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On the Irrotational Approximation to the 2-Dimensional
Isothermal Euler System*
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Abstract The author mainly studies the difference of the weak solutions generated by
a wave front tracking algorithm to the steady Euler system and the isothermal Euler
system. Under the hypothesis that the initial data are of sufficiently small total variation,
it is proved that the difference between the solutions of the steady Euler system and the
system of isothermal supersonic flow can be bounded by the cube of the total variation of
the initial perturbation.
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1 Introduction
The planar steady full Euler system for compressible fluids can be written as
pU) + (pv)y =0,
pu? + p)z + (puv)y =0, (1.1)

(

(

(puv), + (pv* + p)y =0,

(u(3p(u® +0*) + pe +p))x + (v(5p(w” +v*) + pe +p)), =0,

where p is the density of the fluid, (u,v) is the velocity, p is the pressure, and e is the internal
energy. The second law of thermodynamics asserts that

TdS = de + pdv, (1.2)
where T' > 0 is the temperature, and S is the entropy. This implies that
es(S,v) =T, e,(S,v)=—p. (1.3)

For polytropic gas,
p=RpT, e=c,(T—Ty), cp=—7, (1.4)

where R and Tj are constants. Then by scaling, we have
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where

e=v—-1>0, (1.6)
and + is the adiabatic index. It follows that

p=p(l+ee). (1.7)
The sound speed is ¢ = /(1 4 ¢)(1 + ee).

As e — 0, the internal energy is given by (see [1])

. S
eo(p, 5) = lime(p, S,e) =Inp + +,

and the pressure p = p. Correspondingly, the sound speed is ¢ = 1, and the non-isentropic
Euler system (1.1) formally converges to the limiting system as follows:

(pw)z + (pv)y =0,
(pu® + po)a + (puv)y = 0,
(

(1.8)

puv); + (pv® +po)y =0, (1.9)
1 1 9 9
(U(gp(u +v%) + peg +po)) + (v(§p(u +v%) + peo +po)) =0,
x y
which is called an isothermal Euler system.
System (1.9) has a simplified approximation
{(pun + (pv)y =0, (1.10)
Vg — Uy = 0,
where the density p and the velocity (u,v) satisfy the following Bernoulli equation:
2,2
VY mp= By, (1.11)

which gives p = exp{By — w’+ 2} := g(u,v), where By is a constant. From e = Inp + %, we
know that e = Ing(u,v) + SO := f(u,v) for isothermal gas.

The main purpose of thls paper is to estimate the difference of the solutions to system (1.9)
and system (1.10)—(1.11) in the supersonic region.

Let U(EO) = (ug,v0)T be a constant state with u2 + v3 < 2By and ug > 1, where the
superscript T stands for the transpose. Denote Uél) = (g(uo,v0), uo, vo, f(ug,v0))T, and then
the main result is stated as follows.

Theorem 1.1 Denote by Uy = (uo(y),vo(y))T a bounded measurable function with small
bounded variation, such that Uy(y) — Uéo)(y — +00). Let Uy = (p1,ui,vi,e1)’ and Uy =
(g(uz2,va), uz,ve, f(uz,v2))T be the respective solutions on RY x R, to the isothermal Euler
system (1.9) and system (1.10), taking Uél) = (g(uo,v0), uo, vo, f(ug,v0))T as the initial data.
Assume that TV (Uy) is sufficiently small so that Uy and Uy are well defined for all x > 0, and
Ui(z,y) and Us(x,y) lie in the supersonic region for x > 0. Then, there exist constants 6 > 0

and K >0, such that for all Uy with ||Ug — US” || L (rry + TV (Up) < 6 and U — US” € L, and
for all x > 0,

||Uv1(.1?7 ) — UQ(J), ')HLl(Rl) S K],‘(TV(UQ))B (112)

Here TV (Uy) stands for the total variation of Uy. The superscript T stands for the transpose,
and || - |1 (1) stands for the L'-norm.
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Here and hereafter x is regarded as the time variable. The proof of Theorem 1.1 is given in
Section 5. We follow the idea of Bressan [2-3] to compare the solutions in L. That is, the proof
is based on the comparison of solutions to the isothermal Euler system (1.9) and system (1.10),
and we use some L!-stability estimates for the standard Riemann semigroup generated by the
isothermal Euler system (1.9). The same ideas were used to treat the isentropic approximation
for the full Euler system by Saint-Raymond [4] and the classical limit of the relativistic Euler
equations by Bianchini and Colombo [5]. Zhang [6] compared the solutions to the isentropic
Euler system and the system of irrotational supersonic flow for v > 1. Liu [7] discussed the
difference between the solutions to the full Euler system and the system of isentropic supersonic
flow for v > 1. Note that the isothermal case v = 1 is also important in practice, and engineers
often use the potential flow to simulate the solution, so it is also necessary to compare the
solutions to the full isothermal Euler system and the system of irrotational supersonic flow for
v =1.

The remaining is organized as follows. In Sections 2 and 3, we study some properties on the
wave curves for the isothermal Euler system (1.9) and system (1.10). In Section 4, we compare
the solution to the Riemann problems for these two systems. In Section 5, we first estimate the
difference between the e-approximate solutions for irrotational flow equations and the solution
to the isothermal Euler system. Then, by taking the limit we prove the main result.

2 Wave Curves for the System of Irrotational Flow

The matrix form of system (1.10) is

Upy + P UPy u VPu VPu +p\ (u) _
(7o ) ) () (), = e

From (1.11), we know that p, = —up, p, = —vp.
The corresponding two eigenvalues of (2.1) are
wv + (=1)7Vu2 +v2 — 1

A= e . j=1,4. (2.2)

The corresponding right eigenvectors (2.1) are

Ty =biTy, j= 14, (2.3)
where
r=(N0h =14 (2.4)
and
bj = (VA7) 7, (2.5)

where if u > 1, then V; - 7; # 0. So the system (1.10) is strictly hyperbolic.
Due to [8] (see also [9-10]), there is a 61 > 0, such that the following holds. For any constant

state U; € Oy, (Uéo)) C R?, the wave curves through U; for the system of irrotational flow can
be parameterized by 7; — ®;(7;,U;) with ®; € C? and

®;(0,U;) = Uy,

0®, .
a—Tj(OaUZ) =7 ;(U),
2

2
8Tj

0,U0,) = V7 ;(U) - 7 ().
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Moreover, for 7; > 0 and j = 1,4,

d

d_Tj‘I)J‘(ij U1) = 7 (®;(7;, 00))- (2.6)

Define
D = {(u,v)T € 05,(U”) C R? | u> 1}.
Consider the following Riemann problem for system (1.10):
U = <0
U|;c=0 _ l (ulv vl)v Y ) (27)
Ur = (up,v,), y>0,

where U, U, € D are constant states. From the above discussion, the set of right states U,
which can be connected to the left states U; by a j-simple wave must lie in the curve ®;
parameterized by 7;. Define

O(11, 74, U1) = Py(74, P1 (11, T7)).
Due to Lax [8] (see also [9-12]), we have the following result.

Lemma 2.1 There exists a constant 61 > 0, such that for any Uy, U, € D, the Riemann
problem (2.7) admits a unique solution, i.e.,

Ur :¢(T1,T4,Ul). (28)

Moreover, ®|r,—r,—0 = Uj, 2 o | 7(U), §=1,4.

T1=T4= O

Proof Differentiating (2.8) with respect to 7;, we have
0P )

O(11,74)

For sufficiently small §1, U;, U, € D, system (2.8) has a unique solution 7; = 7; (U, U;), j =
1,4, by the implicit function theorem.

=det(7'1(U}), 7 4(U;)) # 0.

T1=74=0

det (

3 Wave Curves for the System of Isothermal Euler System

System (1.9) has four eigenvalues

wv + (=1)7Vu2 +v2 — 1

)\; = ’U,2 1 ) ] = 1a47 (31)
v

A=k = —. 3.2

2 3 U ( )

The corresponding right eigenvectors are
T']—bj ]7 j:174)
?; = (07 u’ v’ O)T’
75 =(0,0,0,1)%,

where

7= (p(Nu —v), =A%, 1, Niu — o) T,

J J jr 7

* *  ~k\—1
b = (VA1) j=1,4,
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and if u > 1, then VAT -77 #£0 (j = 1,4) and VAT - 75 =0 (j = 2,3).

Due to [8], there is a d2 > 0, such that the following hold. For any constant state U;" €
052(U(§1)) C R*, the j-th wave curves through U for the isothermal Euler system can be

parameterized by 7; — ®7(7;, U;") with @7 € C? and
(I); (07 Ul*) = Ul*v
JoLiy

* —> % *

5‘_75 0,07) = Tj(Ul )s

0%

—5H0.U7) = V¥ U7) - FU7).

J
Moreover,
d * * * * * .
75 U0) = 7525 (7, U7), 75 =20, j=1,4 (3.3)
J
and

d * * * * * .
T(bj(ijUl):?j(@j(ijUl ), =23
Tj

Here the superscript * stands for the isothermal FEuler system.
Let (I); (Tja Ul*) = (P; (ij Ul*)v u; (Tja Ul*)v U;f (ij Ul*)a e; (ij Ul*)) Then define

D™ = {(p>u7v7e)T S Oég(Uél)) C R4 | u > 1}

Consider the following Riemann problem for system (1.9):

(3.4)

. Uf = (p,w,u,e), y<O,
U |;c=0 = %
Ut = (protr, Urer), y >0,

where U;,U € D* are constant states. From the above discussion, the set of right states
Uy which can be connected to the left states U} by a j-simple wave must lie in the curve @7
parameterized by 7;. Define

(71,72, 73,7, Uf') = @ (7, B3 (73, D3 (72, @1(71, U)'))))-

Due to Lax [8] (see also [9-12]), we have the following result.

Lemma 3.1 There exists a constant 62 > 0, such that for any U, U’ € D*, the Riemann
problem (3.4) admits a unique solution, i.e.,

U: :@*(T17T27T3,7'4,Ul*). (35)

ol

* _ *
Moreover, ®*|; —r,—ry—r,—0 = U}, =

TI=To=T3=T4=0 — ?;(Ul*)a .7 =1,2, 374-

Proof Differentiating (3.5) with respect to 7;, we have

= det(71(U)), T3(U), TEUD), TAU)) #0.

det ( 0" )

8(7—17 T2, T3, T4)

T1=To=T3=T4=0
For sufficiently small d2, U}, U € D*, the system (3.5) has a unique solution 7; =7; (U, U}"),

j=1,2,3,4 by the implicit function theorem.
The solution to the Riemann problem (1.9) and (3.4) satisfies the following properties.
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Lemma 3.2 For 7; >0 and j = 1,4, it holds that
e; — Inp; = constant.

Proof From (3.3), we know that

dp* * * % * ok *
d—’Tj(Tj,Ul )= bjpj(/\juj — vj),
d@; * * * ok *
d_Tj(TJ" Ur) = bj(\juj —vj),
which implies
dp* de’
ﬁ —pr—1 —.
dr; 7 dr;
Thus, we have e} — In p} = constant.
Lemma 3.3 For7; >0 and j = 1,4, it holds that
(u)? + (v))? .
% +Inp; = By.
Proof From (3.3), we know that
dp”f * * % * ok *
d—T;(Tj,Ul ) = bip;(Ajuj —vy),
d—Tj(ijUl ) = bj(_Aj)a
dou?

J *\ 1k
de (TjaUl ) - bja
which implies

du;  dvr 1dp)

u*f2-|— v¥)2 )
d {M—f—lnp;}:u*»—]—i—v

d_Tj 2 J de jd—Tj p_;de
= bj(=Ajuj +vj + Ajuj —j)
= 0,
yielding
u¥)? + (v3)?
5 0R

2

Moreover, we get the lemma as follows.

Lemma 3.4 For7; >0 and j = 1,4, it holds that
(1) A5(@5 (75, U7)) = A (uj (75, U7 ), 05 (75, UF)),
(2) b5(25(7,Uy")) = b (uj(7,Uy), v} (75, Uf)).

L. Wang

(3.10)
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Proof From (2.2) and (3.1), we can easily get statement (1). It suffices to prove statement

(2).
by N (@5 (3, UF)) — b (i (7, UF), 05 (75, UF))
= (V(p7u,v7e))\j . 7“j — v(u,v)Aj T j)‘

_ (% OX; 0N 0N

S ) e =), =L e = o))

(EM O\j
u v
(0, ON; 0N}

e o) (pP(\u = ), =\%, 1, (Nu — U)T)’

0x; 0N
— (5 2 (X D) M= -

In view of statement (1), we get

b* 1( (ijUl)) 1( (T]aUl) (ijUl))

(—%Aﬁa/\j) —%A-Jr%)

T (uw,v)=(uj,v5) B ( u Y v

(pyu,v,e)=(p},u; v5,e;)

(py,0,0)=(p5 ul 07 €3)

) (A1)

(u,v)=(uj,v5)

(prusv,)=(p] 05 05 €5)

)
u

(uvv):(u; 7v;)
=0.

The proof is complete.

Lemma 3.5 For 7; >0 and j = 1,4, there hold that

d [u; —\j
— | 1) =0b; J A1
dr; <U3*> 0 j)( 1 > () =(u3 07) (3.11)
and
u;(0,U7) _ (w 319
(v;‘(O,Ul*) v ) (3.12)
Proof Lemma 3.4 implies that
b5 (@5 (75, Ur")) = bj(uj (75, Up), w5 (75, Uy)) (3.13)

for j = 1,4. Then, applying (3.13) and Lemma 3.4 to (3.3) gives the result.
The proof is complete.

4 Comparison of the Solutions to the Riemann Problems

Set
D ={(u,v)" € 05,(U) c R? | u>1}
and
D* = {(pu,v,e)" € Os,(U§") € R* | u > 1}.
Denote

O(11, 74, U1) = Py(74, P1(11,001))



910

for U; € D,

(11, 72,73, 7, Uf') = @i (70, ®3(73, D5 (72, P1(71, U))))

for U € D*, and

Hj(r;, ) == ( ¢ (75, Un)
f(@;(r5,U1))

9(b5 (755 Ul)))

Lemma 4.1 For j = 1,4, it holds that

¢; (Tja Ul*) = Hj (ij Ul)

for; >0,
0H;
——(0,U1) = r;(U})
aTj J !
and
02H, »Poy
8—732(0’ U) = 8—%2(0,[]1 )s

where Ul* = (g(Ul)v Ulv f(Ul))
Proof For j =1,4, by (3.11)-(3.12), we have

for 7; > 0. Then, by Lemma 3.3,

p; (15, U") = g(¢5(75,U1))
for 7; > 0. Moreover, by Lemma 3.2,

ei(m, Up") = f(¢5(15,Un))
for 7; > 0. These lead to (4.1) for 7; > 0.

L. Wang

(4.3)

On the other hand, both ¢} and H; are functions of C? class. Then, by (4.1), we have the

results (4.2)—(4.3). The proof is complete.

Proposition 4.1 Suppose that Uy € D. For small ay, with k =1 or 4, the equations

9(or (o, Un))

Q% (51, B2, B3, B4, U") = ( én (o, Up) ) = H(a,Up)

f(on (o, U))
have a unique solution (B1, B2, Bs, Ba). Moreover,
Bk = ardir + O(1)] oy, [?
and

Bi =0 I°, j#k.

(4.4)

(4.5)

(4.6)

Here U = (g(Ut), Ui, f(U1)) and o~ = min{«,0}. The bound of O(1) is independent of a, and

U.
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Proof Since

£0, (4.7)

od*
4ot (335 7)o

then the implicit function theorem implies the existence of the solution (51, B2, 83, 84) to (4.4)
with 8; = Bj(ax, U;) € C%. Moreover, B;|a,—o0 = 0.

Next we go to get the Taylor expansion for §;. Differentiating (4.4) with respect to oy and
letting a, = 0, by Lemma 4.1, we have

4 08,
2 o

=1

75U = TRU) (4.8)

ak:O

for k = 1,4, which gives the coefficients in the first order terms,

96;

Do = 0k, (4.9)

Otk:()
where 0, = 1 for j = k and 0, = 0 for j # k.

To get the terms of the second order in the Taylor expansion, we differentiate the equations
(4.4) with respect to aj again and let a = 0. Then together with Lemma 4.1 and (4.9), we
have

4
826j _ 92Pp* 82Hk
U)+ —(0,U]) = —(0,7, 4.10
2 Gof oo 300+ g OUD) = o2 (O (4.10)
J=1
for k =1 or k = 4. Therefore, applying Lemma 4.1 to (4.10) gives
0?3
= 4.11
a3 lay=0 (4.11)

Therefore, when «aj, < 0, combining (4.9) with (4.10), we can derive the result. Moreover,
when aj > 0, due to Lemma 4.1 and the uniqueness of the solution (51, 52, 83, 04) from the
implicit function theorem, we have By = a and 3; =0 (j # k). The proof is complete.

Proposition 4.2 Suppose that (u;,v;), (u,,v,.) € D with

('U/r) = ¢, au, (ug, vy)),

Uy
and that
pr
Z: = ¢" (61, B2, B3, Ba, (p1, u, v1, €1))
Er

with p; = g(u,v;), e; = f(ug,v;) fori=1r. Then
Bi = a; + OW)flay | +lag [}, j=1,4 (4.12)
and
B = O0W){lar | +lag|}?, k=23, (4.13)

where a~ = min{«, 0}. The bound of O(1) is independent of a1, s and (ug,v;).
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Proof It suffices to solve the following equations for any given a1, a4 and (u;,v;) € D:

g(¢(a17 Ay, U, Ul))
" (B1, B2, B3, Bay pryur, v, e) = | Pplou, au,u, vy)
f(¢(061, Qy, Uy, vl))

In the same way as in the proof of Proposition 4.1, we can find C? functions By = Bi (a1, au,
ug, vy), such that (51, B2, 03, 4) is the unique solution to the above system.
To derive the estimates on [, we let

(umvvm)T = q)(ala Ovul; vl)v Pm = g(umvvm)a €m = f(umvvm) (414)

and consider the following equations:

= ¢* (81, B3, B3, By, pi, wi, v, €1),

_k(all pll oplloAll
—(,Z5( 15M25M3 4,pm,um,vm,em).

By Proposition 4.1, we have

B = a1dp + O(1)]ag %, (4.15)
B = cudpa + O(1)]ag %, (4.16)

where 0;; is a kronecker symbol. Therefore, with the Glimm interaction estimates (see [3, 9,
13-16]), (4.15)—(4.16) give the estimates on S, k = 1,2, 3,4. The proof is complete.

5 Proof of the Main Result

Let {U5(x,y)}e>0 be a sequence of approximate solutions to system (1.10) constructed by
a wave-front tracking algorithm (see [3, 18]), such that

1U5(0,-) = Uo ()]l 2 <e.

U5 is called an e-approximate solution to system (1.10) and is a piecewise constant function
in x > 0 with a finite number of wave fronts, which consist of shocks, rarefaction-fronts and
non-physical-fronts. The small parameter € controls three types of errors in U5 as follows:

(1) The error in the speeds of shock and rarefaction fronts.

(2) The maximum strength of rarefaction fronts.

(3) The total strength of all non-physical waves.

As € — 0+, US tends in L{ _ to the entropy weak solution Us to (1.10). Due to [2, 18],

loc

the limit is unique. Therefore, the solution Uz to system (1.10) is given by Us = (g(u,v),u, v,
fu,v))T.

To prove the main result, we need to study these approximate solutions. Due to [3], such
approximate solutions have the following properties.

Lemma 5.1 There exists a constant M > 0 independent of € and U,, such that

U3 (x1,-) = Us(w2,°) (|1 (r1)< Mz — 22|, 71,22 € [0, +00). (5.1)
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By Kong-Yang’s result (see [17]), we can obtain the standard Riemann semigroup S, gener-
ated by system (1.9). Suppose that the initial data U for system (1.9) satisfies U = Uéo) (y —
+00) and U — ﬁoo € L'. Then the s-approximate solution U, to system (1.9) with an initial
data U converges to a limiting function U(x,y). Such a mapping (U,z) — U(x,-) = S, U gen-
erates a standard Riemann semigroup. Furthermore, there exists a positive constant L, such
that for any initial data U,V and s,t > 0, we have

<l

T-V | +t—s. (5.4)

—(0
Here, U(() = (g(uo,v0),uo,vo, f(uo, vo))-

Corollary 5.1 Suppose U;,U, € D, |\| < X and x> 0, where Nisa fized constant. Define
W =W (z,y) as the self-similar solution to system (1.9) with the Riemann initial data

Uy = = 0
W(O,y) _ l* (Pl g(ulavl)7ul7vlaf(ulavl))) Y <0, (55)
Ur = (pr = g(ur7vr)7ura Ur, f(umvr))v y > 0.
Here U; = (ur,v)* and U, = (u,,v,)T. Consider the following function:
- A
Vey) = {00 YSAT (5.6)
Uy, y>az.
It holds that
(i) Generally, we have
1
V() =Wz, ) |1 r)y= OM)|Ur = Uil. (5.7)

(i) If U, = ¢j(05,Up) for oj >0, j =1 ord and A = X\;(U,), ie, U and U, can be
connected by a j-simple wave for system (1.10), then we have

IV, ) = Wi, ) o gan= 0(1)o?. (5.8)

Here ¢; is the j-simple wave curve, \; is the j-eigenvalue, and o; is the strength of the j-simple
wave.

(iii) If Uy and U, can be connected by a j-shock wave, i.e., U, = ¢;(0;,U;) foro; > 0,5 =1
or 4 and A = s;(U,,U;), where s;(U,,U,;) is the shock wave speed for system (1.10), then we
have

LV, = W) sgan= OO)IU, ~ G (59)

Proof (i) (5.7) can be deduced as follows:

V) = W) Loy =5 [ V) - Wiy

L

A
ZE/AW@M—W@MM

T J_zX

=O0M)[U, - Ui.



914 L. Wang

(ii) Here we only prove the case of k = 1, and the result for & = 4 can be deduced similarly.
If o1 > 0, the Riemann solution to system (1.9) can be given as follows:

9(¢1(o1,U1))
" (B, B2, B3, Ba, Uy") = ( ¢1(o1,Un) )
f(1(o1,U1))

By Proposition 4.1, the above equation has a unique solution for o1 > 0

ﬁl = 01, Bk = O7 k= 2,3,4. (510)
Thus we have
1 1 [
IV ) = W) iy =5 [ V) - Wy
1 AU
— [ e - Wy
T Jer; ()
=0M)|U; = UF[(M(UF) = A(U))
=0(1)o?.

(iii) Similarly, by Proposition 4.1,

9(¢1(o1,U1))
¢*(ﬂ17ﬂ2;537ﬂ4;U1*)_( (o1, Up) )
f(1(o1,U1))

has a unique solution
B =01+ 0(1)|o ], (5.11)
Br = O)|oy|®, k=2,34. (5.12)
Suppose that W,,, W/ are the intermediate states of the Riemann problem. Then
(W, = Ul = O()|4] = O()|U, = Ui,
(Wa = Up| < [Wey = Wi | + Wy, = Uy
= O0Q)(|B2] + |B3] + |B4])
=00)|U, — U3

Since B1 < 0, assume that sj is the corresponding shock speed. From

1
s1(01) = M (Uh) + F01+ O(1)o3,

1 1
$1(01) = N(UF) + 561+ O(1)o? = M(U) + 501+ O(1)o?,

we know that
57— 51 =0()|o1]|? = O()|U, — U2
Define

a; = max(s1, s7), q# = min(sy, s7),

Q%/[ = maX(Aﬁl(Ur)a >\4(Um))v qfn = min(Aﬁl(Ur)a >\4(Um))
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Then we have

LV ) = Wi, s =r /°° V() — W)y

q]\/II
/ / \V(x,y) — W(x,y)|dy
qa

|U Ul - |s1 = sil + O)|U, = Ui
( U = Ui,
Proof of Theorem 1.1 Let S be the standard Riemann semigroup generated by sys-

tem (1.9). By Lemma 5.1, for any € > 0, there exists an e-approximate solution U§(z,y) =
(us(x,y),v5(x,y)) to system (1.10). Define

Us (z,y) = (g(us(@,y), v5(2,1)), us(z, y),v5(x, y), f(u5(z,y),v5(z, y))). (5.13)

Firstly, we estimate the error between U§(z,y) and the weak solution z — S,Uj. In view
of (5.1)—(5.4) and by [3, Theorem 2.9], we have the following error formula:

|US™ (1 + h) = SpUs (7))l 1(mr)

U5 @) = S:Us oy < L [ ( Jim int ’ Jar.  (5.14)

Suppose that at time 7 € [0, 2], no interaction takes place, and UQE* has jumps at points
y1 < y2 < - < yn. Denote S = {a | 1 < a < N, U§ (1,ya—) and U5 (7,ya+) can be
connected by shock fronts or contact discontinuities}, R = {a | 1 < a < N, U5 (7,yo—) and
Us ™ (7,ya"+) can be connected by rarefaction fronts} and NP = {a |1 < a < N,Us5 (7,9a—)
and U5 (7, ya+) can be connected by nonphysical fronts}.

For any fixed «, we define W, as the Riemann solution to system (1.9) with the initial
data U; = U5 (7,ya—) and Ug = U5 (7, ya+). For any small h, the mapping h — S,Us is a
piecewise constant function with a finite number of fronts. Then by Lemma 5.1 and (5.7)—(5.9),
we have

1U5™ (7 + h) = SuU5 " (T) |l La(rr)

hlg(r)lJr h
. 1 ya"l'p «
= > (hlgggrg/ U3 (T+h7y)—Wa(h7y—ya)ldy)
a€ESURUNP Ya—p
= Z O E|U2 T, y(y+) - U2E* (Ta ya—)' + |U§* (T7 ya"‘) - U2E* (Ta yo(_)|3)
a€eS
+ > 0)oal(loal +2)+ Y OWUs (7,4a+) = Us (T, ya); (5.15)
aER aeENP

where o, is the strength of the rarefaction wave, and p is a suitable small positive constant.
By the properties of the e-approximation solution, the strengthes of the rarefaction wave and
nonphysical fronts are less than €. So the terms in (5.15) can be controlled by O(1) -e. For any
7 € [0, z], we have

lim |US™ (7 + h) — SuU5 " (1) || (m)
h—0+ h
= O(1)(e +eTV(Us (7,-)) + TV (U5 (7,-))*)
= O(1)(e +<eTV(U3 (0,-)) + TV(Us (0,)%)
= O(1)(e + TV (Up))?).
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Inserting the above equalities into (5.14), we get
U5 (2. ) = SoUsllzi(rry < O()(e + TV (Uo))?). (5.16)

U5 converges to the weak solution to (1.10) and UQE* converges to Uy uniformly. So letting
e — 0 in (5.16), we complete the proof of Theorem 1.1.
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