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Regular Solution and Lattice Miura Transformation of
Bigraded Toda Hierarchy*

Chuanzhong LI! Jingsong HE?

Abstract The authors give finite dimensional exponential solutions of the bigraded Toda
hierarchy (BTH). As a specific example of exponential solutions of the BTH, the authors
consider a regular solution for the (1,2)-BTH with a 3 x 3-sized Lax matrix, and discuss
some geometric structures of the solution from which the difference between the (1,2)-
BTH and the original Toda hierarchy is shown. After this, the authors construct another
kind of Lax representation of (N, 1)-BTH which does not use the fractional operator of
Lax operator. Then the authors introduce the lattice Miura transformation of (N, 1)-BTH
which leads to equations depending on one field, and meanwhile some specific examples
which contain the Volterra lattice equation (a useful ecological competition model) are
given.
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1 Introduction

The Toda lattice hierarchy introduced by Toda [1-2] is a completely integrable system
and has important applications in many different fields, such as the classical quantum fields
theory. Tt is well-known that the Toda lattice equation (see [3]) can be reduced from the two-
dimensional Toda hierarchy. Adding additional logarithm flows to the Toda lattice hierarchy,
it becomes the extended Toda hierarchy (see [4]) which governs the Gromov-Witten invariant
of CP!. The bigraded Toda hierarchy (BTH for short) of the (NN, M)-type (or simply the
(N, M)-BTH) is the generalized Toda lattice hierarchy whose infinite Lax matrix has N upper
and M lower non-zero diagonals. The BTH can be seen as a natural extension of the original
Toda lattice hierarchy which is just of the (1, 1)-type. The BTH can also be treated as a general
reduction of the two-dimensional Toda lattice hierarchy. The extended bigraded Toda hierarchy
(EBTH for short) is the extension of the BTH which includes additional logarithm flows (see
[5]). The dispersionless version of the extended bigraded Toda hierarchy was firstly introduced
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by Aoyama and Kodama in [6]. Later the dispersive extended bigraded Toda hierarchy was
introduced by Gudio Carlet [5] who hoped that the EBTH might also be relevant to the theory
of Gromov-Witten invariants.

We genecralized the Sato theory to the EBTH and gave the HBEs of EBTH in [7]. The
close relation of the BTH and the two-dimensional Toda hierarchy becomes a great motivation
for us to consider the solutional structure of the BTH. In paper [8], we proved that the BTH
has an equivalent relation between the (N, M)-BTH (whose infinite Lax matrix has N upper
and M lower non-zero diagonals) and the (M, N)-BTH. In [9-10], the BTH is proved to have
a natural Block-type Lie algebraic symmetry and so is the dispersionless BTH. As we know,
the (N, M)-BTH is equivalent to the (N, M)-band bi-infinite matrix-formed Toda hierarchy,
so we consider its reduction, i.e., the semi-finite and finite matrix form of the BTH. Then we
give the solutions of the BTH using orthogonal polynomials in the matrix form. Some rational
solutions of the BTH and the corresponding Young diagrams were also given in [8]. But there
is one missing part about the regular exponential solutions of the BTH. Therefore from the
general structure of the solutions of the BTH, the regular exponential solution which depends
only on the primary time variables will be introduced in this article. Also we will tell the
difference between the (1,2)-BTH and the original Toda hierarchy from the orbit of flows in the
graph of diagonal elements. Because its structure is of the Flag manifold similar to the original
Toda hierarchy, a geometric description uses the moment polytope (see [11]) whose vertices
correspond to the solutions of the BTH.

Comparing the equations for the primary flows of the (N, 1)-BTH with the equations con-
structed in [15], we find that they have a very close relation which will be shown in detail in
the following sections.

This paper is organized as follows. In Section 2, the definitions of the BTH and its tau
function are given. In Section 3, the exponential solutions of the BTH will be given where we
also consider the finite dimensional exponential solutions and further survey the (1, M)-BTH.
To see the geometry of the (N, M)-BTH, we consider the regular solution for the (1,2)-BTH
with a 3 x 3 Lax matrix, and discuss the geometric structure of the solution, i.e., the moment
polytope for the (1,2)-BTH in Section 4. In Section 5, some primary flows of the (N, 1)-BTH
will be introduced. In Section 6, we construct another kind of Lax representation of the BTH.
In Section 7, the lattice Miura transformation of the BTH will be given, and meanwhile, some
concrete examples will be shown in detail. After that, the last section is devoted to related

conclusions and discussions.

2 The Bigraded Toda Hierarchy

Firstly, the interpolated bigraded Toda hierarchy will be introduced. The Lax operator of
the BTH is given by the Laurent polynomial of shift matrix A (see [5])

L:=A +uny AN T+ dug e Fuo g AT, (2.1)
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where N, M > 1, A represents the shift operator with A := e and “¢” is called the string

coupling constant, i.e., for any function f(z),
Af(@) = f(z +e).
The £ can be written in two different ways by dressing the shift operator
L=PLANP " =PrA~MPLt (2.2)
where the dressing operators have the form

PL =1+ ’(1)1A71 —+ TUQA?Q +---, (23)

Pr = Wo + Wi A+ waA? + -+ . (2.4)

Note that Py, is a lower triangular matrix, and Pg is an upper triangular matrix.

(2.2) is quite important because it gives the reduction condition for the two-dimensional
Toda lattice hierarchy. The pair is unique up to multiplying P;, and Pg from the right by
operators in the form 14+ a;A~' + agA=2 +--- and Gp + a1 A + aeA? + - - -, respectively, with
coefficients independent of z. Given any difference operator A = Y AxA*  the positive and

%
negative projections are defined by Ay = > ApA¥ and A_ = Y ApAF.
E>0 k<0

To write out explicitly the Lax equations of the BTH, fractional powers L~ and £ are
defined by

LY = A+ > aph®, L= D Ak

k<0 k>—1

with the relations

L~ and £ are the lower Heisenberg triangular matrix and the upper triangular matrix,
respectively.

Acting on free functions, these two fraction powers can be seen as two different locally
expansions around zero and infinity respectively. It was stressed that L~ and £ are two
different operators even if N = M (N, M > 2) in [5] due to two different dressing operators.

They can also be expressed as following

2~

LN =PLAP;!, L3 =PrA~PLL

Let us now define the following operators for the generators of the BTH flows
Lt ify=a=1,2,--,N,

. (2.5)
Y B
Lttt ify=8=-M+1,---,-1,0.
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Definition 2.1 The bigraded Toda hierarchy in the Lax representation is given by the set
of infinite number S of flows defined by ([8])

oL [(Baﬂl)JrvL:]a ifﬁy:a:172a"'aNa ( )
_ 2.6
at’y’n [_(Bﬁﬁb)—)[’L lf'y:B:_M—’—la 7_170-
Sometimes we denote % as Oy, in this paper and denote {t,,,v =a =1,2,--- N, },
{ty,y =0=-M+1,---,—-1,0,} as t,,tg respectively. We call the flows for n = 0 the

primaries of the BTH and the time variables ¢, (n = 0) are primary time variables. The
original tridiagonal Toda hierarchy corresponds to the case with N = M = 1.

The tau function and band structure According to [7], a function 7 depending only on
the dynamical variables ¢ and e is called the tau-function of BTH if it provides symbols related

to wave operators as following

wy w2 m(z,t —A1V5e)
P ::1 _ - e 1= 27
L + A + A2 + T(z,t;€) ’ (2.7)
_ wh wh T(z + et + A 71V5e)
Pli=14+214+24...:= ’ ! 2.8
L + A + A2 + T(T + €, t;€) ’ (2:8)
. _ _ t AJW.
PR::U}O+’LU1/\+’LU2/\2+...:: T(x+6’ +[] 76)7 (29)
7(x,t; €)
_ I _ t=[\M; )
O 5 S B C BRI Cot At ) k0] 2.1
Rl o= Wy + WA+ A + P I (2.10)

where [A™1]Y and [\]M are defined by

A—N(n+1-253)
7:N7N_1a"'17

A = Nin+1— 22
0, N =0,—1--— (M — 1),
0, N=N,N—1,---1,
[A]% = AM(n+1+45)
T 1. BV ’)/:0,—1,~'~—(M—1).
M(n+1+ 47)
Then we get
o i Po(=0p)7(z, ty€) N i P (0)7(z + etie) | 2.11)
L ~ 7(x, 15 €) oL = T(rtete) ’ '
e} a e} a
P, (0r)T(z +€,t;¢€) 1 P, (—=0r)T(x,t;€)
Pr = A\ Potoi= A" 2.12
" nz:% 7(z, t;€) R T;) T(z + € t;€) ’ (2.12)

-~

where the Schur polynomial Py (9) is defined by

eXp(kz:=1 %5‘1(21() — kZZOPk(g)Zk’ 5: (5‘1, %5‘27 %5‘37 2847 .. ) (2.13)
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Here the operators 5L and 53 are defined by

~ 1

5 :{ 1<a<N},

Eo AN 1 —ad) e

~ 1

O ={————5=01,, : -M+1< 5 <0}.
M(n+1+2)"7

The dressing operators P, and Pg can be expressed by the function 7(x,t;€):

_°° xte) P (x—i—ete)
. > aR CL’+E t; E) n -1 _ = n n(_aR)T(xvt;E)
7; 7(x,t;5¢€) A% Pr 7n§=:oA (x4 e tie) (219)

One can then find the explicit form of the coefficients u;(x,t) of the operator £ in terms of
the 7-function using (2.2) as that in [12-13],

Pyn_i(Dp)r(z + (i + 1)e, t;€) o 7(x, ts €)
T(z,t;€) T(x + (i + e, ty€)
Parri(DR)T(z + €, t;€) o 7(z + e, t €)

B T(x,t;e) (@ + (i + 1)e, ts€) ’ (2.16)

ui(x,t) =

where Dy, and D r are just the Hirota derivatives corresponding to d1, and 53 respectively.
As we all know, the interpolated BTH is equivalent to the bi-infinite or semi-infinite matrix-
formed BTH. Because what we will consider next is the matrix-formed bigraded Toda hierarchy,

the following equivalent definitions in the matrix form are introduced:
A= (Ei,i+1)i€Z+7 Ui = diag(um, Uq,2, Wi,3, " - )

After the following transformation u;(x) := w; ; := aj j4s, the matrix representation of £ can
be expressed by (a; ;)i j>1 with
Py n(Dr)tjorici  Pj_iym(DRr)Ti0Tj—1

a; (1) = - . 2.17
50 (2.17)

This immediately implies
a;; =0, ifj<-—-M+iorj>N-+i.

That shows that the Lax matrix £ has the (N, M)-band structure.

3 Exponential Solutions of the BTH

In [8], the rational solutions of the BTH were introduced already. In this section, we will

introduce the exact (regular) solutions of the BTH, i.e., the non-negative exponential solutions.
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The tau functions of the two-dimensional Toda lattice hierarchy (see [13]) can be expressed
by

go,o §0,1 go,z‘—l
Cio Cip - Cria
Cic1o Cicin oo+ Cisiia

where 6i7j can be in the form of following inner product using the arbitrary density function

p(A, )

Cij =\ p(\ ).

Here the inner product can be chosen as the following integral representation:

Cij = / P\ )N exp (Z DD yw")dAdu
n=0 n=0
= Z Cij k1 Pr(z)Pi(y),

k,1=0
where Py (x) and P,(y) are Schur functions introduced in (2.13).
We should note here that the coefficients ¢; j 1, are totally independent.
As the original tridiagonal Toda lattice is the (1, 1)-reduction of the two-dimensional Toda
lattice hierarchy, to get the solution of the tridiagonal Toda lattice hierarchy, we need to add
the factor §(\ — p) to the integral in the definition of a,j, i.e., the element 61',]- in the tau

function of the tridiagonal Toda lattice hierarchy (see [14]) becomes
) ) o0 (o)
/ PO 1S = A ! exp (D @A™ + 3 g™ ) dddp, (3.2)
n=0 n=0
which can further leads to
o0
/ (0 A exp (Z Tn 4 Yn A”)d)\ (3.3)

After changing the time variables x,y to ts,ts in the BTH, respectively, (3.3) becomes a new

function

/p()\, AN gfr(Ata) +er(Nta) g\

which corresponds to the (1,1)-BTH.
Denote wy and wys as the N-th root and M-th root of the unit, respectively. For the (N, M)-
BTH which is a generalization of the tridiagonal Toda lattice hierarchy, the new function Cj ;

(the new form of C; ;) has the following form
Cug = [ [ OB = it e et
N—1M-1

= Z/ AT AT ) (W AR ) (I AT )6 (RAN ) HeR (@i AT 1) g

p=0 ¢q=0
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Therefore, the tau functions of the BTH can be explicitly written in the form (see [8])

Co,0 Con -+ Coia
Cio Cip -+ Ciia
T — . . . . (34)
Ci—10 Cicin -+ Cicii

If we consider the case in a finite dimension (the dimension is n), i.e.,

PO(WR AN, Wi AT SN = M), (3.5)

=
&
2'@
>
2~
&
:»Q
>
S
I
I
-

then

Y (I AT Y eS2 (@RAN ) HER(@EAT 1) (3 6)

Tz

||
TMZ

1M—-1 n
Z Z NAR WAL (WA
q=0 k=1

After denoting Cyo as 71, we can rewrite the tau functions in the following bi-directional

Wronskian form

1
71 at—M+1,OT1 Z M+1,0 T
Oty o™t Oty oOr_ T O 0l LT
S N:o N,0 .M+1,0 N,0 .M+1 ,0 ) (3.7)
8tzv o1 iy oat aanoT O 08 ~ai10T
Then 7, has the following form
N—-1M-1 n
q
=2 Z o (AT W AT e RAT e nf AT ), (3.8)
p=0 ¢=0 k

For the (N, M) case, for each m <n

N M py o,
Tm = Z Z Z H (WJ\J}% _WN‘%,c )_(W M —w}’j[wf)

1<i1 <in < <ip<n i;,ikilij jk:l 1<k<j<m
M _
H POl AT Wi N E, 4 i,
7,k,0l=1

where

i T = eEL(wA'F)\,N ta )+§R(w1\ll)‘71 t8) (3.9)
We can find that there are ()(NM)™ terms in 7p,.

The theory above is about the (N, M)-BTH. To see it clearly, we will further consider a
specific kind of example, i.e., the (1, M)-BTH, clearly in the following.

Before that, firstly we will consider the finite-sized Lax matrix of the (1, M)-BTH.

If the Lax matrix is supposed to have n different eigenvalues, i.e., there exists a matrix @,
such that

OLO ™ = dig(Ai, Na, -, An),
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then from the theory on the (N, M)-BTH, we can get the first tau function of the (1, M)-BTH

as following

M—-1 n 1
a1 a \IT
= 30 po(Ak, wiy AT Jelr @R 49), (3.10)
q=0 k=1

Similarly for every integer m < n, the tau function 7,,, has the following form

M
D DR DI | PRCTRRY

1<y Cip <o i <0 i),if, =1 1<k<j<m
m
LIS SR i\
II (wypwi] — wijwi )HPOO‘U’”M/\@ VEi i
1<k<j<m j=1

where

i L
w .7A_ZW t
Ei - egR( MNij 7[3').

R

Considering the primary dependence, 7; can be written as

M—-1 n M
L L
T = Z Zﬂo(Ak,wZM,f)exp (Z(w%A,f)sts,Mﬁo). (3.11)
q=0 k=1 s=1

To see it more clearly, we will further consider a specific example in the following section,
i.e., the exponential solution of the (1,2)-BTH.

4 The Regular Solution of the (1,2)-BTH

One can obtain the general finite dimensional solution for the (N, M)-BTH with exponential
functions. However, most of the solutions are complex and have singular points. In this section,
we will consider the exponential solution, particularly the regular solution of the (1,2)-BTH.
By this regular solution, we see the difference between (1,2)-BTH and original Toda hierarchy
from a geometric viewpoint.

For (1,2) case, the solution can be expressed as
" 1 N 1 \2
= Z%(%J\ﬁ)eﬁﬂ o) 4 po( Ak, wadf )eSR@MAL ) (4.1)
k=1

where wy = —1.
If we only consider the primary dependence which means that we let the tau function depend
only on the primary time variables, then the first solution 77 in the form of a one-by-one matrix

has the following form

n 11 101
1 242 1 34,3
7L =Y po(Ae, A7 el M oot erdnton g o (X AT )e Wl A onoterditon - (49)
k=1
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Let us assume that the Lax matrix is semi-simple and has distinct eigenvalues A1, Ao, A3. If

the \i, k = 1,2, 3 are negative, the real solution can be written in the following form:

n
1 1 1 1
I\ AR 2 - Apt I\ ot AR 2t- Akt
- :E :PO(/\IW)\]j)e” klZt—1,0+Akto,0 +PO()\k7—/\;§)e i Ak 2t—1,0+Xkto,0
k=1

=" Af cos(| M| 2o, + O e Tootto), (4.3)
k=1

where

Ay = o0 A + oA —AR)?

and 0y, depend on {po (A, /\%), £0( Ak, —/\% ), |/\k|%t_170}. This is in fact a periodic solution about
the t_1 0 time variable and it has singular points.

If we set 0 < A1 < Aa < Az, po > 0, it will lead to regular solutions. In this case as a simple
but interesting example, we will consider a regular solution for the (1,2)-BTH with a 3 x 3-sized
Lax matrix, and discuss some geometric structures of the solution in the following part. Then

the regular function 7 is given by

3 3
1
T =Y Agcosh(AZt 1+ Op)e e ootho) = N OBy,
k=1 k=1

where A, and 0 are arbitrary constants, C}, := Ay cosh()\é t 10+ 0;) and By := e (fo.ottio),
We also write S, := Ay, sinh(/\,%t_u) + 6;) in the following part.

For 71 being positive definite, 4; > 0 is supposed to hold. Also we set all §; = 0 (this is
necessary for 7 being sign definite). Then the second tau function 72 and the third tau function

T3 in (3.7) are given by

T1 01,071
O0_10m1 0-1,001,0T1

TQZ‘

C\B,  CyBy,  CsEs 1 A1
= 1 1 1
MSIE ASsEs AiS3Bs) |4

1 1
= Y (CiSAF = CiSiAT) (N — N)EE;,
1<i<j<3
1 ({9170’7'1 8%7071
T3 = |0_10m 0_10010m1 O_1,00f 071
8%1’07'1 8%1’081,07'1 8%170812’07'1

C1Ex CaEr  C3Es IEEDVIRDY
= [ A2S1Ey AZSoBE, AiSsEs | [1 A2 A3
)\101E1 )\QCQEQ /\3C3E3 1 /\3 /\3

= D AN = MlSiCiCk | [T = M) ELE2Es,

i—j—k i<J

respectively, where >  implies the sum over the cyclic permutation on {1,2,3}. Therefore,
i—j—k

71 is always positive.
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For 75, taking derivatives can imply

Dy o(CiSAZ — C;SiAF)
= 5iS; (A2 + CiCiA; — SiSi(Aidj)? — CCiN;
= CiCjO\j — >\i) > 0, (4.4)

which means that 7o always increases with the variable ¢_; o. Because when t_1 o = 0,
; :
CiSj)\j — ;50 =0,
and when t_; o > 0, 72 is always positive. Because

ST (GiSAE = CiSiAF) (N2 — M) ELE,

31,072 . 1<i<j<3
m ———- = hm 1 1
om0 T om0 N (GiSAF = O8N ) (A — M) B E;
1<i<;<3
> CiCi(A\ = M\)EE;
~ lim 1<i<5<3
t-1,0—0 Z CZ‘C]' ()\j — )\l)EzE]
1<i<j<3
Y. - A)EE;
_1<i<j<3
S - NEE;
1<i<;<3

t_1,0 =0 is a removable singular point. Using the formula (2.17) for a; ; of the Lax matrix, we
have
MCLEL + X Co By + A\3C3Es

ChE1 + CyFEy + C3E5 ’

ST (GiSIA? = CSAT) (N2 — A ELE,

1<i<j<3

a1,1 = 8170 lnﬁ =

T2
azo = O1,0ln — = T T
m D (CiSiAZ = CSiIAE) (N — M) EE;

1<i<j<3

—aii,

3
T3
aszz = O01,0ln — = E Ai — (a1,1 + az,2).
5 4
=1

Assuming the ordering for the eigenvalues as
/\1 < /\2 < /\37

one can obtain the following asymptotic sorting property of the Lax matrix:

A3 10
l: — 0 )\2 1
0 0 X\

for t_1 9 — o0,
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A3 1 0
0 )\2 1 for t170 — 0Q,
0 0 X\

L —
A1 0
0 X 1 for t1 9 — —o0.
0 0 A3

To see the orbit generated by the solution, we consider the projection 7 of the Lax matrix

on the diagonal part, i.e.,

ai,1 1 0
VI L= az1 a2 1 — dlag(ﬁ) = (al,l,agg, a3,3).
az1 asz2 a3;3

Figure 1 illustrates the image of the map 7: The left panel (a) shows the image in the case
of the (1,2)-BTH for —5 < g0 < 5 and —5 < 91 < 5. The right panel (b) of the figure shows
the case of the original Toda lattice, that is, the corresponding Lax matrix is a 3 x 3-sized

tridiagonal matrix. That example gives the following proposition.

Oald Ob0O

Figure 1 The image 7(£) = (a1,1,a2,2,a3,3): (a) For the (1,2)-BTH; and (b) for the
tridiagonal Toda hierarchy. Those orbits are obtained by changing t90 and ¢o,1 with
fixed t—1,0 = 1. The eigenvalues are given by A\; =1, A2 =4 and A3 = 9.

Proposition 4.1 In the case of the original Toda lattice, one can show that all the orbits

3
have to cross the center point (A2, 01 — 2X2, A2) with o1 = > A;. However, the orbits for the
Jj=1
(1,2)-BTH have no such restriction, but those still go through the points close to the center.

Proof Firstly because the Lax matrix has eigenvalues A1, Ao, A3 with A\; < Ay < A\3. We

set the diagonal elements (a1 1, az,2,a3,3) to take values (Ay, 01 —2A1,Ay). Then considering
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that the matrix

A1 1 0
az1 01 — 2A1 1
as,1 as,2 Ay

has eigenvalues \1, A, A3 with A1 < Ao < A3, we get
(Al — )\)[(O‘l —2A — /\)(Al — )\) — a372] — a271(A1 — /\) +az1 = -3 + 0'1)\2 — 09\ + 03,

where o1, 09,03 are the first three fundamental symmetric polynomials. The equation above

implies
az2 +az; = 20141 — 3A% — o9, (4.5)
Aloy —2A% — (a2 + az21)A1 + a3y = 03, (4.6)
which further leads to
Ai’ - UlA% +o09A; —o3+az;1 =0. (4.7)

By (2.17), we get

P2(ﬁL)T2OT2 Pl(ﬁR)TB o7y

t) = = 4.8
as.2(?) ToT2 ToT2 (4.8)
Because we choose all eigenvalues to be positive,
5 1 1 1 1
Digraoma= Y (CiSiA? — CjSiA?)(CiSkAL — CiSiA?)
1<i,5,k<3
(A — /\j)(/\j X)) A + N+ 2/\j) > 0, (4.9)
and therefore ag 2(¢) > 0. Similarly, by (2.17), we get
Py(D P, (D _
asq(t) = 2(Du)miom = 1(Dr)72 0 7 = 0 1’0T2. (4.10)
17T 17T 7
Because of (4.4), we get
a271(t) > 0. (4.11)
By (4.5), we can get the following identity that must be correct:
f(AL) :=201A1 — 3AT — 09 > 0. (4.12)

For the triangonal Toda hierarchy, as; = 0, and (4.7) has three roots A1, A2, A3 with the order
A1 < A2 < A3. Let A7 = A3, and we find

f()\g) =201)\3 — 3)\% — 09 = 2()\1 + Ao + )\3))\3 — 3)\% — ()\1>\2 + AN A3+ )\2)\3) (4.13)
= ()\1 - )\3)()\3 — )\2) <0,
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| T3 Mg
\( '

% | | 1) Ill{ "
|| |

L3 i L

| i
i v I." 1 b i II,.-"_ "
, | Ly

it | 1 | f 1

ERN J J\ A |

o w ® » w = = o 1 i o
Oald 0O b0

Figure 2 Graphs for (a1,1,a2,2,a3,3) of the (1,2)-BTH: (a) Depending on the pa-

rameters to,0 with t_10 = 20 and to,1 = —2; (b) depending on the parameter to,o

with t_10 = 20 and tp,1 = 1. The eigenvalues are Ay = 1, A2 = 4, A3 = 9 and
Al = Ay = Az = 1.

Oall 0 bd
Figure 3 Graphs for (as,1,a1,1,a2,2,a3,3) for (1,2)-BTH: (a) Depending on the pa-
rameters t_1,0 with tg,1 = 0 and t9,0 = —0.4; (b) depending on the parameters to,0 with

tO,l =0 and tfl,o = 1, where Al = 1, )\2 = 4, )\3 =9 and A1 = A2 = A3 =1.

which is in contradiction with (4.12). Similarly, we can also find that Ay = Ay is also in

contradiction with (4.12). Therefore, the only choice is A; = Ay. That is why for the original
3
Toda lattice, all the orbits have to cross the center point (A2, 01 — 2X2, A2) with o1 = )~ A; as
j=1
shown in Figure 1(b). By (2.17), we get

as1(t) = 2 (4.14)

T2T1

So for the (1,2)-BTH, as,1(t) is always positive when ¢_1 o > 0, because of the positivity of the
tau functions. From that and considering (4.7), we can get that there will be one more part
which is close to the crossing point (A2, 01 — 22, A2) just as Figure 1(a).

The boundaries of Figure 1(a) are characterized by Figure 2(a) and Figure 2(b). Fixing
another time variable t1 1, their two-dimensional graphs are as Figure 3(a) and Figure 3(b).

After these geometric pictures, the moment map (see [14]) related to the (1,2)-BTH will be
given in the following.

Moment polytope for the (1,2)-BTH From the last section, 7y and 7o have the following
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form:
3 1 1
T = ZCkElm T2 = Z (CZS])\; — C]Sl)\f)()\] - )\i)EiEj.
k=1 1<i<j<3

We can treat (71, 72) as one point of the Flag manifold G/B, where G := SI(3, R) and B is
a Borel subgroup (an upper triangular subgroup) containing the Cartan Lie subgroup of G (a

diagonal torus). Here we describe the moment polytope defined by the map (see [11]),
w: G/B— H",
(7—177_2) E— M‘F1 + M‘rz’

where H* is the dual of the Cartan Lie subgroup of G,
Ci1E1 Ly + CoEy Ly + C3E3Ls

MTl = bl
C1E; + CoEy + C3E;5
Z (CiSjA2 — CiSiAZ)(\j — M) EiE;(Li + L)
M7—2 _ 1<i<j<3 ] ;
D (CiSjAZ = CiSiAE) (N — M) EE;
1<i<j<3

Here the weight vectors L;’s are defined by
1

Ly:=(1,0), Ly:= %(—1,\/5)7 Ls:=3 (-1, =V3).

Figure 4 illustrates the moment polytope (i.e., the graph of M,, + M,,) for our example.

; L] III'I l;‘- an DI‘- III'I |I|
Figure 4 The moment polytope (i.e., M7, + M, in H*) of the (1,2)-BTH: The orbits
are obtained by changing to,0 and to1 with fixed t_1,0 = 1. The eigenvalues are \; =
1, Ao =4 and A3 =09.

In the Figure 4, the vertex %(3, V/3) represents the highest weight L; — L3 which is the
starting point of this (1,2)-BTH flow (the to; flow and the to flow). The vertex 1(—3, —/3)
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represents the lowest weight — L1 + L3 which is the destination of the flow. The boundaries of
Figure 4 corresponding to the G = SI(2, R) for the (1,2)-BTH associated with two of as 1, a1
and a3 are zeroes. The six vertices in Figure 4 are fixed points of the Cartan subgroup of
G which can be generated from the highest weight by the action of the symmetric group Ss.
These six vertices are in bijection with the elements of the Weyl group.

Till now, we have found that the moment polytope can tell how the flow of the time variables
of the BTH goes well, and meanwhile the sorting property of the flows and the representation
in Lie algebra describing the orbit are also seen from Figure 4. What about the polytope

corresponding to the higher rank matrix-formed BTH? It is an interesting question.

5 The (N, 1)-Bigraded Toda Hierarchy

In the previous section, the (1, M)-BTH was introduced in geat detail. In this section, we
concentrate on the (N, 1)-BTH. For convenience of calculation, we firstly use the interpolated
form of the BTH.

In the following part, we will introduce some concrete primary flows of the (N, 1)-BTH.

(2,1)-BTH: The Lax operator of the (2,1)-BTH is as following

Lo1 =AM +uiA+ug+u_A™t (5.1)
(2.6) in this case are as following
B2,0L21 = [A+ (1 4+ A) ua (), L2,1], (5.2)

which further leads to the following concrete equations

D2.0u1(z) = ur(z + €) —ur (@) +ur(x)(1 — A)(1 + A) " tug (),
Da0uo(x) =u_1(x +€) —u_1(x), (5.3)
Oa0u—1(z) =u_1(z)(1 — A=) (1 + A) " Luy (2),
which are equivalent to (40) in [15] and are also related to the system (10)-(12) proposed in
[16].
(3,1)-BTH: The equations of the (3,1)-BTH are as following

O3.0uz(z) = u1(z + €) — up(x) + ug(x)(1 — A2) (1 + A + A?) " Lug(z),
O3, 0u1(x) = uo(x + €) —uo(x) +ur(z)(1 — A)(1 + A+ A%ty (), (5.4)
O3 0uo () = u_1(z +€) —u_1(z),
837011, 1(1‘) U,_l(.l?)(l —A_l)(l +A—|—A2)_1U,2(J?),
which can be rewritten as
03 0(21}2 x—f—ze)) =vi(r+e) —v(z (ng x—i—ze))(l — Ay (),
=0 =
93,0v1(z) = vo(z + €) — vo(z) + v1(z)(1 — A)vg(x), (5.5)
03,0v0(x) =v_1(z +€) —v_1(x),

33,0v—1(x) = v_1(2)(1 = A" )va(2),
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by the transformation us = (1 4+ A + A?)vg; u; = v;, @ = 1,0,—1. This is the case when
n=1, m= -2, I =4 for (10) in [15] after treating v(x + i€) as v(i), and

3 3
Zv;(Hs -1)= ZUQ(HS— 1) X (v2(i) — v (i +2)) + v1 (i + 1) — 01 (i),

2 (5.6)
(Zvoz—i—s—l Zvoz—i—s—l—i—k‘))
s=1
+og—1(t—1) —vp_1(i), k=1,0,—1.
To generalize the results above, the (N, 1)-BTH will be considered as following.
(N,1)-BTH: The concrete equations of the (N, 1)-BTH are as following
N—1
81\/70( Z un—1(x + Ze)) =un_2(z+e€) —vn_a(x)
i=0
-1
(D on-r@+ie)) (1= AN Doy ()
ON QUN 2( ) = UN 3(334-6) — UN 3(1‘) +uNn 2( )(1 — AN 2)’UN 1( )
Onov1(x) = (a: +e) —vo(x) + v1(z)(1 = A)va(x),
Onovo(x) = v-1(z +€) —v-1(2),
Onov-1() = ,1(;5)(1 — A" Hua(a),
where uy 1= (1+A+--+ A Yoy 15 u; =v;, i=N—2,---,0,—1.
Similarly we can rewrite the equations of (N, 1)-BTH as following
Z@NOUN 1(i+s—1) ZUN 1(i+s—1)x (vy-1(@) —on_1(i + N — 1))
s=1
+’UN72(Z +1) — vnv—2(), (5.7)
8N70Uk (Z) = Uk(i)(UN_l(i) — ’UN_1(i + k)) + ’Uk_l(i + 1) — ’Uk_l(i),

k=N-2N—3,---,—1

)

where v;(i) := vj(z + t€) and v_o = 0.
This is exactly the case when n =1, m = —N 41,1 = N +1 for (10) in [15]. It has another

Lax representation which will be discussed in the next section.

6 Another Lax Representation for Primary Flows of the (INV,1)-BTH

In this section, we will introduce another Lax representation of the Oy flow (i.e., the
primary flow) of the (N, 1)-BTH.
For an arbitrary pair of integers n € N and m < n — 1, we define an infinite collection of

the first-order differential operators

H;, = 8N,0 — ’UNfl(Z‘,tN’o), 1€ 7 (61)
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and
N-1 N
G; =0no + Z un—1(t —k,tno) + Z oN—1-k(i = N + 1, tno)H - H SH.
k=1 k=1

Let us define the following auxiliary equations on the infinite collection of dressing operators
{’l/l)\i, 1€ Z}:

GiW; = Wiy1-NOn,0, H;W; = Wi110n,0, (6.2)
which can be rewritten in terms of the Baker-Akhiezer (BA) function 1; as
Givi = 2¢ip1-n,  Hii = 2941 (6.3)

We can show that the compatibility conditions of (6.3) are the well-determined system of
equations for the fields {v_1(Z,tn0), vo (4, tn0), -+ s vn—1(4,tN,0)}-

Formally, the consistency condition of (6.3) is given by
Giy1H; = Hi n11G;.

The technical observation will lead to that (6.3) can be rewritten in terms of the (L, Ay o)-
pair

L(v;) = z¢i,  On,0¢i = An,o(¥i),

where L and Ay are difference operators acting on the BA functions {1;,i € Z} as

N N
L(i) = 2¢isn + (ZUN—l(i +5— 1))¢i+N_1 +) %UN—I—j(i)'lpi-i-N—l—j;
s=1 j=1

(6.4)
Ano(¥i) = 29ip1 + vn—1(8)i.
That means
N
L= G;}Nch?N,o + (Z ’UNfl(Z‘ + s — 1))Gi7+1N71
s=1
N
1 o B L (6.5)
+ Z ;”Nflfj(Z)GiJrqu—jHi—lj - H L HY,
j=1
Ano = Hi +vn_1(i).
Then consistency conditions of (6.3) are expressed in the form of the Lax equation
OnoL = [Ano, L] = AnoL — LA o, (6.6)

which exactly leads to (5.7).

Till now we have given another Lax construction for the primary flows of the (NN, 1)-BTH.
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7 Lattice Miura Transformation

As we all know, many one-field lattice equations are very useful in a lot of branches of
science such as biology, medical science, physics and so on. In this section, we will introduce
a kind of Miura mapping which connects the one-field lattice equations with the (N + 1)-field
ones (i.e., the (N, 1)-BTH).

Defining

Fi=Gi nHiyn_1---Hi1Hy, 1 €7,

which is an N-order differential operator, we obtain

Fppy = 2Ny, Hiy = 29041, 1€ Z.

Because
Gihi = 2¢pip1-nN, Hipi = 21, 1 €L, (7.1)
we define
ai% = ZEiJrl’ Fzﬂi = Z%+N+1v i = E(NJrl)iv (7.2)
where N

H; =0no— Z Tivk—1, Gi=0N,0— ;.
=1

The compatibility of the system (7.2) leads to the following one-field lattice equations

N N
> ONOTirs-1 = Y Tiga1 X (riyn —7i1), 1€ L. (7.3)

s=1 s=1

Define
Fi=GinGitn-1-Gi1G;,

which is an N-order differential operator. Now we consider a new system
Fip; = ZN+1E¢+N+D Hiy; = Z%‘+N+1-
Comparing the system (7.2) with (7.1) will lead to the following identification
Fy =F(ni1i, Hi=Hni1y (7.4)

which will tell us the Miura transformation in detail.

(7.4) can be rewritten in the following equivalent form

GisnHiyn—1-+ Hip1Hy = Gni)is NG(N41)ieN—1 - G 1)i41 G (v 41

In the following, we will give two specific examples of the original Toda hierarchy and the

(2,1)-BTH including their corresponding lattice Miura transformations and one-field equations.
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Example 7.1 For the (1,1)-BTH, i.e., the original Toda hierarchy, the case N =1, 1 = 2,

n=1,m=0,n7=2,m=1in [15] is as following

On,0vo(z) = ($+ €) —v-1(z), (75)
01,00 1($) () (1 = Ao (2),
which can be rewritten in the following discrete form
81701}0(2') = ’U_1(i + 1) — U_l(i), (7 6)
A1,0v-1(2) = v (i) (01 (i) —v1(i — 1)),
by the transformation v;(i) := v;(x + i€), j = 0, —1. The lattice Miura transformation is as
following
V1 (Z) = ro; + I2iq1, (7.7)
vo(1) = r2i—172;

After the lattice Miura transformation (7.7), the ¢, flow of the (1,1)-BTH can be trans-
formed into the following one-field equation, i.e., the Volterra lattice which is a very useful

ecological competition model in biology,

81707“1' = ri(ri—i-l — 'ri—l)7 1€ L. (78)

Example 7.2 For the (2,1)-BTH, N =2,1=3,n=1,m=—1,n=3, m = 1, the lattice

Miura transformation is as following

v1(i) = r3ipo + r3ip1 + T30,
vo(1) = Tr3i—173i + r3i1T3i+1 + I3iT3i+2 + T'3i+173i43 + T3i+273i+3
340 + 1301 + 13+ 2rsigarsivy + 273, (7.9)
v_1(1) = —13i-373i—273i—1 + T3 273i 1731
+(rgi—o +73i-1)(13i—1 + 73:) (3541 + 734).

After the lattice Miura transformation (7.9), the t2 ¢ flow of the (2,1)-BTH can be trans-

formed into the following one-field equation

8270(7”1‘ + 'ri-i-l) = (’I“i + 7“7;+1)(’I“i+2 — 7“7;_1), i€ 7. (710)

The relation between the (N, 1)-BTH and the one-field lattice equations gives us some hints
on how to get the solutions of the one-field lattice equations from the solutions of the BTH (see

[8]) by certain transformation.

8 Conclusions and Discussions

We give the finite dimensional exponential solutions of the bigraded Toda Hierarchy. As a
specific example of the exponential solutions of the BTH, we consider a regular solution for the
(1,2)-BTH with a 3 x 3 Lax matrix. The difference between the (1,2)-BTH and the original
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Toda hierarchy is found from a geometric viewpoint by diagonal projection and the moment
map. Our future work contains finding other regular solutions corresponding to other cases of
the BTH and their geometric descriptions. After that, we construct another Lax representation
of the bigraded Toda hierarchy (BTH) and introduce the lattice Miura transformation of the
BTH. These Miura transformations give a good connection between the primary equation of
the (IV,1)-BTH and the one-field lattice equations which include the Volterra lattice equation.
What kinds of one-field lattice equations will correspond to the whole hierarchies in the BTH?

It is an interesting question.
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