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Abstract The purpose of this paper is to study the asymptotic behavior of the positive
solutions of the problem

Ou — Au = au — b(z)u”  in @ xRT, u(0) =uo, u(t)sq =0,

as p — +oo, where 2 is a bounded domain, and b(x) is a nonnegative function. The
authors deduce that the limiting configuration solves a parabolic obstacle problem, and
afterwards fully describe its long time behavior.
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1 Introduction

In this paper, we are interested in the study of the parabolic problem

Opu — Au=au — b(z)u? in Q :=Q x (0,+00),
u=0 on 0N x (0, 4+00), (1.1)
u(0) = ug in €,

where a > 0, p > 1, b € L*>°(Q) is a nonnegative function, and  is a bounded domain with a
smooth boundary. Such system arises in population dynamics, where u denotes the population
density of given species, subject to a logistic-type law.

It is well-known that under these assumptions and for very general ug’s, (1.1) admits a unique
global positive solution u, = u,(x,t). In fact, in order to deduce the existence result, one can
make the change of variables v = e~%u, and deduce that v satisfies 9;v — Av + b(x)eP¥vP = 0.
As v+ b(z)eP*|v[P~ 1y is monotone nondecreasing, the theory of monotone operators (see [1—

2]) immediately provides the existence of the solution of the problem in v, and hence also for
(1.1).
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One of our main interests is the study of the solution u, as p — +00. As we will see, in the
limit we will obtain a parabolic obstacle problem, and afterwards fully describe its asymptotic
limit as t — 4-oc0.

This study is mainly inspired by the works of Dancer et al [3-5], where the stationary version

of (1.1) is addressed. Let us describe their results in detail. Consider the elliptic problem
—Au = au — b(z)uP, u € HH Q). (1.2)

For each domain w C RY™, denote by \;(w) the first eigenvalue of —A in H}(w). Assuming
b € C(Q), the study is divided into two cases as follows: The so-called nondegenerate case
(where mﬁin b(z) > 0) and the degenerate one (where Qg := int{z € Q: b(z) = 0} # 0 with a
smooth boundary).

In the nondegenerate case, it is standard to check that (1.2) has a positive solution if and
only if a > A1 () (see [6, Lemma 3.1, Theorem 3.5]). For each a > A;(Q) fixed, then in [4] it is
shown that u, — w in C*(Q) as p — +o00, where w is the unique solution of the obstacle-type

problem
—Aw = awXw<1}, w>0, wlog =0, |w]e =1 (1.3)
It is observed in [3] that u is also the unique positive solution of the variational inequality
wekK: /va V(v —w)dx > /Qaw(v —w)dz, YveKkK, (1.4)
where
K={weH}(N): w<lae. inQ}.

In the degenerate case, on the other hand, the problem (1.2) has a positive solution if and only
if a € (AM(9),A1(Q0)). For such a’s, assuming that Qo € €, if we combine the results in [4-5],
we see that u, — w in LI(Q) for every ¢ > 1, where w is the unique nontrivial nonnegative

solution of
w € Kp: /QVw V(v —w)dz > /Qaw(v —w)dz, YvekKg (1.5)
with
Ko={w € H}(Q): w<1ae in Q\Q}.

The uniqueness result is the subject of the paper [5]. Therefore, whenever b(z) # 0, the term
b(x)uP strongly penalizes the points where u, > 1, forcing the limiting solution to be below the
obstacle 1 at such points.

Our first aim is to extend these conclusions to the parabolic case (1.1). While doing this,
our concern is also to relax some of the assumptions considered in the previous papers, namely,
the continuity of b as well as the condition of £y being in the interior of €2. In view of that,

consider the following conditions for b:
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(bl) b e L=(9).

(b2) There exists g, an open domain with a smooth boundary, such that

b(x) =0 a.e. on Q,
V' €N\ Qopen, Ib>0such that b(z) >b a.e. in Q.

Observe that in (b2), Qy = 0 is allowed, and Qy may intersect 2. Continuous functions with
regular nodal sets or characteristic functions of open smooth domains are typical examples of
functions satisfying (b1)—(b2). As for the initial data, we consider

(H1) ug € H () N L>®(),

(H2) 0 < up < 1 ae. in O\ Qo.

Our first main result is the following.

Theorem 1.1 Assume that b satisfies (b1)-(b2), and ug satisfies (H1)-(H2). Then there
exists a function u such that, given T >0, u € L>(0,T; H3(Q)) N H(0,T; L*(Q2)) and

Up = U strongly in L*(0,T; Hy (),
Opup — Oru weakly in L*(Qr).

Moreover, u is the unique solution of the following problem:

For a.e. t>0, u(t) € K,

/ Opu(t)(v — u(t))dx + / Vu(t) - V(v —u(t))ds > / au(t)(v — u(t))dz (1.6)
Q Q Q
for every v € Ky, with the initial condition u(0) = ug.

Next, we turn to the long time behavior of the solution of (1.6).

Theorem 1.2 Suppose that b satisfies (b1)-(b2). Take ug verifying (H1)-(H2). Fiz a €
(AM1(2), A1(Q0)). Let u be the unique positive solution of (1.6) and w be the unique nontrivial

nonnegative solution of (1.5). Then ||w||cc =1 and
u(t) = w  strongly in H} (Q), ast — +oo.

Moreover, if a < A\i(Q), then |[u(t)| i)y — 0; and if a = M\ (Q), then both |lu(t)|| and
[u(®)| 2(0) go to +oo ast — +oo.

We remark that in the case Qo = 0, we let A\1(Qp) := 400, and a > A (Q) is a empty
condition. The case a = A1(f2) is the subject of Remark 4.1.

Under some stronger regularity assumptions on b, ug and g, it is known (see [6, Theorem
3.7 or [7, Theorem 2.2]) that u, (¢, z) converges to the unique positive solution of (1.2) whenever
a € (M(Q),A1(Q0)). Hence in this situation, if we combine all this information together with

the results obtained in this paper, then we can conclude that the following diagram commutes:
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up(x,t) positive solution of p—+oo )
_— .
Oyt — Au = au — b(z)u? u(z,t) solution of (1.6)

8 3

+ +

I I

u, € Hy(S2) positive solution of p—r+00 w € HE(Q) nontrivial
R
—Au = au — b(z)u? nonnegative solution of (1.5)

The proof of Theorem 1.1 uses a different approach with respect to the works of Dancer et
al. While in [4], the authors use fine properties of functions in Sobolev spaces, here we follow

some of the ideas presented in the works [8-9], and show that a uniform bound on the quantity
/ b(z)ubt'dzdt  for each T > 0,
Qr

implies that u(t) € Ky for a.e. ¢ > 0 (see the key Lemma 2.4 ahead). As for the proof of
Theorem 1.2, the most difficult part is to show that when a € (A1(Q), A1(Q0)), up(z,t) does
not go to the trivial solution of (1.5). The key point here is to construct a subsolution of (1.1)
independent of p. It turns out that to do this one needs to get a more complete understanding
of the nondegenerate case, and to have a stronger convergence of u, to v as p — +00. So we
dedicate a part of this paper to the study of this case. To state the results, we start by defining
for each 0 < t; < tp and Qy, 4, := Q X (t1,t2), the spaces CL0(Q,, ;,) and W2 (Qy, 4,). For
q > 1, the space W' (Qy, 1,) is the set of elements in LI(Qy, ;,) with partial derivatives dyu,
Dyu, D2u in LY(Q4, +,). 1t is a Banach space equipped with the norm

||U |2713Q=Qt1.t2 = ||u||Lq(Qt1,12) + IlDl?uHLq(Qtl,tQ)

+ 1D2ullLacq, 1) + 10l La(qy, ,)-

For each o € (0,1), CL9(Q,, 4,) is the space of Hélder functions u in Q,, ,, with exponents o in
the z-variable, § in the t-variable and with D, u satisfying the same property. More precisely,

defining the Holder semi-norm

u(z,t) — u(z’,t’ _
[U]a,@., ., = SUD { ||x E x'|)a n |§5 — t/fé, v, o' €Q, t,t' € [t1,ta], (w,t) # (x’,t’)},

we have that

Cé’o(étl,tg)
={us ullorog,, ) = e @iy o)+ I1IP2tllne(@uy ) + [Maqe o+ [Datilaqy, ., <00}
Recall that we have the following embedding for every 0 < t; < t5 (see [10, Lemmas I1.3.3,
11.3.4]):

_ N+2
W2 Q1) = C%(Qr,,), YVO<a<1— — (1.7)
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In the nondegenerate case, we have the following result.

Theorem 1.3 Suppose that b satisfies (bl) and the condition as follows:
(b2") there exists by > 0, such that b(x) > by for a.e. x € Q.
Let ug satisfy (H1) and 0 < ug < 1 for a.e. x € Q. Then, in addition to the conclusions of

Theorem 1.1, we have that
up, —u  strongly in CY0(Q,, 4,), weakly in W(f’l(chtQ), as p — +oo
for every a € (0,1), ¢ = 1 and 0 < t1 < to. Moreover, u is the unique solution of

dru— Au = auxpuer;  in Q. u(0) =uo, |ulle < 1. (1.8)
In this case, as t — +o00, we also obtain a convergence result for the coincidence sets
{u(z,t) = 1}.
Theorem 1.4 Suppose that b satisfies (b1)—=(b2'). Take ug satisfying (H1) and 0 < up < 1

for a.e. x € Q. Fiza > A\ (Q). Let u be the unique solution of (1.8), and w be the unique
solution of (1.3). Then, ast — 400,

u(t) = w  strongly in Hi(Q) N H*(Q)

and

X{u=1}(t) = Xqw=1}  strongly in LY (Q), Vq=>1. (1.9)

The structure of this paper is as follows. In Section 2, we prove Theorem 1.1, while in
Section 3, Theorem 1.3 is treated. Finally, in Section 4, we use the strong convergence up to
the boundary of ) obtained in the latter theorem to prove Theorem 1.4, and afterwards, we
use it combined with a subsolution argument to prove Theorem 1.2.

We end this introduction by pointing out some other works concerning this type of asymp-
totic limit. The generalization of [4] for the p-Laplacian case was performed in [11]. In [8-9],

elliptic problems of the type

—Au+ f(z,u)|f(z,u)]” = g(z)

were treated, while in the works by Grossi et al. [12-13], and Bonheure and Serra [14], the
authors dealt with the asymptotics study of problems of the type

—Au+ V(|z|)u = u?,

as p — 400 in a ball or an annulus both with Neumann and Dirichlet boundary conditions.

2 The General Case: Proof of Theorem 1.1

To make the presentation more structured, we split our proof into several lemmas. We start
by showing a very simple comparison principle which is an easy consequence of the monotonicity

of the operator u — |u[P~1u.
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Lemma 2.1 Suppose that u is a solution of (1.1). Take v a supersolution, satisfying

with ug < vg.

O — Av = av — b(z)v?  in Qr,
v(0) = vy, v(t)|an =0

Then u(z,t) < v(z,t) a.e. On the other hand, if v is a subsolution satisfying
0w — Av < av — b(z)v?  in Qr,

v(0) =vo, v(t)laa =0

with vy < ug, then v(z,t) < u(z,t).

Proof The proof is quite standard, but we include it here only for the sake of completeness.

In the case v is a supersolution, we have

Or(u —v) — A(u —v) + b(x) (u?P —vP) < alu — v).

Multiplying this by (u(t) — v(t))™, we obtain

1d

4 / () (P (8) — o2 (1)) (u(t) — (1)) *da
Q
o / [(u(t) — o(t)) .

Q

[(u(t) = v(t)"]*de + ; IV (u(t) —v(t)"Pde

<

As b(z)(uP — vP)(u —v)T > 0, we have

whence

d

T Q[(U(t) —(t)T]dz < 2@/ [(u(t) = v(t)) " da,

Q

/ [(u(t) — v(t))2de < o2t / (o — vo)*]2dz = 0.
Q

Q

The proof of the result for the subsolution case is analogous.

Next we show some uniform bounds in p.

Lemma 2.2 Given T' > 0, there exists an M = M(T) > 0, such that ||uy||p~(@) < M for

allp > 1.

Proof Take ¢ > 0 as the unique solution of

Then

{aﬂ/} —AY=ay inQr,
P(0) = ug, u(t)|oo = 0.

Op — Ap — ayp + b(x)Y? = Opp — A — arp = 0.

Hence, 1 is a supersolution, and from Lemma 2.1, we have that 0 < u, < . In particular,

luplloe(@r) < N¥llL(@ry < +00, asug € L7(Q),
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which proves the result.
Lemma 2.3 Given T > 0, the sequence {uy,}, is bounded in H'(0,T; L*(Q)) N L>(0,T;
H}(Y)). Thus, there exists a w € H(0,T; L*(Q)) N L>(0,T; H} (), such that
Up —> U strongly in L*(Qr), weakly in L*(0,T; Hy(Q2)),
Oup — Oyu weakly in Lz(QT).

Moreover, there exists a C = C(T) > 0, such that

// up+1dxdt <C, vp>1 (2.1)

Proof Multiplying (1.1) by u,, and integrating it in 2, we have

1d
% Qu?)(t)dx—k/ﬂ|Vup(t)|2dx:a/guz(t) dx_/ﬂb(I)U]’;Jrl(t)d:c.

Integrating the above equation between 0 and ¢, we have

1 t
5 [+ [ 1vu@ide+ [[ by iasds
2 Ja 0 Q
1
<7/u3dx+a// uldadt
2 Ja .

1
< 5 luoll3 + atQI(M (1)),

Hence, for every T' > 0, {u,}, is bounded in L?*(Q7r), and (2.1) holds.
Now using dyu, as a test function (u, = 0 on IQ for all ¢ > 0, thus dru,(t) € HJ(Q) for a.e.
t > 0), we have

Dyup)2d Y, (£)]2d PR VL A UN
[ @uacs 55 [ IVuoPar =55 [ a3 [ oot

Again after an integration, we have

2 up™ ()
// (Opup)?dedt + = /|Vup )dz + = / dm+/b(x) dz
. Q p+1
Bt a
/\Vu0| dx+/b d —1—2/ up(t)d
Q

beol]
PER §M2|Q|, (2.2)

*HV ol + =5
where we have used the fact that 0 < up < 1 whenever b(x) # 0, together with the previous
lemma.

The proofs of the following two results are inspired by similar computations made in [8-9).

Lemma 2.4 We have u(t) € Ko for a.e. t > 0.
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Proof Let @ € Q\ Qp and take Q) := ' x (0,T). Given m > 1, we will show that
H{(z,t) € QF : w > m}| = 0. Denote by b the infimum of b(x) over ', which is positive by
(b2). Recalling (2.1), we deduce the existence of C' > 0, such that

0< // bupdadt
{up>m}nNQ7y,
1
<— // b(x)ug+1dxdt
eSS fup>minQs,

< L // b(x)ul T dzdt < g
mt Jgr T me

Hence, asm > 1 and b > 0,

lim // updadt = 0.
P00 S S fuy >mingy,

Now observe that

0= Ilim // updadt
P40 ) Jup>mynQy

T T
= lim (/ /upX{up>m}X{u>m}dxdt+/ /upX{up>m}X{u<m}dxdt)
0 Q 0 194

p—+oo

T
> lim / / upX{up>m}X{u>m}d-Tdt-
0 Qf

p—r+oo

As UpX{up>m}X{u>m} 7 UX{u>m} a-€. and |upX{up>m}X{u>m}| < L on Qr, then by the
Lebesgue’s dominated convergence theorem, we have

T
tim [ [ X Xyt
O ’

p——+o00

T
= / / UX {u>mydrdt
0o Jo

> ml{(t,x) € Q7 : u(t,x) >m}| > 0.

Hence |{(z,t) € Q% : u(x,t) >m}| =0 whenever m > 1.

Lemma 2.5 Let u be the limit provided by Lemma 2.3. Then, up to a subsequence,
u, —u  strongly in L*(0,T; Hg(Q)).
Proof Multiply (1.1) by u, — u, and integrate it in @7, we have
/ Orup(up — u)dadt + / 0 Vuy, - V(up, — u)dadt
T

Qr
+ / b(x)ub(up — u)dzdt
T

= // aup(up — u)dedt,
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which, after adding and subtracting [/, Vu-V(u, —u)dzdt, is equivalent to

/ Oyup (v — up)dzdt + // — u)|*dxdt
Qr T
+ // Vu - V(up —u)dedt + // b(x)ub(up — u)dzdt
= // auy (u, — u) dzdt.
Qr

By the convergence shown in Lemma 2.3, we have that the terms foT Opup(up — u)dzdt,
foT Vu - V(up, — uw)drdt and foT auy(u, — u)dzdt tend to zero as p — +oo. Finally, observe
that

/ b(w)ub (up — u)drdt
Qr

= // b(x)ub (up — u)dzdt + // b(x)ub(up — u)dzdt
{upgu} {u<up}

> // b(x)ub (up — w)dedt.
{0<up<u}
Asu<1lae inQF=(0,T)xQ\ Qo (see Lemma 2.4), we have

‘// w)ub(up — u)dzdt

{O<up<u}

< // b(x)uPu, — u|dedt
{0<up <ulnNQr

< // boo |tp — u|dzdt — 0,
T

whence liminf [f, b(z)up(u, —u)dzdt > 0. Thus

// p— U) V2dzdt — 0, as p — +oo,
T

and the result follows.

Proof of Theorem 1.1 (1) The convergence of u, to u are the consequences of Lemmas
2.3 and 2.5. Let us then prove first of all that

/ dpu(v — u)dzdt + / Vu-V(v—u)dzdt > // au(v — u)dzdt (2.3)
Qr Qr T

for every v € Ko, where K := {v € L2(0,T; H} () : v(t) € K, for ae. t € (0,T)}. Fix v € Ky
and take 0 < 6 < 1. Multiplying (1.1) by v — u,, and integrating it, we have

/ Orup (v — up)dadt + / Vu, - V(v — u,)dzdt
Qr QT

+ // b(x)uﬁ(@v — up)dadt
= // au, (v — uy)dzdt.
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By Lemmas 2.3 and 2.5, we have
/ Oyup (B — up)dxdt — / Opu(Bv — u)dadt,
Qr

/ Vuy, - V(v — up)dadt — / Vu - V(v — u)dzdt,

// up (v — up)dadt — // u(fv — w)dadt.

For the remaining term, as b(z) = 0 a.e. in Qg and v < 1 a.e in 2\ Qy x (0,7, we have

// z)up(0v — up)dzdt
= // b(x)ub (Ov — up)dadt + // (z)ub(0v — up)dzdt
0 up<hv Ov<up

// x)0P|0v — u,|dedt — 0,

as p — 400, because 6 < 1. Thus

/ Opu(Ov — w)dzdt + // Vu - V(v —u)dzdt > // au(fv — u)dzdt,
Qr T T

and now we just have to make 6§ — 1.
(2) Given v € Ky, £ € (0,T) and h > 0, take

Then, 7 € Ko, and from (2.3), we have

&+h &+h &+h
/ / Opu(v — w)dedt + / Vu-V(v—u)dedt > / / au(v — w)dzdt.
3 Q I3 Q 3 Q

Multiplying this inequality by + and making h — 0, we get (1.6), as required.
(3) Finally, it is easy to show that the problem (1.6) has a unique solution. In fact, taking

uy and ug as solutions to (1.6) with the same initial data, we have
/Qﬁt(m () — ua(t))(ua(t) — ui(t)) + V(ur(t) — ua(t)) - V(ua(t) — ur(t))de
> [ at(®) = ua(t)(wat) — ()i,

which is equivalent to
1d
—— [ (ui(t) — u2(t))2d3: —|—/ |V (uq(t) — u2(t))\2dx < / a(uq (t) — u2(t))2dx.
The fact that u; and us have the same initial data now implies that
/ (un (t) — us(£))%(8)dz < 2 / (uo — o)dz = 0.
Q Q

Hence, u, — u for the whole sequence {u,},, not only for a subsequence.
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3 The Nondegenerate Case: Proof of Theorem 1.3

As stated, the results of the previous section are true even in the case of Qg = (). Let us
check that in the nondegenerate case (b2'), we have a stronger convergence as well as a more
detailed characterization for the limit u (see (1.8)). This is mainly due to the following powerful

estimate.

Lemma 3.1 There ezists a constant M > 0 (independent of p), such that Hup”Loo(Q <M
for all p > 1.

Proof Let by = infb > 0 and take M, > 0, such that aM;, — bopM} = 0. Observe that
as —bpsP < 0 for s > M Take N, := max{1, M,}. Multiplying (1.1) by (u,(t) — N,)T (recall

that u, = 0 on 012, whence (u, — Np) = 0 on the boundary as well), we obtain
1d
== )*d V(u »)TIPd
537 (= N Po+ [ 9, = N Pas

= [ (@, b)), — N,

< /(aup — boub) (up — Np)Fda
Q

= / (aup — boub)(up — Np)dz < 0.
up =N,

Thus
d 2 2
G =)0 <0 [ ()= N Rs < [ (o= Ny

which is zero because N, > 1. Then
0 < up(t,z) < max{l, M,},

and the result now follows from the fact that M, ( B ) P .

Lemma 3.2 For each tys >t1 >0, ¢ > 1 and o € (0,1), the sequence {up}, is bounded in
Wi (Qrp,) and C0(Qy, 4,)- Thus

up = u  weakly in W2 Qe 1,),  up —u  strongly in CY0(Q,, 4,), Vo €(0,1).

Proof From Lemma 3.1 we get that
atup|| oo (@) < C'M7TT < C",  [|b(2)ul| oo (@) < booM 7T < C.
Hence
||8tup — Aup”Loo(Q) < C, Vp > 1,

which, together with [10, IV. Theorems 9.1 and 10.1] (see also [15, Theorems 7.22 and 7.32]),
implies that for every ¢ > 1, the sequence {u,}, is bounded in Wq?’l(Qtl,tz) independently of p.
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Thus, we can use the embedding (1.7) to show that {u,}, is bounded in C1°(Q,, ,,). As the

embedding C10 — C’i’,o is compact for all o > o', we have the conclusion.

Observe that by Theorem 1.1 the whole sequence u,, already converges to u in some spaces,
and hence the convergence obtained in this lemma is also for the whole sequence, not only for

a subsequence.

Remark 3.1 It is important to assume  smooth (say 99 of class C?) to get regularity
up to 9. This will be of crucial importance in the next section. Without such a regularity
assumption, we would obtain convergence in each set of the type Q' x (t1,t2) with Q" € Q,

0 <t <ts.

Now, in view of Theorem 1.3, we want to prove that in this case u solves (1.8). By Lemma
3.1, we know that Ilug_luLoo(Q) < M for all p > 1. This implies the existence of ¢ > 0, such
that, for every T > 0,

ugfl — 1) weak-* in L°°(Qr) and weak in L?(Qr).
Thus when we make p — +o0o in (1.1), we obtain that the limit u satisfies
Ou — Au = (a — P)u.
Moreover,
luplloe < M7T =1, asp— oo,

which implies, together with Lemma 3.2, that 0 < v < 1. The proof of Theorem 1.3 will be

complete after the following lemmas.

Lemma 3.3 ¢ = 0 a.e. in the set {(t,x) € Q : u(x,t) < 1}. In particular, this implies
that
Opu — Au = aux{y<1y a.e. (z,t) € Q.

Proof Take (z,t) such that u(z,t) < 1. As u, — u in CL?, we can take § > 0 such that

a )

up < 1 — 9 for large p. Then,

0< ug_l <(1=6)P ' =0, asp— +oo,

whence 9(z,¢) = 0. Thus ¢ = 0 a.e. on {(z,t) : u(t,z) < 1}.
Finally, as u € qu’l for every ¢ > 1, we have that

Ou—Au=0 a.e. on {(z,t): u(x,t) =1},

and the proof is complete.

Lemma 3.4 Let w be a solution of (1.8). Then w solves (1.6).
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Proof Multiply (1.8) by v — w with v € K. Then we have

Ow(v — w)dx + / Vw-V(v—w)dz
Q Q

=a /Q WX {w<1}(v — w)da

:a/Qw(vfw)dxfa/Q(vfl)dm
>a /Q w(v —w)da,

since v < 1 in Q.

Proof of Theorem 1.3 The convergence u, — u strongly in Cé’o(@tlh) and weakly in
W2 (Q4, 1,) for every T > 0 is a consequence of Lemma 3.2. By Lemma 3.3, u satisfies (1.8).
Finally, Lemma 3.4 and the uniqueness shown for (1.6) imply the uniqueness of solution of
(1.8).

4 Asymptotic Behavior as ¢t —+ oco: Proof of Theorem 1.4

In this section, we will study the asymptotic behavior of (1.6) as t — +o00. First we need
to understand what happens in the nondegenerate case (b2’), and prove Theorem 1.4. Then,
as we will see, the convergence up to the boundary proved in Lemma 3.2 will be crucial. Only

afterwards will we be able to prove Theorem 1.2.

4.1 Proof of Theorem 1.4
We start by showing that the time derivative of u vanishes as t — +o0.
Proposition 4.1 |0yu(t)||12q) — 0 as t — +o0.

In order to prove this proposition, we will show that ||Quy(t)||z2) — 0 as t — +oo,

uniformly in p > 1. To do so, we will use the following result from [2, Lemma 6.2.1].

Lemma 4.1 Suppose that y(t) and h(t) are nonnegative continuous functions defined on

[0,00) and satisfy the following conditions:
Y (t) < A1y? + Ay + h(2), /OOO y(t)dt < As, /Ooo h(t)dt < Ay (4.1)
for some constants A1, As, As, Ay > 0. Then
Ay =0

Moreover, this convergence is uniform® for all y satisfying (4.1) with the same constants
A17A27A37A4-

IThis uniformity is not stated in the original lemma, but a close look at the proof allows us to easily obtain
that conclusion.
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With this in mind, we have the following lemma.

Lemma 4.2 Let u, be the solution of (1.1) and a > 0. Then

Oyuy(t)]l2 — 0,  ast — +oo, uniformly in p > 1.
P

Proof Let us check that y(t) := ||9yu,(t)||3 satisfies the assumptions of Lemma 4.1. First
of all, (2.2) implies that

> Q a
| 1oas s < 19wl + L+ Sareiey

(recall that in the nondegenerate case, ||upl|p@xr+) is bounded uniformly in p, by Lemma
3.1). Differentiate equation (1.1) with respect to ¢

5t2up — Aatup + pugflﬁtup = a@tup,

multiply the above equation by d;u, and integrate it in 2 at each time ¢. Then, we obtain
1d
53 | @w®Fdet [ 9@ 0)Pdo+p [ 0 @00 ds

_ a/ﬂ(@tup(t))de < g(/ﬂ(@tup(t))de)2 re

Thus q
allatup(t)\lﬁ < al|Byup3 + a.

So we can apply the previous lemma with A; = a, Ay = a, Az = | Vuo||3 + l%l + $M?[Q], and
h(t) = O, A4 =0.

Proof of Proposition 4.1 From the previous lemma, we know that, given £ > 0, there
exist ¢ and pg, such that
|0pu,(t)|13 <&, Yt =1, Vp> po.

Thus for every t < t1 < to,
to B
/ 0cup (H)|13dt < ety —t1), VYt =1, Vp > po.
t1

As dyu, — dyu weakly in L?(Qr) for every T > 0 (see Theorem 1.1), then taking the liminf as
p — +00, we get

ta
/ |0;u(t)||3dt < e(ty — t1).

t1
Hence
[Owu(t)]5 <e, Vt=1,

which gives the statement.

Proof of Theorem 1.4 Fix a > A\(Q). By taking v = 0 in (1.6), we obtain

/ |Vu(t)|?dz < /(fﬁtu(t)u(t) + au?)dz,
Q Q
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which implies that [|u(?)|| g2 (q) is bounded for ¢ > 0. Therefore, up to a subsequence, we have
u(t) = u in H}(Q) as t — +o00. Given a subsequence ¢, — +oc such that u(t,) — u, we know
that

/Btu (v—ul(t dx—i—/Vu V(v —u(ty))dx
= /Qu(t V(v — u(ty))dz

for all v € K, which, together with Proposition 4.1, implies that, as p — +o0,

/ Vu-V(v—1a)dr > / au(v—u)de, YvekK
Q Q
or, equivalently,

—AU = auX g<1y

(here we are using the equivalence between these two problems, which was shown in [3] and
stated in Section 1). Since ||U]|oo < 1 and a > A1(Q), in order to prove that @ = w (the unique
nontrivial solution of (1.3)), the only thing left to prove is that @ £ 0.

(2) Let us then check that, for a > A\j, w # 0. Fix any ¢ > 0. By the maximum principle,
we have that u(f,x) > 0 in Q and d,u(f,z) < 0 on 9Q. By the convergence in C}Y-spaces
up to the boundary of Q (see Theorem 1.3), we have that for p > P, u,(t,z) > 0 in Q and
Dyup(t,x) < 0 on 9Q. Let @1 be the first eigenfunction of the Laplacian in HE () with ¢1 > 0
and ||¢1]/cc = 1. Then

co1 <up(t,z), Ve e, Vp=p (4.2)
for sufficiently small ¢ (independent of p). Moreover, observe that
di(cp1) — Alepr) < alepr) = b(z)(cpr)?
if and only if
blz)cPteb T <a— Ay (4.3)

Take € > 0 such that (4.2)-(4.3) hold. Then, ¢p; is a subsolution of (1.1) for sufficiently small
¢ and for each p > p. Then, by Lemma 2.1, we have that wu,(t,x) > ¢y for every t > ¢ and
p > . Hence as p — oo, we also have u(t,x) > ¢pi(x) for every z € Q, t > t. Thus @ £ 0
and @ = w, the unique solution of (1.3). From the uniqueness, we deduce in particular that
u(t) — w in H}(Q) as t — oo, not only for some subsequence. As for the strong convergence,
this is now easy to show, since by taking the difference

Oru — Au(t) —w) = au(t>X{u<1} — QWX {w<1}

and multiplying it by u(t) — w, we get

IV( (t) — w)[*dz

/ Bru(t) (u(t) — w)d + (au(t)xqucr) — awxuery)(ult) — w) - 0,
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as t — oo (recall that both u(t) and w are less than or equal to 1). Thus u(t) — w strongly in
Hi ().
(3) The convergence of the coincidence sets follows as in [16]. As 0 < xqy=13(t) < 1, then

there exists a function 0 < x* < 1 such that, up to a subsequence,
X{u=1}(t) = x*  weak-* in L(2), ast— 4o0.

Since X{y=1}(1 —u) = 0 a.e., we have x*(1 —w) = 0 a.e. Hence x* = 0 whenever w < 1.
Moreover, from the fact that ;u — Au = au(l — x{,=1}) a.e. in Q, we deduce that —Aw =
aw(l — x*). As Aw = 0 a.e. on {w = 1} (in fact, u € W24(Q) for every ¢ > 1), we conclude
that x* = 1 on {w = 1}, whence x* = x{u=1}. Since in general, the L>°(§2) weak-* convergence
of characteristic functions implies the strong convergence in L4(f2) for every ¢ > 1, we have
proved (1.9). As a consequence, actually u(t) — w in H?-norm.

(4) For a < A1(£2), the function 0 attracts all the solutions of (1.6) with nonnegative initial
data. In fact, by taking v = 0 in (1.6), we obtain

a

/ |Vu(t)|dz < a/ u(t)? dxf/atu(t)u(t)dx < 7/ |Vu(t)|? dz + o(1),
Q Q Q () Ja
as t — +oo. Thus [[u(t)| ) — 0

4.2 Proof of Theorem 1.2

Fix a € (A1(2),21(Q0)). In this case, we have a result stronger than that in Lemma 2.2,
with a uniform L* bound in Q = Q x RT.

Lemma 4.3 For a € (MA(2),A1(Q0)), there exists C > 0, such that [[up|| gy < C for all
p>1.

Proof Here we follow the line of the proof of Claim 1 in [4, p. 224], to which we refer
for more details. Define Q5 = {x € RY : dist(z,Q) < §}. Since a < A\1(Qp), there exists a
small 0 such that a < A1 (Q25) (by continuity of the map Q — A;1(Q2)). Denoting by ¢; the first

eigenfunction of —A in H}(Qs) and 1 any extension of ¢|q, to Q such that mint > 0, there
2 Q

exists a () > 0 large enough, such that
—A(QY) —aQy +b(x)(QY) >0 in Q,
and up < Qv in Q. Thus, Qv is a supersolution of (1.1) for all p > 1. By Lemma 2.1, we have
up, < QY <M forall (z,t) € Q.

Proof of Theorem 1.2 (1) Fix a € (A1(€2), A\1(£0)). Having proved Lemma 4.3, we can
repeat the proof of Proposition 4.1 word by word and show that

|0vu(t)|| L2y = 0, ast — 4o0.
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By making v = 0 in (1.6), we obtain once again by Lemma 4.3 that [[u(¢)| 2 (o) is bounded for
t > 0. Take t, — +oo such that u(t,) — u in H}(Q) for some u € H(2). Then u € Kg and

/ Va-V(v—u)dz > a/ u(v —u)dz, Yov e K. (4.4)
Q Q

In [3], Dancer and Du shown that (4.4) has a unique nontrivial nonnegative solution w. In order
to prove that @ = w and conclude the proof for this case, we just have to show that @ # 0. This

will be a consequence of Theorem 1.4. In fact, considering ¢, as the solution of

{@cbp — A¢p = agy — bttt in Qr,
©p(0) =vo, @p(t)]an =0

with vg := inf{ug, 1}, it is straightforward to see that ¢, is a subsolution of (1.1), and
Up 2= ¢p — w, asp— +00,

where w # 0 is the unique nontrivial solution of (1.3). This last statement is a consequence of
Theorem 1.4, as 0 < vg < 1 a.e. in Q. Thus @ > w # 0, which concludes the proof in this case.

(2) If a < A1(92), the same reasoning as in the proof of Theorem 1.4 yields that [[u ()| gz o) —
0. As for the case a > A1(), if either [[u(t)[|oo or [[u(t)|[ s (o) Pounded, it is clear from the
proof of Proposition 4.1 that ||9;u(t)||L2(n) — 0. Repeating the reasoning of the previous step,

we would obtain a nontrivial solution of (1.6) for a > A1(€y), contradicting [3, Theorem 1.1].

Remark 4.1 As for the case a = A\1(£2), observe that cp; is always a steady state solution of
(1.8) for all 0 < ¢ < 1, where ¢; denotes the first eigenfunction of (—A, H} (2)) with [|¢1 s = 1.
Hence, the long time limit of (1.6) in this case will depend on the initial condition ug, and we
are only able to conclude that, given ¢, — 400, there exists a subsequence {t,, }, such that

u(tn, ) converges to cp; for some ¢ > 0.
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