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On the Linearized Darboux Equation Arising in Isometric
Embedding of the Alexandrov Positive Annulus*
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Abstract In the present paper, the solvability condition of the linearized Gauss-Codazzi
system and the solutions to the homogenous system are given. In the meantime, the
solvability of a relevant linearized Darboux equation is given. The equations are arising in
a geometric problem which is concerned with the realization of the Alexandrov’s positive
annulus in R3.
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1 Introduction

Definition 1.1 (see [1]) Let T be an annulus, T = S' x (0,1), i.e. T = {(z1,22) | 21 €

[—m, 7], x2 € (0,1)} and (7, g) is a smooth (analytic) nonnegative annulus,
7: T —-R3 ¢=di?,
where 7, g are defined in T and satisfy Alexandrov’s assumption (see [1]) :

/Kdg:47r and K =0, VK#0 on 0T, (1.1)
T

where K is the Gaussian curvature and K > 0 in T. In what follows, we call such an annulus

7 the Alexandrov’s positive annulus. And (1.1) is called the Alexandrov condition.
Choosing the origin such that 7 - 7> 0, where 77 is the unit outward normal, we define the

function

— ZF.7 1.2
p (

|~

Let us consider the Darboux equation satisfied by p (see [2])

1
F(r, . 00,9%0) = 1 del(V2p = g1) = K(2 — V) = 0. (13)
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Its linearized equation of p is

G =F(po=S(Fo+10)|

A direct computation shows that
G = —Kh(7 i)V — 2K (¢ — g pig)),

where (A7) = (hi;)™', (¢¥) = (gi;)™", gij, hij are the coefficients of the first and second
fundamental forms and 7 is the outward unit normal.

Furthermore, we can rewrite the linearized equation in the divergence form as follows

1 K\/|g|h8;¢ 2K¢
_¢m@( WWWJ)‘XﬁﬁV’ﬂ (14
where o
=

The Gauss-Codazzi system is well-known as a basic system satisfied by the coefficients of
the second fundamental form L, M and N.

For convenience, set
L M N

l=—/7—, m=—17—, n=—7—.
varl ] ]

The Gauss-Codazzi system says that

In—m? =K, (1.5)
Dol — Oym = —IT3, + 2mT%, — nl'?,, (1.6)
Dom — Oyn = T3, — 2mI'}, +nl',. (1.7)
Let
a’} = _a’% =m,
ay = —n, a?=I,

and then the perturbation of (1.5)—(1.7) is

ai + a3 =0, (1.8)
athjz — ajhjy = E (1.9)

and
drab — 9ol + abT, —alTl, = ¢y, j=1,2. (1.10)

In the present paper, a new method to solve the linearized Gauss-Codazzi system (1.8)—
(1.10) is given. First of all, we transform the linearized system to a partial differential equation
of the second order discussed sufficiently in [3] and then obtain the solvability condition as well

as the solutions to the homogenous problem for the linearized system (1.8)—(1.10).
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For the Alexandrov positive annulus, the boundaries are planar (see [1]). We will discuss
two different cases respectively:

Case 1 The two boundary planes are parallel;

Case 2 The two boundary planes are not parallel.

For Case 1, let k be a unit vector in R3 which is parallel to the normals of the two boundary

planes, and then we have the following theorem.

Theorem 1.1 The necessary and sufficient condition that the system (1.8)-(1.10) is solvable
18

E-/Eﬁ+0jajf‘=0. (1.11)
T

For Case 2, let k= (0,0,1) be a unit vector in R® which is parallel to the normal of the
boundary planes P; where
gy = ({.132 = 0} N 8T)

lies, and (0,sin#, cosf) be the normal of the boundary planes P, where
o1={x2 =1} Nn0T)
lies and cosf # +1. Then we have the following theorem.

Theorem 1.2 The necessary and sufficient condition that the system (1.8)-(1.10) is solvable

18
E/Eﬁ—i—(]j(‘)]f': 51n9;/(Eﬁ+CJ83F) X T. (1.12)
T T

In this paper we will see that for any case, the space of the solution to a homogenous problem
for the linearized Gauss-Codazzi system is one-dimensional.

For the Alexandrov positive annulus, the linearized Gauss-Codazzi system is a degenerate
elliptic system of the first order studied less than the degenerate elliptic equation of the second
order. Moreover, solving the partial differential equation of the second order in [3] is closely
related to the geometric aspects of the Alexandrov positive annulus in the study of isometric
embedding. At the same time, we will associate the linearized Darboux equation with the
linearized Gauss-Codazzi system. Concretely, we will turn the linearized Darboux equation to
the form of (1.8)—(1.10) with

Eii + C;0;7 = f\/|gIF (1.13)

Therefore, we obtain the solvability condition as well as the solutions to the homogenous prob-
lem for (1.4).

Theorem 1.3 Let € C°(T,R?) be an Alexandrov positive annulus and f € C>°(T). Then
the necessary and sufficient condition that (1.4) admits a solution ¢ € C>(T) is

/ frdA, =0, (1.14)
T
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where Ay is the area element of the metric g. Moreover, the solution is unique up to A- 7 for

some constant vector A.
Remark 1.1 If ¥ € C¥(T,R3) and f € C¥(T), correspondingly ¢ € C¥(T) (see [4]).

2 Geometric Preliminaries

Before solving the equations (1.4), (1.8)—(1.10), we need several lemmas.

Lemma 2.1 (see [1]) If (1.1) is fulfilled, each component of ¥(OT') is a planar curve l;.

Lemma 2.2 (see [6]) Let M be a nonnegative compact surface which is of no planar point,
OM = Ul;, and each l; be a planar curve contained in a plane P; which is tangential to M.

Then M is infinitesimal rigid.

3 The Fundamental Equation

Having the geometric and analytic preliminaries, we will derive the fundamental equation.
The process is partly seen in [5]. In what follows, we will turn the linear system (1.8)—(1.10) to
a degenerated elliptic equation (see [3]).

Let X be a vector, and then dX = 8¢dei. Set af@ﬁ'z 171, i = 1,2, where ag, i,7=1,2
satisfy (1.8)—(1.10), and Z; = 8; X — Y, which is to be fixed.

We claim that

O Zy — 027, = —Eii — C;0;7. (3.1)
Remark 3.1 Here 5?;, Z: are not the derivatives of vectors, but 81)? are.

First, the Poincare lemma says d(dX) = 0, and then

01Zy — 0aZy = —(01Ya — BuY1).

To see this, we compute the exterior derivative
d(Yida') = (9al0;)da® A da® + a (T8 + hyres)da® A da',
which implies
1Yz — 0:Y1 = (alhja — ajhy)ii + (af — aal + abTy, — aiT},)0;F.

By (1.9)—(1.10), we have

O Zy — 0,7, = —Eii — C;0;7.

Since a;0;

<
=3
Il
=i

i =12,

N

ai = g" o7 Y1+ g"20e7 Vi,
a3 = g*2 057 - Ya + g'2017 - Ya.
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al + a3 = 0 means
GOV Y1 + g12(0oF - Y1 + O1F - Ya) + g*2007 - Yz = 0.
Since Z_; = &X — }7;,

g”(‘)lf’- X}vl + g12(82’F- X}vl + 017 )?2) + 92282’F' X:Q

= g0 T Z1 4 g2 (0aT - 21 + O - Zo) + gP2057 - Zs. (3.2)
Note that
0 Xy = (007 X)1 —Thow X —T2,057- X — hyyit - X, (3.3)
o7 - )?2 + Or7 - )?1 = (8277 X)l + (8177 )2)2 — 2F%281’F- X — 2F%28277- X — 2h121 - )?, (34)
OoF - Xo = (097 X)g — ThyOr7+ X — 12,057 - X — hogit - X (35
Set
uy = /]g[(g" 7 X + g2057 - X), (3.6)
—ur = /]gl(g2017 - X + g*20,7 - X) (3.7)
and
w=1-X, (3.8)
and hence
- 1
O X = —=(gnuz2 — g1au1),
V9l
- 1
DT - X = ——=(g12u2 — gaou1).

Vlal

Then by (3.3)-(3.8), (3.2) becomes

1 - o
ﬁ(@ﬂj@ — 82’(1,1) =2Hw + g”@i’F- Zj. (39)
g
Note that
wi =X -7 — o7 X =Z; it — hlo;7- X, (3.10)
ie.,

ohw=—K/ |g|h2iui + 7 i,
Oow = K+/ |g|h”ui + ZQ - 1.

Inserting (3.10) into (3.9) yields the equation satisfied by w
1

Vdl

. 1 .o .. -
8i(\/ |g|h”8jw) —2Hw = —\/ﬁ&(\/ |g|h”Z]‘ ﬁ) + gY 0,7 Zj, (311)
g
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which is discussed sufficiently in [3].
If there exists w which solves (3.11), u; and uy are generated by (3.10). Thus X is generated
by

UQ(9177— ulagf"

Vldl

Hence, once Z; are constructed to satisfy (3.1) such that (3.11) is solvable, X is determined.
Then 81')?, Y; = 9;X — Z; are given, so we obtain ag by azf)‘ 7=,

X = wi. (3.12)

4 The Solvability

Without loss of generality, suppose that Z 71 = 0 on oy, otherwise replace w with w — u,
Z; -7, j

where u is a smooth function on oy, 0ju = =1,2,k=0,1.

o:f aj)?-ﬁdsz% Z; - iidx;.
Ok Ok

First, we introduce the boundary value problem for (3.11) (see [3])

It is necessary that

1 -
Lw =——=0;(\/|g|h"” 0jw) — 2Hw = F

varl ’ 7 (4.1)
7{ \/ |g|hij8jw1/i =0,
o

where

1 AN .. -
F = ——81‘(\/ |g|h” (Zj T ({)]’U,)) + g”(‘)ﬁ- Zj — 2Hu,

Vlal

v = (v1,v2) is the unit outward normal of 9T
Lemma 4.1 If there exist Zii=1,2 satisfying (3.1) on oy, k=0,1,
Vo Ty i — 1y Dy i = 0, (4.2)
/BT(VQZ*1 X — 1) Zy X T) = /T(—Eﬁ — C0;7) x T, (4.3)

then the system (1.8)-(1.10) is solvable.

Proof Once we prove if Z;, i = 1,2 satisfy (3.1) and (4.2)—(4.3), (4.1) is solvable, finally
the system (1.8)—(1.10) is solvable.

As shown in [3], the differential operator £ is formally self-adjoint and of Fredholmness.
Hence, to prove that the boundary value problem (4.1) is solvable, it suffices to verify that F
is perpendicular to the kernel of its adjoint problem. Since the problem is self-adjoint, we only
need to compute the kernel of (4.1).

Recalling that Z_; =0 and

j(I{ \/ |g|hij8jwui = 7{ Usv1 + urvg = 0, (4.4)
Ok

Ok
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then

j{ (X x 75)v; = 0.
ok

It is obvious that di- X x d7 = 0. Noting that Z_; = 0 means F = 0 and C; = 0, therefore
by (1.8)—(3.10),

X X OoF = 2 X X OiF,

and then there exists a position vector ¥ such that do = X x d7. By Lemmas 2.1-2.2, 7 is

infinitesimal rigid. Such a ¥ must come from the rigid motion of 7.
G=Ax7+ B,
where A and B are constant vectors. Hence X = /_1’,
al =0 (4.5)
and
w=A- 1,

i.e., the kernel of £ is spanned by A - i for any constant vector A.

Thus we only need to verify

1 o - = 5
/(—Tai(\/|g|h”(Zj-ﬁ—ﬁju))—i—g”&F-Zj—2Hu>A-ﬁ:0
T g

N

for any constant /_1’, or simply
1 . . -
/ (~ —=a(/gIh9Z, -7t~ 0yu) + 90,7 Z) )i = . (4.6)
N /gl

Note that the expression in the parenthesis in (4.6) is an invariant scalar function on 7'. Hence

we need to verify
/ W (Z, -7 — Oyu)057 + (9704 - 7, — 2Hu)ii = 0, (4.7)
T
By the Weingarten equation, we have
Wi Z; - it = —h' Z; - Ahk oy 7

= —hZ; - iihyg™ o7

= —Z; - itg’* o7

= _gijjj - O,

Hence (4.7) becomes

/ —g"(Z; - 7 — Q;u) 0T + (90,7 - Z; — 2Hu)7i = 0. (4.8)
T
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An integration by parts shows
/ 9" 0ud; + 2Huii
/ \/_ l9lg" 0;ud;7 + 2Huii
/ \/_ |ggj(‘)77)u+2Hun—/8T lglug® 0;7v;.

With the Gauss equation and the identity

Okg” = —g"T}; = ¢'Th,

we have
1 -
——=08;(/|9lg" %i7)u + 2Humi = 0.
Vgl
Hence
T or
/ ~9"(Z; - )07 + g0, Zy)i = / 9" Z; x (it x i)
T
1 -
=/ ——(Z1 % OoF — Zo X OhF)
7 /|9l

Since

7y X OoF — Zo x O\F = 0o(Zy x ) — O1(Za X ) + (0122 — 02 Z1) X T
by (3.1) and integration by parts, we have
/ (vaZy X 7 — 1129 X 7 — \/|glug¥ 8;7v;) = / (—Eit — C;0;7) X T.
ar T
By the definition of u, we have

/8T((VQZZ ) X 7 — (1 2y - ) 7 — /|glugh O5iv;)

S

X / (Vgulf’— viuaT + voud 7 — llluag’F)
oT

=7 % /BT(VQ(UF)l — v (ui)z)
0.

Inserting the equality above into (4.10), we have

/ vo(Zy — (Zy - @)R) X 7 — v1(Zy — (Lo - W)) X F) = / (—FEit — C;0,7) x T.
oT T

Hence if on oy, £ =0, 1,

ngl'ﬁ—V122~ﬁ:0,

C. H. Li

(4.10)

(4.11)
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then

/ (1aZy X 7 — 11 Zy X T) = /(—Eﬁ— C;0;7) X .
oT T

Hence if (4.2) and (4.3) are valid, the system (1.8)—(1.10) is solvable.

In what follows, we will give the necessary and sufficient condition that the system (1.8)-
(1.10) is solvable based on Lemma 4.1. In the next section, we will see that the solution to
(1.8)—(1.10) is not unique.

We will discuss the condition in two cases respectively:

Case 1 The two boundary planes are parallel;

Case 2 The two boundary planes are not parallel.

For Case 1, we choose the coordinates as follows. Let k be a unit vector in R® which is
parallel to the normals of the two boundary planes, @ be a unit circle parameterized by the arc

length parameter x; such that
alk, |@=|d|l=1, Vv €]0,2n].
Without loss of generality, suppose that the surface can be of the form
P21, 2) = 20k + S(x1, 22)d@(21), 1 € [0,27], x5 € [0,1]. (4.12)

In the case, the unit outward norms of op and oy are ¥ = (0,—1) and © = (0, 1), respectively.
Thus (4.2)—(4.3) become

71 = 0, on o, (4.13)
/ 7y x F—/ Z) X 7= /T(—Eﬁ— C;0;7) X T. (4.14)
o1 o0
In what follows, we will prove Theorem 1.1.
Proof of Theorem 1.1 The necessity follows easily. Recalling that
Ny — 0271 = —(01Ya — BY1) (4.15)
with (3.1), we have

01Ys — 8sY, = Eii + C;0;7, (4.16)

/Emcjajf:/alyz_am :/ ﬁ—/ Y.,
T T oo o1

Noting that on 9T, a{aﬂ?: }7;, Y, ii=Y; k= 0, therefore

and hence

E-/Eﬁ+0jajf=/fl-ﬁ—/fl-ﬁ:0. (4.17)
T oo o1

The sufficiency is proved by Lemma 4.1, once we illustrate the fact that if (1.11) is valid,
then there exist Z;, i = 1,2 satisfying (3.1) and (4.2)-(4.3).
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Assume that i = (1,0,0), j= (0,1,0), k= (0,0,1), @(x1) = (cos(z1), sin(x1),0), and

En+ C;0;T
+o0o +o0o +oo
= ( Z U (z2) exp(imzy), Z U (22) exp(imazy), Z Wi (T2) exp(imml)), (4.18)
/(—Eﬁ — C;0;7) x 7= (C',0?,C?). (4.19)
T
Set

T2 T2 T2 T2
Z1 = <y1 +/ U0, Y2 +/ 0] +COS($1)/ y3,/ wO)v (4.20)
0 0 0 0

where y; are constants to be fixed.
By (1.11), we have fol wo = 0 which means such a Z; satisfies (4.13).

(4.14) can be rewritten as

f{ 7y % f—jf Z) x 7= (C',C?%,C%), (4.21)
g1 (o))
where on o1,
. 1 1
1= <y1 + Uuo, Y2 +/ o + Y3 cos(x1), 0)7 (4.22)
0 0
7= (S(z1,1)cos(zy), S(x1, 1) sin(xy), 1), (4.23)

and on oy,

Zl = (y17y270)a
7= (S(z1,0) cos(xy), S(x1,0)sin(xy),0).

(4.14) is an algebraic system of y;

27r<y2 —1—/01 vo) =C!,

1
—27T(y1 +/0 uo) =2, (4.24)

2m

; ((S(z1,1) — S(x1,0))(sin(z1)y1 — cos(x1)y2) — S(x1,1) cos?(x1)ys)da;
=%+,

where
27 1 1
ct = —/0 (S(z1,1) — S(xl,O))(sin(ml)/o Uug — cos(ml)/o vo)dml.

Noting that S(z1,1) > 0, cos?(z1) > 0 and fOQW S(x1,1) cos?(z1)dz; > 0, then the algebraic

system is solvable.
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By (3.1), (4.18) and (4.20), we have

01 Zs
= ( — Z U (z2) exp(imz1), y3 cos(x1) — Z U (z2) exp(imaq), — Z Wi (T2) exp(imxﬂ)7
m#0 m#0 m#0

which is solvable, and thus there exist such Z:-, i =1,2 as required in Lemma 4.1.
For Case 2, without loss of generality, assume that the equations satisfied by P, and P are
z =0 and sinfy + cos 0z + 1 = 0, respectively.

Consider a family of planes with the parameter x,:
(1 —22)z + xa(sinfy + cosz +1) =0 (4.25)
with the corresponding normals
fi(xe) = (0,228in0,1 — 3 + x9 cosf).

Then the surface is of the form

2y ii(z2)
|7i(22)]

—

Mz, 22) =

+ S(x1,x2)d(x1)A(z2), 21 € [0,27], x4 € [0,1], (4.26)

where A(z2) is a matrix defined by

1 |7 (z2)] 0 0
A(zg) = = 0 1— 29+ 259cosl —Zosin
[7i(z2)] 0 2o sin 6 1 — 29 + 2o cost

In what follows we will prove Theorem 1.2.

Proof of Theorem 1.2 The necessity follows easily.
/ Y3 xF—/ Y3 xf:/@(flxm—al(}éxf)
o1 oo T
:/(azfl—alfz) X 7) + Y, X OoF — Yo x O1F
T
= / (—En — C;0;T) x T,
T
where we use (4.16) and
Y1 X 0o7 — Yo x 017 = 0,
and hence

7 (/ Yi ><F—/ Vi x 7) :Z-/ —Eii — C;0;7 (4.27)
o1 oo T

Recalling that 171 -7 = 0 means ﬁ .k=0on oo and Sih@fl -j'—i— cos 9171 k=0on o1, we have

onoi,

- S 0 -
/ Y, . j=8 k./Eﬁ+CjajF (4.28)
o1 T

sin @
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and
/ Yi-E:-E-/ Eii + C,0,7, (4.29)
o1 T

where we use (4.16) again.

Inserting (4.26) and (4.28)—(4.29) into (4.27) yields (1.12).

Similarly to Theorem 1.1, the sufficiency is proved by Lemma 4.1, once we illustrate the
fact that if (1.12) is valid, there exist Z;, i = 1,2 satisfying (3.1) and (4.2)(4.3).

Set

- @2 4
7 = (/ uo—i—sin(m)/ Y, — / 0—/ v — cos(z1 / y27/ wo (4.30)
o 0 sin

where y; are constants to be fixed.
It is easy to check that Z, satisfies (4.13). (4.14) can be rewritten as

74 71 % F—f Zy x 7= (C',C?%,C%),
o1 g0

where on o1,

- ! cos 6
1= u0+51n €1 yl,— wo, wo
0 sin 6

7= S(x1,1)(cos(xy), cosOsin(zy), — sm9 sm(xl)) (0,sin 6, cos ),

and on oy,

- cosf
le 0, wo — vo—cos T yg,O),
 sind

7= S(xl, 0)(cos(a:1), 51n(a:1), 0).
We obtain an algebraic system of y;

1
fO Wo _Cl

sin 0

?

27
y1 8in 6 S(ml,l)siHQ(xl)dxl =C%?+C°,
0
27 27

11 cos S(x1,1) sin2(m1)dx1 — Y S(x1,0) COSQ(l‘l)dxl =C3%+ (",
0 0

where

2

1 1 1

5= — S(x1,1)</ wop cos(x1) —|—sin9/ U sin(xl))dxl +27rcos€/ U,
0 0 0 0

27

1
o [ o oot [ syt 29
0

sin
27

9 1
+ S(z1,0) COS /w0+/ g cos(xl)dx1—27rsmt9/ ug.

0

wo cos(xl)) dz;
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The first equation of the algebraic system above is nothing but (1.12). Note that S(z1,1) >
0, S(z1,0) > 0, sin®(z1) > 0, cos?(x1) > 0,

2m 2m
S(x1,1)sin?(zy)de; > 0, S(x1,0) cos®(xy)da; > 0.
0 0

Thus the algebraic system is solvable.
By (3.1), (4.18) and (4.30), we have that

01 7y = (yl sin(xq) Z U (T2) exp(lmxl))z

m#0
+ (yg cos(x1) — Z U (2) exp(imml))j— Z Wi (T2) exp(imml)E,
m#0 m#0

which is solvable, and thus there exist such Zi, i = 1,2 as required in Lemma 4.1.
In the remainder of the section, we will turn the linearized Darboux equation (1.4) to the
form of (1.8)—(1.10) with (1.13) and then prove Theorem 1.3.

Proof of Theorem 1.3 Choosing the local coordinate (z1,22) on T, we assume
A0 + i,

where \; = ¢¥9;7- 7, p = 7 ii. Since pu # 0, o7, o7 and 7 form another moving framework.
Noting that on 9T, (7 #)y = 17 -1+ 711 = 0, hence on 9T, p = constant.
Letting ¢ solve (1.4), we have
g — G 0s
7= giga,ir L9 by

where p is defined in (1.2). Then

Q=T-T,
70T = ¢i,
and hence
OT-7=0
Then (1.4) becomes
N(7y - 01F) — M(Fy - OoF + T - O1F) + L(T2 - 0oF) = flg|(7- 7)2. (4.31)

Since ¢ = 7 - " is periodic in x1, 0;7- T = ¢;, T is periodic in z1 too.
Note that 9;7- 7= 0. Then

87 % i
&F:Fx(szr)
2p
Set
&‘ X 7
T Tzaj(‘)jf'—l—bzr,
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and then

07 =7 x al 0.
By (4.31) we have
—(alhys = ajhjn) = f/]gl7- . (4.32)
Since (71 - 7)o — (Ta - 7)1 = P12 — o1 = 0, 71 - OoF — To - 17 =0, i.e.,
ai + a3 =0. (4.33)

In what follows, we will derive the other equations satisfied by af .

The Poincare lemma says d?7 = 0, and therefore

7 % (a1 017 + a30a7)g + Do x (a1 017 + a30aF)

=7 x (a3017 + a3027)1 + 017 X (a3O17 + a20a7).
Since a} + a3 = 0, we have
7 X (a]Or7 + at0ai)e = 7 x (adO17 4 a307)1.
By (4.32), we have
(a1 017 + aT0a)2 — (adO17 + a3dei)y = —f+/|g|F. (4.34)

(4.33) and (4.34) form a system satisfied by af which is nothing but the linearized Gauss-Codazzi
system.
Since fak O17dx1 = 0,

j{ 7 x (a]oh 7 + aidor)day
ok
= j{ (NOiT 4 pi) x (a7 + a20x7)day
ok
= ﬁ% lgl(\a? — Agal)day + pil x j(I{ (alOn7 + a20y)da; .
Ok Tk

Hence §_ (aiOi7 + ai0ar)dz, = 0.
Integrating both sides of (4.34) by parts yields

/ frdA, = f{ (1017 + a20y7)dx; .
T oT

Thus we have proved the necessity in Theorem 1.3.

As to the sufficiency, first we note that the system (4.33)—(4.34) is nothing but (1.8)—(1.9)
with (1.13).

Set

I2 I2 I2
Zl = (/ UO,/ Uo,/ ’wo). (435)
0 0 0
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By (1.14), we have fol ug = 0, fol v = 0 and fol wo = 0, which mean that Z; = 0 on oy, and
such a 7, satisfies (4.13)—(4.14). Set

0Ty = (— Z Uy (22) exp(ima’ Z U (2) exp(ima’ Z wm (27) exp 1ma:1))
m#0 m#0 m#0

which is solvable, and thus there exist such Zi, 1 = 1,2 as required in Lemma 4.1. Hence the
system (4.33)—(4.34) is solvable.
Furthermore, 0 = fak 5‘]»)? -fide; and

j(I{ \/ |g|hij8jwui = 7{ ualy + uive = 0. (4.36)
Ok

ok

So §, (X x 7%)da; = 0.
And

f(@Xxmmyz%(Xxmﬂ%—fkix@mwzo (4.37)
O Ok Ok

By (4.37) we have

Thus there exists a 7 such that
0T = 7 X al &,

where a! satisfy (4.33)-(4.34), and then the function ¢ = 7 - 7 is the solution to (1.4).

5 The Solution to the Homogenous Problem

Consider the case of E =0 and C; = 0, i.e., the homogenous problem for (1.8)—(1.10). For
convenience, define the operator L of ag by

0 0 1 0 0 1 al

2 i 0 0 hi2 has  —hii  —hoa a?

L(al)=0 -0 + . 5.1
az aj Iy, —TI5 Iy '3y az

It is easy to follow from E(a{ ) = 0 that
BY, — 81Ya =0 (5.2)
and

O (Fx Y1) — 01 (7 x Ya) = 0. (5.3)
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y (5.3), integration by parts yields

82 7”><Yl 81(7”><Y2))

VQ?"XYl —1/17“><Y2)

\ H

/ (9" p1 + g% p2)a? — (9201 + g% p2)al) + a7 - )i x (a1 + a2057))
oT

- /8 (719l (9" o1 + g° p2)as — (9"%p1 + g7 p2)ay)
T
+ 1 (F- )T X (ab017 + a2097)). 5.4
2 2

By (5.2), integration by parts yields
- [(@Yi-av)
T
=/ (V2Y71 - 1/1172)
oT
= / (v2 (a7 + at0e) — vi (adO1 7 + a30o7)). (5.5)
oT

It is worth mentioning that

Lemma 5.1 If for o, k=0,1,
/ (1/2}7'1 - 1/1}7'2) =0, (5.6)
o
/ (1aF X Y — 17 x Ya) = 0, (5.7)
ok
then the kernel off 1S a zero space.
Proof If (5.6)—(5.7) are valid, there exists a vector ¥ such that dY = Y;dz‘, and
0= / (1o X Yy — 117 X Ya)
Ok
= —/ (1207 X Y — 11057 X Y)
o

—/ di x Y,
Ok

which means that there exists an isometric deformation @ such that do =Y x dF. By Lemmas
2.1-2.2, 7 is infinitesimal rigid. By (4.5), we have a{ = 0, i.e. the kernel of L is a zero space if
we impose the boundary conditions (5.6)—(5.7).

In Case 1, (5.4)—(5.5) are of the form

E(/ +/ V10gl((g™ o1 + 6** p2)ai — (9"%p1 +922p2)ai))

o1 oo

+Ex (/ +/ (alor7 + @307 = 0, (5.8)
o1 a0

/ (a%aﬂ?-f— a%agf') — / (a%&lf—k a%azf) =0. (5.9)
o1 g0
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By (5.8) and 0;7 - k=0 on ok, k = 0,1, it is automatic that
/ +/ (al017 + a2de) = 0.
<51 oo
Combining the above equality with (5.9), we have
0= / (a%&ﬁ#— a%é)gf’)
oo
:/ (a%&ﬁ#— a%agf),
g1

i.e., (5.6) is automatically satisfied.

Introduce a boundary value problem for the homogenous equations E(a{ ) =0,

—

L(a]) =0,

jf‘ Vigl((g' o1 + g* p2)at — (9%%p1 + 9% p2)ar) = 1, (5.10)
g1

fmngK@“p1+g”pﬂa?—(gup1+g”pﬂab::—1
oo

Theorem 5.1 There exists a solution to (5.10) which is unique, and the kernel of the

operator L is spanned by the solution.

Proof The uniqueness follows easily from Lemma 5.1. The existence of the solution is due
to the existence of such Z; satisfying (3.1), (4.2)(4.3) and

E% 21XF=1,
g1

% 21XF=—1.
oo

By Lemma 4.1, if Z; satisfy (3.1) and (4.2)(4.3), the homogenous equations E(ai) = 0 are
solvable. Recalling (4.1) and the definition of X,

(5.11)

ol

X; _ u281f’— U182F ’LUﬁ,
vari
we have
f.fx&?:@ k=0,1,
ok
and then
fjmixfzm k=0,1
ok
Hence
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Recalling

31)?:214'371,

qu{ zzk}{ FxY. k=01,
o Ok

k- $ 7% Y} is nothing but the boundary integral in (5.10).
Set

. 2 2

7y = =11 (arg S(x1,0) cosz(xl)datl — (1 —x2)
0

S(x1,1) cosz(arl)dm) cos(z1),
0
where y; are constants to be fixed.

In the similar way to the proof of Theorem 1.1, we have that the algebraic system satisfied

by y; is
27 27
1= S(x1,0) cos®(x1)day S(x1,1) cos?(zy)dwyy1,
0 0
which is solvable.
Then let
. 27 27 N
Oy = —y1< S(z1,0) cos?(x1)dzy + S(x1,1) cosQ(xl)dxl) cos(z1)7,
0

0

which is solvable. Thus there exist such Z;, i = 1,2 satisfying (3.1), (4.2)-(4.3) and (5.11).
In Case 2, (5.4)—(5.5) are of the form

0= ﬁ(l)(/ V1gl((g" o1 + g% p2)a? — (g"%p1 + g”ﬁz)a%)) + (1) x / (a1017 + a7 0oF)

g1

=) ([ VI o1+ 400 (620 + g pa)ad)) — 0) x [ (alonr+ a2ou),
oo

g0

/(a}alﬂa%agf)—/ (aloy7 + a20y7) = 0. (5.12)

o0

Note that

7i(1) - / (a1007 + afds7) = 0,
7(0) / (1007 + a20s7) = 0.
a0

So by (5.12), fak (017 + a20o7) are parallel to 77(0) x 7i(1), k =0, 1.

Assume that
/ (1007 + a2057) = C(0) x (1),
Ok
where C' is a constant determined by fak (1017 + a3057). Then

(1) (C - ) -0 + [ Vgllla™ o+ 4% 0t — (6721 + g2p2)ad)) =0,
o1 (5.13)

(o) (C - (1) -0) = [ Vglllg™ o + 4% e — (6721 + g2 p2)ad)) =0
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If § (aiOi7 + afdsr) = 0, k = 0,1, by (5.13) we have

/ V0gl((g™ p1 + g°' p2)at — (9" p1 + g% p2)ay) = 0,
ok

which means (5.6)—(5.7) are valid.

Introduce a boundary value problem for the homogenous equations E(a{ ) =0,

L(al)=0

(5.14)
[ (@lowr+ atoun) = o) x 1), k=o.1
ok

Theorem 5.2 There exists a solution to (5.14) which is unique, and the kernel of the

operator L is spanned by the solution.

Proof The uniqueness follows easily from Lemma 5.1. The existence of the solution is due
to the existence of such Z; satisfying (3.1), (4.2)(4.3) and

7{ Zy = (1) x ii(0), k=0,1. (5.15)

By Lemma 4.1, if Z; satisfy (3.1) and (4.2)~(4.3), the homogenous equations E(af) = 0 are
solvable.

Recalling

81X:ZI+}717

—]{ 21:75 Vi, k=01,
Ok Ok

then ¢ Y} is nothing but the boundary integral in (5.14).
Set

- sin 6 . 2 !
7z, = ( —|—sm(x1)/ Y1, —cos(a:l)/ y2,0>,
271— 0 T

2

where y; are constants to be fixed.

Similarly to the proof of Theorem 1.2, the algebraic system satisfied by y; is

27
sin@( S(x1,1)sin (ml)dxl) =C7,
0
27
cos@( S(x1,1) sin? (1 dxl) ( S (21,0 COSQ(xl)dxl)yg =C8,
0
where
.2
C7 =sinfcosf — sin” 0 S(x1,1)sin(z )day,
™ Jo
: 27 : 27
C8 = Sl;lﬂ S(x1,1)sin(zy)de; —sin? 0 — sinfcosf / S(x1,1) sin(zq)day,
e 0 2m 0
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which is solvable.
Then

O Zy = (yy sin(w1), y2 cos(x1),0),

which is solvable, and thus there exist such Z;, i = 1,2 satisfying (3.1), (4.2)-(4.3) and (5.15).
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