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1 Introduction

Nevanlinna [4] began the study of the uniqueness problem of meromorphic functions on the
complex plane, known as the famous four-value theorem and five-value theorem. Since then,
there have been a number of papers working towards this kind of problems. In 1975, Fujimoto
[3] extended Nevanlinna’s results to meromorphic mappings of C" into PV (C) and proved the

following theorem.

Theorem 1.1 (see [3]) Let H;, 1 < i < q, be q hyperplanes in P™(C) located in the
general position, and let f and g be two nonconstant meromorphic mappings of C" into PN (C)
with f(C") ¢ H; and g(C") ¢ H; such that vs g,y (2) = Vg m,)(2) for 1 <i<gq.

(i) If ¢ = 3N + 1, then there is a linear transform L of PN (C) such that L(f) = g.

(ii) If g =3N + 2, then f=g.

Motivated by the accomplishment of the second main theorem of the value distribution
theory for moving targets (e.g. [8-9]), and using the idea in Fujimoto [3], Tu [11] proved the

following result related to moving targets.

Theorem 1.2 (see [11]) Let f,g : C* — PN (C) be two nonconstant meromorphic map-

pings, and let {a;}?_, be “small” (with respect to f) meromorphic mappings of C" into PN (C)
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in the general position such that f and g are linearly nondegenerate over ﬁ({ai}gzl). Assume
that
() Y(f,00)(2) = V(g,ai)(2) for 1 <i < g,
(if) dim{z € C"; (f(2),ai(2)) = (f(2),0;(2)) =0} <n =2 for 1 <i <j<gq,
(iii) f(z) =g(z) on Lqu{Z e C™ (f(2),aj(2)) =0}.
Then .
(1) If ¢ = 3N +1, there is a matriz L with its elements l;; in ﬁ({ai}?zl) such that L(f) = g.
(2) If g =3N + 2, then [ = g.

For the case of moving targets without counting multiplicity, Thai and Quang [10] proved

the result as follows.

Theorem 1.3 (see [10]) Let f,g : C* — PN (C) be two meromorphic mappings, and let
{a;}I_, be “small” (with respect to f) meromorphic mappings of C" into PN (C) in the general
position such that f and g are linearly nondegenerate over R({a;}!_,). Assume that

(1) Vfa)(2) = Vg an(2) for 1L <i<q,

(i) dim{z € C"; (f(2),ai(2)) = (f(2),0a;(2)) =0} <n—2 for 1 <i<j<gq,

q

(iii) f(z) =g(2) on Ul{z e C™ (f(2),aj(2)) =0}.

j=
If q=2N? +4N and N > 2, then f = g.

In 2009, Chen and Yan [1] obtained a sharp result of the uniqueness problem of meromorphic

mappings related to a family of hyperplanes as follows.

Theorem 1.4 (see [1]) Let f(2), g(z) be meromorphic mappings of C" into PN (C) such
that V(lﬂHJ)(z) = z/(lgﬂ])(z) for 2N + 3 hyperplanes H; located in the general position. If f and

g are linearly nondegenerate, then f = g.

Recently, Dethloff, Quang and Tan [2] introduced uniqueness problems for meromorphic
mappings related to two families of hyperplanes. Inspired by these developments and using
some ideas in Chen and Yan [1], in this paper we will extend Theorems 1.2 and 1.3 to the
case of meromorphic mappings related to two families of moving hyperplanes, and our results

improve on some earlier work.

2 Preliminaries and Our Results

o0
Let F(z) (# 0) be an entire function on C". For a € C", set F(z) = > Pn(z — a),
m=0

where the term P,,(z) is either identically zero or a homogeneous polynomial of d;gree m. The
number vr(a) := min{m; P,, # 0} is said to be the zero-multiplicity of F' at a. For an integer
M > 0, define v¥(a) = min{vr(a), M}. Set |vp| := {z € C*;vp(2) # 0}. Let ¢ be a nonzero
meromorphic function on C™. For each a € C”, we choose nonzero holomorphic functions F'
and G on a neighborhood U of a such that ¢ = £ on U and dim(F~1(0) N G=1(0)) < n —2,

and we define v, = vp — v, which is independent of the choices of F' and G.
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For z = (z1,-- ,2zn) € C" we set ||z]| = (|z1]2 + - + |2n|?) 2. For r > 0, define
B(r)={zeC" |zl <r}, () ={2€C" |z =r}
Let d =0+ 0 and d° = (47/—1)"1(0 — 9). We write
v(z) = (dd°|[ )", o(z) = d°log]|z||* A (dd“log 2] *)"

for z € C™\ {0}.
Let f : C* — P¥(C) be a meromorphic mapping. We take holomorphic functions fo, fi, - - -,

fnv on C" such that Iy := {2z € C"; fo(z) = fi(z) =--- = fn(2) = 0} is of dimension at most
n—2and f(2) = (fo(z), fi(2), -+, fn(2)) on C" \ Iy in terms of homogeneous coordinates on
PN(C). We call such a representation f = (fo, f1,--- , fn) a reduced representation of f. Since

our notation is often independent of the choice of reduced representations, we shall identify f
with its reduced representations in this paper. Set | f|| = (Ifol? + - + |fn|?)2. The order

function of f is given by

TvJﬁ—lgf%Lﬂa—[%f%Hﬂa

for r > 1.
A meromorphic mapping a : C* — P¥(C) is “small” with respect to the meromorphic
mapping f of C" into PN (C) if T(r,a) = o(T(r, f)) as 7 — +o0. Let a = (ag, a1, -+ ,ay) be a

reduced representation of a. We define

1 llal 1 llal
= log ~———0 — I o
(s (r) Lwo%mw| LmO%UM|

and
Nipa) = [ 1ogl(fallo— [ tog](.a)le
S(r) s(1)
N
for r > 1, where (f,a) := Y a;f;. Then
i=0
" n()
N(fva) (T) = / t2n—1dt’
1
where

/ V(f,a)(z)va n=2,
[v(f,a)INB(t)

V(f,a)(2), n=1.
[z|<t

n(t) :=

For a positive integer M, define

r M
M _ n(t)
N(fﬂ)(r) */1 $2n—1 dt,
where

M
1% zv, n>2
f’a( ) ) — 4
/l/(fya)r‘lB(t) ( )

Z V(I‘/Iﬁa)(z), n=1.

[z <t

nM(t) .=
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If F' is a meromorphic function on C" and a € C U {oo}, then we adopt the standard notation

for mp(r,a), Np(r,a), etc. Thus we have

N(t,a)(r) = N(5,a)(1,0)

for two meromorphic mappings f, a of C" into PV (C). If (f,a) # 0, then the first main theorem

for moving targets in the value distribution theory states
T(r, f) +T(r,a) = mp.a)(r) + Niga)(r)

for r > 1.

For a closed subset A of an analytic subset of C", we define

NA(T) = /;r t;lst_)l dt7

where
/ v, n > 2,
n(t) == Jans)
g(ANB(t)), n=1.
For any ¢ > N + 1, let a1, -+, a4 be ¢ “small” meromorphic mappings of C" into P (C)
with reduced representations a; = (ajo, a1, - ,ajn), 7 = 1,---,¢q. We say that a;, ---, aq

are located in a general position if for any 1 < jo < j1 < --- < jn < ¢, det(a; ;) Z 0. Let
M,, be the field (over C) of all meromorphic functions on C". Let R({a;}{_,) C M, be the
smallest subfield over C which contains C and all ZJT’; with aj;; # 0, where 1 < j < ¢ and
0 < k,l < N. Define R({a; 11) € M, by the smallest subfield over C which contains all
h € M, with h* € R({a;}_,) for some positive integer k. For two groups of meromorphic
mappings {a;,b;}I_; of C" into PY(C) with reduced representations a; = (ajo,a;1,- - ,a;N)
and b; = (bjo,bj1, -+ ,bjn), 5 =1, -+ ,q, we denote R({a;,b;}{_,) as the smallest subfield over
C which contains C and all %3—’;, %J%“ with aj; # 0 and bj; # 0, where 1 < j <gand 0 <k,[ <N.
Similarly, we can define R({a;,b;}1_;).

Our main results are stated as follows.
Theorem 2.1 Let f,g,a;,b; : C* — PN (C) be meromorphic mappings (i = 1,2,---,q).

Suppose that {a;}_, are “small” (with respect to f) and located in the general position, and that

{b;}1_ are “small” (with respect to g) and located in the general position such that f and g are

linearly nondegenerate over ﬁ({ai, bi}l_)). For any reduced representations a; = (aio,- -+ ,a;n)
and b; = (big,--- ,bin) (i = 1,2,-+- ,q), we may assume a;o 0 and bijp Z0 (i =1,2,---,q)
by changing the homogeneous coordinate system of PN (C). Let a; = <= and b = bbi) (i =

1,2,--+,q). Assume that
(1) V(f,ai)(z) = V(gji)(z) fO?” 1< < q,
(i) dim{z € C"; (f(2),ai(2)) = (f(2),0;(2)) =0} <n—2 for 1<i<j<gq,
oy (R (£,3) / n. _ i<
(iii) iy = n On kL=Jl {zeC™" (f(2),ar(z)) =0} for1<i<j<g.

ki

Then
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(1) if ¢ = 3N + 1, there exists a matriz L with its elements l;j in R({a, bi 1N such that
L(f) =9

(2) if g = 3N +2, there exist {i1, - ,int1} C {1, -+ ,q} such that (an) — = M
(g:biy) (9:bin 1)

When a;(z) = b;(z) (i =1,2,---,q), the above theorem yields the following corrollary (i.e.,
Theorem 2.1 implies Theorem 1.2).

Corollary 2.1 Let f,g,a; : C* — PN(C) be meromorphic mappings (i = 1,2,---,q).
Suppose that {a;}!_, are “small” (with respect to f) located in general position such that f and
g are linearly nondegenerate over ﬁ({ai}gzl). Assume that

(1) Y(f,00)(2) = V(g,a)(2) for 1 <i<gq.

(if) dim{z € C"; (f(2),ai(2)) = (f(2),a;(z)) =0} <n -2 for 1 <i<j<gq.

q

(iii) f(z) = g(z) on kU {z€C" (f(2),ar(z)) =0}

=1
Then

(1) if ¢ = 3N + 1, there exists a matric L with its elements l;; in ﬁ({ai}fivl"’l) such that

L(f) = g;

(2) if g = 3N +2, there exist {i1, - ,int1} C {1, -+ ,q} such that (f’a’fl) =...= M,
(g,aiy) (9:0ipn,4)
which immediately gives f = g.
Proof For any reduced representations of a; (j = 1,2,---,¢q), let b; = a;. It is easy to
N _ ) coy s (fad) o (Bag)
see that (i) implies v(;5,)(2) = z/(g;l;i)(z) for 1 < i < ¢, and (iil) implies (T%i) = ohy OB

a
U {z€C" (f(z2),ar(z)) =0} for 1 <i < j < q. Then, by the proof of Theorem 2.1, we
k=1

ki,

have that
(1) if ¢ = 3N + 1, there exists a matrix L with its elements [;; in ﬁ({ai}?ivﬂ'l) such that
L(f) =9

(2) if ¢ = 3N 42, there exist {i1,- - ,in41} C {1, , ¢} such that (f’a’_d) =...= M

(g,aiy) (gaip_ 1)

Define h := gglg =...= % Since {a;, }n ;" are located in a general position, we
stiq PTIN 41

obtain f(z) = h(z)g(z) on C™ as their reduced representations. This means f(z) = g(z) as

meromorphic mappings from C" to P (C). The proof of Corollary 2.1 is finished.

Theorem 2.2 Let f,g,a;,b; : C* — PN (C) be meromorphic mappings (i = 1,2,---,q).
Suppose that {a;}_, are “small” (with respect to f) and located in the general position, and that

{bi}1_, are “small” (with respect to g) and located in the general position such that f and g are

linearly nondegenerate over R({a;, b;}{_,). For any reduced representations a; = (aio,- -+ ,a;n)
and b; = (b, -+ ,bin) (1 =1,2,-+-,q), we may assume a;g Z 0 and bjg Z0 (i =1,2,--- ,q)
by changing the homogeneous coordinate system of PN (C). Let a; = & and b = bbj'é (i =

1,2,--,q). Assume that
(1) Yipan(2) = V(lgj),;)(z) for1<i<g,
(ii) dim{z € C"; (f(2),ai(2)) = (f(2),a;(2)) =0} <n -2 for 1 <i<j<gq,
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~ _ a
(iii) (f’fff') = (f—gj) on |J {z€C™ (f(2),ax(z)) =0} for1<i<j<gq.
(9,bi) (9:b5) k=1

ki,
Then
If g =2N? + 2N + 3, then there exist {i1, -+ ,in+1} C {1,--+,q} such that
(faah) = ... = (faaizv+1)
(gvbh) (gvbiN+1)

which immediately means that there exists a matriz L with its elements l;; in R({a;,b;}1_;)
such that L(f) =g

When a;(z) = bi(z) (i =1,2,--- ,q), the above theorem yields the following corrollary.

Corollary 2.2 Let f,g,a; : C* — PN(C) be meromorphic mappings (i = 1,2,---,q).
Suppose that {a;}]_, are “small” (with respect to f) and located in the general position such

that f and g are linearly nondegenerate over R({a;};_,). Assume that

(1) V(lﬁai)(z) = V<1g,a,.,>(z) for1<i<gq,
(i) dim{z € C™; (f(z) a;(2)) = (f(2),aj(2)) =0} <n—-2for1<i<j<gq,

(i) f(2) = g(z) on U{ZGC" (f(2),ar(2)) = 0}.
If ¢ = 2N? +2N—|—3 then there exist {i1,--- ,iny1} C {1,---,q} such that

(faah) — = (faaiN+1)
(gvah) (gvaiN+1)

which immediately gives f = g.

Remark 2.1 If N =1, then 2N? + 2N + 3 = 7 (cf. Corollary in p. 2702 of Ru [7]).
If N > 2, then 2N? 4+ 2N + 3 < 2N? + 4N. Thus Corollary 2.2 improves Theorem 1.3.

From the proof of Corollary 2.1, the proof of Corollary 2.2 is obvious.

3 Some Lemmas and Propositions

To prove our results, we need some preparations.

Proposition 3.1 (see [7])  Assume that f and {a;}{_, (¢ > N + 1) are meromorphic
mappings of C" into PN (C) such that {a;}?_, are in the general position and f is linearly

nondegenerate over R({a;}{_,). Then

H MQ

5 (D) < DN () +o(T(r, £)) + O mas T(r.a) )|,

where “||” means that the estimate holds for all large r outside a set of finite Lebesgue measures.

Lemma 3.1 (see [6]) Let a,b be meromorphic functions on C™. Then

T(r, %) < T(r,a) 4+ T(r,b)+ O(1).
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Lemma 3.2 Let f,g be non-zero meromorphic functions of C™ with V}(z) = 1/; (z). Then
min{v;(2),ve(2)} > V}V(Z) + Vév(z) — Nl/; (2).

Proof Notice that 1) (z) — Nv}(z) <0.

(i) Ifv(2) = N and v4(2) > N, then min{vy(2),vy(2)} > N = vy’ (2 N(z) > Z/J]fv(z) + v (z) -
Nvg(z).

(ii) If v(2) > N and vy(z) < N, then min{vy(z),vy(2)} = vy(z) = v} (2) + N = N =
VN (2) + 0 () — Nvk(2)

(iii) If z/f( z) < N and min{vs(2),v4(2)} = v¢(2), then min{vs(2), v4(2)} > V}V(Z) > I/ijv(z)-f—
Vg ( ) - Nyg( )

(iv) If vf(2) < N and min{vy(z), vy(2)} = v4(2), then min{vy(z), vy(2)} > v (2) = vl (2)+
N — Nyg(2) > v (2) + v} (2) = Nyg(2).

The proof of Lemma 3.2 is completed.

Lemma 3.3 (see [10]) Let f,a1,a2 be meromorphic mappings of C" into PN(C) with

reduced representations a; = (ajo,- - ,a;n) such that a; is small with respect to f and (f,a;) #
0 for j =1,2. Then

7(n {E2) < 70 ) + ol (1)

for some aji, 0, j =1,2.

where a; =
Qjkg

Let G be a torsion free Abelian group and A = (a1,--- ,aq) be a g-tuple of elements a; in
G. Let ¢ > r > s > 1. We say that the ¢-tuple A has the property (P, ;) if any r clements
a1y, -+, @) in A satisfy the condition that for any given iy,--- ,is (1 <ip <--- < iy <7),
there exist ji,-+-,js (1 < j1 < -+ < js < r) with {i1, -+ ,is} # {Jj1, - ,Js} such that

Ql(iy) " Qi(ig) = QU(Gy) © " Qi)

Proposition 3.2 (see [3]) Let G be a torsion free Abelian group and A = (a1,--- ,aq) be a
q-tuple of elements a; in G. If A has the property (Pys) for somer, s with ¢ >r > s> 1, then

there exist iy, -, ig—pyo with 1 <4y < -+ <ig_pyo < q such that a;, = a;, =+ =aj,_,.,-

We also need the following two theorems that can be found in [11].

Proposition 3.3 (see [11]) Suppose that ho,hi, -, hym (m > 2) are nowhere vanish-
ing entire functions on C" and bg,by,--- , b, are nonzero meromorphic functions on C"™ with
T(r,g—;) =o(T(r hrst)) +OM|(0<i < j<m) for0<r,s,t<mwithr+#s, s#t, t#r,
where hy.s; == (hy, hs, ht) is a holomorphic mapping of C™ into P?(C). Assume that boho+bihi+

-+ bhy = 0. Then there exists a decomposition of indices {0,1,--+ m} =L Ul U---UI
such that

(i) every Iy contains at least two indices,

(i) fori,j € I, 2 > h is constant,
(iii) fori € I, and j € I, (p # q), L2 is not constant,
(

bjh;
iv) for every Iy, > bjh; =0.
JEIk
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Proposition 3.4 (see [11])  Assume that f and {a;}}_, (¢ > N + 1) are meromorphic
mappings of C" into PN(C) such that {a;}{_, are in the general position and “small ” with
respect to f. If f is not linearly degenerate over R({a;}_,), then, for any € > 0, there exists

a positive integer M such that

(q_N_1_€ Z (f,aj) (T(T,f))“

4 Proof of the Main Results

First, we have the following proposition.

Proposition 4.1 Under the same assumption as in Theorem 2.1 or Theorem 2.3, we have
that

(i) Najo(r) = o(T(r, f)), Nojo(r) = o(T(r,g9)) for j =1,2,--- ,q and Np(r) = o(T(r, f)) +
o(T(r,g)), where D = ijl{z € C"; ajo(z) =0o0r bjo(z) =0},

() T(r. ) = O(T(r,9))|.

Proof (i)Let H={z=1[z2,:---:2n]; 20 = 0} be a hyperplane in PV (C). By the first main
theorem, we have Nao(r) = Niay,m)(r) < T(r,a;) = o(T(r, f)). Similarly, Ne, (r) = o(T'(r,g)).
Since Np(r) < z< Nayo (7) + Nio (1), it s casy o get Np(r) = o(T(r, )) + o(T(r, 9)).

(i) By Prop051t10n 3.1, we have

519 < ZN<g,b> ) +o(T(r.9)) + O max T(rb))|

<> N- N(lgj)j)(r) + Np(r) +o(T(r,g)) + o(T(r, f))l|

Hence, we have T'(r,g) < O(T'(r, f))||- Similarly, T'(r, f) < O(T'(r, 9))||-
Proposition 4.1 in [11] in the key part in the proof of Theorem 1.2. By modifying the proof

of Proposition 4.1 in [11], we can get a generalization of Proposition 4.1 in [11] to the case of

two families of moving targets as follows.

(f,ai)

(9:b:)’
1,---,q. Then there exist i, (1 <k < qg—2N) with1 < i1 < -+ < ig_on < ¢ Ssuch that

h“‘ 673({@1,1)}z 1) for1<u<wv<qg—2N.

71)

i:

Proposition 4.2 Under the same assumption as in Theorem 2.1, define h; :=
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Proof From Proposition 4.1, we have T'(r,a;) = o(T(r,g))|| and T(r,b;) = o(T(r, f))|l.

Take 2N + 2 moving targets {aj}?lzvl"’2. Let a;; = ¢% and b = %, and then we have
Nz, (r) =o(T(r, f)) and NE‘,?(T) =o(T(r,g)),i=1,2,---,q,k=0,1,--- ,N. Since h; = %

and v, (2) = I/(gz_)(z), h; is a nowhere vanishing entire function of C™. By the definition,

N N
D Ginfi —hi Y bikge =0, i=1,---,2N +2.
k=0 k=0

Therefore

det(aio, -+, ain, biohi, -+ ,binhi; 1 <i <2N +2) = 0.
Let 7 be the set of all combinations I = (i1,--- ,iny1) with 1 <idy < -+ <iygg < 2N +2
of indices 1,2,--- ,2N + 2. For any I = (i1,--- ,in+1) € Z, define
{I} = {ilv"' aZ'NJrl}v hr:= hil"'hiN+1
and

AI - (_1)(N+1)2(N+2> +i1 4 +iN 4 det(a'irl; 1<r< N + 1,0 < l < N)

x det(bj;; 1<p< N+1,0<1<N),

where J = (j1,- -+ ,jn+1) € Z such that {I}U{J} ={1,2,--- ,2N + 2}. Then we have
> Aph =0,
Iez
where A; # 0 by {a;}’, and {b;}!_, are in the general position. For any I, J € Z, we have
4t € R ({as, bi} 7212
2N +2

By (ii) and (iii), we have Z”Ejg =1forze | {#€C" (f(2),aj(2)) = 0} outside an
. et

J#p,s
analytic set of dimension < n — 2. Then, for distinct I,J € Z, we have

N% (T71) > Z N(lf,ak)(r)a
kg{I}A{J}
where {I}A{J} = {I}U{J} — {I} n{J}. For distinct I, J, K € Z, set hyjk := (hr,hs, hi) as
a holomorphic mapping of C" into P?(C). Then, by (5.2.29) in [5], we have
hi hy hk
> o ) o8
8Ty (r) = T (7, hj) +(r, hK) +7(r, > ) +0(1)
> Noy (1) + Ny (1, 1) + Nig (1,1) 4 O(1)
hy h e hyp

I G DR TED DI DN R R CA(¥))
k{I}A{J} kg{J}A{K} kE{K}A{I}
2N+2

D N (1) +o(T(r, 1))
k=1

vV

2N+2
1 +

17 2o Nan() +o(T(r 1)
k=1

Y
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%(N—I— 1—=e)T(r, f)+o(T(r, )

Y

> ST 1) + ol D)
where 0 < ¢ < 1 and M are given by Proposition 3.7. Thus T'(r, ﬁ—g) = o(T(r,hryK))|| for
any P,Q,I,J,K € T with P # Q, I # J, J # K and K # I. Therefore, for any I € Z, by
Proposition 3.6 there exists J € Z with I # J such that Ajh; = ¢Ajhy for a nonzero constant
c. So Z—j = cﬁ—j € R({ai, bi}22).

Let H* be the Abelian multiplication group of all nowhere vanishing entire functions on C".
Define 7 C ‘H* by the smallest subgroup which contains all f € H* with f* € R({ai, b}’ ;)
for some positive integer k. So we have H* N R({a;,b;},) € T C R({ai,b:i}’_,). Then the
multiplication group G := H*/7T is a torsion free Abelian group, and the g-tuple of elements
in G represented by (h1,- -, hq) has the property (Pan+2 n+1) by the above argument. Define

fi~ f;if ]{—7 e R({ai, bi}L,) for f;, f; € H*. Then by Proposition 3.2 we finish the proof.

Proof of Theorem 2.1 Define h; := $80) = 1,--+,q. By Proposition 4.2 and a suitable

- (9151‘,)’
change of the reduced representations, we may assume that k1, -, hg_an € R({ai, b;}!_;). Put
A = (aij)1<i<n+1, 0<j<n, B = (bij)i<i<n+1, 0<j<n, and H := diag(hy,--- ,hn41). By the

assumption of Theorem 2.1 we have |A(z)| # 0, |B(z)| # 0 and |H(z)| # 0.
(1) If ¢ =3N +1, then hy, -+ ,hny1 € ﬁ({ai, b;}2 ;). By the definition of h;, we have

Jo 9o
fi g1
Al . =HB| .
In gN

Taking L = B~'H A, we get L(f) = g.
(2) If ¢ = BN +2, then hy 2 € R({a;, b;}L;), and

fo 90
- - bil ~ ~ g1
(@n+2)0: s ava2n) | . | = hvra(bvez)os 5 bavaz)n)
In gN
Therefore,
fo Jo
i i i ~ _ o
(@(N+2)0, " s G(N+2)N) | = hn2(bnt2)0, > bngoyn) B~ H A :
In In
Since f is not linearly degenerate over R({as, b;}>"2), we have
(@200 > ANv42)N) = v (Dnrays++  D(nsoyn) B H LA,
Let ¢ = (c1,-++ ,eny1) = ani2A P and d = (dy, -+ ,dn+1) :=EN+QB’1. Then ay42 = cA

and 5N+2 = dB. The above equation becomes cA = hNJ,_QdBB_lH_lA, and hence cH =
hNJer, which means c;h; = dihN+2, i=1,---, N+ 1.
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q
We know that Lz()) =lon U {z€C" (f(2),ax(2)) =0}. If hﬁfz) # 1, we have
Pt

ki, N+2

T(r ) 2N ()2 S Ny

hN+2 hN42 —
k#i,N+1
> LS N )2 2 0 )+ o 1)
fl N L (f7ak) - N(N+2) ] ) .
k#i,N+1

From the definitions of ¢ and d, we have T'(r,¢;) = o(T(r, f)) and T'(r,d;) = o(T(r,g)). Thus
by Lemma 3.2,
3 hi di
< < ) = il
D)+ ol ) < T(r =) =7(n )
ST(rydi) + T(r,ci) + O(1) = o(T(r, )],

which is a contradiction.

So, h[ifL (Z()Z) = 1, and hence, hi(z) = hnta(z) for i = 1,--- N + 1. Then Af = hn42Byg,

which implies

(fvgl) _ (fvaN-i-l)

(9:01)  (g:bxt1)
This completes the proof of Theorem 2.1.

Proof of Theorem 2.2 Let T'(r) =T(r, f) + T(r,g). Define

D= U{z € C"; aip(z) =0or bp(z) =0}

i=1
and by Proposition 4.2 we have Np(r) = o(T(r, f)). By changing indices if necessary, we

assume that

(fa) _ (fra2) _  _ (fraw) + (fraw+1) _ _ (f.0k) +
(9:01)  (g,b2) (9:bk) " (9:bk,41) (9, k,)
(frak._v1) _  _ (fraw)
(9: bk, 1) (g:b)

where ks = ¢. Suppose that the theorem is not true and the number of each group is at most N.
We defineamap o : {1,--- ,q} = {1,--- ,q} by o(i) =i+ N ifi<g—Nando(i) =i+ N—gq

if i > ¢ — N. Obviously, o is bijective, and |0 (i) —i| > N. Thus (fa)) and g — ))) belong to
g,bi ) a()

different groups, and so

O, — (frai) (9,b;) _ o(@o(f1ai)  bogiyo(g, bi) 40
' (fa Zia(z)) (g,gg(z)) a0 (f7 a(r(i)) biO(g7 bo’(i))

for 1 <i<gq.

Forany 2o in {z € C"; (f(2), ai(2)) = O\D, (f(20), ai(20)) = 0, aio(20) # 0 and big(20) # 0.
Then (f(20),a:(z0)) = 0 and by (i) (g(20),bi(20)) = 0, which gives (g(z0),bi(20)) = 0. Hence,

zo is a zero of ®;. By Lemma 3.3, we have

ve,(20) > min{v(s.0,)(20), V(g.60) (20)} = 1} .0,y (20) + ¥(3 1) (20) = N1y 1y (20)-
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For any zp in {z € C"; (f(2),a;(2)) =0}\ D (j #%,0(i)), by the condition (iii), zo is also
a zero of ®;. Since Np(r) = o(T(r, f)),

Z N o (1) + N oy (1) + NG 4y (1) = NN( 0 (r) = o(T(r, f)) < Na, (r).
i
On the other hand, with Lemma 3.4,
Nq>i (7“) S T(?“ (I)l)
= N(r,vg,) +m(r,®;) +O(1)

< N(r,vg +m(r, (£,a:) ) m(ﬁi((%b))‘f'O()

(a0 i)) ’lff(z))
< N(rvg) +7(r ffaj> )+ T(n%)

- NaiO(faaa(i))(T) - Nbio(%ba(i))(r) +o(T(r, f))
<T(r)+ N(r,vg,) — N(f)a(r(i))(r) - N(g7bo(1:))(7”) +o(T(r, )).
For any z in {z € C"; (f(2),a43;)(2)) = 0} \ D, we also have (g(20),bs(;)(20)) = 0 as

above. So zp is also a pole of ®; and by Lemma 3.3, we have

l/(fvaa(i))( )+nga() (ZO) ( )
= l/(fvaa(i))( o) + Y(g,baiy) (ZO) maX{l/ fﬂ«;(i))(zO)a V(g,ba(i))(zo)}
= min{y(ﬁ%( ))( 0); Y(g,bo(i ))(20)}
0) —

(fvaa( ))(ZO) + I/ g ba( ) ( NV(97 0(1))(20)’

which implies
Ntiagi) (1) + Nig,i) (1) = N3 (r) —o(T(r, f)) > N(f,aa( ))( ) + N(];,b(,(,.,))(r) - NN(lg,b(,(i))(T)'
Therefore,
No,(r) <T(r) - N(]}a(,(i))(r) - N(];[,b(,(i>)(7") + NN(lg,b(,(i))(r) +o(T'(r, f)).
Together with both sides of Ng,(r), we have
Z Nirap () + Nipao () + N (1) = NNy, (r)

i)
<T(r)— N(]}],aa(i))(r) - N(];,b(,(i))( ) + NN(g boei ))( ) +o(T(r, f))-

Then

MQ

N(l ,aj) + (N ( any (1) + N{,Y,%))(r)) + (N(];,bi)(r) + N(J;,b(,(,.,))(r))

=1
J#i,0(i)

< T(r) + N(Nly o (r) + N(lg,b(,(i))(r)) +o(T(r, f))-
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Summing up over 1 < i < ¢, we have

q q
(q_Q)ZN(lfvaJ)( +2(ZN(f,aJ) +ZN(JV:J )

j=1 j=1 j=1

Similarly, we have

q
1
=2) ) Nigap(r +2(ZN(fa) +ZN(gb> )
Jj=1 j=1

< qT(r) +2N Y Ny oy () + o(T(r.9)).
j=1

Hence, we get

q q q q
(=2 =2N) (D Ny (1) + 30 Ny () +4( D0 Ny (1) + 3 NG (1)
j=1 j=1 j=1 j=1

< 2¢T(r) + o(T'(r)),

which implies

(=~ KZMM>+ZMM>)QMWHGW.

Therefore,

(q - 2N— 2N 4> Ni— ST(r) +o(T(r)) < 24T (r)],

which contradicts ¢ = 2N? 4+ 2N + 3. The proof of Theorem 2.2 is completed.
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