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Abstract The authors consider £(®, J)-holomorphic maps from Sasakian manifolds into
Kaéhler manifolds, which can be seen as counterparts of holomorphic maps in Kéahler ge-
ometry. It is proved that those maps must be harmonic and basic. Then a Schwarz lemma
for those maps is obtained. On the other hand, an invariant in its basic homotopic class is
obtained. Moreover, the invariant is just held in the class of basic maps.
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1 Introduction

An odd dimensional Riemannian manifold (M, g) is said to be a Sasakian manifold if the
cone manifold (C(M),g) = (M x R, r2g+dr?) is Kihler. Sasakian geometry was introduced
by Sasaki [11] and is often described as an odd dimensional counterpart of Kahler geometry.
The following equivalent conditions provide three alternative characterizations of the Sasakian
property, and the proof can be found in [1]. Let (M, g) be a (2n + 1)-dimensional Riemannian
manifold. Then the following conditions are equivalent:

(1) There exists a Killing vector field £ of unit length on M, so that the (1,1) type tensor
field @, defined by ®(X) = V&, satisfies the condition

(Vx®)(Y) = (£, Y) X = (X,Y)4¢ (1.1)

for any pair of vector fields X and Y on M.
(2) There exists a Killing vector field £ of unit length on M, so that the Riemann curvature
satisfies the condition

R(X, QY = (§Y)X — (X, Y)4¢ (1.2)

for any pair of vector fields X and Y on M.
(3) The metric cone (M x RT,r%g + dr?) is Kihler.

Set n(X) = (X, §), for any vector field X on M. In view of the above equivalent conditions,
(&,m, @) is called a contact structure on M. The Killing vector field £ is called the characteristic
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or Reeb vector field, 7 is called the contact 1-form, and ® is a (1, 1) tensor field which defines a
complex structure on the contact sub-bundle D = kern which annihilates £. Sasakian geometry
is a special kind of contact metric geometry, such that the structure transverse to the Reeb vector
field £ is Kéhler and invariant under the flow of £. Recently, influenced by the recently found
relevance of Sasakian manifolds in string theory (see [14]), Sasakian geometry was extensively
studied. Various differential geometric aspects of Sasakian manifolds were studied by Boyer,
Galicki and their collaborators (see [1-5]). A Sasakian manifold (M, g) is said to be Sasakian-
Einstein if the Ricci tensor of the metric g satisfies the Einstein condition, i.e., Ric, = Ag. The
existence of Sasakian-Einstein metrics is of great interest in the physics of the CFT/Ads duality
conjecture (see [6-10, 12, 14, 16-18, 20-21]).

On the other hand, harmonic map is a very useful tool in the study of differential geometry.
A lot of results about harmonic map were discovered, combining both global and local aspects.
A map between Riemannian manifolds is called harmonic if it is a critical point of the energy
functional. It is well-known that every holomorphic map between Kéahler manifolds must be
harmonic. In this paper, we consider some special maps from Sasakian manifolds into Kéhler
manifolds. Let (M,£,n, ®,g) be a Sasakian manifold, and N be a smooth manifold. A map
f: M — N is called basic if it satisfies df(§) = 0.

Definition 1.1 A smooth map f: M — N from a Sasakian manifold (M,€,n,®,g) to an
almost complex manifold (N, J) is called (£) (P, J)-holomorphic if it satisfies

df o® ==+Jodf. (1.3)

In the following, +(®, .J)-holomorphic will also be called holomorphic (anti-holomorphic) for
simplicity. It is easy to check that the Hopf map S2"*+! — C'P™ must be holomorphic, where
527+l and CP™ have their natural Sasakian structure and Kéhler structure. So, the Hopf
map is a non-trivial example of the holomorphic map from a Sasakian manifold into a Kahler
manifold. In this paper, we show that every holomorphic map from a Sasakian manifold into
Kahler must be basic and harmonic. We also get a Schwarz lemma about these holomorphic
maps.

Theorem 1.1 Let (M,&,n,®,9) be a complete Sasakian manifold with Ricci curvature
bounded from below by —K;, and (N, H,J) be a Hermitian manifold with holomorphic bisec-
tional curvature bounded from above by — Ko, where Ky, Ko are constants, and K1 > 2, Ko > 0.
Then for any +(®, J)-holomorphic mapping f from M to N, we have

Ky -2
K,

frdsi < ds?,. (1.4)

If K1 <2 and Ky > 0, then any +(®, J)-holomorphic map f from M to N must be trivial.

As an application of the Bochner’s inequality obtained in the proof of Schwarz lemma, we
use it to get the following theorem.

Theorem 1.2 Let (M,g,&,n,®) be a complete noncompact Sasakian manifold without a
boundary of dimension 2n + 1. Let R(x) denote the pointwise lower bound of the transverse
Ricci curvature of M, and R_(x) be the negative part of R(x). Assume that R_(x) satisfies

/ R_dV < oo, / R_(2)dV = o(rﬁ(p_l))
M B (y)
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for some p > n, and some < %, where B,(y) denotes the ball centered at y with radius r.

Suppose that f is a non-constant (®,J)-holomorphic map from M to a Hermitian manifold
(N, h,J), which has holomorphic bisectional curvature bounded from the above by K(z) for all
2z € N. Suppose that the curvature of the image of M under f satisfies K(f(z)) < —B for
some constant B > 0 and for all x € M. Then, it must satisfy the inequality

/ RAV < / K (f(2))df[dV.
M M

In particular, if fM RAV >0, then f has to be identically constant.

Furthermore, we discuss the basic map from Sasakian manifolds to K&ahler manifolds. Firstly,
we get a lemma about xdzn. Then, using this identity, we get the following theorem.

Theorem 1.3 Let (M, g,&,n,®) be a compact Sasakian manifold, and (N, h,J) be a Kdhler
manifold. Suppose that f is a (®,J)-holomorphic map from M to N. Let E'(f), E"(f) be the
integrals of €/(f) = |df — Jodf o ®? and €"(f) = |df + J o df o ®|?, respectively. Then
E'(f)— E"(f) is an invariant in its basic homotopic class. Moreover, the invariant is just held
in the class of basic maps.

2 Preliminary Results in Sasakian Geometry

Let (M,g,&,m,®) be a (2n + 1)-dimensional smooth Sasakian manifold. Denote by V the
Levi-Civita connection of g, and R(X,Y) the Riemann curvature tensor of V. We list the
following elementary properties of Sasakian structures, and the proof can be found in [1]:

n(€) =1, dn( X)=0,

The contact 1-form 7 defines a 2n-dimensional vector bundle D over M, where at each point
p € M the fiber D, of D is given by D, = kern,. There is a decomposition of the tangent
bundle T'M

TM = D ® LE, (2.6)

where L& is the trivial bundle generated by the Reeb vector field £&. On the sub-bundle D,
it is naturally endowed with both a complex structure ®|p and a symplectic structure dn.
(D, ®|p,dn) gives M a transverse Kihler structure with a Kéhler form dzn. The transverse
metric g7 defined by

1
9" (X,Y) = 5dn(X, (V) (2.7)
for any X,Y € D. The transverse metric g7 is related to the Sasakian metric g by

g=g" +nen. (2.8)
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From the transverse metric g7, one can define the transverse Levi-Civita connection on D
by

(VXY)pv X € Dv

6P, X=¢ =

V§Y={

where Y is a section of D, and X7 is the projection of X onto D. It is easy to check that the
connection satisfies

45V3Y — V3 X — [X,Y]P =0 (2.10)
and
XgH(Z,W) =g " (VX Z,W) + g (Z,VxW) (2.11)

for any X, Y € TM and Z,W € D. This means that the transverse Levi-Civita connection is
torsion-free and metric compatible. The transverse curvature relating with the above transverse
connection is defined by

RY(V,W)Z =ViViZ =V Vv Z = Vi Z, (2.12)

where VW € TM and Z € D. From the above transverse curvature operator, we define the
transverse Ricci curvature by

Ric"(X,Y) = (RT(X, e;)ei, V), (2.13)

where e; is an orthonormal basis of D and X,Y € D. On the other hand, one can check easily
that

Ric"(X,Y) = Ric(X,Y) + 297 (X,Y) (2.14)

for any X,Y € D.
A p-form 6 on the Sasakian manifold (M, g,&,n, ¢) is called basic if

ie0 =0, Leh=0, (2.15)

where ¢ is the contraction with the Killing vector field £, and L¢ is the Lie derivative with
respect to £. It is easy to see that the exterior differential preserves basic forms. Namely, if
6 is a basic form, so is df. Let A% (M) be the sheaf of germs of basic p-forms and Q% (M) =
(M, A%, (M)) the set of all sections of A, (M). The basic cohomology can be defined in a usual
way (see [13]).

Let T M be the complexification of the tangent bundle of (M, g), and D¢ be the complexifi-
cation of the sub-bundle D. The contact structure (£, 7, ®) on (M, g) defines the decomposition

T°M =C®¢@ DY @ DO (2.16)
and
D¢ = D' g DO, (2.17)

where C ® &, D0 and D%! are eigenspaces of ® with eigenvalues 0, /—1 and —+/—1, respec-
tively. For p,q > 0, we define

DP4 = (\PDM0) @ (A2DOY). (2.18)
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Therefore, we have a decomposition

NDC = D (2.19)
=0

for all s > 0.

Let 0 be a basic complex p-form. Since i¢f = 0, the evaluation of 6 on ATC M is determined
by the evaluation of 6 on the sub-bundle AD®. We will say that a basic form  is of type (i, p—1i),
if the evaluation of § on D?*P~J vanishes for all j # i. Let /\gj (M) denote the sheaf of germs of
basic (i, j)-type forms. Similarly, we have the following decomposition:

No(M)®C = @D N (M), (2.20)
i+j=p

In the end of this section, we will show the harmonicity of £(®, .J) holomorphic maps. Let
f: M — N be a smooth map from a Sasakian manifold (M, &, n, @, g) to an almost Hermitian
manifold (N, J, H), and suppose that it is £(®, J)-holomorphic. By the definition, it is easy to
check that

df(€) = FJodf o B(€) = 0 (2.21)

and
J(VAf(X,Y)) + (Vi) Af(Y)) = H{df (VY @)Y) + VA f(X, DY)} (2.22)

for any (®, J)-holomorphic (anti-holomorphic) map f: M — N.
Choosing an orthonormal basis {e;}2™ ™ on M, such that e, 1 = &, we have

Eldf? = 2(Vedf, df)
—9 Z<(ngf)(€i)7df(ei)>H

-2 Z(df(vé”ei), df(e))n
= =2 (df(er)s df(e)) (Ve ei ex)g

i,k
=2 (df(er). df(e)) (V¥ er. eig
i,k
e (2.23)

Theorem 2.1 Any +(p, J)-holomorphic map f from a Sasakian manifold to a Kdahler
manifold must be basic and harmonic.

Proof Observing (2.21), we only need to prove that f is harmonic. Letting X,Y € kern,
and by (2.22), we have

J(VAF(X,Y)) = £{df(VxD)Y) + VAF(X, DY)}
— {df((V.OX — (X,Y)§) + VAf(X, BY)}
= +Vdf(X, DY), (2.24)
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where we have used (1.1) and V¥.J = 0. Then, Considering the symmetry of Vdf(-, -), we
have

VAf(BX, DY) = +J(VAf(PX,Y)) = —Vdf(X,Y). (2.25)

}2m+1

Choosing an orthonormal basis {e; };™"", such that eg;,+1 = £, we have

2m
£)=>"Vdf(ei e) + Vdf(&€)

i=1

2m 2m
- %{ Z Vdf(eie:) + Y Vdf(De;, @ei)}
3 i=1
2m

= - Z{Vdf ei,e;) + Vdf(Pe;, Pe;)} = 0. (2.26)

i=1

3 A Schwarz Lemma for (®,J)-Holomorphic Maps

We first review local coordinates on a Sasakian manifold. In [15], it was proved that every
Sasakian manifold can be locally generated by a free real function of 2n variables. This function
is a Sasakian analogue of the Kéahler potential for the Kahler geometry. More precisely, for

any point P in M, one can choose local coordinates (z,z!,22,---,2") € R x C™ on a small
neighborhood U around P, such that
0
&= Oz’

n =dx —/=1(h;dz7 — h;dfj), (3.1)

¢ =/-1{X;®ds) — X; ®dz},
g =n®n+2h; -dz'dz,

where h : U — R is a 1oca1 basic function, i.e., g}; =0, h; = 62,, hg = 057:23}%7; X; =
¢987+V_1hj¢% and Yj —v/— h;dar In the above, we set 2dz'dz/ = dz '®dz +d7 @d2t

In such local coordinates, D ® C is spanned by X; and X;. It is clear that

OX; = /—1X;, OX,=—/—1X,,
[Xi, Xj] = [X0, X;] = [, Xs] = [£, X3] = 0, (3.2)
[Xi,Yj]z—Q\/_hwg

Obviously, {n,dz?,dz’} is the dual basis of {a%v X, X;}, and
dn = 2v/=1h;dz" Adz7. (3.3)
Then, the transverse metric is as follows:
gt = 2giT;dzidEj = Zhﬁdzidij, (3.4)
where g;rj =gM(X;, X;) = h;;. By (2.9), we know that V%Xi = Vrg%yj = 0. Define I'4, by

Vi, Xc =TgcXc (3.5)
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for A,B,C =1,2,--- ,n,1,2,--- 7, where X5 = X ;. Since VT is torsion free, metric compati-
ble, and VT.J = 0, by (2.9), it is easy to check that only I‘;k and I‘%E may not vanish as in the
Kahler case, where 7,7,k =1,2,--- ,n. Moreover,

rioo - (3.6)

n .7 .
where Y hih a= (5;-. One can check that the transverse Ricci curvature can be expressed by
=1

82
T _
Rz = T log det(h ). (3.7)
Remark 3.1 For a fixed point P € M, one can always choose the above local coordinates
(x,2%,- -+, 2") centered at P satisfying additionally that {% p} € D€ or equivalently h;(P) =0

for all j. Indeed, one can only change local coordinates by (y,u!,---,u™), where y = = —
V—1h;(P)z' + \/—_1h;(P)Ej and uf = zF forall k = 1,--- ,n, and change the potential function
by h* = h — h;(P)u’ — h;(P)u’. Furthermore, in the same way as that in Kéhler’s case, one
can choose a normal coordinate system (z, 2!, -+, 2"), such that h;(P) = 0, hiz(P) = &% and
d(hﬁﬂp =0, i.e., I'j;[p = 0 for all 4, j, k. This local coordinate system also be called a normal

coordinate system on the Sasakian manifold.

Proof of Theorem 1.1 Let VN be the Chern connection on the Hermitian manifold
(N,H,J). We know that the Chern connection must be compatible with a metric structure
and a complex structure, i.e.,

VVH =0, VVJ=0o, (3.8)

where J is the almost complex structure of N. Usually, the Chern connection is not torsion
free, but the (1,1) part of its torsion tensor vanishes.

Let us choose a normal coordinate (x,z%,--- ,2™) as explained in the above remark on the
considered point. Since f is (@, J)-holomorphic, we have
J(Vixndf (X)) = £V x)df (X)) = TV=1VY x ) df (X)) (3.9)
and
T(Viyx, Af (X)) = £V ¢ 1 df(@X:) = £V=1V], ¢ df(Xo). (3.10)

On the other hand, since the (1,1) part of torsion tensor vanished, we get

Vo df (X)) =V < df(X0) + [df(X:),df (X))

df(X;)
= Vi, 4 (X0) +df(=2vV=Th;6)
= Vi, 4 (X0). (3.11)
So we have
ﬁévf(xi)df(yj) = %gff(yj)df(Xi) =0 (3.12)

for alli,5 =1,---,m. By (1.1) and (3.2), we have
VTIVY, = V¥ (@)
= (VX )X, + (VX X))
= —(X;, X ;)& + (VY X)), (3.13)
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and similarly,

\/—_w% Xi = —(X;, X j) g€ + @(v% X;). (3.14)
From (3.2), we have
VE Xi - VEX; = [X;, Xi] = 2V~ 1h;5¢. (3.15)
So, we have
V%Xi +VEX; = —J—T@(V%Xi -V¥X;) =0, (3.16)
and then
vgjxi = -V X, = V-1hz. (3.17)

By direct calculation and (2.23), we have

Aldf? = Vd(Jdf1?)(E €) + 2hTVMA(|df*) (X, X )
= 20 { X, X;|df[?} + 2n7 d(|df]?) (VY. X))
= AT XX (WA F (X)), dF (X)) a)}
= 4RI {X X (W) A (Xk), dF (X)) 1+ WP XX (A (X), df (K1) )}
= AT {X X (W) (A f (X), df(71)>
+4h”hkl{<vdf(X)df(Xk) df( )df(yl»H
(X0, Vi) Vi, & (X)) a )
= AhT{XX (R HAF (X)), dF (X)) 1
+ ATV ) A (X0) VY 5 AF (X)) o
+ (A f(Xk), RN (df(X,),d < ))d S}
= AT, ) dF (Xk), VY, i dF (X))

2

— AhTRM(RN (A f(X3), df (X)) f (Xe), df (X0))u

o 4hkﬁhmi

By the assumption and the above identity, we obtain the following Bochner type inequality for
the £(®, J)-holomorphic map f:

Aldf? > —2(Ky — 2)|df|* + Ka|df[*, (3.18)

where we have used (2.14) and (3.7). In the following, we follow Yau’s discuss in [20]. Set
p=(ldf]* + C’)_%7 where C' is a positive constant. Since p is bounded, using Yau’s maximum
principle on complete Riemannian manifolds, we have that, for all ¢ > 0, there exists a point
p € M, such that at p,

|Vpl <e, ADp>—e p(p) <infp-+e (3.19)
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On the other hand, direct computation shows that
plp= 5o 2 BIAS T + 3|TpL (3.20)
Applying (3.18)—(3.20), at point p € M, we have
~elinf p -+ €) — 36 < 2Ky — 2)|df? — Kaldf|). (3.21)

When € — 0, p goes to its infimum, and |df|? goes to its supremum. If K; < 2 and K > 0,
then |[df|*> = 0. If K1 > 2 and Ks > 0, we have

2(K1—2)
dfpf < =—*= .22
af < 25 (322)
So we get the above Schwarz lemma, i.e., we complete the proof of Theorem 1.1.
Now we turn to prove Theorem 1.2.
Proof of Theorem 1.2 From the process of deducing (3.18), by noticing
<vc];[f(Xi)df(Xk)7 vévf(yj)df(yl»f[
= hmn<vc]l\;(X,‘,)df(Xk)a df(Xm)>H<VCJ|\;(Yj)df(Yl)vdf(yn»Ha
the assumption implies the Bochner’s inequality
\V4 df 212
siafP - B > 2r@yast - k(s (3.23)

By the Hoélder inequality and the assumption,

/BT(?/) szdv : (/B,,.(y) Ridv) h </B,,.(y) R’jdv) = O(rﬁ(plil))a

Whereﬁ<%andp’:%+1>n+1.
There is some p’ > n + 1, such that [, ) RV AV = o(r?). By [11, Corollary 1.2], V,.(y) =
o(r?P*t1)) as r — oco. Applying those and (3.23) to [11, Theorem 2.3], we know

/ (df)Z AV = o(r2). (3.24)
By (y)

Using the notations above and considering (3.24) with [11, Theorem 2.1], it is easy to see

0> / ~K|df*dv +/ 2RAV.
M M+
If we further assume || u BAV >0, we get

2 _ 2
0< /M+ 2RAV < /MK(f(x))|df| av < B/M |df|2dV < 0.

We get a contradiction, because the set of |df| # 0 is a null set, where f is a non-constant
map.

Remark 3.2 Recently, Tosatti [19] proved the Schwarz lemma in an almost Hermitian case.
By the concept of almost Hermitian, our theorems can be generalized to the target manifold
to as the almost Hermitian one. It is just because there exists a unique almost Hermitian
connection V on (M, J, H) whose torsion has an everywhere vanishing (1,1) part.
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4 A Homotopic Invariant for Basic Maps

As in Kéhler geometry, we can find some homotopic invariants to study the properties of
the basic map in the Sasakian case. We begin from a decomposition of the energy density.

Let M be a Sasakian manifold with dimension m = 2n + 1, and N be a Kéhler manifold
with an even dimension. Let f be a smooth map defined as above. The energy density can be
expressed as

1 1
[df* = Zldf = Jodf o ®* + J|df + Jodf o @
—|—%<df—Jodfo<I>,df+Jodfo(I)>,
Use €/(f) and e (f) to denote |df — Jodf o ®|? and |df + J o df o ®|?, respectively. Then

'(f) —€"(f) = —4(df, Jodf o ®) = —4(f wn,dn),

where wy is the Kéihler form on N.

Define E'(f), E”(f) to be the integrals of €’(f) and e”(f), respectively. Then E'(f)—E"(f)
is —4 [(f*wn,dn). To prove Theorem 4.1, we need the following lemma. It shows xdn =
|dn|?n A (dn)"~! by direct computation.

Lemma 4.1 Let (M, &, n,®,g) be a Sasakian manifold. Then *(dn) = nn A (dn)"~ 1.

Proof We can express 1 and dn as below in local coordinates in a Sasakian manifold of
dimension m = 2n + 1 (see [15]),

n=do+V=1Y hidz — V=1) h=dz’,
j=1

j=1
dp=v=1) hzdz' Adz/ — V=1 hz,dz' Ad7.
4,j=1 i,j=1
So
VoIVG gL2m
20(m — 2)1 Bl in

V-IVG Goiim T

T 2 =2y s in 9 T A 2™ A A dF

*(dn) = gzkgﬂhkidm Adz% AN dF

Since n A (dn)" = VGdz Adz' A--- Adz™ AdZ' A --- AdZ", we derive the equation below:

V=In A (dn)" " h;
=VGoTTm L da Adzt A AdZI A AP AdZEA - AdZA - AdZY,

V=In A (dn)" " hy;

= VG dr Ade A AdZE A A AT A AT A A dE,

Lyda,eee yim,yi,g

where Z means taking away the z term in the wedge product. Then,

(dn) = (V=1)*n A ()"~ (=2[h|*) = [dn[*n A (dn)™".
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We have |[dn|? = n?, since |dn| = Y. dn(ei, &) = > (Pe;, &) = n.
- ,

(3

With this lemma, we can prove Theorem 1.3 as follows.

Proof of Theorem 1.3 In a general Riemannian manifold, we have % ffwn = day, where
0 0ft
o = fri( % (see [7).
With the above lemma, the quantum is
0

/ 0 * n—
5 ) = B'() = =i [ 1anf frew nn (any!

= —4n2/ day A A (dnp)™t
M

= —4n? /M{d[at An A A" + ap A (dn)™}

ap A (dn)™ = 0 is equal to o (§) =0, i.e.,
[fﬁ(%)‘u} (&) = Z(%)‘U(ft*f) = W(%Jwﬁ) =0,

which implies

ft*§ = 0.

Suppose that f is not a basic map. There is a variation of f in its homotopic class with
fo = [, such that f:.£ # 0. Let
Of

ot ‘t:O = Jot.

Then

w(%, ft*f) ‘t:O 7 0.

E'(f)— E"(f) is not a constant in a small neighborhood of fy = f, by the continuous property.

Definition 4.1 We call two functions f1, fa (or forms w1,ws) basic homotopy to each other,
if f1, f2 (or wi,ws) are homotopy to each other and f; (or wy) are all basic.

The basic homotopy is stronger than homotopy. Since the 1-form 7 is defined on M unitarily,
the basic forms on the Sasakian manifold have the following property.

Proposition 4.1 Let oy, o be basic 1-forms on a Sasakian manifold (M,g,&,n,®). If
they are homotopy to each other, they are basic homotopy.

Corollary 4.1 Let f1, fa be holomorphic and anti-holomorphic maps from a Sasakian
manifold (M, g,&,n, ®) to a Kdhler manifold (N, h, J), respectively. Then fi1, fa are impossible
to be basic homotopy to each other, only if they are constant maps.

Proof Let fi, fo be basic holomorphic and basic anti-holomorphic maps, respectively. If
they are basic homotopy, then
E(f1) =E'(fi) + E"(f) = E'(fi) - E"(f)
= E'(f2) — E"(f2) = —E'(f2) — E"(f2)
=—E(f2).

It implies E(f1) = E(f2) = 0.
Similarly, we have the following corollary.
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Corollary 4.2 The holomorphic or anti-holomorphic map from a Sasakian manifold to a

Kahler manifold is the energy minimal map in its basic homotopy class.
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