function χi belongs to L∞(Ω;H1(Y )). By
(6.5),

‖∇uε − Uε(∇u0 + ∇yû0)‖L2(Ω) → 0. (6.8)

By Proposition 3.1(ii), this implies∥∥∥∇uε −∇u0 −
n∑

i=1

Uε

(∂u0

∂xi
∇yχi

)∥∥∥
L2(Ω)

→ 0. (6.9)

Hence (6.6) follows directly from Proposition 3.2.
Convergence (6.7) follows from (6.6) as in [5].
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7 Other Connected Problems

7.1 Cracks and fissures

One can consider the case when some of the sets Sj are cracks or fissures, i.e., they are
Lipschitz submanifolds of codimension one in Y . The case of a submanifold without boundary
corresponds to the case of the boundary of a compact subset Y j in Y . The case of a submanifold
with a boundary corresponds to a crack in Y . A combination of the two can also occur (see
Figure 6(a) for the various cases).

Each of these cases can be seen as limits of thick inclusions (see Figure 6(b)).

（ ） （ ）

Figures 6 The various cases of cracks and fissures (S1, S2 and S3) as limits of thick inclusions.

The corresponding conditions for regular cracks (which have two sides) in the strong form
are as follows:⎧⎪⎨⎪⎩

The solution u is an unknown constant on each fissure εξ + εSj,∫
εξ+εSj

[ ∂u
∂νA

]
εξ+εSj

dσ(x) = gj
ε |εξ+εY , a given number,

(7.1)

where
[

∂u
∂νA

]
εξ+εSj denotes the sum of the two outward conormal derivatives from both sides

of the crack (it can be considered as the jump of the conormal derivative across the fissure
εξ + εSj , and hence it is denoted by the notation).

In the definition of the space W ε
0 , there is the requirement that the functions be constant

almost everywhere with respect to the surface measure on the fissures (equivalently the (n−1)-
dimensional Hausdorff measure). In the variational formulation, the term associated with the
fissure εξ + εSj is

εn−1gj
ε |εξ+εY w|εξ+εSj =

1
|Sj|

∫
εξ+εSj

gj
ε wdσ(x).

From then on, the proofs are the same, and the statements of the results are modified in an
obvious way.

The homogenized matrix field is given by the same definition (5.6), where the ξλ are given
as solutions to (5.1). The homogenized problem is (7.23). The only modification is in the
definition of the space HS

per, where the conditions on the fissures are taken in the sense of traces
(i.e., almost everywhere for the corresponding surface measures).
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7.2 The global conductor 1

In the global conductor case, the situation is the same as in the previous cases, but all the
conductors are somehow connected, so that the solution takes the same unknown constant value
on all of Sε. The problem is therefore set in the smaller subspace

W ε
0c

.= {w ∈ H1
0 (Ω);w|Sε is constant}, (7.2)

and is defined for given Aε and fε as before and for a given real number gε as

(P̃ε)

⎧⎨⎩
Find uε ∈W ε

0c, such that for all w ∈W ε
0c,∫

Ω

Aε∇uε∇wdx =
∫

Ω

fεwdx+ gεw|Sε .
(7.3)

It is easy to see that if fε is bounded in H−1(Ω), and gε is bounded in R, so is uε in H1
0 (Ω).

By compactness of the Sobolev embedding, it follows that {uε} is compact in L2(Ω). Since 1Sε

converges weakly-∗ in L∞(Ω) to θ .= |S|
|Y | > 0, in view of the identity uε1Sε ≡ Cε(∈ R), which

converges weakly in L2(Ω), it follows that the whole sequence {uε} converges to a constant
(namely, θ−1 limCε). But the only constant in H1

0 (Ω) is 0. Therefore, uε also converges weakly
to 0 in H1

0 (Ω), and Cε converges to 0.
Here we use the obvious variant of Theorem 3.2, where the sequence 1

ε (Tε(uε)−Cε) instead
of 1

ε (Tε(uε) −Mε(uε)) is used to obtain the limit û. This is valid because of the existence of
the corresponding Poincaré-Wirtinger inequality in the space

HS(Y ) .= {ψ ∈ H1(Y ) with ψ|S ≡ 0}. (7.4)

Proposition 7.1 There exists a positive real number CP, such that for every ψ ∈ HS(Y ),

|ψ|L2(Y ) ≤ CP|∇yψ|L2(Y ). (7.5)

Proof This is a straightforward consequence of the existence of a Poincaré-Wirtinger con-
stant CPW for H1(Y ), which implies that for every ψ ∈ H1(Y ),

|ψ −MY (ψ)|L2(Y ) ≤ CPW|∇yψ|L2(Y ).

Assuming that ψ vanishes on S and taking the average over S (which is a positive Lebesgue
measure) imply |MY (ψ)|L2(Y ) = |MY (ψ)| |Y | 12 ≤ CPW|∇yψ|L2(Y ). Combining with the previous
inequality, this implies inequality (7.5) with CP = 2CPW.

We denote by HS
per(Y ) the subspace of HS(Y ) consisting of its Y -periodic elements.

It then follows that, up to a subsequence, 1
ε (Tε(uε) − Cε) converges weakly to some û in

L2(Ω;H1(Y )). Furthermore, û belongs to L2(Ω;HS
per(Y )). Under the same hypothesis on

Tε(Aε) as before, Tε(Aε)Tε(∇uε) converges weakly to η0
.= A0∇y û in L2(Ω × Y ).

Considering as before a w ∈ D(Ω) and a φ in C∞
per(Y ) which vanishes on S, one gets∫

Ω×Y

η0(x, y)w(x)∇yφ(y) dxdy = 0.
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By the same totality argument,∫
Ω×Y

η0(x, y) · ∇yΦ(y)dy = 0

holds for every Φ ∈ L2(Ω;H1
per), which vanishes on Ω × S. However, û is itself in L2(Ω;H1

per),
and therefore, one concludes that ∇yû ≡ 0, and since û vanishes on Ω × S, this implies that û
itself is 0.

The interesting question is to determine the next term in the expansion of uε in powers of
ε. This requires more estimates, both for Ce and for |∇uε|L2(Ω).

If Sε intersects ∂Ω on a set of non-zero capacity (which may well happen quite often), then
clearly, Cε = 0 (see Remark 7.3 below). When this is not the case, we use the well-known
Hardy inequality in H1

0 (Ω), which requires that ∂Ω be Lipschitz. Denote by δ(x) the distance
of x to ∂Ω, and by Ωd the set {x ∈ Ω, δ(x) < d}. The Hardy inequality states that there exists
a constant CH independent of d, such that

∀w ∈ H1
0 (Ω), ∀d > 0 and d is small enough,

∣∣∣w
δ

∣∣∣
L2(Ωd)

≤ CH |∇w|L2(Ωd). (7.6)

Choosing d = dε so that Ωdε contains the boundary layer Λε as well as all neighboring ε-cells,
and applying the Hardy inequality to uε, one gets

|Cε|
dε

|Sε ∩ Ωdε | 12 ≤
∣∣∣uε

δ

∣∣∣
L2(Ωd)

≤ CH |∇uε|L2(Ωdε ). (7.7)

Since ∂Ω is Lipschitz, |Ωdε | is of order dε, and dε is of order ε, it follows that |Sε ∩Ωdε |, which
is of order θ |Ωdε |, is itself of order ε. This implies that

|Cε| ≤ c ε
1
2 |∇uε|L2(Ωdε ). (7.8)

A similar computation gives

|uε|L2(Ωdε ) ≤ c ε|∇uε|L2(Ωdε ). (7.9)

We return to the first estimate of |∇uε|L2(Ω), letting Fε denote fε1Ωε + gε1Sε and using the
unfolding formula as follows:

α|∇uε|2L2(Ω) ≤
∫

Λε

Fεuεdx+
∫

Ω\Λε

Fε(uε − Cε)dx + Cε

∫
Ω\Λε

Fεdx. (7.10)

By the Proposition 7.1, it follows that

|uε − Cε|L2(Ω\Λε) = |Tε(uε) − Cε|L2(Ω×Y ) ≤ C|∇yTε(uε)|L2(Ω×Y )

= Cε|Tε(∇uε)|L2(Ω×Y ) = Cε|∇uε|L2(Ω). (7.11)

Since Ωdε contains Λε, combining (7.8)–(7.9) and (7.11) with (7.10) gives

α|∇uε|L2(Ω) ≤ c
(
ε|fε|L2(Ω) + ε

1
2

∣∣∣ ∫
Ω\Λε

Fεdx
∣∣∣). (7.12)
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Suppose that |Fε|L2(Ω) is bounded. Then, by (7.12), |∇uε|L2(Ω) is an O(ε
1
2 ), so that by (7.8), Cε

is an O(ε). Together with (7.9) and (7.11), this shows that |uε|L2(Ω) is also an O(ε). Inequality
(7.11) also implies that |uε − Cε|L2

loc(Ω) is an O(ε
3
2 ). These estimates do not suffice to obtain

the next term in the expansion if Cε is not zero. We need the extra hypothesis

(H0) For the values of ε, such that Cε �= 0,
∣∣∣ ∫

Ω\Λε

Fεdx
∣∣∣ is an O(ε

1
2 ). (7.13)

Proposition 7.2 Under (H0), |uε|H1
0 (Ω) is an O(ε). Furthermore, |uε|L2(Ω) and Cε are

O(ε
3
2 ) and |uε − Cε|L2

loc(Ω) is an O(ε2).

Proof This is a consequence of (7.12), and then of (7.8)–(7.9) and (7.11).

Remark 7.1 Since ∂Ω is assumed Lipschitz, it follows that
∣∣ ∫

Λε
Fεdx

∣∣ is bounded above by
|Fε|L2(Ω)|Λε|

1
2 , which is itself anO(ε

1
2 ). Consequently, in the condition (H0) above,

∣∣ ∫
Ω\Λε

Fεdx
∣∣

can be replaced by
∣∣ ∫

Ω Fεdx
∣∣.

One can now apply the variant of Theorem 3.2 to the sequence Uε
.= uε

ε . Up to a subse-
quence, there exist two functions U0 in H1

0 (Ω) and Û in L2(Ω;HS
per(Y )), such that

Uε converges weakly to U0 in H1
0 (Ω),

Tε(∇Uε) converges weakly to ∇U0 + ∇yÛ in L2(Ω × Y ),
1
ε
(Tε(Uε) − ε−1Cε) converges weakly to yM · ∇U0 + Û in L2(Ω;HS(Y )).

(7.14)

Because of Proposition 7.2, a simplification U0 ≡ 0 occurs.
Consequently, 1

ε (Tε(Uε) − ε−1Cε) converges weakly to Û in L2(Ω;HS(Y )).

We complete the assumptions with

(Ĥ)

⎧⎪⎪⎨⎪⎪⎩
Tε(Aε) converges in measure (or a.e.) in Ω × Y to A0,

Tε(fε) converges weakly to f0 in L2(Ω × Y ∗),

gε converges to g0 in R.

Note that under the condition of Remark 7.1,
∫
Ω×Y ∗ f0(x, y) dxdy + g0|Ω| |S| = 0.

Theorem 7.1 Under assumptions (H0) and (Ĥ), Tε

(
1
ε2 (uε − Cε)

)
converges weakly in

L2(Ω;HS(Y )) to Û , which is the unique solution of the following variational problem:⎧⎨⎩Û ∈ L2(Ω;HS
per(Y )), ∀Ψ ∈ L2(Ω;HS

per(Y )),∫
Ω×Y

A0(x, y)∇yÛ(x, y)∇yΨ(x, y) dxdy =
∫

Ω×Y

f0(x, y)Ψ(x, y) dxdy.
(7.15)

Proof Consider a ψ in C∞
per(Y ), which vanishes on S. Again let φ be in D(Ω). Then,

wε(x)
.= ε φ(x)ψ

({
x
ε

}
Y

)
is in the space W ε

0c, so it is an acceptable test function. As in the
previous computation, this gives at the limit∫

Ω×Y

A0(x, y)∇yÛ(x, y)φ(x)∇yψ(y) dxdy =
∫

Ω×Y

f0(x, y)φ(x)ψ(y) dxdy.
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By the usual totality argument, this implies (7.15). The existence and uniqueness of Û
follow from the application of the Lax-Milgram theorem.

The strong formulation of Problem (7.15) is as follows: Û ∈ L2(Ω;HS
per(Y )) and

− divy(A0(x, y)∇yÛ(x, y)) = f0(x, y) for a.e. (x, y) ∈ Ω × Y ∗.

The result obtained here can be seen as a sort of expansion of order 2 in ε.
From the weak convergence of Tε

(
1
ε2 (uε−Cε)

)
to Û in L2(Ω;HS(Y )), it follows that 1

ε2 (uε−
Cε) converges weakly to M

Y
(Û) in L2(Ω).

These are not completely satisfactory, because we do not know if, in general, Cε is of order
ε2 itself.

Remark 7.2 If one assumes a stronger condition than (H0), namely,
∣∣ ∫

Ω Fεdx
∣∣ is an o(ε

1
2 ),

then one can show the convergence of the energy, which implies that

Tε

(∇uε

ε

)
converges strongly in L2(Ω × Y ) to ∇yÛ . (7.16)

In turn, this gives the following corrector result:

∇uε = εUε(∇yÛ) + oL2(Ω(ε).

There remains a boundary layer, if one wants a corrector for uε itself, as well as the open
question of the behavior of Cε

ε2 .

Remark 7.3 In the case where Sε intersects ∂Ω in a set of non-zero capacity, it follows
that Cε is 0. Assuming that this is the case for all ε’s of the sequence, this problem reduces
to that of a homogeneous Dirichlet condition in Sε. The corresponding problem was originally
studied for the Stokes system by Tartar in the appendix of [18] and for the Laplace equation
by Lions [16]. The nonlinear case was later studied in [9].

7.3 The global conductor 2

The presentation of the previous section is not necessarily realistic because of the unpre-
dictability of the fact that Sε intersects the boundary of Ω. It may be more realistic to consider
that the conductor is restricted to a compact subset Ω0 of Ω, i.e., S0

ε
.= Sε ∩ Ω0. We make

this hypothesis in this section. We shall also assume that ∂Ω0 is a null set for the Lebesgue
measure, and denote Ω \ Ω0 by Ω1 (see Figure 7).

In this case, the variational space for the original problem is

WSε
0c

.= {w ∈ H1
0 (Ω);w|S0

ε
is a constant}. (7.17)

The variational formulation is for given Aε and fε as before and for a given real number gε

as

(P̃ε)

⎧⎨⎩
Find uε ∈ WSε

0c , such that for all w ∈WSε
0c ,∫

Ω

Aε∇uε∇wdx =
∫

Ω

fεwdx + gεw|S0
ε
.

(7.18)
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Figure 7 The global conductor.

It is easy to see that if fε is bounded in L2(Ω) (actually H−1(Ω) is enough!), and gε is
bounded in R, so is uε in H1

0 (Ω). By compactness of the Sobolev embedding, it follows that
{uε} is compact in L2(Ω). Since 1S0

ε
converges weakly-∗ in L∞(Ω) to θ .= |S|

|Y |1Ω0
> 0, and in

view of the identity uε1S0
ε
≡ Cε ∈ R, which converges weakly in L2(Ω), it follows that the whole

sequence {uε1Ω0
} converges to a constant

(
namely, |Y |

|S| limCε

)
. Consequently, every weak limit

point of {uε} is constant on Ω0.
By Theorem 3.2, it follows that, up to a subsequence, uε converges weakly to some u0 in

H1
0 (Ω) and 1

ε (Tε(uε)−M
Y

(uε)) converges weakly to some û in L2(Ω;H1(Y )). Furthermore, û

belongs to L2(Ω;H1
per(Y )) and M

Y
(û) = 0. Also note that, as before, (yM · ∇u0 + û)|Ω0×S is

a constant. Since u0 is a constant on Ω0, this reduces to that û|Ω0×S is a constant.
Let H denote the subspace of H1

0 (Ω), consisting of the functions, which are constant a.e. in
Ω0.

Now, the pair (u0, û) belongs to the space

W = {(w, ŵ);w ∈ H, ŵ ∈ L2(Ω;H1
per(Y )),

M
Y

(ŵ) = 0 and ŵ|Ω0×S is a constant}. (7.19)

Under the same hypothesis on Tε(Aε) as before, Tε(Aε)Tε(∇uε) converges weakly to η0
.= A0∇y û

in L2(Ω × Y ) (of course, η0 vanishes on Ω0 × S).
We assume that gε converges to g0 in R, while Tε(fε) converges weakly to f0 in L2(Ω × Y )

(they vanish on Ω0 × S). Consequently, Fε
.= Tε(fε) + gε1Ω0×S converges weakly to F0

.=
f0 + g01Ω0×S in L2(Ω × Y ) .

Now let (w, ŵ) be an element of W ∩ (D(Ω) × D(Ω;C1(Y ))), and set as the test function
ϕε(x)

.= w(x) + εŵ
(
x,

{
x
ε

}
Y

)
.
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Making use of the unfolding formula and using the standard density argument, one can get
the unfolded limit problem as follows:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

Find (u0, û) ∈ W , such that ∀(w, ŵ) ∈W,

1
|Y |

∫
Ω×Y

A0(∇u0 + ∇yû)(∇w + ∇yŵ)dxdy

=
1
|Y |

∫
Ω×Y

F0(x, y)w(x) dxdy.

(7.20)

Since ∇u0 vanishes in Ω0, this implies that û is also zero on Ω0 × Y .
Therefore, the left-hand side in (7.20) is computed only on Ω1 × Y .
For a given vector λ ∈ R

n, the cell-problem is defined for a.e. x ∈ Ω1 as⎧⎪⎨⎪⎩
Find χλ ∈ H1

per(Y ), such that M
Y

(χλ) = 0,∫
Y

A0(x, y)(λ+ ∇yχλ(y))∇yϕ(y)dy = 0, ∀ϕ ∈ HS
per.

(7.21)

This is actually the “standard” corrector for periodic homogenization in Ω1. The corresponding
homogenized matrix is the standard one, namely,

Ahom(λ, μ) .=
1
|Y |

∫
Y

A0(λ+ ∇yχλ)(μ+ ∇yχμ)dy. (7.22)

Proposition 7.3 The homogenized limit problem takes the following form:⎧⎨⎩Find u0 ∈ H, such that ∀w ∈ H,∫
Ω1

Ahom(∇u0)∇wdx =
∫

Ω

M
Y

(F0)wdx.
(7.23)

The strong formulation can be given here, and if ∂Ω0 is Lipschitz as a problem on Ω1,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−div(Ahom∇u0) = M
Y

(f0) in Ω1,

u0|∂Ω0 is an unknown constant,∫
∂Ω0

∂u0

∂νAhom
dσ(x) =

∫
Ω0

M
Y

(F0)dx.

(7.24)

Remark 7.4 (1) The convergence of the energy holds in this situation, which implies the
existence of a corrector.

(2) This result holds in the more general situation, where the sequence of matrix fields Aε

H-converges to Ahom in Ω1 (for the definition and properties of H-convergence, see [17]).
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