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A Note on the Essential Norm of Composition
Operators from HP(By) to H1(By)*
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Abstract The authors give an upper bound of the essential norms of composition opera-
tors between Hardy spaces of the unit ball in terms of the counting function in the higher
dimensional value distribution theory defined by Professor S. S. Chern. The sufficient
condition for such operators to be bounded or compact is also given.
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1 Introduction

Let D (= Bj) denote the unit disc of C and let ¢ be a holomorphic function on D with
@(D) C D. Then C, f = f o ¢ defines a composition operator C,, on the space of holomorphic
functions in D.

In 1987, J. Shapiro [1] expressed the essential norm of the composition operators Cl, :
H?(D) — H?(D) in terms of the Nevanlinna counting function of these ¢ as follows.

Theorem A Let ||Cy||e denote the essential norm of Cy,, regarded as an operator on H*(D).

Then
N,
10112 = timsup =)
jwl—1- (= log]wl)
where Ny(w) = Y. —logl|z| is the Nevanlinna counting function and ¢~'(w) denotes

z€p~ 1 (w)
the sequence of p-preimages of w, each point being repeated in the sequence according to its

multiplicity. In particular, Cy, is compact on H?(D) if and only if

lim Ne (w)

L A S A— |
lw|—1- (—log |w])

In [2], Luo and Li extended Shapiro’s result to the case of a composition operator Ci,:
H?(D) — HY(D) with 1 < p < g < oc.
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Theorem B Let ¢ be a holomorphic self-map of D. For 1 <p < ¢ < oo, Cy, : H?(D) —
H%(D) is the composition operator induced by . If C, is bounded, then there exist constants
Cq and Cy such that

N,
< |C4|12 < Cs limsup £(w)

Cq lim sup N¢(w) _—t .
jwl—1- (= log |w[)¥

q
lw|—1= (= log |w[)?

Recently, for the case of several complex variables, Chen, Jiang and Yan [3] gave an upper
bound of the essential norm of a composition operator on H?(By ), which involves the counting
function in the higher dimensional value distribution theory defined by Professor S. S. Chern
[4].

Theorem C Let p(z) = (p1(2), -+ ,¢n(2)) : By — By be a holomorphic map and let Cy,
be the composition operator on H*(By). Assume that a < Q,(z) < b on By with a,b e RT,

e\ |12
where Q, = %, (g—f) is the Jacobi matriz of the map ¢ and H( 2)|12 = E |8"°’ .
°% i,j=1
N,
lim sup ¢ e(w) =A < +o0,
\w\al* |w|

then Cy is a bounded operator and the essential norm

[Cyll2 < 2b(N — 1) lim sup No(w)

wl—1- 1= [w]’

Furthermore, C,, is compact on H*(By) zf‘ 1‘1m
w|—1—

N (w) = ﬁ Z (|z|2}\’*2 - 1)

zEp~ 1 (w)
forw e By \ {p(0)}.

In this paper, we will extend Theorem C to the composition operator C, : H?(By) —
HY(By) for 1 < p < ¢ < oo. Our main result is stated as follows.

Theorem 1.1 Let ¢(z) = (¢1(2), -+ ,pon(2)) : By — Bn be a holomorphic map. For
1<p<gqg<oo, Cp: HP(Bn) — HYBy) is the composition operator induced by ¢. Assume
that a < Qu(z) <b on By with a,b € RT. If

N,
lim sup £ (w)

=A< 4o,
fol—1= (1 Juw]) 7~V

then Cy is a bounded operator and there exists a positive constant C such that

|Cyl|d < C'limsup N“D(w) .
ol—1- (1 — |w]) # ~ @D

Corollary 1.1 For1 <p<gq< oo, C,: HP(By) — HY(Bn) is compact if

lim N@(w)
I (L ) D
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2 Some Notations and Lemmas

Denote by By(r) = {z € CV : |z| < r} the ball of CV with radius 7. Let By = Bn(1) be
the unit ball and rBy = Bn(r). Set 0By(r) = {z € CV : |z| = r}. Let dr be the Euclidean
volume element of CY = R?N and do be the induced volume element on By

Let H(By) denote the space of all holomorphic functions in By. For each p (0 < p < 00),
the Hardy space HP(By) is defined by

(B = {1 € H(Bx): swp [ |fre)Paa(e) < oo}

0<r<1

and

Hﬂ@zsm>ABlﬂ%WHd®,

0<r<1

where do(§) = (g;Nl)!da is the normalized Lebesgue measure on 0By .

Lemma 2.1 (i) For 0 < p < oo, f € HP(By) and w € By, we have

Cillfllp
[f(w)] < ol
(1 = fw])>

where Cy is independent of f.
(ii) For 1 <p < oo, f € HP(By) and w € By, we have

Collfllp

lgradf(w)| £ ————%—,
(1= Jw)# ™
where Cy is independent of f.

Proof (i) The proof can be found in [5]. Here we give another simple proof as follows.
For f € HP(By), set fr(w) = f(rw). Then |f.(w)[? is a subharmonic function. Let

(P (1 — |wP)N 2N
e 0 g, e

2N
< WW”Z

We have that u,(w) is harmonic on By and lim = |f,(§)[P for £ € 9By. Thus,

w—§
weB N
2N
[fr)[P < sup |fr(O < m——=xIIf}
¢cOBN (1= |w)N 7P
for w € By, i.e.,
2%
[fr(w)] < ——= Ifll»-
(1= w])>
Letting r — 17, we get
Cillfll
|f(w)] < ——"%

(1—|w)¥
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(ii) For 0 < r < 1 and w € By, set fr(w) = f(rw). Then we have

i w) = f(rf) . NEdo .
f = [ Gt NG, 1<j< N

w; w, &N+
If p=1, then
9 <N d L
‘a—wjfr(w)‘ SN e |f(r&)lde(§) - A= Ta])N T
Nf]lx

<[ )T

If p > 1, by Holder’s inequality, we have

g r| <y [ ot

By 11— (w, [N

<N( [ 1rearae©)’ ([ () w0©)’
CN|fl,

T (= )T

where the last inequality is provided by [6, Theorem 1.12].

Hence, letting r — 17, we get

Coll fllp

rad _—
rads ()] < 2 e

Assume that ¢ is a holomorphic self-map of By and C, : H?(By) — HY(By) (1 < p <
q < 00) is the composition operator with norm

o
||C<pH = sup ||f SOH(Z
120 fllp

In order to estimate ||C, ||, we need the following well-known Green formula.

Lemma 2.2 (Green Formula) Let U and V be C? real functions on D C R™, where D is
a domain with smooth boundary OD. Then

v oU
/D(UAV —VAU)dr = /{m (05 v o,

where dt is the volume form on R™, do is the induced volume form on 0D and g—‘;(g—g) is the
outward normal derwative of V(U) on 0D.

Lemma 2.3 Let (wi, -+ ,wn) = ¢(z1,--+,2n) be a holomorphic self-map of Bn with
N > 1. Assume that a < Q,(z) < b on By with a,b € RT. If f(w) € H(By), then

£ ol < U [ 1@ Herad @) PV it + S O)P. (21
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Proof Using the Green formula for U = W%_M% and V = |foplP on By (r)\Bn(¢)
with 7 — 17 and € — 0T, we obtain
—T
po NN 1 r2gradf-(22) (29 gradf"
70l = [ (v ~ DI erdf-(52)-(57) emadl dr.
+ [ (e 0)P- (2.2)
By
Iy (9 2 Ipi |2
gradf-(a)-(a) gradf | < |gradf| Z}
we have
p o 2V —2)! L p—2 2 oo\ |?
I o0l <0 | (s = )P leradsP0,(2)| aet (7)o
+ [0
N —2)! 1 _ op\ |2
< 2 ( _ p—2 2 -
<ot [ (s )W Hamaa s et (57)Far.
+ [0

=t R [P lgrad SN () + (0
™ BN

As ¢(z) = z, then by (2.2), we get

N —2)! 1
111 = 1500+ S [ (s )P lemad .

TN Gl )L B S Sl Ul A Y 2
=lfOP+ = | (S P ead P,

N —2)! _
> OS2 [ 1 2lerads P - ful)dr.
47T By
Hence, we have
[ e leraas P~ uary < T 51 (23)
By TN =2 '
As f=w; (1 <i<N),then foyp=¢,. By (2.2) andp:2, we have

N _ 2.4

et < 5y 2

For a bounded operator C, : H?(By) — HY(Bn) (1 < p < ¢ < 00), the essential norm
|Cylle of C, is defined to be the distance from C, to the set of the compact operators K :
Hp(BN) - Hq(BN)v nam61Ya

|Cylle == inf{||Cy, — K| : K is a compact operator}.
For 1 <p < oo, we define K, := C,,,, for any n > 2, where ¢,, = "T_lz It is easy to deduce

that ||K,|| < 1 and K, is compact on every HP(By) (see [7]). Put R, := I — K,, for n > 2,
and in a way similar to the proof of Proposition 2.3 in [7], we have

1. .
3 limsup || R,Cyl| < ||Cylle < liminf||R,,Cyll. (2.5)
n— o0 n—oo
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Remark 2.1 The equation (3.3) in the proof of Theorem 3.1 in [7] is not correct. In fact,
one should use the above inequality to estimate ||Cy|c.

3 The Proof of Theorem 1.1

Throughout this section, C' denotes a positive constant independent of f and ¢, whose value
may change from one occurrence to the next.
Firstly, we show that C, : H?(By) — H?(Bn) (1 < p < ¢ < o0) is bounded.
If
lim sup N"OJ(\}:)) =
jwl—=1- (1 — |w]) 7~

then, for any fixed € > 0, we can find an r with % <r < 1, such that

(- ﬁjg)wn e
where |w| > R.
By (2.1), we obtain
15 6l < eI+ b St [ 2ferad 2N, ()

= 7O b0t S [l e PN
et S [ e PN ()

= O+ b0 SR [ ) grad N ),
ot mh [l erad N, ()

for any f € HP(By)
By Lemma 2.1(i), we have

ooy < —IE__

T (1= ()
and
L (N = 1)1

2N

< C|fle /B P a2 o)

bq / |F()]7| £ (w)[P~2|grad [Ny (w)dry,
Bn\rBn

N@(w)
(1= |w]) 7~

<C-(Ato)fler / Fw)P2lgrad fP(1 — [w])dr,

BN\TBN

d7y

< ClIFl5

where the last inequality is provided by (2.3).
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By (ii) of Lemma 2.1, we have

N - 1)

bt S [l e fEN, ),

1713 N ()
(]. - T) %(q_4)+2N+2 rBn v b

< CII 115,

<C-

where the last inequality is provided by (2.4).
Hence, we have

1f o ellg < ClfIZ

i.e., C, is a bounded operator.
Next, we estimate the essential norm of C, by (2.5).
By (2.1), for any f € H?(By) with || f||, =1 and £ <r < 1, we have

(N —1)!
2N

N —1)!
= RO b0t St [ R SN

IR, Cof 1§ < | R f(0(0)| + g /B | R f (w)] 72 |grad R f|* Nop(w)d7e,

o B [ R )2 gradr, FN, (0, (3.1)

Since || K| <1 and R, = I — K,,, we have ||R,| < 2. Thus, by Lemma 2.1(i) and (2.3),

L (N —1)!

b
TN

/ | R f (1)|72grad Ry, f 2N,y ()7,
BN\TBN
N,
< C|Ru 2" /B iy BB F2(L ) - —— l“)”z(ff)wn
N\T"BnN — W P
N¢(w) N«P(w)

<C|flg- sup 7 <C- sup ; .
Y i<t (1= o) ¥ T sl (1 ful) Y

(3.2)

On the other hand, we have, for w € rBy,

sl =) - (") = | [ Sy,

n
1 N
0
- ‘ [H ija—jj(tw)dt‘
=1
LS |2

IN

(2)]:

— g sup
nj:l zerBy | OW;

For all z € rBy and any fixed 6 € (r,1),

oy

ow™

()] < C-sup{|£(=)] : 2] < 6},

where m = (my,--- ,my) is a multi-index (see the proof of Lemma 2.4 in [6]).
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Hence, by Lemma 2.1(i),

1 C 147
< — < — : <
[ f ()] <~ IZEBEN |27 5| = o {17 12l < ==}
o o
n 1-r)yr n(l-r)r
for w € rBy.
Similarly, we have, for 1 <k < N and w € rBy,
92
o°f C
R, = 5 (tw) +t (tw))dt| < ————.
fw ‘ ‘/ Z ’“Ja w)+w38w8k w)) ‘_n(l_r)p
Hence,
2(N_1)'/ q—2 2
bq TN - |Ry f(w)|?=|grad Ry, f| Ny, (w)dry,
C q
< | ———— N,(w)dr, — 0 (3.3)
<n(1 —r)p) By

and |R, f(¢(0))] — 0 as n — cc.
Combining (2.5) and (3.1)—(3.3) and letting n — oo, we get

Ny (w)
Te_(N-1)"

ICalg<C- sup

retul<t (1 [uf) ¥

Let » — 17. Then

|Csl|d < C - limsup N (w) .
No_(N-1)
ol (1 [ul)
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