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Curvature Estimates of Hypersurfaces in the
Minkowski Space*
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Abstract A class of curvature estimates of spacelike admissible hypersurfaces related to
translating solitons of the higher order mean curvature flow in the Minkowski space is ob-
tained, which may offer an idea to study an open question of the existence of hypersurfaces
with the prescribed higher mean curvature in the Minkowski space.

Keywords Minkowski space, Hypersurface, Curvature estimates, Translating
solitons
2000 MR Subject Classification 35J60, 35J65, 53C50

1 Introduction and Main Results

In this paper, we are interested in curvature estimates of spacelike admissible hypersurfaces
M in the Minkowski space R™!, which is the space R” x R equipped with the metric

ds® =dai + -+ dz? —dal 4. (1.1)

We assume that
M = Graph u = {(z,u(z)) | x € Q C R"}
for a spacelike function u, i.e., sup |Du| < 6 < 1. Then the upward (future directed) unit normal
Q

of M is

Du, 1
L, _Duwl) w(Du, 1),
V1 —|Dul?
where we denote w = ——L——. The Minkowski metric (1.1) restricted to M defines a Rieman-

\/1—|Du|?

nian metric on M, which in the standard coordinates on R™! is given by

9ij = 0ij — DiuDju, 1<i,j<n. (1.2)
The inverse of the metric is
i D;uDju
V=0t s 1.3
97 =% T T pyp (1.3)

The second fundamental form of M is given by
D,
hij = i = wDiju. (14)

/1 —|Du|?
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The principal curvatures A1, A9, - -+, A, of M are the eigenvalues of [h;;] relative to [g;;]. Then
the k-th Weingarten curvature at = € M is defined as

Or(A1, A2, v An) = > Ay Aigy e A

1<ii<ig<---<ir<n

The classical geometric problem is to find hypersurfaces with the prescribed k-th Weingarten
curvature 1, which in turn poses a fundamental question on nonlinear partial differential equa-

tions
o (u) = 1. (1.5)

This subject was studied in [2—4, 7-8, 11-12, 14, 25].
Following the ideas from [5-6, 20, 23] etc, let us define the k-admissible spacelike hypersur-
faces as following.

Definition 1.1 For 1 < k < n, let T}, be a cone in R™ determined by
Ip={AeR":01(A\) >0, 1=1,2,--- Kk}

A smooth hypersurface M is called k-admissible if M is spacelike and at every point X € M,
(A17)\27 e 7)\11) S Fk'

The corresponding problem in the Euclidean context was extensively studied by various
authors. We refer to [5-6, 14, 17, 22] and the references therein for related works.

In the Minkowski space or general Lorentzian spaces, Gerhardt [8, 11], Bartnik [2] and
Bartnik-Simon [3] at first solved the Dirichlet problem for the prescribed mean curvature, and
Delanoe [7] worked for the prescribed Gauss-Kronecker curvature equation (see also [14]). For
the scalar curvature, see [4, 12, 25]. However, the existence of an admissible solution is open
about other 3 < k < n. The key point is the lack of some suitable C? a prior estimates for
admissible solutions. Gerhardt [10, 12-13] has some important results in his curvature class,
which excludes oy, for 1 < k < n. On the other hand, Guan and Spruck [15-16] have made
important progress in hypersurfaces of constant curvature in the hyperbolic space.

In this paper, we consider a special case in which ¥ depends on w. Our motivation has
three parts. Firstly, this is reasonable from the Einstein equation as in Gerhardt [12] because
w = (v, E,q1). Secondly, a family of spacelike embeddings X; = X(,t) : R®* — R™! with
corresponding hypersurfaces M; = (z,V (x,t)) satisfies the evolution equations

%_‘Z — JIZIDVE(o} - (. V). (1.6)

The solutions of (1.6) which moves by vertical translation are called translating solitons. There-
fore, a translating soliton of (1.6) is characterized by V(z,t) = u(x) + ¢, where v : R” — R is

an initial spacelike hypersurface satisfying
1
V1= |Dul?

Lastly, we believe that our methods may provide an idea to study Bayard’s open question of

g

T |

— f(X)+ (L.7)

the existence of hypersurfaces with the prescribed higher mean curvature in the Minkowski space
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(see [4]), even though our problem does not contain the situation of a constant . Moreover,
we shall study the flow (1.6) with some methods here in the future. In a word, we consider the
curvature estimates of a class of equations

{Uk =Y(z,u,w), x €€,

(1.8)
U=, x € 0N

We have the following maximum principle for the curvature.

Theorem 1.1 Suppose that u € C*(Q) N C%(Q) is a spacelike, admissible solution of (1.8),
0 <1 e C®Q) and that Y+ (X, w) is convex in w and satisfies

(X ,
W cw > PE (X, w)  for fized X € M. (1.9)
Then the second fundamental form A of graph u satisfies
sup |A] < C’(l+sup|A|), (1.10)
Q oQ

where C' depends only on n, |[¢||c1(q) ”me (5 [t wsup ] xB)
o2 aq
Remark 1.1 There are some examples for ¢ (z, u, w):
(1) (z,u, w) = wPg(x,u) for any p > k;
(2) Y(z,u,w) = eP¥g(x,u) for any p > k.
It has been noticed that the exponential function was applied in [21].

We will also derive an interior curvature bound in the case that ¢ is affine and satisfies the
strict inequality (1.9).

Theorem 1.2 Suppose that u € C*(Q) N C%(Q) is a spacelike, admissible solution of (1.8),
0 <1 e C®Q) and that Y+ (X, w) is convex in w and satisfies

Pt (X, w)
ow
In addition, suppose that Q C R™ is C? and uniformly convex, and that ¢ is spacelike and
affine. If u € C*(Q) is a spacelike, admissible solution of (1.5), then

sup |A| < C(Q) (1.12)
Q/

-w>w%(X,w) for fized X € M. (1.11)

for any Q' CC Q, where C(Q') depends only on n, 0,9, dist(Q',0Q), ||¢[c1g), and
Hw”C@ (ﬁx [16an u,saué) u} XR) ’
With the above curvature estimates, the existence of the Dirichlet problem is obtained from
Bayard’s lower order and boundary C? estimates in [4].
Theorem 1.3 Suppose that Q) is a smooth bounded domain of R™ and is strictly conver,

while 1 is a smooth positive function and is convex in w satisfying

OUF (2, u, w)
ow

Then for any spacelike, affine function @, there is a smooth admissible hypersurface M with the

w > w%(x,u,w) for fized (xz,u) € Q x R. (1.13)

prescribed curvature ¥ and boundary data .
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2 Some Elementary Formulas

The standard basis of R™! will be denoted by €y, €2, ,€,11, and the components of the
position vector X in this basis will be denoted by X1, Xo, -+, X,,+1. We choose an orthonormal
frame such that ey, es, - -+ , e, are tangent to M and v is normal. The second fundamental form

of M is given by
hij = (De, v, €;5). (2.1)
For any equation
F(A) =, (2.2)
some fundamental formulas are well-known for hypersurfaces in R™! as [24].
Lemma 2.1 Foranya=1,--- ,n+1,

Vive = Vilv,eq) = hiler, €a), (
V,ViXa = V;VilX, ea) = hijva, (
Rijii = —(hixhji — hathji), (
FIN Vv = Va F9himbjm + (Vf, €nt1). (

Proof We only prove formula (2.6),

Vo = (U, €q),
De,vo = (De,v, €4)
= (Dq,v, e1){er, €q)
= hi{er, €a)s (2.7)
ViVjva = De;Devo — FZ?Dem Vo
= D¢, hjiler; €a) + hji(De,ei, €a) — T De,, Va
= De, hjifer, €a) + hjLi (em, €a) + Vahihj — T} De, va

= Vihijler, €a) + vahihji, (2.8)
where we have used De,e; = (De, e, ep)ep — (De, €1, v)v in the Minkowski space. In particular,
when o =n + 1, for w = —vy, 41,

Viij = Vlhij <€l, En+1> + whilhjl. (29)

Using the Codazzi equations, the Gauss equations (2.5) and the standard formula for com-
muting covariant derivatives, we have the following identities.

Lemma 2.2 The o1 and hgy, satisfy

FiiN,V01 = —F% PIN  1iiV o hpg + F9hjmhimor
— Fhijhambma + VaVaf, (2.10)

Fi9N NV jhap = —F% PN 0N ohpg + F 9 himhay
— Fhiihamhmp + VoV . (2.11)
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3 Curvature Estimates

3.1 Proof of Theorem 1.1
We are now ready to prove Theorems 1.1. We write (1.8) in the form
F(A) = of (A) = ¢ (X, w) = f(X,w) for any X € M. (3.1)
Proof of Theorem 1.1 We now consider the function
W = o1(A),

which achieves the maximal value at Xy, € M. If the maximum is assumed on 02, we are
through. We choose the frame ey, es,---e,, v at Xy such that ey, es,---e, € Tx,M at X, and
(hij) is diagonal at X with eigenvalues hiy > hao > -+ > hyp.

We have that for each i =1,--- | n,

Vio1 =0 at Xo. (3.2)
Therefore, at Xj,
0> F"V;Vio,
= —F" PIN,1;;V hyg + F9 himhmjor — F7hij|A? + Af. (3.3)
Since f is convex in w, owing to (2.7)—(2.8) and Gaussian formula
ViV,;X; = hijv, (3.4)
we have
8)(82(‘§X ViXaViXg 4+ 25FF— 0’ ViXaViw

X Q0w
2 f of

0
+—2|v |2 AXa+_f
_of o2 f

0Xo ow
8 — Aw +—|V | — Cio1 — Cy
3f

Af=

0
|A|2+8—fvl0'1<61,6n+1> 0101 —CQ.

Inserting this into (3.3), we have
0> F”'Vivial
> —F% PIN iV ihpg + FY Bighin o

of 2
+ (5‘_ww - f)|A| —Coy
> Fhphpjo1 — Cor, (3.5)

where we have used (1.9) and the concavity of F. On the other hand,

.. 1 9
F”himhmj = —0’,5 [akal — (kj + 1)Uk+1]
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where the last inequality is from the Newton inequalities for o1 > 0,

Ok+1 Ok—1 (&)2
crror T =\

Then o is bounded from (3.5). We have proved Theorem 1.1.

3.2 Proof of Theorem 1.2

We have thought that the proofs of Theorems 1.1-1.2 are identical, however, that is not the
case. The main difference is that the first-order derivative terms of o7 and w appear in the
processes of the proofs. We apply the construction of a suitable auxiliary function of [22, 25]
to deal with them

F(A) = o} (A) = g(\) = f(X,w) for any X € M. (3.7)
Set
o s A) = g0, ), (3.8)
Fi = ;)T]jj’ Fiird = %, (3.9)
tr i = gw gi = gfi. (3.10)

Firstly, we list a useful lemma which is stated in a book of [13], see also [1, 22, 25].

Lemma 3.1 For any symmetric matriz n = [1;;], we have

iy %g —gj
FP 10 = Y XA, i + )\z. . AJ], i (3.11)
Qg i#j

The second term on the right-hand side is nonpositive if g is concave, and it is interpreted as
the limit Zf /\z = /\j.

Proof Let n = ¢ — u, as observed in Remark 1.2 of [22], n > 0, in £2. We now consider the
function

W = 775 exp(q)(w))habfafba

which achieves the maximal value at Xg € M, where § > 1 and a function ® are to be
determined. We may choose without loss of generality the frame e; = &, eo, - - - e, v such that
e1,e2, - -e, € Tx,M so that V.,e; =0 at Xo for all i, =1,--- ,n, and (h;;) is diagonal at X,
with eigenvalues hy1 > hoo > - -+ > hyy,. We have that for each i =1,--+ | n,

Vin

B 4 @V S

11

=0 at Xo, (3.12)

6{ ViVin V”’QV”’} + VY w + 'V Vw
n n
L ViVjihii  VihiiVjhn

. 20 atXo (3.13)
1
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Therefore, using Lemma 2.2 and making contraction,
n n
- ViV.ihi1 i Vih11Vhi1
+ F J _ FY J
hi hi,
ViVin — VinVin
U n?

— fhi1 + F9hihjm +

} o+ @IV w4 O PV,

— BF¥ { } + O FIV WV w + O FIV,Vw
ViVif
hll

1 - V.,h h
~ L gy vy, — i Y Vit HQVJ =3
h1 hi;

(3.14)

We also find that
F”Viviw = wF”himhmi + sz<el, 6n+1>. (3.15)

Consequently,

ViVin — VinVin
,'72

0> BFi { } +FIV w0V jw+ OV f e, enst)

ViVif
h11

1 - - V.h -h
— —F”’pqvlhijvlhpq — Y 7Vz 112vj 1 .
h1a h11

Since f is convex in w, owing to (2.7) and (2.8),

of of
9X.. ViXa + a—wvlw,

92 f 02 f
_ P X VX2 v X,
IX 0%, " e Vids + 2a VidaViw

0 0
a)'(fa ViViX, + 8—£V1V1w

0
> 8_1{)v1v1w — Cihin — Gy
of o
=~ 90 (whi, + Vihii{er, €nt1)) — Crhir — Cs.

— fhar 4+ (®'w + 1) FY by hjy, +

(3.16)

Vif=

ViVif =

*f 2
+ le“l}' +

Inserting this into (3.16),
ViVin  VinVin
U n?

0> BF { } + O FUVwV jw + OV fler, enpt)

0 i Of Vihii{er, €nt1)
L = P’ DEY hihign + —— ————2 -7
+(8ww )h11+( w4+ 1) FY hip b + o "
ij Vihi11V;hi

1 ..
— 5= PPN iV by — F 2 -c, (3.17)
11 11

where we assume that hq; is sufficiently large, otherwise, theorem 1.2 holds.
Next, we assume that the affine function ¢ has been extended to be constant in the €,
direction. It is easy to calculate by using Gaussian formula

Fiiv,V,n = (zn: ai? Ve — ynH)FiJ’hij > . (3.18)
a=1 o
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With (3.17) and (3.18), we have that, at Xo

c Y, )

OB _ spii % + OV Vw4 'V fler, enyr)

8f Vlh11<€l,€n+1>

0>-

0
+ (—fw - f) hir + (®'w + V) F hjphj + ==

ow ow hll
L i ; Vihi1V;h

— P Vg FW% _c
11 11

We now estimate the remaining terms in (3.19), and consider two cases.
Case 1 There is a positive constant ¢ to be determined such that

hnn S _Chll-

Using the critical point condition (3.12),

i Vih11Vjhi _ pii (ﬁm
n

. n (IJ’Viw) (ﬁ% n @’vjw)

< (146 H)B2F L"QV”’
n

+ (1 +8)P?FIV,wVjw
for any § > 0. Since |Vn| < C,

i+ VinVin tr [
Y 7 <C 2

Therefore, at Xy we have

Cp trF

0> — -CIB+(1+4d" )ﬂQ]
@ — (14 6)d2|F¥ viwvjw

+ (ﬂw — )hu + (@/w + ].)Fi‘jhimhjm

ow
of Vihai(er, €ny1) | -,
- ¢ n _ ,
* 90 I + 'V fler,ent1) — C

Y. Huang

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

where we also have used the concavity of F'(A). On the other hand, from (3.12), the last two

terms are bounded from below

8 Vh ) =N
OF Vilhulev entt) . qrg pey e 1)

8w hu
3f Vin  Of
/ I
(CI) Vif — ﬁ awq) Vi w) (e1, €nt1)
, Of af Vin
= (¥ g5 ViXa ~ B, ) fev ens)
> 9
n

and therefore

Cp trF

0> e —CB+(1+6 )52]
+[@" - (14 5)@’2]F”viwvjw

af / T
+ (a—ww — )hn + (®'w+ 1) FY himhjm, — C.

(3.24)

(3.25)
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We note that from (2.7),
Fijviwvjw = Fijhilhjm<el, €nt1){€ms Ent1) < Fijhilhjm,
and then we would like to take a function ® allowing
" — (1+0)d? <0. (3.26)
We know that there is a positive constant a > 2 depending only on sgp | Du| such that

1
>W = ——— > 1.

V1 —|D?u|

NSNS

Let us take
o (1) = — log(a - t),

so we have (3.26) and

/ " 2 1 30‘2
From (3.25), together with
iy y ¢, iy
Fi b hjp = FhZ, > hiytr P,

which follows from (3.20) and the fact F"™"™ > %tr F, we have that, at X,

C tr FJ
0> _G6_ ClB+ (1+51)37 = >
n n
of ¢? y
n (%w - )hn + b Y - C, (3.27)
which implies an upper bound
77h11 S % at XO;
¢
since ( ko) 1
i (n—r—=1)ok_1 n—r+
tr FY = F i > 3 > 0.
Case 2 We now assume that
Since hi1 > hog > -+ > hyy,, we have
hii > —Chyy foralli=1,--- ,n. (3.29)
For a positive constant 7, assume to be 4, we partition {1,--- ,n} into

I={j:g"”7 <4g'""}, J={j:g"” >4g"},
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where g7/ is evaluated at A(Xj). Then for each j € I, by (3.12), we have,

Vihii|? Y 2
gj% =9j (5 2 ‘P'Viw)
hiy n

Ile

< (14010, +(1+6)®"g;|Viwl]? (3.30)

for any § > 0. For each j € J, we have

| v 177| 1 Vihi1 / 2
B9 —5— 2 =p" ( iz, + o'V w)

1+9 1461 |V‘h11|2
S —¢/2 . Vi'lUQ + . ?
3 95l | 3 g; h%

(3.31)

for any 6 > 0. Consequently,

ﬂZ 0 ml +Z jIthl

[Vinl?
2

<B+A+H81D g + (14022 g;|Viwl?
jeI jer

149 Vh
+%(I)IQZQJ‘|VHU|2 M+ (1+61 Z ]| 11|

jEJ jEJ

Vi B =
[Vinl® ”' )L+ BN g Vaw]?

Jj=1

Vih
FA+A+HY j| hé” : (3.32)
JjeJ

<4n[B+ (1+0 "0

With this estimate and (3.19), the following inequality holds at Xy:

cp

02 === —4n[f+ (1+57)Fg; [Vin”

+ [0 = (14 8)(1+ B8, |Vjwl® + ®'Vi fler, €ni1)
Of Vihuler, ent1)

of
- 1FU m m
+( w f)h11+( "w+ 1)FY hip b +a "

ow

1 . ih
_ F9PI 11V 1 hyg — [1+ ( 1+§ 2 : ]|vh211| —C. (3.33)
11 11
JjeJ

Then as Case 1, we have that for an appropriate selection of ®,

_%_ g1 L oo (Of ~
0> (5+5)n2+2nglh11+<8ww f)hu c

|V h11|2

— —Fiiypqvlhijvlhpq [1+C87> g (3.34)

1 JjeJ

We claim that

1 .. zh 2
—— F9PI BV by — [1 + C’ﬁ_l] E gj|vh+1| > 0. (3.35)
11 ; 11
jedJ
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If the claim (3.35) holds, then from (3.34) we have

(ﬁ

1 I 5
— )+ oogihd <01+ -+ 2,
w ) i+ goahh S C(1+ St

from which we again conclude a bound for nhi; at Xy due to condition (1.11).
We now prove the claim. Using the concavity of g, Lemma 3.1 and the Codazzi equations,
we see that 1 5
ij 91— gj 2
——FYPIN 1 hiiVihy, > —— |V, h11|*.
hll 115 V 1ltpg — hllze;])\l_Aj| J 11|
We then need to show that

2(g1 — 95)

_1\ 95 .
- > (1408 N2 foreach e J,
PnOn =) - O ’

hiy
provided that f is sufficiently large. This was indicated on p. 247 in [22] for ( = % in (3.20).
So Theorem 1.2 is proved.
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