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Abstract In the recent biomechanical theory of cancer growth, solid tumors are considered
as liquid-like materials comprising elastic components. In this fluid mechanical view, the
expansion ability of a solid tumor into a host tissue is mainly driven by either the cell
diffusion constant or the cell division rate, with the latter depending on the local cell
density (contact inhibition) or/and on the mechanical stress in the tumor.

For the two by two degenerate parabolic/elliptic reaction-diffusion system that results
from this modeling, the authors prove that there are always traveling waves above a min-
imal speed, and analyse their shapes. They appear to be complex with composite shapes
and discontinuities. Several small parameters allow for analytical solutions, and in partic-
ular, the incompressible cells limit is very singular and related to the Hele-Shaw equation.
These singular traveling waves are recovered numerically.
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1 Introduction

Models describing cell multiplication within a tissue are numerous and have been widely
studied recently, particularly in relation to cancer invasion. Whereas small-scale phenomena
are accurately described by individual-based models (IBM in short, see, e.g., [3, 19, 24]), large
scale solid tumors can be described by tools from continuum mechanics (see, e.g., [2, 6, 15-18]
and [9] for a comparison between IBM and continuum models). The complexity of the subject
has led to a number of different approaches, and many surveys are now available [1, 4-5, 21,
25, 32]. They show that the mathematical analysis of these continuum models raises several
challenging issues. One of them, which has attracted little attention, is the existence and the
structure of traveling waves (see [12, 15]). This is our main interest here, particularly in the
context of fluid mechanical models that have been advocated recently [29, 31]. Traveling wave
solutions are of special interest also from the biological point as the diameter of 2D monolayers,
3D multicellular spheroids and xenografts. 3D tumors emerging from cells injected into animals
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are found to increase for many cell lines linearly in time indicating a constant growth speed of
the tumor border (see [30]).

In this fluid mechanical view, the expansion ability of tumor cells into a host tissue is mainly
driven by the cell division rate which depends on the local cell density (contact inhibition) and
by the mechanical pressure in the tumor (see [11, 29, 31]). Tumor cells are considered to
be of an elastic material, and then respond to pressure by elastic deformation. Denoting by
v the velocity field and by p the cell population density, we will make use of the following
advection-diffusion model:

Op + div(pv) — div(eVp) = (p, X).

In this equation, the third term in the left-hand side describes the active motion of cells that
results in their diffusion with a nonnegative diffusion coefficient €. In the right-hand side, ®(p, )
is the growth term, which expresses that cells divide freely. Thus it results in an exponential
growth, as long as the elastic pressure X is less than a threshold pressure denoted by C,,, where
the cell division is stopped by contact inhibition (the term “homeostatic pressure” has been
used for Cp,). This critical threshold is determined by the compression that a cell can experience
(see [9]). A simple mathematical representation is

®(p) = pH(Cp — X(p)),

where H denotes the Heaviside function H(v) =0 for v < 0 and H(v) =1 for v > 0, and X(p)
denotes the state equation, linking pressure and local cell density. As long as cells are not in
contact, the elastic pressure X(p) vanishes whereas it is an increasing function of the population
density for larger value of this contact density. Here, after neglecting cell adhesion, we consider
the pressure monotonously depending on cell population, such that

%(p) =0, p€[0,1), X'(p) >0, p=1. (1.1)

The flat region p € [0, 1) induces a degeneracy that is one of the interests of the model for both
mathematics and biophysical effects. This region represents that cells are too far apart and do
not touch each other. When elastic deformations are neglected, in the incompressible limit of
confined cells, this leads to a jump of the pressure from 0 to +oo at the reference value p = 1.
This highly singular limit leads to the Hele-Shaw type of models (see [28]). Finally, the balance
of forces acting on the cells leads under certain hypotheses to the following relationship between
the velocity field v and the elastic pressure (see [14]):

—CsVE(p) = —=C.Av +v.

This is Darcy’s law which describes the tendency of cells to move down pressure gradients,
extended to a Brinkman model by a dissipative force density resulting from internal cell friction
due to cell volume changes. Cg and C, are parameters, relating respectively to the reference
elastic and bulk viscosity cell properties with the friction coefficient. The resulting model is
then the coupling of this elliptic equation for the velocity field, a conservation equation for the
population density of cells and a state equation for the pressure law.

A similar system of equations describing the biomechanical properties of cells has already
been suggested as a conclusion in [9] for the radial growth of tumors. That paper proposes to
close the system of equations with an elastic fluid model to generalize their derivation for com-
pact tumors that assume a constant density inside the tumor with a surface tension boundary
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condition. Many other authors have also considered such an approach (see, e.g., [17-18]). In
[8, 10, 13, 15] cell-cell adhesion is also taken into account, in contrast with (1.1). Their linear
stability analysis explains instabilities of the tumor front which are also observed numerically
in [15, 13]. However, many of these works focus on nutrient-limited growth, whereas we are
interested here in stress-regulated growth. Besides, most works deal with a purely elastic fluid
model. A viscous fluid model was motivated in [8, 10-11] and studied numerically in [8]. Here
we include this case in our mathematical study and numerical results. Moreover, we propose
here a rigorous analysis of traveling waves, which furnishes in some case explicit expressions of
the traveling profile and the speed of the wave.

From a mathematical point of view, the description of the invasive ability of cells can be
considered as the search of traveling waves. Furthermore, the study in several dimensions is
also very challenging, and we will restrict ourselves to the 1-dimensional case. For reaction-
diffusion-advection equations arising from biology, several works were devoted to the study of
traveling waves (see, for instance, [22-23, 26-27, 34] and the book [7]). In particular, our model
has some formal similarities with the Keller-Segel system with growth treated in [22, 27], and
the main difference is that the effect of pressure is repulsive here while it is attractive for the
Keller-Segel system. More generally, the influence of the physical parameters on the traveling
speed is an issue of interest for us and is one of the objectives of this work. Also the complexity
of the composite waves arising from different physical effects is an interesting feature of the
model at hand. In particular, the nonlinear degeneracy of the diffusion term is an interesting
part of the complexity of the phenomena studied here. For instance, as in [33], we construct
waves which vanish on the right half-line.

The aim of this paper is to prove the existence of traveling waves above a minimal speed in
various situations. For the clarity of the paper, we present our main results in the table below.
As mentioned earlier, the incompressible cell limit corresponds to the particular case, where
the pressure law (1.1) has a jump from 0 to +oo when p = 1.

The outline of this paper is as follows (see Table 1). In the next section, we present some
preliminary notations and an a priori estimate resulting in a maximum principle. In Section
3, we investigate the existence of traveling waves in the simplified inviscid case C, = 0, for
which the model reduces to a single continuity equation for p. Finally, Section 4 is devoted
to the study of the general case C, # 0 in the incompressible cells limit. In both parts, some
numerical simulations illustrate the theoretical results.

Table 1 The outline of this paper.

=0 Theorem 3.1
C, =0 (Incompressible cell limit) Remark 3.1
Theorem 3.2
e>0
(Incompressible cell limit) Remark 3.2
c—0 (Incompressible cell limit, CsC)p > 2C,) Theorem 4.1
C,>0 (Incompressible cell limit, CsC), < 2C,) Remark 4.1
€ >0 | (Incompressible cell limit, CsC), > 2C;) Theorem 4.2

2 Preliminaries

In a 1-dimensional framework, the considerations in the introduction lead to the following
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set of equations:

{&sp + 9z (pv) = @(p) + €Duap, 21)

—C50,5(p) = —C,0z,v + v.

This system is considered on the whole real line R and is complemented with Dirichlet boundary
conditions at infinity for v and Neumann boundary condition for p. Here C,,, Cs, C, stand for
nonnegative rescaled constants. It will be useful for the mathematical analysis to introduce the
function W that solves the elliptic problem

—C.0:W +W =X(p), 0.W(£o0)=0.

This allows us to set v = —Cg0, W and rewrite the system (2.1) as

0ip — Cs0,(p0: W) = ®(p) + €0pup; (2.2)
—CL0u W + W = X(p). '
We recall that the elastic pressure satisfies (1.1), and the growth function satisfies
D(p) >0, P(p)=0 for X(p)>C,>0. (2.3)

2.1 Maximum principle

The nonlocal aspect of the velocity in terms of p makes unobvious the correct way to express
the maximum principle. In particular, it does not hold directly on the population density, but
on the pressure X(p).

Lemma 2.1 Assume that ® satisfies (2.3) and that the state equation for ¥ satisfies (1.1).
Then, setting X9, = max Y (z,0), any classical solution to (2.2) satisfies the maximum principle
Sy

S(p) < max(59,,Cy) and  p<ETNC) =par> 1, if B <Cp (24)

However notice that, except in the case when C, vanishes, this problem is not monotonic,
and no BV type estimates are available (see [28] for properties when C, = 0).

Proof Only the values on the intervals such that p > 1 need to be considered. When p > 1,
multiplying the first equation in (2.2) by X/(p), we find

0

5;2(0) = Cs02(p) W = CspX (p)DuaW = X (p)®(p) + €02aT(p) — €2 (p)| 0w,

Fix a time ¢, and consider a point zq, where max %(p(x,t)) = X(p(zo,t)) (the extension to the
x
case that it is not attained is standard [20]). We have 0, (p(zo,t)) = 0, Oz X(p(x0,t)) < 0,

and thus we obtain that
d
q max B(p(x, 1)) < X' (p(w0, 1))@ (p(20, ) + CspE' (p(20,t))0pa W (0, t)
— eX"(p(x0,))|0wp(0, 1)
Consider a possible value, such that X(p(zo,t)) > Cp. Then we can treat the three terms in

the right-hand side as follows:
(i) From assumption (2.3), we have ®(p(xg,t)) = 0. Then the first term vanishes.
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(ii) Also, by assumption (1.1), since ¥'(p(xo,t)) > 0 for p(xo,t) > 1, we have 0, p(xo,t) = 0.
Therefore, the third term vanishes.

(iii) Moreover, since —C, 0y W (x0,t) = max X(p(z,t)) — W(zo,t) > 0 (by the maximum
principle W < max X)), using (ii), we conclude that the second term is non-positive.

We conclude that

% mgéaXZ(p(m, t)) <0,

and this proves the result.

2.2 Traveling waves

The end of this paper deals with existence of a traveling wave for model (2.2) with the
growth term and definition

B(p) = pH(Cy — B(p)). Cp >0, pari=5"1(Cy) > 1. (2.5)

There are two constant steady states p =0 and p = py; := X7(C,), and we look for traveling
waves connecting these two stationary states. From Lemma 2.1, we may assume that the initial
data satisfy manE(p(a:,t =0)) =C, and mfnxp(a:,t = 0) = pup- Then, it is natural to obtain
the following definition.

Definition 2.1 A non-increasing traveling wave solution is a solution to the form p(t,x) =
p(x — at) for a constant o € R called the traveling speed, such that p' < 0, p(—o0) = par and
p(+o0) = 0.

With this definition, we are led to look for (p, W) satisfying
—00;p — Cs05(p0: W) = pH(Cp — E(p)) + €0up, (2.6)

CCL0 W+ W = (), (2.7)
p(—=00) = pyy p(+o0) =0, W(—00)=C,, W(+0)=0.

When C, =0, (2.6)—(2.7) reduces to one single equation
00,0 — Cs0u(p0,5(p)) = pH(Cp — S(p)) + Drup. (2.9)

In the sequel and in order to make the mathematical analysis more tractable, as depicted
in Figure 1, we assume that 3 has the specific form given by

_Jo for p<1,
=(p) = {C,, Inp for p>1. (2.10)

Cy=1

0r .. _.c,=5

e Gy =10

o
0 0.5 1 1.5 2 2.5 3

Figure 1 The equation of state as defined by (2.10) for three different values of C,,.
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This form represents logarithmic strain assuming cells of the cuboidal shape (see Appendix).
The choice of logarithmic strain conserves the volume of incompressible cells for both small and
large deformations. Hence, it is particularly useful as cells, because they are mainly composed
of water, and are incompressible on small time scales, such that deformations leave the cell
volume invariant.

We will study in particular the case C,, — +o0o. We call it the incompressible cell limit,
which is both mathematically interesting (see also the derivation of Hele-Shaw equation in [28])
and physically relevant. This limit case boils down to consider the tissue of tumor cells as an
incompressible elastic material in a confined environment.

The structure of the problem (2.1) depends deeply on the parameters ¢ and C,. It is
hyperbolic for e = C, = 0, parabolic when € # 0, C, = 0 and coupled parabolic/elliptic in the
general case. Therefore, we have to treat the cases separately.

3 Traveling Wave Without Viscosity

When the bulk viscosity is neglected, that is C, = 0, the analysis is much simpler and is
closely related to the Fisher/KPP equation (see [7]) with the variant of a complex composite
and discontinuous wave. The unknown W can be eliminated. Taking advantage of the state
equation for the pression (2.10), we can rewrite (2.9) as a self-contained equation on p

—00,p — CsC0.2Q(p) = pH(CP - CV(IH p)+) + €0rap,

(3.1)
p(—0) = pm,  p(+00) = 0.
Here f denotes the positive part of f and
0 for p <1,
= - 3.2
Q) {p—l for p > 1. (32)

3.1 Traveling waves for ¢ = 0

When the cell motility is neglected, we can find the explicit expression for the traveling
waves. More precisely, we establish the following result.

Theorem 3.1 There ezists a o* > 0, such that for all o > o*, (3.1)~(3.2) admits a non-
negative, non-increasing and discontinuous solution p. More precisely, when o = o* and up to
translation, p is given by

C
PM = €Xp (?i)a z <0,

p(x) = g(x), xz € (0,20), g > 0,

0, T > xo,

where g is a smooth non-increasing function satisfying g(0) = par, ¢'(0) = 0 and g(xo) = 1. Its
precise expression is given in the proof.

In other words, when C, = 0 and € = 0, (2.2) admits a nonnegative and non-increasing
traveling wave (p, W) for o > o*.

Notice that, by opposition to the Fisher/KPP equation, we do not have an analytical ex-
pression for the minimal speed. Relate that p vanishes for large x, a phenomena already known
for degenerate diffusion.
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Proof Since we are looking for a non-increasing function p, we decompose the line to be
R=1LULUI, L ={p)=pu}, L={1<p()<pm}, I3={p(z)<1}
Notice that, equivalently ¥(z) = C), in I;. To fix the notations, we set
I = (—00,0], Ir=(0,z¢), I3=[xg,+00).
Step 1 (In I; UIy) p satisfies
—00,p — CsCy0ep = pH(Cp — Cy(Inp)4). (3.3)

Therefore, by elliptic regularity, we deduce that the second derivative of p is bounded, and
therefore p € C*(—o0,z0). On Iy, the function p is a constant and by continuity of p and 9,p
at = 0, we have the boundary conditions of I5, such that

p(0) = par,  Bepl0) = 0. (3.4)

In I, H(C, —C,(Inp);) = 1. Solving (3.3) with the boundary conditions in (3.4), we find that
if 0 > 2y/CsC,, then

Vo2 —4CsC,

Vo7 —iCsC,
2C5C, : 4CSC’x>)

= 3050y
p(x) = pme *Cs (AeXp< 25CaC,

x) +Bexp<—

with
0+V0?—4CsC, 5 —0++0? —4CsC,
2V/0? —4CsC, ’ - 2/0o2—4CsC,
In this case, p is decreasing for z > 0 and vanishes as © — +o00. Thus there exists a positive
xo, such that p(zo) = 1.
When o < 24/CsC,,, the solution is

%x) + Bsin <%z))

A:

p(z) = prre” s (A cos ( (3.5)
with

A=1, B=——2 |
V4CsC,, — o2

By a straightforward computation, we deduce

_ 2pn —seee— . (VACSC, —o?
Ozp(z) = i =57 028 5% gin (72@90” x)

Thus p is decreasing in (0, %w), and takes negative values at the largest endpoint.

There exists an z¢ > 0, such that p(zo) = 1.
Finally, when o = 24/CsC,,, we reach the same conclusion because

o) = put (e +1)e VT

Step 2 (On I3) In (zg,+00), we have ¥ = 0 and Q(p) = 0 from (3.2). Then equation
(3.1) is

—00zp = p. (3.6)
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We can write the jump condition at zo by integrating (3.1) from z; to z, which is

—0[plzy — CsCu[0:Q(p)]wy = 0, o(p(zg) — 1) = CsCp0pp(ay).

Here 0,p(z, ) < 0 can be found, due to the expression of p on I as computed above. Thus, we
get p(z), which is the boundary condition of (3.6). Then the Cauchy problem (3.6) gives
CsC, .\ =
plx) = (1 + STamp(xo ))e s, x€ls.
In summary, when e = 0, a nonnegative solution to (3.1) exists under the necessary and sufficient
condition

o> —CsC,0.p(xy ). (3.7)

The right-hand side also depends on o. Therefore, it does not obviously imply ¢ > o*. To
reach this conclusion, and conclude the proof, we shall use Lemma 3.1 below.

Lemma 3.1 Using the notation in the proof of Theorem 3.1, the function o ——CgC,0;p(xq)
is nonincreasing. Therefore, there exists a minimal traveling wave velocity o*, and (3.7) is sat-
isfied if and only if o > o*.

Proof We consider (3.3) in I = (0, (). We notice that on this interval, p(z) is decreasing,
and therefore is one to one from (0, xg) to (par, 1). We denote by X (p) its inverse. Let us define
V = —-CsC,0.p. In I, V is nonnegative, and (3.3) can be written as

0,V =00, =— . 3.8
0aptp=—G e otr (3-8)
Setting V(p) = V(X (p)), by definition of V, we have
~ 0,V CsC,
9,V =0,Vo,X = =—-0,V—-—.
’ T Oup 14

By using (3.8), we finally get the differential equation

CS pr

8p1~/:a— for p € (1, pumr),

_ (3.9)
lim V(ppy) = —CsC,0.p(0) = 0.

pP—PM
This differential equation has a singularity at pp;. We then introduce z = p,,, — p and Y (z) =
V2(pu — 2) for z € (0, par — 1). (3.9) becomes
Y'(2) = —0/2Y (2) + CsCL(py — z) for z € (0, ppr — 1),
Y (0)=0.
This ordinary differential equation belongs to the class Y/ = F(z,Y) with F one sided Lipschitz
in his second variable and dy F(z,Y) < 0. Therefore, we can define a unique solution to the

above Cauchy problem. Hence there exists a unique nonnegative solution V to (3.9).

Define U(p) := g—g, and our goal is to determine the sign of U(1). We have

*vV. 0 (o - CsC, CsC, OV

= — —_ =1 = .
9pdo 0o 7 p) =1+ 72 "0
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Then U(p) solves on (1, ppr),

ou CsC,
— =1 = U. 3.10
oy Lt P (3.10)
Moreover, we have
3‘7(PM)
= =0. A1
Ulpar) = =524 = 0 (3.11)

Assume U(1) > 0. Let us define p; = sup{p2 | p € (1, p2), such that U(p) > 0}. Then from
(3.10), %—lpj(p) >1on (1,p1), and thus U(p1) > U(1) > 0. By continuity, we should necessarily
have p; = pp;. However, we then have %—g(p) > 1 for all p € (1, par), which is a contradiction
to U(par) = 0. Therefore, U(1) < 0 and V is nonincreasing with respect to o.

Structural Stability Theorem 3.1 shows that there is an infinity of traveling wave solu-

tions. However, as in the Fisher/KPP equation, most of them are unstable. For instance, we
can consider some kind of “ignition temperature” approximation to the system (3.1), such that

—00zpg — CsCu022Q(pe) = &o(po) H(Cp — Co(Inpp)+), (3.12)

where 6 € (0, 1) is a small positive parameter and

€o(p) = {g ﬁg; gg Eg:g]{”)’ (3.13)

Then we have the following result.

Lemma 3.2 Equations (3.12)—(3.13) admit a unique couple of solution (o9, pp) and o9 — o*
as 8 — 0.

Proof As in Theorem 3.1, we solve (3.12) by using the decomposition R = Iy UI, U I5. In
I Ul p > 1> 0, and therefore, p is given by the same formula as computed in the proof of
Theorem 3.1. On I3, (3.12) becomes

—0002p0 = Eo(po)- (3.14)

By contradiction, if pg(zd) > 6, then (3.14) implies py(z) = pg(x;{)e_%. Thus, there
exists an xg, such that pg(z) < 0 for x > xy. Then the right-hand side of (3.14) vanishes for
x > xg, and pyg is the constant for x > xy. This constant has to vanish from the condition
at infinity, which contradicts the continuity of pg. Thus, pg(z{) < 6, and (3.14) implies that
O0zpo = 0. We conclude that pg = 0 on I3. The jump condition at the interface z = z( gives

ag(pe(ag) — 1) = CsCodupo(zy ),
which, together with p(z{) = 0, indicates that
op = *Cscyampg(xa).

According to Lemma 3.1, there exists a unique oj, satisfying the equality above, so does a
unique pg.

Letting 6 — 0 in this formula, we recover the equality case in (3.7) that defines the minimal
speed in Theorem 3.1. By continuity of the unique solution, we find o9 — o*.
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Remark 3.1 (Incompressible Cells Limit) In the incompressible cells limit C,, — o0,
we can obtain an explicit expression of the traveling wave from Theorem 3.1. Since pp =
exp (%) — 1, we have p(z) — 1 in I; U I, but ¥ carries more structural information. In the
first step of the proof, for large C,, by using (3.5), we find

372

Y(z)=CyIn(p) —» C, — 2Cs’

We recall that the point zg is such that p(z¢) = 1 or X(x¢) = 0. Therefore, o = /2CsC), and

2C,

CoOup(ag ) = 0pX(xg ) = — oo C, — +o0.
s

Thus o* — /2C,Cs. We conclude that, on I3 = [zg, +00), p(z) = (1 — ¥ Qipcs)e*%.

3.2 Traveling wave when € # 0
We can extend Theorem 3.1 to the case € # 0.

Theorem 3.2 There exists a o* > 2./e, such that for all o > o*, (3.1)=(3.2) admits a
nonnegative, non-increasing and continuous solution p.

Thus when C, = 0, system (2.2) admits a nonnegative and non-increasing traveling wave
(p, W) for o > o*.

Proof We follow the proof of Theorem 3.1 and decompose R = I1 U Is U I3. Due to the
diffusion term in (3.1), p € C°(R), and we will use the continuity of p at the interfaces.

On I1 = (—0,0], we have p = pp and ¥ = C,,.

In Iy = (0,0), the equation (3.1) implies

(CSCV + 6)8$a:p + Uazp +p= 07 p(O) = PM; aa: (0) =0.

Therefore, we get the same expressions for p on I as in the proof of Theorem 3.1, except that
we replace CsC,, by CsC, + €. Thus, as before, there exists a positive zg, such that p(z¢) = 1,
and p is decreasing in (0, zg).

On I3 = [z9, +00), we solve

€0pap + 00p + p = 0. (3.15)

At the interface x = xg, integrating from = to xa' in (3.1) and using the continuity of p, we
get
CSCu[azQ(p)]Io + 6[897p]$0 = 0’

that is,

Oup(xg) = (1 + Osecy)awp(aca). (3.16)

Solving (3.15) with the boundary conditions p(z{) = 1 and (3.16), we get that if o < 2./,

then p is the sum of the trigonometric functions, and therefore will take negative values. Thus

o > 2y/e. In the case o > 2,/€,

—0+Vo? —4e —0 —+Vo?%—4e
2e

ple) = Aexp ( o

(x—mo)) + Bexp ( (m—xo)),
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where
A=t (T4 e+ CsCplay)). B= 5 — e (T 4 e+ C5C)Dup(ay))
=3 7 \2 € SCv )0\ Ty ) ), D) 2 — 1 \2 € SUv)0zp\ g ) )-

After detailed calculation of 0,p and using 0;p(z, ) < 0, we have that p is a nonnegative and
nonincreasing function if and only if A > 0, that is,

Vo2 —de+o+2(e+ CsC,)oup(zg) >0, o> 2/e (3.17)

In the case o = 2,/€, we have

p(z) = ((% + (1 + CSf”)ﬁzp(xg)) (x —x0) + 1)6_%.

Thus p is a nonnegative and non-increasing function if and only if

1 CsC, _

~— 4+ (1 7)670 >0,

Jet (1 = ountan) 2

which is the same condition as (3.17) by setting o = 2y/e. Thus (3.17) is valid for o > 2+/e.
Denoting U, (z) = —(e + CsC,)0.p(x), condition (3.17) can be rewritten as

o > Flo] := max (2\@ min (QUE(xa), Ud(zg) + %)) (3.18)
Ue(zg )
By a straightforward adaptation of Lemma 3.1, we conclude that o +— U,(x; ) is nonincreasing
with respect to . When U (z;) > /€, we have

€

ol =Uc(xy) + ——.
Slo] = Uulag) + 5
Then §F[o] is an increasing function with respect to U, (xq ) for Ue(zy ) > /€. Together with o —
U.(xy ) being nonincreasing, §[o] is nonincreasing with respect to . For the case U.(zg )? < €,
we have

3lo] = 2ve.

Therefore, for all ¢ € (0,+0), F[o] is a nonincreasing function of o. Hence, there exists a
unique ¢*, such that (3.18) is satisfied for every o > o*.

Structural Stability We can again select a unique traveling wave when we approximate
the growth term by &9(p)H(Cp, — Cy(Inp)y). This can be obtained by considering €0,5p0 +
00zpe + Eo(pe) = 0 instead of (3.15) and by matching the values of d,p on both sides at the
point where p = 6. Then, the equality in (3.17) holds, and one unique velocity is selected. As
for (3.12), we let § — 0, and the minimum traveling velocity o* is selected. Then the remark
below follows.

Remark 3.2 (Incompressible Cells Limit) In the limit C), — 400, we have p(z) — 1 in

I, = (0,z0) and

QJ2

Y(z) =CyIn(p) —» Cp — 2Cs

Therefore, g = /2CsC;, and

Cyopp(zg) = 0:X(zy) = — 20&7 when C), — +o0.
s
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Thus (3.17) becomes, for o > 24/,

Vo2 —de+o>2,/2C,Cs,

and we conclude, in this incompressible cells limit, that ¢* is defined by

o := max (2\@, min (2\/201,6'5, V2C,Cs + (3.19)

Weexed))
2C,Cs )
The kink induced by this formula is a very typical qualitative feature that is recovered in
numerical simulations (see Table 2).

Table 2 Numerical values for the traveling speed ¢* with different parameters for C, =
17.114 obtained by solving the evolution equation. We observe that the numerical speeds
are close to /2C,Cs + < or 2y/e as computed in (3.19). In the first four lines

2C,Cs
€ < 2C,Cs, while in the last two € > 2C,Cs.
Cp Cg € \/2C’pC's + \/2;?705 2+/€ o*
0.57 0.001 0.001 0.0634 0.0632 0.0615
0.57 0.01 0.001 0.1161 0.0632 0.1155
1 0.01 0.001 0.1485 0.0632 0.1472
1 0.01 0.01 0.2121 0.200 0.2113
1 0.01 0.1 0.8485 0.632  0.5946
1 0.01 1 7.2125 2.000  1.9069

3.3 Numerical results

In order to perform numerical simulations, we consider a large computational domain 2 =
[—L, L], and we discretize it with a uniform mesh

Axr = S r; =iAx, i=-M,---,0,---, M.

We simulate the time evolutionary equation (2.2) with C, = 0 and Neumann boundary condi-
tions. Our algorithm is based on a splitting method. Firstly, we discretize 0;p — Cs0,.Q(p) =0
by using the explicit Euler method in time and the second-order centered finite differences in
space. After updating p™ for one time step, we denote the result by p”*é. Secondly, we solve
Owp = pH(Cp — X(p)) by the explicit Euler scheme again, using p"t2 as the initial condition.
Then we get p"t1.

The numerical initial density p is a small Gaussian in the center of the computational
domain. We take

L=3 C,=17114, Cg=001, C,=1. (3.20)

The numerical traveling wave solution when C, = 0, € = 0 is depicted in Figure 2. We can
see that the two fronts propagate in opposite directions with a constant speed. The right
propagating front of p has a jump from 1 to 0, whereas ¥ is continuous, but its derivative 9,3
has a jump at the front. Figure 3 presents the numerical results of C, = 0, ¢ = 0.02, where p
becomes continuous and the front shape of ¥ stays the same as for ¢ = 0. Comparing Figures 2
and 3, when there is diffusion, the traveling velocity becomes bigger and the density has a tail.
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Figure 2 The traveling wave solution for C;, = 0, ¢ = 0. The parameters are chosen as in
(3.20). In (a) and (b), the horizontal axis is z, and the vertical axis is time. (c) and (d)
show the traveling front at T" = 8.
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Figure 3 As Figure 2 with C, =0, ¢ = 0.02.

The numerical traveling velocities for different parameters are given in Table 2, where we
can compare them with the analytical formula (3.19) in the incompressible cells limit.

4 Traveling Wave with Viscosity
When C, # 0, we can not eliminate the unknown, and we have to deal with the whole
system
—00;p — Cg0yp0x W — Csp0ys W = pH(Cp — X) + €0y,
—CL0.W + W = X(p), (4.1)
p(=00) = prr,  p(+o0) =0; W(—00) =Cp, W(400) =0

still with the equation of state (2.10). In the interval {p > 1}, multiplying (2.6) by X/(p) = %,
we get

—00,Y — C50, 20, W — CsC0y, W = CLH(Cp, — X) + e%&mp for p>1. (4.2)



308 M. Tang, N. Vauchelet, I. Cheddadi, et al.

Here the situation is much more complicated, and a new phenomenon appears. We need to
clarify the meaning of the discontinuous growth term, when ¥ = C),, which occurs on an
interval and is not well defined in the singular incompressible cells limit as we study here (see
(4.5) below). To do so, we use a linear smoothing of the Heaviside function H, such that

H,(u) = min (1, %u) for n € (0,C,). (4.3)

There are no explicit or semi-explicit solutions for the traveling waves in general due to the
non-local aspect of the field W, and we refer to [27] again for a proof of existence in a related
case. Thus we will consider the incompressible cells limit. First, we derive formally the limiting
system by letting C,, — +o00. From the state equation, we have 1 < p < pp; — 1. Therefore,
we need to distinguish the two cases, i.e., p =1 and p < 1. Formally when p < 1, we find that
¥ =0, and (4.1) reduces to

{—O’@Ip — Cs50,p0, W — Csp0raW = p+ €Dpp, p <1, (4.4)

—C,0,.W +W =0.

On the interval, where p = 1, as C,, — 400, and the function ¥ is not defined in terms of p
and is left unknown, the formal limit of (4.1) implies a coupled system on W and X,

{csamw =H,(C,-%), p=1,

—CLOW W =¥, (4.5)

Then the existence of traveling waves in the asymptotic case C;, — +0o0 boils down to studying
the asymptotic system (4.4)—(4.5). As in Section 3, the structure of the problem invites us to
distinguish between the two cases, i.e., ¢ = 0 and € # 0.

4.1 Casee=0

Existence of traveling wave in the limit C,, — 400 In this case, we can establish
the following theorem.

Theorem 4.1 Assume C, #0, € =0 and CsC), > 2C,. Then there exists a o* > 0, such
that for all 0 > o*, the asymptotic system (4.4)—(4.5) admits a nonnegative and non-increasing
solution (p,X). Furthermore, when n — 0, we have o* = /2CsCp, — \/C, and the solution is
given by

Cp, r <0,
2
() —2%5 - CiS\/C’Z +C,, 0<ax</205C, — 2T, = 10, (4.6)
01 T > Xg.
Therefore, > has a jump from 2%’302 to 0 at xg. The population density satisfies

p=1 for x < x,

p=0 for x> xg, when o =0o*,

p=(o— oo Ver )_1_\/5728_327;0 for x> xo, when o > o*.

Proof By the maximum principle in Lemma 2.1, and according to Definition 2.1, ¥ is
bounded by C}, and is nonnegative. Therefore, due to elliptic regularity, 0, W is bounded, and



Composite Waves for a Cell Population System Modeling Tumor Growth and Invasion 309

W and 0, W are continuous. Following the idea in the proof of Theorem 3.1 or Theorem 3.2,
we look for a nonnegative and non-increasing traveling wave defined in R = I3 U Iy U I3, which
has the following form:

(1) On I = (—00,0], we have ¥ € [C), — 1, Cp], so that the growth term is given by
Hy(Cp —X) = %(Op - %)

(2) In Iy = (0,2¢), we have ¥ € (0,C, —n). Thus H,(C, —X)=1and p=1.

(3) On I3 = [z, +00), we have p < 1 and ¥ = 0.

On I, we have p = 1, and we solve (4.5). This system can be written as

sy W = %(cp SN, 0 W W =

Eliminating ¥ in this system gives
—(nCs + C,) 0 W + W = C,,.

Together with the boundary conditions of W at —oo, we have

nCsA

_NsA  Testes 7
TICS + Oz

W =C,+ Aev"©st¢:  and X =0C,+
which is the bounded solution on I; = (—o0,0]. The constant A can be determined as follows.
Since ¥ depends continuously on p and p =1 in I3 U I5, 3 is continuous at xy. Therefore, A is
computed by fixing 3(0) = C}, — 1, which gives A =

In Iy, we still have p = 1. (4.5) can be written as
OO, W =1, —CdpW + W = 3.

At the interface x = 0, W and 0,W are continuous and given by their values on I;. Then we
can solve the first equation that gives

o
W(z) = _ﬁ - 7\/7705 L = (4.7)

Injecting this expression in the second equation implies

2
S(@) =~ — 2\ /nCs + Cs + Cy —
2Cs  Cs

On I3, since p < 1, we have to solve (4.4) with € = 0. The second equation in (4.4) can be
solved easily, and the only solution which is bounded on (zq, +00) is

_z—=q

W(z) = W(zg)e vo-. (4.8)

We fix the value of z( by using the continuity of W and the derivative of W at x¢. From (4.8),

we have —% = 0, W (xg). From (4.7), this equality can be rewritten as

1 Cz o i)
CZ(—Jr—\/nCerC Cp+n+c—s)——c—s—c— nCs + C..

This is a second order equation for x(, whose only nonnegative solution (for 7 small enough) is

To = \/QCPCS —nCs —C, —+/C,+nCs. (4.9)
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Now we determine the expression for p on I3. The jump condition of (4.4) at zp in the case
€ = 0 can be written as o[p|y, + Cs[p0: W]z, = 0. The continuity of 9, implies

[plag =0 or o=0":=—-Cs0,W(xg)=1z0+ \/7705 +C, = \/QCPC’S —nCs —+/C,.

From the expression (4.8), the first equation in (4.4) with ¢ = 0 gives

O.*
V.
Looking for a non-increasing and nonnegative p implies that we should have ¢ > o*. After
straightforward computation, we get that

axp:fax(“";xo + (1+ W) In (afa*e*mic‘if))p. (4.11)

g

T—x(

efﬁ)p ~0. (4.10)

(a — a*efTV_C%))axp+ (1 +

If [p]z, = 0 and o > o*, the Cauchy problem (4.11) with p(z¢) = 1 admits a unique solution,

which is given by
VT

plz) = (o— - a*efm\/_%)) i

When o = o*, the factor of p on the right-hand side of (4.11) has a singularity at z = xo.
Therefore, the only solution which does not blow up in x = xg is p = 0.

Remark 4.1 When /2C,Cs < 2/C., ¥ becomes a step function with a jump from C), to
0 at the point zy. The corresponding traveling speed is
CyCys

oc=—-0g0,W(xg) = Nien

with )
%efﬁ(m*zo), x > Xy,
W(z) =

Cp 7= (z—0)
Cp — 5eVe: , T < .

The calculations are similar, but simpler than those in Theorem 4.1.

Remark 4.2 (Comparison with the Case C, = 0) In the asymptotic n — 0, and when
C, — 0, the expression for ¢* in Theorem 4.1 converges to that obtained for C', = 0. However,
we notice that, contrary to the case C, = 0, the growth term does not vanish on I; whereas
¥ = (). In fact, if the growth term was zero on Iy, then since ¥ = C),, we would have 9,3 =0
and (4.2) gives

—CsC,0, W = 0.

Thus 0,,W = 0 and W = ¥ on Iy, which can not hold true. That is why we can not use the
Heaviside function in the growth term when ¥ = C),, and the linear approximation in (4.3)
allows us to make explicit calculations.

Numerical Results We present some numerical simulations of the full model (2.2) with
the growth term ® = pH(C, — X(p)) and ¢ = 0. As in the previous section, we consider a
computational domain Q = [—L, L] discretized by a uniform mesh, and use Neumann boundary
conditions. System (2.2) is now a coupling of a transport equation for p and an elliptic equation
for W. We use the following schemes:

(1) The centered three point finite difference method is used to discretize the equation for

w.
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(2) A splitting method is implemented to update p. Firstly, we use a first order upwind
discretization of the term —Cg0,(p0, W) (i.e., without the right-hand side). Secondly, we solve
the growth term O,p = pH(C), — X(p)) with an explicit Euler scheme.

As before, starting from a Gaussian at the middle of the computational domain, Figure 4
shows the numerical traveling wave solutions for C’, = 0.01 and ¢ = 0. We can observe that, at
the traveling front, p has a jump from 1 to 0, and X has a layer and then jumps to zero. These
observations are in accordance with our analytical results, and in particular with (4.6) for 3.

Density

Pression

(a) the isolines of the traveling front (b) the front shapes of the
with respect to time. density and pressure.

Figure 4 Numerical results when Cp, =1, Cs = 0.1, C, = 17.114, C, = 0.01 and ¢ = 0.

When C, = 0.4, the relation CsC, > 2C, is no longer satisfied. However, we can perform
numerical simulations, and the results are presented in Figure 5. The proof of Theorem 4.1
shows that we can not have a traveling wave which satisfies the continuity relation for W and
0, W at the point zq. In fact, in Figure 5, we notice that the pressure X seems to have a jump
directly from 1 to 0 at the front position, which is in accordance with Remark 4.1.
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Figure 5 As in Figure 4, but the results violate the condition CsC), > 2C, using C, = 1,
Cs =0.1,C, =17.114, C, = 0.4 and € = 0.

With different choices of parameters, the numerical values for the traveling velocities o and
the front jumps of ¥ at xy are given in Table 3, where we can verify the analytical formula in
Theorem 4.1.
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Table 3 The traveling speed o™ for different parameter values satisfying 2C. < CpCs.
The numerical speeds are close to /2C,Cs — +/C., and the jump of X is not far from

,/% as calculated in Theorem 4.1.

C, Cs C. |\ 20,0s—VC. $2 o \/% (o)
057 1 01 0.7515 0.0012 0.7616 | 0.3376  0.3342
057 1 001 0.9677 2.8500 0.9686 | 0.1068  0.1052
057 0.1 0.0l 0.2376 0.2850 0.2433 | 0.3376  0.3362
1 01 001 0.3472 0500 0.3507 | 0.4472  0.4129
1 0.1 0.0 0.4472 - 0.4424 0 0

4.2 Case € #0

Existence of Traveling Waves The case with diffusion such that e # 0, can be handled
by the same method as above. We have the following result.

Theorem 4.2 Assume € # 0, C, # 0 and CsC, > 2C,.Then there exists a o* > 0, such
that for all o > o*, the asymptotic model (4.4)—(4.5) admits a nonnegative and non-increasing
solution (p,X). As n — 0, the following bound on the minimal speed holds:

max{2y/e, \/2CsC), — VC,} < o* < ({/2CsC, —/C 2050]),

C.

The solution is given by

C’p, r <0,
E(I) - F 7\/ .t Cp, O0<z < \/QCSCP —2y/C, (412)
S
0, > /2C5C, — 2y/C,.

The cell density p is a positive, non-increasing C1(R) function, such that
p=1 for x <\/205C, —2/C, and p<1 for x>2,/20sC,—2+/C..

Proof As above, W and 0,W are continuous on R. Moreover, due to the diffusion term,
p is continuous. Using the same decomposition R = I} U Iy U I3 as before, we notice that, in
I, U I, the problem is independent of €. Thus we have the same conclusion as in Theorem 4.1.

(1) On I, we have p=1, X =C), — neV"C5+CZ and W =Cp, — (n+ %;)ev"c‘ﬁcz .
.2
(2) In I, we have p =1, ¥ = Cp, —n— &-VnCs + C; — 55, and W = (),
CLS nCs +C, — 56
(3) On I3, still from the second equation of (4.4) and the continuity of W and 9, W, we
have

W(z) = @Wz FCs + p)e” Vo,
=/2CsC, —nC; — — VO, ¥ 1Cs.

The jump condition at xg for the first equation of (4.4) is

(4.13)

—0[pleg — Cs[p0aWley = €[0zplzy,
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which implies [0,p]z, = 0 thanks to the continuity of p and 0,WW. Then, from (4.4), when
p < 1, the density satisfies

Bup + (1+ &W>p20, (4.14)

€0pap + (cr — ¢ C.

5
")

C.
where W is as in (4.13). This equation is completed with the boundary conditions

plxzg) =1 and Oyp(xg) =0. (4.15)

The Cauchy problem (4.14)—(4.15) admits a unique solution. Moreover, at the point zg, we
deduce from (4.14) that

C
€0zep(mg) = —1 — C—SW(xo) < 0.

Therefore, d,p is decreasing in the vicinity of xg. We deduce that d,p < 0 for x > z( in
the vicinity of zg. Then if p does not have a minimum on (x,+00), it is a non-increasing
function, which necessarily tends to 0 at infinity from (4.14). If p admits a minimum at the
point x,, > xo, then we have 0,,p(x,,) > 0 and 0, p(z,,) = 0. We deduce from (4.14) that

Cs

() (1 + C—W(xm)) = —eDpup(m) < 0.
z

We conclude that p(z,,) < 0. Thus there exists a point z., such that p(z.) = 0. Then on

[0, x.), we have that p > 0, and it is nonincreasing. The question is then to know whether

there exists a value of ¢ for which z. = +00. In order to do so, we will compare p with p that

satisfies

~ C ~ C ~
€05p + (O’— \/Ci'zK)ﬁmp—F (l—i-C—iK)p:O, x € (xg, +00) (4.16)
with the boundary conditions
ﬁ(.’L‘o) = 1, 8305(1'0) =0. (417)

Here K is a given constant which will be defined later.
Lower Bound on o* Integrating (4.14) from z( to +o00, and using 9, W = —% and the
boundary conditions in (4.15), we have

“+o0

o0=+C,+nCs+xo +/ p(x)dx.

Zo

We deduce that if we had a nonnegative solution p, then

0> /C. +1Cs + 10 = \/2C5C,p — 70y — \/Cs. (4.18)

Moreover, from (4.14), we have

C C
€Dpup + 00up+p= —2Wyp— 2Wp < 0.

VO, C

Using the second assertion of Lemma 4.1, we can compare p with p that is the solution to
(4.16)—(4.17) with K = 0. We deduce that p < p, since when o < 24/¢, p takes negative values
on I3. Thus, p is no longer nonnegative, which is a contradiction. Therefore,

o> 2/ (4.19)
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Upper Bound on ¢* We use the bound W < W (zg) to get

€0pzp + (0 — Cs W(xo))c%p + (1 + %W(wo))p > 0. (4.20)

VC:

Using the assertion (1) of Lemma 4.1, we deduce that p is positive on I3 provided that

o> +/2CsCp —nCs — \/CZ-FQHG 205*0},' (4.21)

z

Thus for all o satisfying (4.21), there exists a non-increasing and nonnegative solution p to
(4.14)~(4.15).

However, the bound (4.21) is not satisfactory for small C,. This is mainly due to the
fact that the bound W(z) < W(xo) on I3 is not sharp when C, is small. We can improve
this bound by using the remark that for any =z, > zo, we have W(z) < K := W(x,). Let
us define x, = zg + /C, &(v/C,) with a continuous function £ : (0,+00) — (0,+00), such
that :l% xz€(x) = 0. Let us call p a solution to (4.16) on (z,, +00) with K = W(z,) and the
boundary conditions p(x,) = p(x,) > 0, O:p(x.) = Ozp(z,) < 0. Using the assertion (1) of
Lemma 4.1, we deduce that p > p, and p is positive provided that

o> %W(mz) + 2\/6(1 + %W(xz)) (4.22)

and

20.p(x)
p(z2) ’

where eae = o — %C(%) and ef =1+ %z(“) When z, — o, we have 9,p(z,) — 0, whereas

a > % from (4.22). Thus for 4/C, small enough, (4.23) is satisfied provided that (4.22) is
satisfied, i.e.,

a+va?—45> — (4.23)

2 _
o> (1/2CsCp —nCs — + /Cz)e—ﬁ(\/Ci) + Qﬁ\/l + ( /% — 1)6—5(\/@), (4.24)

e_i(m) = 0, we deduce that when C, — 0,

(4.24) becomes o > 24/e. One possible choice is £(z) = Inz?2.

Therefore, choosing the function £, such that lin%
T—

The proof of Theorem 4.2 uses the following lemma.

Lemma 4.1 Let o, 8, a be positive and b < 0. For g € C(Ry), let f and f be the solutions
to the following Cauchy problems on R :

f"+oaf' +8f=g, f0)=a, f(0)=0 (4.25)

and

" +af +Bf=0, f(0)=a, f(0)=b, (4.26)

respectively. Then we have
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(1) Assume g >0 on R*. If o > 48 and a + \/~042 —48 > —%N, then f(z) > f(x) >0 for
z € Ry. Or else, there exists an x. > 0, such that f(z.) =0 and f > 0 on [0,z.]. Moreover,

if % < 48, we have f(z) > f(x) forx € [07 \/4%]; if a2 > 4B and a + /a2 —48 < %b, we

have f(x) > f(x) for x € [0, z.].
(2) Assume g < 0 on RY. If o® > 43, then f(x) < f(x) for © > 0. If moreover a +

VaZ—48 < —%b, then f takes negative values on Ry . If o® < 43, then we have f(x) < f(x)
27 :I .

2 .
forx € [0, \/4@] and f takes negative values on [0, it

Proof Denote by r; and ry the roots of the characteristic equation 72 + ar + 3 = 0. Then,
if 1 # ro, by solving (4.25)—(4.26), we have
~ roa — b Tla—bem

Flo) = 22 =2enw ¢

T2 —T1 r —Tr2

)

fa) = Fo)+ [ gt

ri(z—y) ra(z—y)
c + 2 )dy. (4.27)

L —Tr2 T2 —T1

First, we assume that ¢ > 0 on R,.. If o® > 483, then r; and ry are real negative. We deduce
that

T ToX
el e'?

>0,
L — T2 T2 —T1

and then f(z) > f(z) for x > 0. Moreover, f vanishes on R, if and only if min{ry,re} >
If & < 48, r1 and ry are complex and 7; = ry. We denote ; = R — il, where 2R = —a«
and 21 = /48 — o2. We can rewrite then

b
o

flz) = (RI_ b sin(Ix) + acos(Ix))eRf”. (4.28)

We deduce that there exists an z., such that f(z.) =0 and f > 0 on [0, z.]. Moreover,

el er2® elz T
=% sin(lz)>0 f [0, f] 4.29
7“1—7“2+7“2—7"1 7 sin(Iz) > orz€ |0, (4.29)

Thus f(z) > f(z) if z € [0, F].
If a®> = 48, we have r| = ry = —5. By straightforward computation, we have f(z) =
((b—ar1)z + a)e™, and

o) = Jw) + [ “(@ — gV g(y)dy. (4.30)

For g > 0, we deduce f > f This concludes the proof of the first point.

Let us consider that ¢ < 0 on R;. We deduce the first assertion from (4.27) and (4.30).
If o2 < 483, we deduce f < f on [0,Z] from (4.27) and (4.29). And we have from (4.28)
f(%) = —aeT < 0, and thus f vanishes on [0, ﬂ

Numerical Results We perform numerical simulations of the full system (2.2) by using
the same algorithm as in Subsection 4.1 and a centered finite difference scheme for the diffusion
term €0, p.

We present in Figure 6 the numerical results still with parameters in (3.20) and C, = 0.01,
€ = 0.01. Comparing Figures 4 and 6, we notice that the profile of p has a tail in the latter
case.
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Figure 6 The numerical solution when C, = 1, Cs = 0.01, C,, = 17.114, C, = 0.01 and
e = 0.01.

Table 4 gives numerical values of the traveling velocity for different parameters. We illustrate

numerically the bound on ¢* obtained in the proof of Theorem 4.2.

Table 4 The traveling speed o™ for (2.2) with different parameter values.

C, Cs C. ¢ [J2C,0s—C. 2/e o
0.57 0.0 0.001 0.0 0.07515 0.20  0.197
0.57 0.1 0.01 0.01 0.2376 0.20 0.321
057 1 0. 0.001 0.7514 0.0632_0.780
0.57 1 0.1 0.01 0.7514 0.2 0.828
0.57 1 0.1 0.1 0.7514 0.632 1.015
0.57 1 0.1 1 0.7514 2 1.974

References

(1]
(2]
(3]
(4]
(5]
[6]

[7]

Adam, J. and Bellomo, N., A Survey of Models for Tumor-Immune System Dynamics, Birkh&user, Boston,
1997.

Ambrosi, D. and Preziosi, L., On the closure of mass balance models for tumor growth, Math. Models
Methods Appl. Sci., 12(5), 2002, 737-754.

Anderson, A., Chaplain, M. A. J. and Rejniak, K., Single-Cell-Based Models in Biology and Medicine,
Birkhauser, Basel, 2007.

Araujo, R. and McElwain, D., A history of the study of solid tumour growth: the contribution of mathe-
matical models, Bull Math. Biol., 66, 2004, 1039-1091.

Bellomo, N., Li, N. K. and Maini, P. K., On the foundations of cancer modelling: selected topics, specu-
lations, and perspectives, Math. Models Methods Appl. Sci., 4, 2008, 593-646.

Bellomo, N. and Preziosi, L., Modelling and mathematical problems related to tumor evolution and its
interaction with the immune system, Math. Comput. Model., 32, 2000, 413-452.

Berestycki, H. and Hamel, F., Reaction-Diffusion Equations and Popagation Phenomena, Springer-Verlag,
New York, 2012.

Breward, C. J. W., Byrne, H. M. and Lewis, C. E., The role of cell-cell interactions in a two-phase model
for avascular tumour growth, J. Math. Biol., 45(2), 2002, 125-152.



Composite Waves for a Cell Population System Modeling Tumor Growth and Invasion 317

9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]
27]

28]
[29]
[30]
[31]
(32
[33]

(34]

Byrne, H. and Drasdo, D., Individual-based and continuum models of growing cell populations: a compar-
ison, J. Math. Biol., 58 , 2009, 657-687.

Byrne, H. M., King, J. R., McElwain, D. L. S. and Preziosi, L., A two-phase model of solid tumor growth,
Appl. Math. Lett., 16, 2003, 567-573.

Byrne, H. and Preziosi, L., Modelling solid tumour growth using the theory of mixtures, Math. Med. Biol.,
20, 2003, 341-366.

Chaplain, M. A. J., Graziano, L. and Preziosi, L., Mathematical modeling of the loss of tissue compression
responsiveness and its role in solid tumor development, Math. Med. Biol., 23, 2006, 197-229.

Chatelain, C., Balois, T., Ciarletta, P. and Amar, M., Emergence of microstructural patterns in skin
cancer: a phase separation analysis in a binary mixture, New Journal of Physics, 13, 2011, 115013+21.

Chedaddi, I., Vignon-Clementel, I. E., Hoehme, S., et al., On constructing discrete and continuous models
for cell population growth with quantitatively equal dynamics, in preparation.

Ciarletta, P., Foret, L. and Amar, M. B., The radial growth phase of malignant melanoma: multi-phase
modelling, numerical simulations and linear stability analysis, J. R. Soc. Interface, 8(56), 2011, 345-368.

Colin, T., Bresch, D., Grenier, E., et al., Computational modeling of solid tumor growth: the avascular
stage, STAM J. Sci. Comput., 32(4), 2010, 2321-2344.

Cristini, V., Lowengrub, J. and Nie, Q., Nonlinear simulations of tumor growth, J. Math. Biol., 46, 2003,
191-224.

De Angelis, E. and Preziosi, L., Advection-diffusion models for solid tumour evolution in vivo and related
free boundary problem, Math. Models Methods Appl. Sci., 10(3), 2000, 379-407.

Drasdo, D., On selected individual-based approaches to the dynamics of multicellular systems, Multiscale
Modeling, W. Alt, M. Chaplain and M. Griebel (eds.), Birkhauser, Basel, 2003.

Evans, L. C., Partial Differential Equations, Graduate Studies in Mathematics, Vol. 19, A. M. S., Provi-
dence, RI, 1998.

Friedman, A., A hierarchy of cancer models and their mathematical challenges, DCDS(B), 4(1), 2004,
147-159.

Funaki, M., Mimura, M. and Tsujikawa, A., Traveling front solutions in a chemotaxis-growth model,
Interfaces and Free Boundaries, 8, 2006, 223-245.

Gardner, R. A., Existence of travelling wave solution of predator-prey systems via the connection index,
SIAM J. Appl. Math., 44, 1984, 56-76.

Hoehme, S. and Drasdo, D., A cell-based simulation software for multi-cellular systems, Bioinformatics,
26(20), 2010, 2641-2642.

Lowengrub, J. S., Frieboes, H. B., Jin, F., et al., Nonlinear modelling of cancer: bridging the gap between
cells and tumours, Nonlinearity, 23, 2010, R1-R91.

Murray, J. D., Mathematical biology, Springer-Verlag, New York, 1989.

Nadin, G., Perthame, B. and Ryzhik, L., Traveling waves for the Keller-Segel system with Fisher birth
terms, Interfaces and Free Boundaries, 10, 2008, 517-538.

Perthame, B., Quirds, F. and Vazquez, J. L., The Hele-Shaw asymptotics for mechanical models of tumor
growth, in preparation.

Preziosi, L. and Tosin, A., Multiphase modeling of tumor growth and extracellular matrix interaction:
mathematical tools and applications, J. Math. Biol., 58, 2009, 625—656.

Radszuweit, M., Block, M., Hengstler, J. G., et al., Comparing the growth kinetics of cell populations in
two and three dimensions, Phys. Rev. E, 79, 2009, 051907-1-12.

Ranft, J., Basan, M., Elgeti, J., et al., Fluidization of tissues by cell division and apaptosis, PNAS, 107(49),
2010, 20863—-20868.

Roose, T., Chapman, S. and Maini, P., Mathematical models of avascular tumour growth: a review, SIAM
Rev., 49(2), 2007, 179-208.

Sénchez-Garduno, F. and Maini, P. K., Travelling wave phenomena in some degenerate reaction-diffusion
equations, J. Diff. Eq., 117(2), 1995, 281-319.

Weinberger, H. F., Lewis, M. A. and Li, B., Analysis of linear determinacy for spread in cooperative
models, J. Math. Biol., 45, 2002, 183-218.



318 M. Tang, N. Vauchelet, I. Cheddadi, et al.

Appendix Derivation of the Cuboid State Equation

Cells are modelled as cuboidal elastic bodies of dimensions at rest Ly X Iy X hg in z,y, z
directions aligned in a row in z direction. At rest, the lineic mass density of the row of cells, in
contact but not deformed, is py = Mﬁ“ We consider the case that the cells are confined in a
tube of section Iy x hg, where the only possible deformation is along the x axis. This situation
can be tested in a direct in-vitro experiment. Moreover, this limit would be expected in case
a tumor composed of elastic cells is sufficiently large, such that for the ratio of the cell size L
and the radius of curvature R, % < 1 holds, and the cell division is mainly oriented in radial
direction as well as the cell-cell tangential friction is sufficiently small, such that a fingering or
buckling instability does not occur.

When cells are deformed, we assume that stress and deformation are uniformly distributed,
and that the displacements are small. Let L be the size of the cells. The lineic mass density is
p= % For p < po, the cells are not in contact and 3(p) = 0; for p > po, a variation dL of
the size L of the cell corresponds to an infinitesimal strain du = %. Therefore, the strain for a
cell of size L is u = In (L%) Assuming that a cell is a linear elastic body with Young modulus

FE and Poisson ratio v, one finds that the component o, of the stress tensor can be written as

oo = (),

The state equation is given by

07 lfp < po,

= ]- -
Z(P) —VEln <£>7 otherwise.
(1—-2v)(1+v) Po

Here, ¥X(p) = —0y,, is the pressure. Let p = p—”o, Y = E% and E = E% be the dimensionless
density, pressure and Young modulus respectively, with Ey a reference Young modulus. Then

the state equation can be written as

-0, ifp<1,
%(p) = {C,, In(p), otherwise,

_ E(1—v)
where CV = W

the bars above dimensionless quantities are removed.

In the article, equations are written in the dimensionless form, and



