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Abstract The authors give an upper bound of the essential norms of composition opera-
tors between Hardy spaces of the unit ball in terms of the counting function in the higher
dimensional value distribution theory defined by Professor S. S. Chern. The sufficient
condition for such operators to be bounded or compact is also given.
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1 Introduction

Let D (= B1) denote the unit disc of C and let ϕ be a holomorphic function on D with
ϕ(D) ⊂ D. Then Cϕf = f ◦ ϕ defines a composition operator Cϕ on the space of holomorphic
functions in D.

In 1987, J. Shapiro [1] expressed the essential norm of the composition operators Cϕ :
H2(D) → H2(D) in terms of the Nevanlinna counting function of these ϕ as follows.

Theorem A Let ‖Cϕ‖e denote the essential norm of Cϕ, regarded as an operator on H2(D).
Then

‖Cϕ‖2
e = lim sup

|w|→1−

Nϕ(w)
(− log |w|) ,

where Nϕ(w) =
∑

z∈ϕ−1(w)

− log |z| is the Nevanlinna counting function and ϕ−1(w) denotes

the sequence of ϕ-preimages of w, each point being repeated in the sequence according to its
multiplicity. In particular, Cϕ is compact on H2(D) if and only if

lim
|w|→1−

Nϕ(w)
(− log |w|) = 0.

In [2], Luo and Li extended Shapiro’s result to the case of a composition operator Cϕ :
Hp(D) → Hq(D) with 1 < p ≤ q < ∞.
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Theorem B Let ϕ be a holomorphic self-map of D. For 1 < p ≤ q < ∞, Cϕ : Hp(D) →
Hq(D) is the composition operator induced by ϕ. If Cϕ is bounded, then there exist constants
C1 and C2 such that

C1 lim sup
|w|→1−

Nϕ(w)

(− log |w|) q
p

≤ ‖Cϕ‖q
e ≤ C2 lim sup

|w|→1−

Nϕ(w)

(− log |w|) q
p

.

Recently, for the case of several complex variables, Chen, Jiang and Yan [3] gave an upper
bound of the essential norm of a composition operator on H2(BN ), which involves the counting
function in the higher dimensional value distribution theory defined by Professor S. S. Chern
[4].

Theorem C Let ϕ(z) = (ϕ1(z), · · · , ϕN (z)) : BN → BN be a holomorphic map and let Cϕ

be the composition operator on H2(BN ). Assume that a ≤ Ωϕ(z) ≤ b on BN with a, b ∈ R+,

where Ωϕ = ‖( ∂ϕ
∂z )‖2

| det( ∂ϕ
∂z )|2 , (∂ϕ

∂z ) is the Jacobi matrix of the map ϕ and ‖(∂ϕ
∂z )‖2 =

N∑
i,j=1

|∂ϕi

∂zj
|2. If

lim sup
|w|→1−

Nϕ(w)
1 − |w| = A < +∞,

then Cϕ is a bounded operator and the essential norm

‖Cϕ‖2
e ≤ 2b(N − 1) lim sup

|w|→1−

Nϕ(w)
1 − |w| .

Furthermore, Cϕ is compact on H2(BN ) if lim
|w|→1−

Nϕ(w)
1−|w| = 0. Here,

Nϕ(w) =
1

2N − 2

∑
z∈ϕ−1(w)

( 1
|z|2N−2

− 1
)

for w ∈ BN \ {ϕ(0)}.
In this paper, we will extend Theorem C to the composition operator Cϕ : Hp(BN ) →

Hq(BN ) for 1 ≤ p ≤ q < ∞. Our main result is stated as follows.

Theorem 1.1 Let ϕ(z) = (ϕ1(z), · · · , ϕN (z)) : BN → BN be a holomorphic map. For
1 ≤ p ≤ q < ∞, Cϕ : Hp(BN ) → Hq(BN ) is the composition operator induced by ϕ. Assume
that a ≤ Ωϕ(z) ≤ b on BN with a, b ∈ R+. If

lim sup
|w|→1−

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

= A < +∞,

then Cϕ is a bounded operator and there exists a positive constant C such that

‖Cϕ‖q
e ≤ C lim sup

|w|→1−

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

.

Corollary 1.1 For 1 ≤ p ≤ q < ∞, Cϕ : Hp(BN ) → Hq(BN ) is compact if

lim
|w|→1−

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

= 0.
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2 Some Notations and Lemmas

Denote by BN (r) = {z ∈ CN : |z| < r} the ball of CN with radius r. Let BN = BN (1) be
the unit ball and rBN = BN (r). Set ∂BN(r) = {z ∈ CN : |z| = r}. Let dτ be the Euclidean
volume element of C

N = R
2N and dσ be the induced volume element on ∂BN .

Let H(BN ) denote the space of all holomorphic functions in BN . For each p (0 < p < ∞),
the Hardy space Hp(BN ) is defined by

Hp(BN ) =
{

f ∈ H(BN ) : sup
0<r<1

∫
∂BN

|f(rξ)|pdσ(ξ) < ∞
}

and

‖f‖p
p = sup

0<r<1

∫
∂BN

|f(rξ)|pdσ(ξ),

where dσ(ξ) = (N−1)!
2πN dσ is the normalized Lebesgue measure on ∂BN .

Lemma 2.1 (i) For 0 < p < ∞, f ∈ Hp(BN ) and w ∈ BN , we have

|f(w)| ≤ C1‖f‖p

(1 − |w|)N
p

,

where C1 is independent of f .
(ii) For 1 ≤ p < ∞, f ∈ Hp(BN ) and w ∈ BN , we have

|gradf(w)| ≤ C2‖f‖p

(1 − |w|)N
p +1

,

where C2 is independent of f .

Proof (i) The proof can be found in [5]. Here we give another simple proof as follows.
For f ∈ Hp(BN ), set fr(w) = f(rw). Then |fr(w)|p is a subharmonic function. Let

ur(w) :=
∫

∂BN

|fr(ξ)|p(1 − |w|2)N

|1 − 〈w, ξ〉|2N
dσ(ξ) ≤ 2N

(1 − |w|)N

∫
∂BN

|fr(ξ)|pdσ(ξ)

≤ 2N

(1 − |w|)N
‖f‖p

p.

We have that ur(w) is harmonic on BN and lim
w→ξ

w∈BN

= |fr(ξ)|p for ξ ∈ ∂BN . Thus,

|fr(w)|p ≤ sup
ξ∈∂BN

|fr(ξ)|p ≤ 2N

(1 − |w|)N
‖f‖p

p

for w ∈ BN , i.e.,

|fr(w)| ≤ 2
N
p

(1 − |w|)N
p

‖f‖p.

Letting r → 1−, we get

|f(w)| ≤ C1‖f‖p

(1 − |w|)N
p

.
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(ii) For 0 < r < 1 and w ∈ BN , set fr(w) = f(rw). Then we have

∂

∂wj
fr(w) =

∫
∂BN

f(rξ)
(1 − 〈w, ξ〉)N+1

· Nξjdσ(ξ), 1 ≤ j ≤ N.

If p = 1, then

∣∣∣ ∂

∂wj
fr(w)

∣∣∣ ≤ N

∫
∂BN

|f(rξ)|dσ(ξ) · 1
(1 − |w|)N+1

≤ N‖f‖1

(1 − |w|)N+1
.

If p > 1, by Hölder’s inequality, we have

∣∣∣ ∂

∂wj
fr(w)

∣∣∣ ≤ N

∫
∂BN

|f(rξ)|
|1 − 〈w, ξ〉|N+1

dσ(ξ)

≤ N
( ∫

∂BN

|f(rξ)|pdσ(ξ)
) 1

p
( ∫

∂BN

( 1
|1 − 〈w, ξ〉|N+1

)q

dσ(ξ)
) 1

q

≤ CN‖f‖p

(1 − |w|)N
p +1

,

where the last inequality is provided by [6, Theorem 1.12].
Hence, letting r → 1−, we get

|gradf(w)| ≤ C2‖f‖p

(1 − |w|)N
p +1

.

Assume that ϕ is a holomorphic self-map of BN and Cϕ : Hp(BN ) → Hq(BN ) (1 ≤ p ≤
q < ∞) is the composition operator with norm

‖Cϕ‖ = sup
f �=0

‖f ◦ ϕ‖q

‖f‖p
.

In order to estimate ‖Cϕ‖, we need the following well-known Green formula.

Lemma 2.2 (Green Formula) Let U and V be C2 real functions on D ⊂ Rm, where D is
a domain with smooth boundary ∂D. Then

∫
D

(U�V − V �U)dτ =
∫

∂D

(
U

∂V

∂n
− V

∂U

∂n

)
dσ,

where dτ is the volume form on Rm, dσ is the induced volume form on ∂D and ∂V
∂n

(
∂U
∂n

)
is the

outward normal derivative of V (U) on ∂D.

Lemma 2.3 Let (w1, · · · , wN ) = ϕ(z1, · · · , zN) be a holomorphic self-map of BN with
N > 1. Assume that a ≤ Ωϕ(z) ≤ b on BN with a, b ∈ R+. If f(w) ∈ H(BN ), then

‖f ◦ ϕ‖p
p ≤ bp2 (N − 1)!

2πN

∫
BN

|f(w)|p−2|gradf(w)|2Nϕ(w)dτw + |f(ϕ(0))|p. (2.1)
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Proof Using the Green formula for U =
1

|z|2N−2
− 1

r2N−2
and V = |f◦ϕ|p on BN (r)\BN (ε)

with r → 1− and ε → 0+, we obtain

‖f ◦ ϕ‖p
p = p2 (N − 2)!

4πN

∫
BN

( 1
|z|2N−2

− 1
)
|f(ϕ(z))|p−2gradf ·

(∂ϕ

∂z

)
·
(∂ϕ

∂z

)T

·gradf
T
dτz

+ |f(ϕ(0))|p. (2.2)

By

gradf ·
(∂ϕ

∂z

)
·
(∂ϕ

∂z

)T

·gradf
T ≤ |gradf |2

N∑
i,j=1

∣∣∣∂ϕi

∂zj

∣∣∣2,
we have

‖f ◦ ϕ‖p
p ≤ p2 (N − 2)!

4πN

∫
BN

( 1
|z|2N−2

− 1
)
|f(ϕ(z))|p−2|gradf |2Ωϕ(z)

∣∣∣det
(∂ϕ

∂z

)∣∣∣2dτz

+ |f(ϕ(0))|p

≤ bp2 (N − 2)!
4πN

∫
BN

( 1
|z|2N−2

− 1
)
|f(ϕ(z))|p−2|gradf |2

∣∣∣det
(∂ϕ

∂z

)∣∣∣2dτz

+ |f(ϕ(0))|p

= bp2 (N − 1)!
2πN

∫
BN

|f(w)|p−2|gradf |2Nϕ(w)dτw + |f(ϕ(0))|p.

As ϕ(z) ≡ z, then by (2.2), we get

‖f‖p
p = |f(0)|p + p2 (N − 2)!

4πN

∫
BN

( 1
|z|2N−2

− 1
)
|f |p−2|gradf |2dτz

= |f(0)|p + p2 (N − 2)!
4πN

∫
BN

(1 − |w|2N−2

|w|2N−2

)
|f |p−2|gradf |2dτw

≥ p2 (N − 2)!
4πN

∫
BN

|f |p−2|gradf |2(1 − |w|)dτw .

Hence, we have ∫
BN

|f |p−2|gradf |2(1 − |w|)dτw ≤ 4πN

(N − 2)!p2
‖f‖p

p. (2.3)

As f = wi (1 ≤ i ≤ N), then f ◦ ϕ = ϕi. By (2.2) and p = 2, we have∫
Bn

Nϕ(w)dτw ≤ πN

2a · (N − 1)!
. (2.4)

For a bounded operator Cϕ : Hp(BN ) → Hq(BN ) (1 ≤ p ≤ q < ∞), the essential norm
‖Cϕ‖e of Cϕ is defined to be the distance from Cϕ to the set of the compact operators K :
Hp(BN ) → Hq(BN ), namely,

‖Cϕ‖e := inf{‖Cϕ − K‖ : K is a compact operator}.
For 1 ≤ p < ∞, we define Kn := Cϕn for any n ≥ 2, where ϕn = n−1

n z. It is easy to deduce
that ‖Kn‖ ≤ 1 and Kn is compact on every Hp(BN ) (see [7]). Put Rn := I − Kn for n ≥ 2,
and in a way similar to the proof of Proposition 2.3 in [7], we have

1
2

lim sup
n→∞

‖RnCϕ‖ ≤ ‖Cϕ‖e ≤ lim inf
n→∞ ‖RnCϕ‖. (2.5)
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Remark 2.1 The equation (3.3) in the proof of Theorem 3.1 in [7] is not correct. In fact,
one should use the above inequality to estimate ‖Cϕ‖e.

3 The Proof of Theorem 1.1

Throughout this section, C denotes a positive constant independent of f and ϕ, whose value
may change from one occurrence to the next.

Firstly, we show that Cϕ : Hp(BN ) → Hq(BN ) (1 ≤ p ≤ q < ∞) is bounded.
If

lim sup
|w|→1−

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

= A,

then, for any fixed ε > 0, we can find an r with 1
2 ≤ r < 1, such that

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

< A + ε,

where |w| ≥ R.
By (2.1), we obtain

‖f ◦ ϕ‖q
q ≤ |f(ϕ(0))|q + bq2 (N − 1)!

2πN

∫
BN

|f(w)|q−2|gradf |2Nϕ(w)dτw

= |f(ϕ(0))|q + bq2 (N − 1)!
2πN

∫
BN\rBN

|f(w)|q−2|gradf |2Nϕ(w)dτw

+ bq2 (N − 1)!
2πN

∫
rBN

|f(w)|q−2|gradf |2Nϕ(w)dτw

= |f(ϕ(0))|q + bq2 (N − 1)!
2πN

∫
BN\rBN

|f(w)|q−p|f(w)|p−2|gradf |2Nϕ(w)dτw

+ bq2 (N − 1)!
2πN

∫
rBN

|f(w)|q−2|gradf |2Nϕ(w)dτw

for any f ∈ Hp(BN )
By Lemma 2.1(i), we have

|f(ϕ(0))|q ≤ C‖f‖q
p

(1 − |ϕ(0)|)Nq
p

and

bq2 (N − 1)!
2πN

∫
BN\rBN

|f(w)|q−p|f(w)|p−2|gradf |2Nϕ(w)dτw

≤ C‖f‖q−p
p

∫
BN\rBN

|f(w)|p−2|gradf |2(1 − |w|) · Nϕ(w)

(1 − |w|)Nq
p −(N−1)

dτw

≤ C · (A + ε)‖f‖q−p
p

∫
BN\rBN

|f(w)|p−2|gradf |2(1 − |w|)dτw

≤ C‖f‖q
p,

where the last inequality is provided by (2.3).
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By (ii) of Lemma 2.1, we have

bq2 (N − 1)!
2πN

∫
rBN

|f(w)|q−2|gradf |2Nϕ(w)dτw

≤ C · ‖f‖q
p

(1 − r)
N
p (q−4)+2N+2

∫
rBN

Nϕ(w)dτw

≤ C‖f‖q
p,

where the last inequality is provided by (2.4).
Hence, we have

‖f ◦ ϕ‖q
q ≤ C‖f‖q

p,

i.e., Cϕ is a bounded operator.
Next, we estimate the essential norm of Cϕ by (2.5).
By (2.1), for any f ∈ Hp(BN ) with ‖f‖p = 1 and 1

2 ≤ r < 1, we have

‖RnCϕf‖q
q ≤ |Rnf(ϕ(0))|q + bq2 (N − 1)!

2πN

∫
BN

|Rnf(w)|q−2|gradRnf |2Nϕ(w)dτw

= |Rnf(ϕ(0))|q + bq2 (N − 1)!
2πN

∫
BN\rBN

|Rnf(w)|q−2|gradRnf |2Nϕ(w)dτw

+ bq2 (N − 1)!
2πN

∫
rBN

|Rnf(w)|q−2|gradRnf |2Nϕ(w)dτw . (3.1)

Since ‖Kn‖ ≤ 1 and Rn = I − Kn, we have ‖Rn‖ ≤ 2. Thus, by Lemma 2.1(i) and (2.3),

bq2 (N − 1)!
2πN

∫
BN\rBN

|Rnf(w)|q−2|gradRnf |2Nϕ(w)dτw

≤ C‖Rnf‖q−p
p

∫
BN\rBN

|Rnf(w)|p−2|gradRnf |2(1 − |w|) · Nϕ(w)

(1 − |w|)Nq
p −(N−1)

dτw

≤ C‖f‖q
p · sup

r≤|w|<1

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

≤ C · sup
r≤|w|<1

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

. (3.2)

On the other hand, we have, for w ∈ rBN ,

|Rnf(w)| =
∣∣∣f(w) − f

(n − 1
n

w
)∣∣∣ =

∣∣∣
∫ 1

n−1
n

df(tw)
dt

dt
∣∣∣

=
∣∣∣
∫ 1

n−1
n

N∑
j=1

wj
∂f

∂wj
(tw)dt

∣∣∣

≤ 1
n

N∑
j=1

sup
z∈rBN

∣∣∣ ∂f

∂wj
(z)

∣∣∣.

For all z ∈ rBN and any fixed δ ∈ (r, 1),

∣∣∣ ∂mf

∂wm
(z)

∣∣∣ ≤ C · sup{|f(z)| : |z| ≤ δ},

where m = (m1, · · · , mN ) is a multi-index (see the proof of Lemma 2.4 in [6]).
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Hence, by Lemma 2.1(i),

|Rnf(w)| ≤ 1
n

N∑
j=1

sup
z∈rBN

∣∣∣ ∂f

∂wj
(z)

∣∣∣ ≤ C

n
sup

{
|f(z)| : |z| ≤ 1 + r

2

}

≤ C

n
· ‖f‖p

(1 − r)
N
p

≤ C

n(1 − r)
N
p

for w ∈ rBN .
Similarly, we have, for 1 ≤ k ≤ N and w ∈ rBN ,

∣∣∣ ∂

∂wk
Rnf(w)

∣∣∣ =
∣∣∣
∫ 1

n−1
n

N∑
j=1

(
δkj

∂f

∂wj
(tw) + twj

∂2f

∂wj∂wk
(tw)

)
dt

∣∣∣ ≤ C

n(1 − r)
N
p

.

Hence,

bq2 (N − 1)!
2πN

∫
rBN

|Rnf(w)|q−2|gradRnf |2Nϕ(w)dτw

≤
( C

n(1 − r)
N
p

)q
∫

rBN

Nϕ(w)dτw → 0 (3.3)

and |Rnf(ϕ(0))| → 0 as n → ∞.
Combining (2.5) and (3.1)–(3.3) and letting n → ∞, we get

‖Cϕ‖q
e ≤ C · sup

r≤|w|<1

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

.

Let r → 1−. Then

‖Cϕ‖q
e ≤ C · lim sup

|w|→1−

Nϕ(w)

(1 − |w|)Nq
p −(N−1)

.
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